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with Johnson Noise Thermometry

Abstract

In this dissertation, we investigate thermal transport phenomena in 2-dimensional

monolayer and bilayer graphene, both of which are candidates for strongly interacting,

correlated electronic systems. The interactions between electrons in solid-state mate-

rials give rise to novel states of matter, leading to new theoretical developments and

device applications. Measurement of thermal transport in such systems can reveal exotic

physics in these new states that may be elusive to electrical transport, such as charge-

neutral transport modes or collective behavior. One particular emergent phenomenon

that has recently attracted significant attention is the viscous hydrodynamic transport

regime, where particles’ behavior is best collectively described as a viscous fluid rather

than as individual particles. The recent discovery of this regime in graphene has driven

new devices and insights about other materials as well.

Accordingly, several strongly-interacting electronic systems in addition to graphene

have recently been both predicted and shown experimentally to exhibit a ratio of

thermal conductivity to electrical conductivity that deviates from the near-universal

Wiedemann-Franz law. Monolayer and bilayer graphene both present a strong oppor-

tunity for using thermal transport to study the interplay of quantum criticality and hy-

drodynamics due to a combination of intrinsic material properties and recent advances
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in low-disorder sample preparation. However, despite previous experimental work, the

Lorenz ratio suppression in doped graphene remains largely experimentally unstudied,

and the viscous analogue of Joule heating remains entirely unexplored, limiting the

real-life applications of electron hydrodynamics in devices.

To perform the thermal transport measurements, we have developed a Johnson noise

thermometry measurement technique applicable to mesoscopic devices with variable

source impedance with high bandwidth for fast data acquisition. We thoroughly dis-

cuss the details of the technique, including differential noise measurements, two-stage

impedance matching, cryogenic circuitry components, calibration, and measurement.

Most importantly, we have discovered and studied several parasitic effects in the noise

measurement technique that could significantly reduce the measurement accuracy, and

we discuss our novel methods to quantify and mitigate them. As a demonstration, we

measure thermal conductivity on a bilayer graphene sample spanning the metallic and

semiconducting regimes over a wide resistance range.

We use our advanced Johnson noise techniques to study hydrodynamics in monolayer

and bilayer graphene, both at charge neutrality and in the doped regime, by searching

for breakdowns of the Wiedemann-Franz law. We find that while both systems show

some evidence of Lorenz ratio enhancement at charge neutrality and suppression at small

doping, the evidence varies significantly from device to device due to the prevailing con-

tact resistance, ballistic transport, and phonon-cooling, requiring careful consideration

for quantitative analysis. We provide a systematic diagnosis and potential remedies for

these technical challenges.

To explore viscous hydrodynamics further from a novel perspective, we use a com-

bination of electrical and noise-based thermal magneto-transport measurements in the

Corbino geometry to study viscosity directly. We find a new experimental signature of

iv
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viscous heating leading to magnetically-induced redistribution of temperature, an effect

that is coincident in temperature and density with the aforementioned Lorenz ratio sup-

pression. These two effects thus provide robust qualitative signatures of hydrodynamics,

despite arising from two distinct aspects of this regime: microscopic momentum conser-

vation due to electron-electron scattering, and geometry-dependent viscous dissipation.

Our results mark the first observation of viscous electronic heating in an electron fluid,

which may influence the design of hydrodynamic devices and offers a new methodology

to identify hydrodynamic states in other systems.

v
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The important thing in science is not so much

to obtain new facts as to discover new ways of

thinking about them.

William Lawrence Bragg

1

Introduction
Starting with the discovery of graphene in 20044, 2-dimensional (2D) van

der Waals (vdW) materials have opened many remarkable new research directions in

solid state physics, chemistry, and nanoelectronics5–12. Graphene is an isolated single
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Figure 1.1: Schematic representation of the honeycomb lattice of monolayer graphene. Image
from 13.

atomic layer of graphite, consisting of carbon atoms arranged in a honeycomb lattice,

with each atom bonded to three other carbon atoms, as shown in Fig. 1.1. Owing to

the strong nature of C-C bonds, it exhibits extremely high tensile strength, similar

to carbon nanotubes and carbon fiber, while still being extremely flexible and highly

conductive.

The quantum mechanical confinement of electrons to a pristine atomically thin layer

mediates the dynamics in a truly 2D space. Electronically, graphene exhibits unique

properties compared to conventional metals or semiconductors due to the geometry of

the honeycomb lattice, which is crystallogaphically a 2-atom basis placed on a hexagonal

Bravais lattice. Differing significantly from that of bulk graphite, the band structure

of graphene has two linearly dispersing Dirac cones touching at a single Dirac point

(Fig 1.2), with electrons and holes behaving as effectively massless relativistic particles

all moving at the same effective speed of light equal to ∼ c/300, analogously to how
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photons move through vacuum at the real speed of light c. With this band structure,

we can describe graphene as a zero-bandgap massless semiconductor, in contrast to

conventional semiconductors which have an energy bandgap and a nonzero effective

mass (Fig 1.2).

Unlike a bulk 3D material such as silicon that must be chemically doped, the density of

electrons or holes in graphene, defined by the Fermi level, can be continuously tuned in-

situ by a field effect gate, acting as a capacitor together with the graphene. Starting from

a Fermi dot at charge neutrality, gated (or doped) graphene has a small Fermi surface,

disallowing the electron-electron Umklapp scattering present in conventional metals and

Fermi liquids that causes T 2 resistivity due to non-conservation of crystal momentum

when scattering out of the first Brillouin zone. Additionally, electrons in graphene

exhibit a sublattice-based pseudospin spinor that locks with the momentum direction,

further suppressing backscattering by quantum mechanical destructive interference of

time-reversed backscattering paths. Due to the hexagonal Bravais lattice, graphene has

a hexagonal Brillouin zone with a distinct K and K’ point, where at each point there is

a copy of the electron and hole Dirac cone shown in Fig. 1.2.

Graphene by itself has a physical consistency, on an atomic scale, similar to cling

wrap; it will readily fold, wrinkle, and stick to itself, destroying its exotic electronic

properties that depend on the lattice symmetries. To solve this problem, since about

2010, hexagonal boron nitride (h-BN), a multi-layered 2D material related to graphene,

has been used as both a substrate and dielectric layer for graphene to both provide an

atomically flat encapsulating sandwich and to shield it from external charged impuri-

ties14–17. This encapsulation technology further progressed around 2016, using graphite

top and bottom gates18–21 in addition to the h-BN to provide a spatially uniform work

function, strongly suppressing any disorder potential fluctuations and scattering impu-
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Figure 1.2: Left: Band structure of a conventional semiconductor with nonzero effective
mass. The mass term is responsible for creating a gap and the curvature in the solution of the
Dirac equation. Top panel shows a 1D linecut of the dispersion, and bottom panel shows the
2D dispersion. The top band (blue-themed) corresponds to electrons, or matter; the bottom
band (red-themed) corresponds to holes (anti-matter). Middle: Band structure for monolayer
graphene, which is the solution to the Dirac equation with m = 0. Right: Band structure for
bilayer graphene, which does not follow the Dirac equation.
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rities that affect the graphene and screening any external charged impurities.

Heterostructures made from bulk materials via techniques like epitaxial chemical

vapor deposition, etching, or physical vapor deposition can have danging bonds, surface

charges, and disorder at the interfaces, leading to undesired effects like Fermi level

pinning and Schottky barriers. In contrast, low-dimensional heterostructures made

from vdW materials have atomically pristine and flat interfaces with no dangling bonds,

leading to the potential of significantly improved electronic devices. However, interfacial

issues such as contact resistance still exist when making electrical connections to vdW

materials15,22.

The electronic properties of graphene, combined with the right substrates and super-

strates, have led to graphene becoming a superior electronic conductor, with mobilities

approaching 1× 106 cm2/Vs for low-disorder samples23–27.

Bilayer graphene (BLG) is another variant of monolayer graphene (MLG) with a

different bandstructure. Both monolayer graphene and conventional semiconductors

have low-energy bandstructures that are qualitative solutions of the Dirac equation,

where the presence (absence) of a mass term creates both the bandgap (absence of

bandgap) and the curvature of the band leading to an effective mass (linear band and

zero effective mass). However, BLG is unique in this regard as it has both a nonzero

effective mass and a zero-gap bandstructure, having two parabolic bands that touch at a

single point. Fig 1.2 illustrates this comparison. Furthermore, a bandgap can be induced

in BLG by breaking the layer symmetry with an applied electric displacement field,

distorting the bands away from each other and creating a tunable semiconductor28,29.
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1.1 Applications of Graphene

Due to its unique properties as a 2D tunable semiconductor, graphene has been consid-

ered in many applications for both fundamental science and nanoelectronics.

The immediate application that scientists first considered was as a replacement for

silicon in CMOS logic. Unfortunately, MLG is not well-suited for this task because its

electron density cannot be depleted due to the absence of a bandgap; similarly, BLG

will also fail because its maximum induced bandgap of ∼ 250meV28,30 is still too low

of an energy scale for room temperature. Logic transistors made from these materials

exhibit high leakage current and poor on/off ratios31,32. Nonetheless, the flexible and

transparent nature of graphene makes it very conducive for integration into common

flexible electronics for non-logic-based roles such as conductive inks, transparent films,

touch screens, supercapacitors, and heat management.

Graphene also has applications in more exotic electronics. It can be useful in ex-

tremely high speed electronics such as radio frequency (RF) transistors32–34 and electro-

optical modulators35–37 due to its ultrafast electron-electron interactions and thermal-

ization38. Additionally, quantum dot spin qubits made from BLG for quantum com-

puting is a growing research field that has potential to challenge more well-established

technologies based on Si/SiGe quantum dots39–44. Due to its near transparency at a

single atomic layer thickness, it is also useful in various types of optical devices, where

an optically active element can be buried below the conductive graphene.

From a fundamental science perspective, MLG, BLG, and related materials offer a

rich playground for condensed matter physics to study exotic phenomena such as the

fractional quantum Hall effect and Moiré-based superconductivity. Beyond condensed

matter physics, the strongly interacting Dirac plasma in MLG provides a physical system
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that can be mapped to a 3-dimensional gravitational theory in AdS space based on the

holographic principle of AdS/CFT correspondence, potentially helping to understand

the large open problem of quantum gravity and general relativity45,46. More specifically,

certain properties of graphene including electrical and thermal conductivity can be

directly related to the properties of black holes in AdS space, and studying them in the

lab can lead to inferences about cosmic-scale quantum gravity phenomena47–51.

1.2 Solid State Physics and the Problem of Many Interacting Par-

ticles

Recent experimental efforts in solid state physics have shifted towards understanding the

dynamics of systems with strongly correlated and interacting particles. The behaviors

of such systems are often characterized by emergent phenomena that arise collectively

as a result of the interaction dynamics but would not be present for a single unit of

the system. Common examples of such phenomena include conventional and high-

temperature superconductivity, Mott insulators, strange metals, fractional quantum

Hall effect, viscous transport, and electron hydrodynamics. Graphene-based structures

have been able to exhibit all of these phenomena, but the exact mechanisms are often

still poorly understood.

In classical physics, a system as simple as three interacting bodies already does not

have a closed form general-case solution. Solving for the quantum mechanical behavior

of a large number of interacting particles becomes impossible, and theorists have devised

many approximations for solutions, such as the Hartree-Fock method or mean-field

theory.

The Fermi liquid is an important concept to be understood as background for the
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work presented in this dissertation. For systems with weakly interacting electrons (or

any fermions), such as most conventional metals, the electron-electron interactions can

be “swept under the rug” by a careful consideration of adiabatic continuity first pro-

posed by Landau52. In essence, if we begin with a system of non-interacting electrons,

and we adiabatically turn on the interaction strength, the electron states of the non-

interacting system will adiabatically evolve into quasiparticle states of the interacting

electron system. The quasiparticles maintain the basic properties of electrons like charge

and spin, but other properties like the effective mass become renormalized. The quasi-

particle states still maintain some residual interactions that limit their lifetime, but

for practical purposes the low-temperature excitations near the Fermi surface are long-

lived and effectively non-interacting. The Fermi liquid picture will break down if the

the adiabatic transformation undergoes or is nearby a quantum phase transition, such

as charge neutrality for graphene, or if the interactions are so strong as to disallow long

lived quasiparticles.

Another perspective on the relevance of interactions in quantum solid state systems is

comparison of the typical potential energy scale of Coulomb interactions to the typical

kinetic energy of particles. In particular, we consider the ratio53

α =
typical potential energy
typical kinetic energy =

e2

4πϵr
ℏvF
r

=
e2

4πϵℏvF
=

1

137
× c

vF
× ϵ0

ϵ
. (1.1)

In graphene, this ratio is close to 1, indicating that interactions may not simply be a

small perturbation to the kinetic energy states of non-interacting electrons.
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1.3 Emergent Hydrodynamics from Strongly Interacting Electrons

All the emergent phenomena listed in the previous section, except viscous transport and

hydrodynamics, are outside the scope of this thesis. With high temperatures to wash

out quantum coherence and to increase particle-particle interactions, most strongly in-

teracting particle systems will trend towards the hydrodynamic limit. As temperature

increases, electron-electron or electron-hole interaction rates in graphene grow as T 2

(doped graphene) or T (charge neutral graphene) due to the available phase space for

scattering (i.e. a reduction of Pauli blocking by a completely filled band). Hydrodynam-

ics occurs when the electron-electron (e-e) scattering rate dominates all other scattering

rates in the system and thus dominates the particle kinetics.

A quantum and truly microscopic treatment of the particle dynamics involves a calcu-

lation of the multi-particle Hamiltonian Ĥ and the corresponding eigenstates for every

particle, or approximations thereof. Often, these fine details are unimportant, and

transport properties can be computed semi-classically by averaging out over individ-

ual particles using the occupation/distribution function f(k⃗) via the kinetic Boltzmann

equation approach; however, the notion of collisions is still retained, and every point

in space has a particular distribution of occupied momentum states54–56. In this way,

the Boltzmann equation can interpolate between ballistic transport, where particles are

scattered only by the walls of their container, and viscous or hydrodynamic transport.

In the hydrodynamic framework, the behavior of the particles is described collectively

as that of a classical fluid, even if the interactions between particles are quantum in

nature. This description is only valid on length and time scales much larger than the

electron-electron collision mean free path or time, effectively averaging out and further

coarse-graining the quantum distributions into classical macroscopic variables including
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energy, temperature, and velocity. The collisions from the kinetic Boltzmann approach

are now absorbed into classical macroscopic fluid properties such as viscosity, diffusivity,

and flow dampening. The Knudsen number Kn, the ratio of mean free path lmfp to

fluid container dimensions L, must be small (lmfp/L ≪ 1) to use this description, to

avoid the ballistic or molecular flow regimes.

The viscous properties of electron liquids can be described by the Navier-Stokes

equations with extra terms added to account for the Lorentz force on charged particles.

For completeness, here we show the relevant Navier-Stokes-Ohm equation57–59, which

in the simplest description is Ohm’s law with an added viscosity term:

∂tv⃗ + ν∇⃗2v⃗ = −γv⃗ +
e

m

(
E⃗+ v⃗ × B⃗

)
, (1.2)

where v⃗ is the fluid flow velocity, ν is the kinematic viscosity, and γ =
ne2

mσ0
is the

Ohmic momentum relaxation rate. We have neglected the convective acceleration term

v⃗·∇⃗v⃗ due to the low Reynolds number in typical near-equilibrium experiments involving

degenerate electron liquids. In pure hydrodynamic systems without impurity or phonon

scattering, such as water, the Ohmic relaxation rate is zero. The viscosity term in

Eq. 1.2 represents diffusion of momentum. Similar to how we are used to thinking of

the diffusion of heat as a scalar equation, in a hydrodynamic system, the vector field of

momentum follows the same diffusion dynamics. Two adjacent fluid elements, moving

at different velocities, will viscously exchange momentum with each other due to the

random diffusive movement of particles between the fluid elements. Collisions with

impurities, phonons, or other particles will reduce the viscosity. Through momentum

diffusion, the walls or boundaries of the fluid’s container can exert non-local momentum

relaxation on the fluid through the combination of no-slip boundary conditions and

10



viscosity.

It should be noted that the standard semiclassical or quantum Boltzmann equation,

used very often to describe the kinetics of electrons in materials via their distribution

function, can be used to derive the Navier-Stokes-Ohm equation (Eq. 1.2) by properly

including an electron-electron scattering term in the collision kernel53,57.

1.3.1 Viscous Transport vs Hydrodynamics

While it may be tempting to visualize viscous transport and hydrodynamics as the same

regime, they are distinct phenomena and, perhaps counterintuitively, may even occur in

opposite limits. Recent literature on the subject has often conflated the hydrodynamic

regime and the viscous regime60–62, citing electronic hydrodynamic fluids as having

very high viscosity. While true, each regime can exist without the other. In quantum

degenerate electronic fluids, the electron-electron scattering rate scales as ∝ T 2, and

the viscosity correspondingly scales as ν ∝ T−2. Hydrodynamics, defined as the regime

where the electron-electron scattering rate is dominant over all others, thus occurs at

higher temperature; in contrast, electronic fluids have higher viscosity at lower temper-

ature, so the viscous regime should occur at lower temperature. How do we understand

this seemingly paradoxical situation?

First, we must understand that fluids without electron-electron scattering have high

or diverging viscosity. The viscosity of a 2D electronic fluid can be approximately

written as63

ν =
v2F /4

γee + γmr
, (1.3)

where vF is the Fermi velocity and γee, γmr are the electron-electron scattering and
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momentum relaxation rates. In a non- or weakly interacting high-mobility electron

fluid, an electron will carry its momentum a large distance before scattering, allowing

a very high diffusivity of momentum. In contrast, scattering by impurities, phonons,

or other electrons will reduce its mean free path, thus limiting how far it can carry

its momentum before it is randomized in a collision. Although total momentum is

conserved in an electron-electron collision, this process does not facilitate diffusion of

momentum but rather hinders it, with ν becoming small as γee becomes large. In the

limit of low temperature where viscosity grows, viscous flow from the Navier-Stokes-

Ohm equation is not realized because the assumption of low Knudsen number breaks

down, i.e. lmfp = vF / (γee + γmr) ≳ L.

Viscous electronic flow in solid state materials was first proposed in 1962 by the Soviet

theorist R. N. Gurzhi64, with a predicted experimental signature of resistance decreasing

with T (as compared to conventional metals, where it increaes with T ), caused by

viscosity decreasing with T and thus allowing easier viscous flow of the fluid. Here, the

system was assumed to be in the limit of zero impurities and thus hydrodynamic, such

that the electrons would exhibit collective flow.

Real electron systems always have some momentum relaxation from impurities and

phonons and thus cannot be purely hydrodynamic. To understand these mixed systems,

a new length scale known as the Gurzhi length can be introduced53,65–67:

lG =

√
ν

γmr
, (1.4)

where ν is the kinematic viscosity and γmr is the momentum relaxation rate. The

Gurzhi length can be roughly envisioned as the distance over which the boundaries of

the sample can viscously relax electron momentum; at distances larger than lG away
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from the sample boundary, momentum relaxation by impurities or phonons is stronger

than that from the viscous forces originating from the no-slip boundaries, and locally

the electron flow follows a more Ohmic-like behavior, since the viscous forces in the

Navier-Stokes-Ohm equation vanish. Thus, we see that whether a real sample exhibits

viscous flow is determined by the ratio between the size L and lG. If the size is smaller

than lG, viscous forces dominate the entirety of the sample and lead to viscous flow; if

the size is larger than lG, then impurity or phonon scattering dominates, and the flow

pattern is Ohmic.

The requirement of lG ≳ L for viscous flow requires sufficiently low γmr, such that in

the limit of low temperature where electron-electron scattering is absent, the momentum

relaxation length lmr =
vF
γmr

must be larger or comparable to the the sample size. We can

thus see that ballisticity at lower temperature is a requirement for the sample to produce

viscous flow at higher temperature. A sample that is diffusive at low temperature

cannot enter the viscous regime at any higher temperature, because the high momentum

relaxation rate forces an upper bound on the Gurzhi length to be always significantly

smaller than the sample size. There is a crossover regime, where samples can be quasi-

ballistic at low temperature but still exhibit viscous effects at high temperature61.

A phase diagram showing Ohmic, ballistic, and viscous transport regimes, along

with the dividing line between hydrodynamics and non-hydrodynamics, is shown in

Fig. 1.3. The phase diagram is a 3-dimensional space, depending on the momentum

relaxation rate, electron-electron scattering rate, and sample length. We define the

mean free path relative to all collisions, i.e. lmfp =
vF

γmr + γee
. How the sample length

compares to lmfp and lG determines what regime it is in, so we plot the surfaces for lmfp

(blue/green) and lG (magenta/yellow) as a function of γee, γmr. To help visualization,

we show a gray plane for a fixed sample length and divide the regions into ballistic,
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Figure 1.3: 3D phase diagram showing ballistic, viscous, and Ohmic transport regimes.
The red plane divides hydrodynamics from non-hydrodynamics. The horizontal axes are the
momentum relaxation rate γmr and the electron-electron scattering rate γee. The vertical axis is
the sample length. The mean free path is defined relative to all collisions, not just momentum-
relaxing collisions. The sample length is to be compared to the Gurzhi length (blue-green
surface) and the mean free path (magenta-yellow surface). The local color of the surface shows
the corresponding length dimension, as indicated by the colorbars. A gray horizontal plane for
a fixed arbitrary sample length L = .03 reduces the dimensionality of the phase diagram. The
gray plane is divided into four transport regimes at the intersections with the Gurzhi length
and mean free path surfaces. Each region is outlined with a thin black line and labeled with
black text (ballistic, viscous, hydrodynamic Ohmic, and classical Ohmic). If the sample length
were to change, the gray plane would shift vertically, and the borders of the regimes would move
around accordingly as the intersections change but would keep their general qualitative shapes.
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Figure 1.4: Reduced dimensionality phase diagram of ballistic, viscous, and Ohmic transport
regimes. The sample length parameter is absorbed into the other axes. Red dashed line divides
the hydrodynamic regime (γee > γmr) from the non-hydrodynamic regime (γee < γmr). The
blue and pink curves correspond to the mean free path and Gurzhi length surfaces from Fig. 1.3
and delineate the phase boundaries.

viscous, hydrodynamic Ohmic, and classical Ohmic. In reality, the transitions across

the boundaries are smooth and gradual. A vertical plane, shown in red, divides the

hydrodynamic regime from the non-hydrodynamic regime.

Additionally, Fig. 1.4 shows a corresponding reduced dimensionality version phase

diagram of Fig. 1.3, aligning with the gray plane for fixed sample length. Here, the

momentum relaxation and e-e scattering rates are normalized to be unitless via L/vF .

The phases are still the same, but now the sample length parameter is absorbed into

the other axes.

If γmr is fixed, such as the case with negligible phonon interactions, changing tem-

perature amounts to moving along the γee axis. We thus see that high temperature

would always put the sample in the hydrodynamic-Ohmic regime, but to cross through

the viscous regime while warming up, the sample must start out as ballistic at low tem-
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perature. In the ballistic regime, analogously to how conductivity is not well defined,

the viscosity is also not well defined due to absence of any scattering that would define

γee and γmr. Once the viscosity is well defined in the viscous regime, it decreases with

temperature.

1.3.2 Requirements for Hydrodynamics

Why does not every electronic system exhibit hydrodynamics at high enough temper-

ature? The first reason is due to the hydrodynamic temperature window created by

different T -scaling power laws of various scattering processes. Typically, the electron-

impurity scattering rate will be roughly independent of temperature, with slight de-

pendencies due to electronic screening. The electron-electron scattering rate typically

scales as ∼ T 2, and the electron-phonon rate typically has a high power law, ∼ T 4 or

∼ T 5. Hydrodynamics will occur in the window, if it exists, where electron-electron

scattering is the dominant rate. The phonon scattering rate and electron-electron scat-

tering rate are mostly determined by intrinsic material properties and can’t be engi-

neered, but the impurity scattering rate has no theoretical lower bound, as materials

could always theoretically have less disorder. Thus, engineering materials with low dis-

order and low impurity scattering rates is crucial to observing hydrodynamic effects.

If the impurity scattering is too strong, the hydrodynamic window will close. In our

previous discussion of Fig. 1.3, we ignored phonons in order to assume that γmr was

temperature-independent; in reality, γmr will generally grow strongly with temperature

due to increased phonon scattering.

In monolayer graphene, because of the small Fermi surface and the Bloch-Grüneisen

effect60,68, acoustic phonon scattering scales as ∝ T , thus not generating a high-T

cutoff for hydrodynamics; however, optical phonons still scale very quickly with T and
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Figure 1.5: Theoretically calculated ratio of e-e scattering rate to either the e-impurity or
e-phonon scattering for (a) MLG and (b) BLG. The higher the ratio is, the more hydrodynamic
the system is. Figure from Ref. 69.

eventually overwhelm the electron-electron scattering rate, setting the upper bound to

the hydrodynamic window.

The expected hydrodynamic window, for a range of densities, has been calculated for

MLG and BLG69 and is shown in Fig. 1.5. Monolayer graphene is most hydrodynamic

near 200-250 K, with a lung-shaped hydrodynamic region. The charge neutrality point

is less hydrodynamic than at small doping. The high-temperature cutoff is due to the

transverse optical A′
1 phonon mode70. In contrast, BLG has a V-shaped hydrodynamic

region, with no such phonon cutoff below 350K.

The second protagonist to hydrodynamics is Umklapp scattering, where an electron

scatters to a different Brillouin zone via a collision with another electron. Outside of

a crystal in a fluid such as water, momentum is always conserved; however, collisional

kinematics in crystalline materials use crystal momentum rather than true momentum,

as a consequence of Bloch waves and the Bloch theorem54. If an electron scatters

across a Brillouin zone boundary, because the crystal momentum is only defined modulo

a reciprocal lattice vector, the effective total momentum is not conserved, leading to
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momentum and current relaxation. Umklapp scattering is the primary mechanism of

resistance for Fermi liquids at low temperature, with a hallmark resistance scaling of

R ∼ T 2. In graphene, because the Fermi surface surface is so small, Umklapp scattering

vanishes, allowing conservation of momentum and thus hydrodynamic flow.

1.3.3 Hydrodynamics in a Hall Bar Topology

There have so far been several electrical experiments observing hydrodynamic behaviors

in MLG and BLG, enabled by the availability of low-disorder samples with h-BN en-

capsulation. This subsection, and the following one, present a non-exhaustive summary

of the relevant experiments, setting the context for the results of this thesis work. This

subsection describes experiments conducted using a Hall-bar type topology, as shown

in Fig. 1.6(a), where electrodes are placed outside of the sample, and at least one sam-

ple edge connects the electrodes. In the next subsection, we will discuss experiments

performed in devices in a different topology, without edges connecting the electrodes.

One of the first MLG hydrodynamic experiments measured negative vicinity resis-

tance caused by viscous electron backflow61. Here, whirlpools of electron flow induced

by viscosity reverse the electric field direction compared to the Ohmic case, showing up

as a sign change from positive to negative for the vicinity resistance. However, ballistic

effects in certain sample geometries can mimic this effect of a negative non-local re-

sistance, creating a difficulty in distinguishing between the two regimes in graphene57.

Further experiments and theory have clarified60 that a subtlety in the temperature

dependence of the negative vicinity resistance signals the onset of the viscous hydro-

dynamic regime from a quasi-ballistic regime, demonstrated in BLG71; specifically, the

hydrodynamic regime is characterized by a decrease of viscosity with temperature and

a corresponding decrease of the magnitude of the negative vicinity resistance.
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(a) (b)

Figure 1.6: (a) Rectangle or Hall-bar topology for a mesoscopic sample. The sample is cyan,
and the metal electrodes are gold. A current source is connected across the electrodes, and
arrows indicate current flow direction. Sample edges, indicated by red dashed lines, connect the
electrodes. (b) A Corbino topology, with concentric circular and annular electrodes. Arrows
indicate radial current flow. No sample edges connect the electrodes.

A later experiment from the same group measured a Poiseuille flow effect through

narrow constrictions in graphene. In Poiseuille flow, the velocity profile (or current den-

sity) across the channel is parabolic, being slowed down by the walls and thus flowing

faster in the center. In this experiment, the presence of electron-electron interactions

in the hydrodynamic regime increased the electrical conductance through the constric-

tion above the ballistic transport limit, with the electrons near the boundary guiding

other electrons towards the center of the constriction, helping them to avoid getting

backscattered by the constriction walls62.

A third experiment measured the Hall viscosity of graphene72. Similar to how the

electrical conductivity tensor σ̂ develops an off-diagonal non-dissipative component in a

magnetic field termed the Hall conductivity, the viscosity η̂ similarly becomes a tensor

and develops an off-diagonal non-dissipative component, demonstrating a particular
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geometry-based voltage signature.

Two separate experiments measured the crossover from ballistic flow to Poiseuille

flow in a narrow graphene strip by using scanning probes (NV-center magnetometer,

and a carbon nanotube SET) to map out the current density profile, showing evidence

for viscous drag from the sample boundaries73,74.

An experiment measuring four-probe electrical conductivity on single-gated suspended

BLG, cleaned by current annealing, showed that the normalized conductivity curves as

a function of density (σ(n)/σ(0)), at different temperatures, coincided near the charge

neutrality point when plotted as a function of EF /kBT
75. The authors explained this

as stemming from a universal scaling behavior of transport limited by electron-hole col-

lisions, using a simple formula to express Coulomb drag on both the electron and hole

fluids. Later, a theorist76 presented a simple correction to their formula, expressing the

drag on each fluid as a mutual drag relative to the velocity of the other fluid. However,

another theorist77 suggested that a bandgap could be present in their BLG sample due

to the single-sided gating.

A similar experiment3 but now using dual-gated BLG studied electrical conductivity

as a function of both density and induced gap, showing universal collapse as a function

of a few different parameters indicating electron-hole collision dominated transport.

However, we find a mistake in their work which affects the original interpretation, and

we suggest a correction in Appendix E.

1.3.4 Hydrodynamics in a Corbino Topology

Very broadly, the application of classical hydrodynamics to systems with reduced di-

mensionality allows for novel effects not geometrically possible in 3D fluid systems. In

particular, a fluid source can be embedded entirely within the fluid, with no edges of the
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fluid chamber connecting the source to another sink. One realization of such a topology

is the rotationally symmetric Corbino geometry78, shown in Fig. 1.6(b), where an an-

nular sample connects to an inner circular electrode and an outer annular electrode, all

concentrically. In two dimensions, the fluid will flow radially between the electrodes.

In the fully hydrodynamic limit without any internal momentum relaxation, due to

the absence of any sample boundaries, there will be no momentum relaxing force acting

on the moving fluid. Consequently, in steady state flow no electric field is needed to drive

the flow, and the electric field will thus be entirely expelled from the channel58. However,

the system cannot have zero resistance, as there is viscous dissipation happening in the

fluid elements as they are deformed in moving radially. Accordingly, a potential drop

must exist somewhere to create global resistance and global “Joule” heating as I2R.

This potential drop occurs at the electrode-sample interfaces, and the total resistance

of the sample results entirely from viscous dissipation. This viscous dissipation is a

central element of the experiments described in Chapter 6.

Analogously to the superballistic transport through constrictions62, the edgeless

topology opens a new avenue for electronic conductance to exceed the ballistic limit.

Non-hydrodynamic transport, including ballistic and Ohmic transport, will experience

a Landauer-Sharvin contact resistance arising from equilibration in the contacts79. The

edgeless Corbino geometry, which approximates one-half of the edgeless wormhole ge-

ometry, distributes the Landauer-Sharvin resistance from the larger contact into the

bulk of the sample by squeezing out the number of available propagating modes and

reflecting the terminated modes into their time-reversed conjugates80. In contrast to

the ballistic regime, the hydrodynamic regime will eliminate this bulk Landauer-Sharvin

resistance by facilitating the transfer of electrons from a terminated mode into a trans-

mitted mode. Experimentally, this was confirmed in MLG using the same scanning
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SET technique81.

Additionally, the same Corbino experiment measured a viscous boundary-layer effect,

where electrons injected radially into the channel from the inner contact acquire a Hall

angle over the Gurzhi length scale, limited by viscosity81.

A more thorough review of electron-hydrodynamic systems can be found in Refs.53,57.

1.4 Thermal Conductivity and the Wiedemann-Franz Law

All of the previously mentioned experiments measuring electrical conductivity, in one

way or another, rely mostly on some subtle signature of viscous hydrodynamics, such

as the conductivity or resistance curves behaving in a very particular way, that aligns

quantitatively with at least a moderately complicated hydrodynamic theory with several

fitting parameters. The one exception may be the direct imaging of Poiseuille flow as a

qualitative signature.

While subtle quantitative studies are useful for fine-tuning the theoretical under-

standing of hydrodynamics, they may sometimes be difficult to interpret or justify,

especially against a ballistic transport picture. In the degenerately doped regime, hy-

drodynamics emerges from electron-electron collisions, which must conserve momentum

and thus electrical current. Naturally, using only electrical transport to study an effect

that conserves electrical current may lead to indirect evidence for hydrodynamics, such

as in Poiseuille flow, where the momentum relaxation for the current arises nonlocally

only from boundary drag. Nonetheless, it is rather remarkable that current-conserving

collisions can still produce measurable effcts on the electrical resistance, including both

2-terminal resistance R2T , Rxx, and Rxy.

In contrast, measuring thermal transport, including thermal conductance, thermal
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conductivity, and heating effects, in conjunction with electrical transport, can provide

a more encompassing picture of the dynamics of charge carriers in a material. In anal-

ogy to Ohm’s law (Eq. 1.5) of electrical conduction, Fourier’s law (Eq. 1.6) gives the

heat current (or energy current) resulting from a temperature gradient via the thermal

conductivity:

J⃗e = −σ∇⃗ϕ (1.5)

J⃗q = −κ∇⃗T, (1.6)

where J⃗e, J⃗q is the electrical or thermal current; σ, κ is the electrical or thermal con-

ductivity; and ϕ, T is the electric potential or temperature.

Unlike electrical conductivity, which is directly tied to the momentum relaxation of

charge carriers by phonons, impurities, or oppositely charged charge carriers, thermal

conductivity is mostly unaffected by momentum relaxation, but a few exceptions do

exist. These exceptions occur when the thermal current carries momentum,∗ which

happens to a small extent from thermoelectric effects and can be significant in bipolar

systems such as charge neutral graphene.

In a hydrodynamic system, unlike the electrical conductivity which becomes undefined

or infinite due to the absence of momentum relaxation, thermal conductivity remains a

well-defined quantity. Neglecting any convective effects, the thermal conductivity will

be determined by the individual particle-particle interactions as they relax thermal cur-

rents. One might naively expect that strong particle-particle interactions will contribute

to a fast diffusion of heat amongst the particles; conversely, and somewhat counterintu-
∗This can be described formally through Boltzmann kinetic theory as a nonzero inner product

between the thermal current and momentum mode of the distribution function’s deviation from
equilibrium82,83.
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itively, a high collision rate will relax thermal current very fast, since collisions between

particles do not conserve the thermal current.

In a classical Ohmic, diffusive system, the thermal conductivity and electrical con-

ductivity are both well-defined and closely related to each other due to the mechanics of

non-interacting diffusion, where particles move around the material in a random-walk

fashion with no correlations or interactions with other particles. This connection of the

electrical and thermal conductivity is known as the Wiedemann-Franz (WF) law, and

was empirically observed for metals in the mid 1800’s84, but its quantum mechanical,

fermionic origin was not fully understood until nearly a century later85. The modern

WF law relates κ and σ as54

κ

σT
=

π2

3

(
kB
e

)2

≡ L0 ≈ 2.44× 10−8 V2 K−2, (1.7)

where L0 is known as the Sommerfeld value for the Lorenz number.

The intuitive understanding behind the WF law is as follows: An electron traveling

in a material at a velocity v⃗ carries with it a unit of charge e and a unit of heat ϵ− µ

kBT
,

corresponding to how much energy it has above the chemical potential µ relative to

thermal excitations of energy kBT . When this electron scatters (Fig. 1.7), and the

particle velocity v⃗ is either randomized or deflected, as long as the charge e and energy

ϵ−µ remain unchanged, the electrical and thermal currents carried by this electron will

relax at the same rate. Naturally, the charge e is always conserved, but for the heat

ϵ − µ to be conserved, requires an elastic or quasi-elastic collision, where the energy

lost ∆ϵ is zero or small enough to satisfy |∆ϵ| ≪ ϵ− µ. This law is obeyed remarkably

well in many materials, as well as in the theoretical Fermi liquid framework, under most

conditions and temperatures. Accordingly, an experimental search for non-Fermi liquids
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Figure 1.7: An electron traveling through a crystal carries charge e and heat ϵ − µ. If the
scattering is elastic or quasi-elastic such that it conserves both of these quantities, the WF law
holds.

may begin with checking the WF law in materials and excluding trivial, single-particle,

non-interacting exceptions due to bipolar diffusion, inelastic phonon scattering, thermal

Fermi surface smearing, and bandgap formation86,87 (see Section 5.2).

Theoretical physicists have extensively studied and calculated the expected break-

downs of the WF law in hydrodynamic materials, especially in graphene2,47,53,76,82,83,88–93.

However, due to the difficulty of measuring electronic thermal transport at the nanoscale,

experimental studies on thermal conductivity in graphene are much more challeng-

ing1,94–99, and of these, very few address the hydrodynamic regime.

The first electronic thermal conductance measurement of the hydrodynamic regime

in encapsulated MLG was done in our group using Johnson noise thermometry1, finding

a 22-fold enhancement of the Lorenz ratio at charge neutrality, as shown in Fig. 1.8.

However, as detailed in Sections 4.5.2, 4.9, and 5.3, this measurement was susceptible

to unmeasured sample nonlinearities and associated parasitic noise modulations, effects

which are relatively amplified for high Lorenz ratios and thus can significantly affect the

measurement accuracy. These results have since stirred controversy in the theoretical

community, with some theorists unable to reproduce the measured thermal conductivity

with hydrodynamic models87. The experiment also measured a suppression of the
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Figure 1.8: (A) Colormap of measured Lorenz ratio in MLG, showing an enhanced Lorenz
ratio for n near 0 and from 45− 80K. (B) Linecuts of the Lorenz ratio from three devices; blue:
least disordered; red: medium; green: most disordered. Left-side cartoon shows electron and
hole movement under a temperature gradient and a potential gradient. Right-side inset shows
the fitted enthalpy density. Figure from Ref. 1.
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Lorenz ratio away from charge neutrality but focused little attention on this aspect.

A very recent experiment measured thermal conductance in suspended MLG, using a

clever technique to subtract off the phonon contribution and calculate just the electronic

component99. The authors found a 3-fold enhancement at charge neutrality and a

slight suppression away from charge neutrality, qualitatively similar to Ref. 1. Here,

they attribute the enhancement to likely bipolar diffusion, but consider two separate

mechanisms for the suppression at different temperatures; a hydrodynamic suppression

below 60K, and a suppression induced by nonlinear acoustic flexural phonon (ZA-

branch) above 60K.

The two modes of WF breakdown in hydrodynamic materials, caused by particle-

particle scattering, can be understood as follows:

1. In the bipolar regime near charge neutrality, both electrons and holes coexist due

to thermal excitations. Under a potential gradient, they move in opposite direc-

tions (Fig. 1.8(b) left-side cartoon), exerting mutual friction on each other and

thus limiting the electrical conductance. However, under a thermal gradient, elec-

trons and holes both have a higher concentration in hotter regions from thermal

excitation, and thus they diffuse together towards the cold side. Because they

move in the same direction, they don’t experience mutual friction and thus don’t

generate an impedance to thermal conductance. Together, this combination can

lead to a significant enhancement of the thermal conductivity above the WF law.

2. In the monopolar, degenerate regime, only electrons exist, possibly with a small

population of thermally excited holes. Considering only the electrons, electron-

electron collisions will conserve electrical current due to momentum conservation,

but there is no analogous conservation law for the thermal current, which will thus
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be randomized and relaxed. Consequently, the thermal conductance is suppressed

below the Lorenz ratio. This effect can persist in low-disorder samples even

outside the degenerate regime with the presence of some holes, so long as there are

excess electrons; here, the charge imbalance still allows for conserved momentum

to be related to conserved electrical current82,83.

In a perfectly disorder-free system, the thermal resistivity vanishes only at exactly

charge neutrality, and any arbitrarily small doping away from charge neutrality sets only

the electrical resistivity to zero82,83. However, the presence of momentum-relaxing dis-

order regularizes this singular behavior, and creates a narrow region around charge

neutrality where the Lorenz ratio is enhanced, and suppressed outside of this region.

This enhancement region was termed disorder-enabled hydrodynamics, because the dis-

order present is what causes the Lorenz ratio to rise above 1 in this entire region, rather

than be equal to zero except at exactly charge neutrality82,83.

1.5 Applications of Nanoscale Thermal Conductivity Measurements

In this thesis, we extensively develop techniques for using RF Johnson noise thermom-

etry (JNT) to probe thermal effects in nanoscale structures and devices. Our primary

goal in this work is to study the hydrodynamic regime in graphene, but the techniques

are applicable to other nanoscale systems and structures as well, with potentially broad

implications for nanotechnology advancement. Here we present a summary of more

practical and technological applications of nanoscale thermometry.

Since approximately the mid 2000’s, CPU manufacturers have faced a bottleneck for

dissipating waste heat generated in the nanoscale structures on chip. This has limited

the operating frequency to around 3 GHz, with little improvement in almost 2 decades,
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as shown in Fig. 1.9. The waste heat comes from two primary contributions: leakage

current in the off-state; and active/dynamic switching power, which requires a certain

amount of capacitive charging energy101. Running the chip at higher speed is impossible,

because the nanoscale components on the chip cannot cool down fast enough. Advancing

technology past this bottleneck will require engineering more energy-efficient transistors,

and/or more thermally conductive interconnects to help guide out the waste heat.

Due to the complicated multi-material heterostructures used in transistors, local heat

dissipation and temperature profiles can become quite complicated, for example by

concentrating heat in areas with high electric field when channel conductivity is non-

uniform due to channel pinch-off. Different nanoscale transport regimes that may be

used in future nanotechnology, including ballistic, diffusive, and hydrodynamic, will

have inherently different spatial heat generation profiles, effects that we measure in
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this dissertation. At the nanoscale, heat is generally first generated and thermalized in

the electronic system, before being transferred to different phonon modes as additional

cooling pathways; thus, understanding the different cooling pathways at the nanoscale

can be of very practical use.

Modern CPU interconnects are primarily made of copper. With the technological

discovery and development of new exotic materials, CPU manufacturers may start in-

tegrating very high thermal conductivity materials, such as graphene nanoribbons or

carbon nanotubes102–106, as replacements for interconnects. Measuring the thermal

conductivity of these new materials, which will likely violate the WF law, will help

select the most conductive ones for removal of waste heat.

For understanding time-dependent transient dynamics, which are important for un-

derstanding time-dependent equilibration in relation to high-speed transistor state switch-

ing, noise thermometry can also provide information on the heat capacity and thermal

response time, using advanced techniques such as bolometric mixing94.

While 3D bulk thermal dynamics are relatively well understood theoretically, the

same equations cannot be blindly applied to accurately calculate thermal properties

such as heating and thermal conductivity at the nanoscale or in reduced dimensionality,

in part due to the increased influence of boundary effects. Classical and quantum con-

tact resistances become more important as feature sizes are reduced, and their thermal

behavior needs to be considered. Using the WF law to estimate the expected thermal

conductivity or conductance of an exotic material or nanostructure is often doomed to

fail; the hydrodynamic regime is a prime example, where the electrical resistance is an

entirely boundary- and viscosity-dependent quantity, whereas the thermal conductance

is related to the thermal conductivity through the bulk.

In addition to microprocessor heat management, with which many readers might
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be familiar, there are other nanotechnological applications for nanoscale thermometry

as well107,108. Phase change memory (PCM), which uses a transient burst of heat to

warm up and then either quench or slowly recrystallize a memory bit, is a very recently

emerging technology with potential applications including classical digital memory and

neuromorphic computing108. Similarly, heat-assisted magnetic recording (HAMR) is a

very recently commercialized technology using nanoscale heating to increase the density

of data stored on magnetic media such as hard drives108. Medical applications in-

volve implanting targeted nanoparticles into various tumors and then generating ultra-

localized tissue damage by heating the nanoparticles with an external energy source108.

Thermoelectric materials, especially in the context of nanoscale devices, are another

exciting research direction that can enable higher device efficiency by extracting work

from temperature differences107,108.

The major attraction of JNT for the nanoscale is that it is a noninvasive probe that

uses the sample itself as a primary thermometer, reducing the need for bulky external

thermometers that might be poorly thermalized to the nanoscale sample in question.

Moreover, JNT directly measures the electronic temperature, without relying on any

phonon coupling to other thermometers. Noise thermometry is thus particularly well-

suited to measuring thermal conductance of nanoscale structures. Chapter 2 provides

a background overview of basic JNT properties and techniques, and Chapter 4 presents

the novel RF JNT techniques developed in this work. In summary, JNT is particularly

well-suited to studying a variety of thermal effects and properties in nanoscale structures.
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1.6 Radio Frequency Techniques and Concepts

The main techniques used for Johnson noise thermometry (JNT) measurements in this

dissertation operate at radio frequencies (RF). Chapter 2 provides an introductory

overview to Johnson noise, not limited to only RF. In this section, we present some

basic RF concepts to help the reader understand the basis for RF JNT techniques. For

a thorough understanding of RF concepts for an experimentalist wishing to conduct

similar experiments, the reader is referred to the excellent Refs. 109–112.

Low-frequency electronics typically measure either voltage or current. Voltage mea-

surement devices, including amplifiers for voltage such as the very common Stanford Re-

search Systems SR830 lock-in amplifier, typically have a high input impedance of 10MΩ,

ideally drawing negligible current from the circuit they are measuring. In an analogous

way, current measuring devices ideally have very low input impedance, enough to not

cause a significant voltage drop to affect the circuit.

Lumped-element electronic circuits take advantage of the very high speed of light c;

in particular, they assume that for an AC signal, the phase is uniform across the entire

circuit. At high frequencies (HF) or radio frequencies (RF), when the size or separation

of components is no longer much smaller than the electromagnetic wavelength at the

operating frequency, the constant-phase assumption breaks down, and lumped element

circuits no longer behave as they do in the low-frequency limit. There will be a phase

delay between different elements of the circuit, and it becomes appropriate to consider

current and voltage transmission in the circuit in terms of travelling waves.

Rather than transmitting a current/voltage wave through a lone wire, it is best to

do so through a coaxial cable (or more generally, a transmission line) in order for it

behave with consistent and predictable properties. A coaxial cable can be thought
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(a) (b)Coaxial Cable LC in series

≈
Figure 1.10: (a) A coaxial cable. (b) This is equivalent to a series of inductors and capacitors.

of as analogous to a fiber optic cable for carrying a wave or signal. A coaxial cable

can be approximated as a continuous series of in-line inductors and shunt capacitors:

The center conductor has a self-inductance, and the proximity to the outer conductor

(which is typically “ground”) through the insulating dielectric provides the capacitance.

Fig. 1.10 demonstrates this analogy. Typically, we consider the LC model to have a

certain inductance and capacitance per unit length. As a crude derivation, we can write

the impedance of such an infinite LC series recursively:

Z =
1

iωC +
1

iωL+ Z

. (1.8)

The solution is given by

Z(iωL+ Z) =
L

C
. (1.9)

In the limit of differentially small individual Ls and Cs, we have Z ≫ iωL, giving us

Z2 =
L

C
=

L

C
(1.10)

Z =

√
L

C
, (1.11)

where we have now taken L ,C as the inductance and capacitance per unit length.
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Here, Z is known as the characteristic impedance, usually written as Z0 and defined as

the ratio of voltage to current in a wave propagating along the transmission line. By

adding resistive elements to Fig. 1.10, one can derive a coupled wave equation for I and

V , known as the telegrapher’s equation. This wave equation provides

vph =
1√
L C

(1.12)

for the phase velocity of a wave. Due to historical reasons of choosing an optimal

balance between attenuation and power handling, as well as consideration of the vacuum

impedance
√

µ0

ϵ0
≈ 377Ω, a near-universal standard of Z0 =50Ω was chosen for coaxial

cables. Typical propagation velocities are ∼ 66% the speed of light, dictated by the

dielectric. With cable impedances at 50Ω, we are no longer working in the “voltage” or

“current” measurement system, but rather in the “power” measurement system. Note

that a 50Ω impedance appears equivalent to a resistive load due to its voltage-to-current

ratio, but it is non-dissipative in nature; instead, the power supplied to a transmission

line becomes a traveling wave, rather than dissipating as heat.

As the waves are associated with an impedance, there will be a particular reflection

and transmission at the boundary between two impedances. A wave traveling along

an impedance Z0, seeing a load impedance or a change to impedance ZL, will have a

voltage wave reflection coefficient of

Γ =
ZL − Z0

ZL + Z0
. (1.13)

Correspondingly, the reflected PR/PI and transmitted PT /PI wave power ratios to the
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incident power are given by

PR

PI
=

∣∣∣∣ZL − Z0

ZL + Z0

∣∣∣∣2 (1.14)

PT

PI
= 1−

∣∣∣∣ZL − Z0

ZL + Z0

∣∣∣∣2 . (1.15)

For real impedances, Eq. 1.15 becomes

PT

PI
=

4ZZ0

(Z + Z0)2
, (1.16)

a functional form that we will see come up again. We see that Eq. 1.16 is a sim-

ple representation of what fraction of power gets transferred to the load as a function

of impedance mismatch. For full power transfer for real impedances, minimizing re-

flections, we must have the two impedances equal to each other in what is known as

impedance matching.

In general, a transmission line terminated in anything other than a 50Ω impedance

(or resistance) will have an an input impedance that depends on the length, frequency,

and termination of the line, due to the sum of the reflected waves, and can vary between

0Ω and ∞ Ω.
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One accurate measurement is worth a thousand

expert opinions.

Grace Hopper

2

Johnson Noise Thermometry Overview
While most experimentalists endeavor to avoid noise, for us it forms the cor-

nerstone of our thermometry technique. The thermal noise emitted from our graphene

devices is itself the signal that we want to measure, as it contains valuable information

about the temperature of the electrons. Unlike more conventional forms of thermome-
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try, such as mercury thermometry or resistive thermometry, Johnson noise thermometry

(JNT) is a primary thermometry technique, meaning it directly measures a universal

thermodynamic property and can in principle be operated without calibration, using

known fundamental constants. This contrasts with secondary thermometers, which

measure the change of some arbitrary property that depends on temperature, such as

the height of mercury in a thin column (via the thermal expansion of mercury), or

the resistance of some electrical conductor or semiconductor that varies strongly with

temperature (due to many different factors, including thermal carrier activation across

a bandgap and temperature-dependent phonon scattering).

In principle, there is not a hard distinction between primary and secondary thermome-

ters, as one could imagine measuring for example the thermal Fermi surface smearing,

a universal thermodynamic property, via some contrived electro-resistive means. Even

when measuring primary thermometers, often the measurement instruments needs to be

calibrated themselves; for example, when measuring the volume or pressure of an ideal

gas following the ideal gas law, the length gauge or barometer must be calibrated first.

Typically for Johnson noise, as we will see, knowledge of the bandwidth and amplifier

gains will be crucial calibration factors.

Johnson noise arises as a result of the fluctuation-dissipation theorem from statistical

physics, which states that for any process that dissipates energy, there is a reverse

process that generates corresponding thermal fluctuations. More specifically, consider a

system with a generalized coordinate x and corresponding generalized force F , where the

coordinate’s response to the force is characterized by an AC susceptibility χ̃(ω) =
x̃(ω)

F̃ (ω)
that includes an imaginary dissipative component, where the tilde symbol indicates a

Fourier transform in time. Then, there will be fluctuations in the generalized coordinate

related to that dissipative component, with the power spectrum of the fluctuations in
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the classical regime given by

Sx(ω) = −2kBT

ω
Imχ̃(ω). (2.1)

These thermal fluctuations are related to the equipartition theorem, which states that

quadratic degrees of freedom, such as x, have an average energy of 1

2
kBT in thermal

equilibrium. In the next subsection, we will discuss how a quantum mechanical descrip-

tion modified this equation.

Johnson noise thermometry has broad applications ranging from fundamental sci-

ence113, to use in harsh environments such as nuclear reactors114–116, and commerce/in-

dustry113,117,118. JNT can function as a nanoscale probe to study thermal behavior

in nanoscale devices and potentially help engineer more efficient cooling pathways to

solve the growing problem of excess heat management in continuing miniaturization of

electronics119,120. Fundamentally, JNT allows measurement of the cosmic microwave

background121–124, high-accuracy verification of the Boltzmann constant125,126, and ex-

tension of the International Temperature Scale (ITS) down to 6 mK127–129.

The advantages of JNT include (1) functionality as a primary thermometer, (2) de-

pendence only on the sample resistance and not on any other microscopic or macroscopic

system parameters or details, (3) a wide temperature range of application, and (4) the

ability to non-invasively probe nanoscale conductors by directly measuring their fluctu-

ations, without perturbing the system as would resistive or other types of thermometry.

This Chapter aims to give a broad and general introduction to Johnson noise, focusing

on establishing the context for this work. The curious reader is referred to the excellent

Refs. 113,130 for further review on experimental Johnson noise thermometry outside

the scope of this thesis.
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2.1 Thermal Radiation in the pre-Johnson-Nyquist Era

The reader may be familiar with free-space blackbody radiation via the Stefan-

Boltzmann131,132 law,

P = εσSBT
4, (2.2)

where P is the radiated power density, ε ≤ 1 is an emissivity factor, σSB is the Stefan-

Boltzmann constant, and T is the blackbody temperature. This law describes how an

object at a given temperature radiates wideband thermal electromagnetic radiation into

free space. Planck’s law133,134 gives the spectral radiance of blackbody radiation:

Bω(ω, T ) =
8π2ℏω3

c2
1

exp
(

ℏω
kBT

)
− 1

, (2.3)

where ω is the angular frequency, ℏ is Planck’s constant, c is the speed of light, and

kB is Boltzmann’s constant. Eq. 2.3 indicates an upper quantum frequency cutoff near

ℏω = kBT , to avoid the ultraviolet catastrophe.

Blackbody radiation is often used as a thermometry technique in our everyday lives.

Venturing outside on a sunny warm day, we are heated by the ∼5800K blackbody radi-

ation from the sun, or, going outside at night, we experience the frigidity of the 2.73K

cosmic microwave background in the night sky. More quantitatively, infrared blackbody

thermometers are readily commercially available at hardware or home-improvement

stores for home or industrial use.
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Figure 2.1: (A) A real resistor at a temperature T . (B) Equivalent circuit for voltage-based
noise. (C) Equivalent circuit for current-based noise. Images from 137.

2.2 Johnson-Nyquist Noise

Johnson-Nyquist noise135,136 is analogous to the Stefan-Boltzmann law, with an elec-

trical resistor of resistance R radiating power into an electrical load (such as a coaxial

cable, or another impedance) ZL. Compared to the Stefan-Boltzmann law, the coaxial

cable replaces three-dimensional free space, and this leads to the reduction of the power

law in temperature. Johnson noise is a specific instance of the fluctuation-dissipation

theorem, with the electrical resistance as the dissipative quantity.

Traditionally, the classical Johnson-Nyquist noise is written as the root-mean-square

(rms) voltage fluctuations present on an open-circuit resistor. Electrically, this is equiva-

lent to an ideal, noiseless resistor in series with an rms noise voltage source, as compared

in Fig. 2.1 (A,B). The formula for the rms voltage fluctuations is famously given by
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⟨V 2⟩ = 4kBTR∆f, (2.4)

where ∆f is the measurement bandwidth. In practice, these fluctuations are measured

by connecting a high-input-impedance low-noise amplifier (LNA) directly to the resistor,

and then measuring the power of the amplified fluctuations.

How small are these voltage fluctuations? Suppose an experimentalist attempts to

measure Johnson noise of a 1 kΩ room-temperature resistor using a lock-in amplifier set

to a τ = 300ms time constant, parameters which are very commonly used in laborato-

ries. The SR830 lock-in amplifier138, using a 24 dB/oct slope, has a 5/(64τ) effective

noise bandwidth (ENBW), equal to 0.26Hz (see also Appendix F). The resulting rms

voltage fluctuations are 2.1nV, a small signal but not impossibly so to measure.

Of course, the lock-in amplifier is the worst tool in the lab to measure Johnson noise,

as it is designed specifically to have a very narrow bandwidth to avoid measuring noise at

frequencies different from the signal in question. Eq. 2.4 tells us that a higher bandwidth

will give us more Johnson noise, and in Section 2.5 we discuss in further detail the very

important relevance of bandwidth for JNT, as a motivation for our RF-based JNT

techniques.

2.3 Voltage, Current, and Power-Based Johnson Noise Thermom-

etry

In addition to modeling Johnson noise as voltage fluctuations across an open-circuit

resistor, we can also model it as current fluctuations through a short-circuited resistor,
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as shown in Fig. 2.1(C). Here, the rms current fluctuations are given by a similar formula

⟨I2⟩ = 4kBT/R × ∆f. (2.5)

Both Eqs. 2.4 and 2.5 represent the Thevenin and Norton equivalent circuits for

Johnson noise and are interchangeable and equivalent. For convenience, however, Eq. 2.4

is used for measuring Johnson noise with voltage amplifiers (high input impedance),

and Eq. 2.5 is used for for measuring Johnson noise with current amplifiers (low input

impedance).

There is yet another, power-based Johnson noise formula, that is more analogous

to the Stefan-Boltzmann law and thus might be more fundamental. The resistor in

Fig. 2.1(B) when short circuited, or in Fig. 2.1(C) when left in open-circuit, dissipates

an internal power of

P
(int)
JN = 4kBT ∆f. (2.6)

This equation conveniently sits between Eqs. 2.4 and 2.5 in a chain of division by R.

With a connected load instead of a short or open circuit, the maximum available Johnson

noise radiative power transmitted to the load happens when the load is impedance-

matched to the source and is equal to

P
(matched load)
JN = kBT ∆f. (2.7)

The vanishing of the factor of 4, as compared to Eqs. 2.4, 2.5, and 2.6, arises from the

voltage drop being equally distributed between the source and the load. If, however,

the load impedance RL is fixed, and the source impedance RS of the noise source is
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varied, due to impedance mismatch (see Section 1.6 and Subsection 4.4.1), the actual

power delivered to the load is given by

P
(non−matched load)
JN =

4RLRS

(RL +RS)2
× kBT∆f, (2.8)

where RL is the load resistance, and RS is the Johnson noise source resistance.

Voltage-based and current-based Johnson noise thermometry must operate at rela-

tively low frequency, limited by the lumped-element circuit model. At high frequencies,

the impedances of the connecting cables and other components, coupled with the high-

or low-input impedance LNAs, will severely attenuate the signal. Conversely, power-

based Johnson noise has no such limit to frequency, given that impedance matching

is adequately satisfied (see Sections 1.6 and 4.4). The reason that large bandwidth in

frequency is desirable is discussed in Section 2.5.

Fig. 2.2 demonstrates the comparison of the different types of noise in Eqs. 2.4, 2.5,

and 2.8 as a function of source (sample) resistance. In all cases, the measured noise has

a functional dependence on the source resistance, and therefore, to extract a meaningful

temperature value, we must also measure the resistance.

There have been some clever work-around methods to bypass this restriction, e.g.

measuring both ⟨I2⟩ and ⟨V 2⟩ and then taking the product of the quantities139. Another

example is using an inductor and capacitor to load the sensor such that the bandwidth

is resistance-dependent in a way that the changes in R and ∆f cancel out140.

2.4 Quantum Johnson Noise

So far we have discussed classical Johnson noise, where we assumed a flat spectral

density. In reality, analogously to Planck’s law (Eq. 2.3), Johnson noise also has an
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Figure 2.2: The scaling of voltage (blue), current (red), and power (yellow) noise as a function
of source resistance. The power noise curve assumes a load resistance of 1 kΩ.

upper-frequency cutoff near ℏω = kBT . Accordingly, the full power spectral density of

Johnson noise will be given by113∗

SV (ω) =
ℏω

eℏω/kBT − 1
. (2.9)

Typically, this cutoff is important only at ultra-low temperatures, such as in a dilution

refrigerator at GHz frequencies when working with qubits, for example. Below, Table 2.1

shows, for a given temperature, the corresponding frequency at which the Johnson noise

spectral power decreases by 1% and 50% relative to its zero-frequency limit. If Johnson

noise is measured at higher frequencies through the quantum roll-off, then the calibration

must account for this.
∗There is a controversial term representing the quantum mechanical zero point energy in

Eq. 2.9, which we have omitted 113.
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Quantum Johnson Noise
T 10mK 100mK 1K 10K 300K
99% remains at 4.2MHz 42MHz 420MHz 4.2GHz 125GHz
50% remains at 262MHz 2.6GHz 26GHz 260GHz 7.9THz

Table 2.1: The table lists at what frequency the spectral Johnson noise power is reduced to
99% and 50% of its zero-frequency limit.

2.5 Bandwidth

The bandwidth of a measurement of Johnson noise is an extremely important parameter.

Since Johnson noise is effectively a measurement of the mean of random numbers, there

is an intrinsic uncertainty to the measurement, as opposed to, for example, measuring

an AC voltage signal with superimposed noise. In particular, JNT will measure the

variance of the voltage, defined as

var(V ) =

∫
(V − ⟨V ⟩)2 f(V )dV (2.10)

where f(V ) is the Gaussian distribution of V , and ⟨V ⟩ is the DC bias on the device.

In practice, one single JNT measurement will only give an estimate of var(V ), rather

than the exact value. The variance of the JNT measurements will follow a chi-square

distribution with k degrees of freedom, where k = 2τ∆f is the number of samples

acquired in a measurement time τ over a bandwidth ∆f , according to the Nyquist

theorem.

Based on this principle, the Dicke radiometer formula gives the ideal measurement

uncertainty for a temperature measurement113,130,141,142:

σT =
Tsamp + TN√

τ∆fc
, (2.11)
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where Tsamp is the sample temperature, TN is the effective temperature of additional

(e.g. amplifier) background noise, and ∆fc is a correlation bandwidth, very similar to

∆f , but defined specifically later in Chapter 4 (Eq. 4.50). The quantity under the

square root is the effective number of samples N ∼ k

2
, and thus the uncertainty scales

as ∼ 1√
N

.

It is evident from Eq. 2.11, that for a given target uncertainty σT , a higher band-

width ∆fc will require a significantly shorter measurement time τ than would a lower

bandwidth. It is for precisely this reason that we perform JNT at RF frequencies, to be

able to take advantage of 100s of MHz of bandwidth. Traditionally, and often still in

modern times, noise measurements are performed using 10s - 100s of kHz or a few MHz

of bandwidth114,126,140,143–147; our bandwidth is comparatively 100-10,000 times larger,

allowing for significantly faster measurements.

Nonetheless, using higher bandwidth for JNT may also pose drawbacks in certain

situations. If the gain and bandwidth of the LNAs are measured separately from the

experiment, then a slight variation in gain over frequency might cause small systematic

errors. Additionally, high-frequency measurements will inherently run into the Planck

cutoff frequency (Eq. 2.9), potentially affecting high-accuracy measurements. However,

in this dissertation, our goal is not to achieve extremely high accuracies as good as 1%

or less; rather, we typically only need 5-15% accuracy at best to observe the needed

hydrodynamic effects in mesoscopic systems.
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If we knew what it was we were doing, it would

not be called research, would it?

Albert Einstein

3

Measurement of Electronic Thermal

Conductance at the Nanoscale
Thermal transport measurements are significantly more challenging than

analogous electrical transport measurements. Electrical wires are especially good at
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transporting charge to its destination without losing it along the way, and we readily

have access to ammeters and voltmeters. In contrast, heat traveling along a “thermal”

wire from a hot to a cold source will be lost along the way to either blackbody radiation

or the environment directly outside the wire. An ideal “thermal” wire would need to

exist in a pure vacuum and have blackbody emissivity of 0. Furthermore, measuring a

temperature difference and especially a heat current, particularly at the nanoscale, are

remarkably more difficult to do than their electrical counterparts.

For studying only the electron-electron (e-e) interactions in graphene, and not the

phonons, we furthermore want to measure only the electrical component of the total

thermal conductivity. This will involve heating the electrons, measuring their tempera-

ture, and measuring the thermal current, all without any interactions with the phonons.

The lattice temperature must remain at the cryostat base temperature, while the elec-

tron temperature will decouple from the lattice. In principle, this is achievable at low

enough temperatures and/or short enough device lengths, where the electron-phonon

mean free path would be longer than the device length.

Alternately, it is possible to measure the total thermal conductivity, cleverly infer the

phonon contribution, and then subtract it out to obtain only the electronic contribu-

tion99, but this method still does not directly measure only the electronic contribution.

Here, we present methods and analysis for measuring the electronic thermal conduc-

tivity of encapsulated graphene devices using JNT in a self-heating configuration. We

will also briefly introduce a non-local heating alternative configuration, but a detail

discussion thereof is outside the scope of this dissertation. We discuss the requirements

and limitations of the self-heating technique, as well as attempts to quantify and bypass

the limitations. The two biggest thermal limitations to quantitative measurements are

the effects of contact resistance and heat loss to phonons, which we have made signif-
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icant progress in understanding during the course of this work. Additional limitations

stemming from the JNT technique itself are discussed in Chapter 4.

3.1 Cooling Mechanisms in Graphene

In this section, we present some background on the different cooling mechanisms for

electrons in graphene, although the same ideas will extend to many other experimental

systems. Motivated by the weak electron-phonon coupling53,68,96, we consider the elec-

trons and phonons as separate subsystems in the sample, each at their own temperature.

The primary cooling mechanism we are interested in studying is electronic diffusion

cooling. In most daily real life situations, we observe cooling or heating by three pri-

mary mechanisms: radiation, convection, and conduction. Conduction is the mode that

obeys the diffusion equation; if we have a sample of a material and heat up one end of

it, eventually that heat will diffuse and redistribute to other parts of the object, modulo

losses to convection and radiation. However, in our everyday lives, we always feel a

combined electron and phonon temperature, as the electron-phonon coupling on macro-

scopic scales at room temperature is strong enough such that the two temperatures are

equilibrated.

3.1.1 Electronic Diffusion

As we consider the electron system only, we find it also to obey the diffusion heat

equations, given by

J⃗Q = −κ∇⃗T (3.1)

ρmc
∂T

∂t
= ∇⃗ · (κ∇⃗T ) + P. (3.2)
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Here, J⃗Q is the thermal current density; κ is the thermal conductivity; T is the tem-

perature; ρm is the mass density; c is the specific heat capacity; and P is the rate of

heat generation per unit area (2D) or volume (3D). Eq. 3.1, known as Fourier’s law, is

exactly analogous to the microscopic version of Ohm’s law,

J⃗ = −σ∇⃗ϕ = σE⃗, (3.3)

where J⃗ is the electric current density, ϕ is the electric potential, and E⃗ is the electric

field; Eq. 3.1 states that the flow of heat is proportional to the local temperature gradi-

ent, and the proportionality constant is the thermal conductivity. Eq. 3.2 is obtained

from a spatial derivative of Fourier’s law and the conversation of energy; it states that

the change in temperature of a differential volume is related to the net heat current go-

ing into this volume, plus any internal heat generation. Under steady state conditions

and assumption of a spatially homogeneous κ, Eq. 3.2 can be simplified to the more

familiar form

P = −κ∇2T. (3.4)

Eq. 3.4 will be our starting point for future derivations. For diffusive cooling of elec-

trons, we will need some sort of heat sink; often this will be a metal electrode that

makes contact to the graphene, and we assume that the electrons in the metal are

well-thermalized to the bath temperature. In this case, heat will diffuse from the hot

electrons in the graphene to the colder electrons in the metal contact.

Generally, electronic diffusion cooling obeys the Wiedemann-Franz law as described

in Chapter 1, with thermal conductivity proportional to temperature. However, we are
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interested in studying hydrodynamic electrons, which will not obey the WF law.

3.1.2 Phonon Cooling

Another important mode of electron cooling in graphene is via heat loss to phonons.

Very generally for most materials, the heat transfer between the electron and acoustic

phonon subsystems is given by148

Qe−ac = VdΣ
(
T δ
e − T δ

ac

)
, (3.5)

where Vd is the d-dimensional volume, Te/ac is the temperature of the electron or phonon

subsystem, Σ is a coupling constant, and δ is an exponent that depends on dimension-

ality. For 3D materials, it has been shown that δ = 5149,150; this can be though of as

analogous to the ∼ T 4 Stefan-Boltzmann power law. In graphene, this formula applies

with δ = 4 for temperatures below the Bloch-Grüneisen (BG) temperature, but takes

on a different limit above the BG temperature. The BG temperature is given by68,148

TBG = 2
vs
vF

|µ|
kB

= 2
ℏvskF
kB

, (3.6)

and represents the temperature scale at which phonon modes with a high-enough k

become populated and able to scatter electrons fully across the small Fermi surface in

graphene; vs ∼ 2 × 104 m/s is the speed of sound, vF ∼ 1 × 106 is the Fermi velocity,

µ is the chemical potential, and kF is the Fermi wavevector. For T > TBG, the heat

transfer is given by148

Qe−ac = Vd g(µ, Te) (Te − Tac) , (3.7)
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where g(µ, Te) is a function given in Ref. 148. Acoustic phonon cooling in graphene

has been previously measured using noise thermometry, with the ability to extract the

coupling coefficient Σ and deformation potential D94,95,151,152.

At even higher temperatures, optical phonons, both local in the graphene and remote

in the substrate, start contributing significantly to cooling and eventually overpower the

cooling from acoustic phonons96. The corresponding formulas are outside the scope of

this thesis and are given in Ref. 148. Optical phonon cooling has also been measured,

but due to the more complicated functional form and variability between substrates and

samples, it is more difficult to extract meaningful parameters153–156.

There is another form of phonon cooling involving supercollisions, occurring at higher

temperatures. Here, a three-body collision between an electron, an impurity, and a

phonon can cause rapid phonon cooling of the electrons at a rate higher than con-

ventional phonon cooling. This has also been measured in graphene under high-T

out-of-equilibrium conditions157,158.

Importantly, the phonon cooling rates and coupling constants depend strongly on the

substrate and will thus vary between suspended samples, samples on SiO2, and samples

encapsulated in h-BN. Suspended samples have flexural out-of-plane phonon modes that

can interact strongly with the electrons99,157.

3.1.3 Radiative Cooling

Finally, we have the radiative cooling modes. The first one is radiative emission into free

space and can be calculated by the Stefan-Boltzmann law. Graphene on 285 nm SiO2

has its highest optical absorption of about 7-8% in the green wavelengths, although

this may change in encapsulated samples; this number could be used as a starting point

for the emissivity in calculating the Stefan-Boltzmann law. However, depending on the
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cryostat setup, the inner wall of the sample package enclosure would likely be at the

same temperature as the sample, nulling out any cooling.

The second radiative cooling mode is precisely that which we measure in JNT; it is

the radiation of microwave energy, for frequencies less than the Planck frequency given

by ℏω = kBT , into electrically connected loads with an impedance, such as a resistor

or a transmission line. The maximum available spectral power density to be radiated

into a matched load is S = kBT , but this is reduced by impedance mismatches. The

total outbound radiated power would involve an integral over all frequencies less than

the Planck frequency, involving the transmission coefficient. However, to calculate the

net heat loss, we must also take into account the spectral power density of the noise

radiated towards the sample from the LNA or other circuit elements, whose frequency

dependence we will designate as TN,in(f), which could be higher or lower than the

sample. The resulting cooling power then involves the difference between the sample

temperature and TN,in:

P =

∫ ∞

0

(
1− |Γ(f)|2

)
kB

 T

1− exp
(
− hf

kBT

) − TN,in(f)

 df. (3.8)

For typical experiments on conductive samples with high electronic diffusion thermal

conductance, this contribution is usually negligible.

As an example, for a typical ideally-matched graphene sample at 1 kΩ with a, 80–

260 MHz matching band, the radiative cooling power at 10K with TN,in ∼ 1.5 K is

∼ 2 × 10−14 W, which changes to ∼ 8 × 10−16 W for a poorly-matched sample at

150 kΩ. Due to conservation of energy, and under the assumption that the other cooling

mechanisms are negligible, the cooling power of the electronic diffusion cooling equals

the self-heating Joule power (see Section 3.2), which, for sample warming of 200mK,
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typically ranges from ∼ 1 × 10−9 W at 1 kΩ to ∼ 3 × 10−11Ẇ at 1 kΩ159; see also

Section 4.6. In all cases, cooling by Johnson noise emission is generally over 4 orders of

magnitude smaller than the relevant electronic diffusion.

3.2 Self-Heating: Assumptions and Measurement Technique

A measurement of thermal conductance consists of two separate parts: (1) measuring the

temperature difference across the sample, and (2) measuring the heat current through

the sample. The thermal conductance can then be written as the ratio of the two.

Rather than performing a thermal conductance measurement in a traditional hot-

side and cold-side configuration, we will use the self-heating configuration. Here, a

rectangular sample of graphene is connected to two metal electrodes on each side, which

act as heat sinks. In bulk metals at typical experimental temperatures, the electron-

phonon coupling is much stronger than in graphene, and thus we can consider the metal

electrodes as well thermalized to the bath temperature96. These metal electrodes at

the bounadry of the graphene will serve as the cold side.

We generate the “hot side” of the measurement inside the channel of the device by

flowing a current through the two metal terminals, generating Joule heating equal to

PJ = IV . Due to conservation of energy, in steady state, all the Joule heat that is

generated must also exit the sample to the two cold heat sinks. As a result of the

particular balance between the Joule heating and the diffusion cooling, the sample

acquires a particular temperature rise profile of ∆T (x, y) above the bath temperature,

generally peaked near the center of the channel. Fig. 3.1 shows a schematic cartoon of

a graphene device being heated, with the orange glow representing warming above the

bath temperature. We use JNT to measure the average temperature rise, ∆Tavg. We
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Figure 3.1: Schematic cartoon of a graphene device being Joule heated by current, with the
orange glow near the center representing warming above the bath temperature. The yellow-
colored parts are the metal leads, which act as heat sinks. Image from Ref. 151.

can thus define a generalized thermal conductance of the sample as the ratio of the heat

flowing out of the sample to the average temperature rise:

Gth,gen =
PJ

∆Tavg
. (3.9)

We emphasize the generality of this statement, as any more specific conclusions, such as

the thermal conductivity value κ, will be related by situation-specific geometric factors.

We can get more useful information about the sample, in particular the thermal con-

ductivity κ, if we make some assumptions. Let us assume that the flow of electrical

current and the electrical conductivity are spatially homogeneous. Then, due to trans-

lational symmetry, we can solve the 1D heat equation to obtain the resulting spatial

temperature profile T (x) in the sample.

For simplicity, we will initially assume that the heating power is small, such that the

temperature rise in the sample is much smaller than the bath temperature: ∆T (x) ≪ T0.

In this case, we are then justified in neglecting any temperature variation of κ throughout

the channel, allowing us to use Eq. 3.4. If the sample has dimensions L×W , then the
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heat equation becomes

PJ

LW
= −κ

d2T

dx2
. (3.10)

With boundary conditions given by T (x = 0) = T (x = L) = T0, the solution to this

equation is given by

T (x) = T0 +
P

2κLW
x(L− x) (3.11)

T (x) = T0 +
V 2

2LT0σ

x

L

(
1− x

L

)
, (3.12)

where in the last line, we have defined κ with a sample Lorenz number L. We must

figure out how the quantity ∆Tavg measured with JNT relates to T (x).

To start, let us calculate the total sum Johnson noise from two series resistors of

different resistances, R1, R2, which is more convenient to calculate with a voltage source

model of Johnson noise. The rms voltage fluctuations for each resistor i are given by

⟨V 2
i ⟩ = 4kBTiRi; (3.13)

adding these together in quadrature, we get

⟨(V1 + V2)
2⟩ = ⟨V 2

1 ⟩+ ⟨V 2
2 ⟩ = 4kB (T1R1 + T2R2) . (3.14)

The total noise is the weighted sum of the individual temperatures, with the resistances

as the weighting factors. Next, we shall calculate the total sum Johnson noise from

two parallel resistors, which is more convenient to do with the current source model of
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Johnson noise. If individually we have

⟨I2i ⟩ = 4kBTi/Ri, (3.15)

the the sum is given by

⟨(I1 + I2)
2⟩ = 4kB (T1/R1 + T2/R2) . (3.16)

Here, the weighting factor is the inverse resistance.

If we consider the sample as only uniform resistors in series, with a uniform 2D

current density due to uniform resistivity, then ∆Tavg becomes simply a spatial average

of the temperature:

∆Tavg,JN =
P

2κLW

1

L

∫ L

0
x(L− x)dx (3.17)

=
PL

12κW
. (3.18)

If we define a sample Lorenz number L via κ = LT0σ, and rewrite in terms of the

resistance R, we obtain

∆Tavg,JN =
V 2

12LT0
. (3.19)

This gives us a convenient way to measure κ and compute the Lorenz number. We note

that the factor of 12 in Eq. 3.19 has been well-known for decades1,94–98,159–161.

We can define a thermal conductance specifically analogous to the 2-terminal electri-
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cal conductance via

Gth =
Gth,gen

12
(3.20)

that then allows us to write the Lorenz ratio as

L
L0

=
1

L0T0
× Gth

Gel
=

1

L0T0
× κ

σ
, (3.21)

allowing us to express the Lorenz ratio as a ratio of the thermal to electrical conduc-

tances, or conductivities, in the same way.

We can see from Eq. 3.19 that the temperature rise of a sample can be related to

just the voltage bias and Lorenz ratio, independent of the resistance. Thus, if we apply

a constant fixed voltage bias V to a sample, then we can directly read off the Lorenz

number L from the measured temperature rise, without needing to know what the

current or resistance is.

Surprisingly, Eq. 3.19 applies to a much broader set of constraints than we originally

described. More generally, for an arbitrary 2-terminal geometry, such as that shown in

Fig. 3.2, the Johnson noise is related to the temperature T (⃗r) via162–165

Tavg,JN =

∫
d2r⃗ T (⃗r)∇⃗ϕ(⃗r) ·

[
σ̂∇⃗ϕ(⃗r)

]
∫

d2r⃗ ∇⃗ϕ(⃗r) ·
[
σ̂∇⃗ϕ(⃗r)

] , (3.22)

where ϕ(⃗r) is a characteristic potential defined in Refs.163,164. In fact, as long as we

have the thermal conductivity tensor proportional to the electrical conductivity tensor

via κ̂ = LT0σ̂, the temperature rise measured by Johnson noise for any arbitrary two
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Figure 3.2: A schematic showing an arbitrary geometry for a conductive sample connected
to two electrodes, source (S) and drain (D). The contour lines and arrows indicate equipoten-
tial surfaces and the gradient of the potential. The color represents an arbitrary temperature
distribution. Image from Ref. 162.

terminal device in the weak self-heating limit is universally given by162

∆Tavg,JN =
V 2

12LT0
, (3.23)

the same Eq. 3.19.

3.3 Self-Heating in a Magnetic Field

Upon application of a magnetic field, previously isotropic transport coefficients κ, σ be-

come tensors. In practice, Eq. 3.23 breaks down in a magnetic field, as we can no longer

relate κ̂ and σ̂ via a scalar C as κ̂ = Cσ̂ 166. If we wish to obtain a measurement of

the longitudinal component κxx, then we must find some other symmetries by which

to simplify the problem. Due to the rotational nature of the magnetic component of

the Lorentz force on a moving charge, a natural geometry for symmetry is the Corbino

geometry. The Corbino geometry78, as shown in Fig. 3.3, places an annular sample
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Figure 3.3: Schematic of a 2D Corbino device. The magnetic field points perpendicular the
plane. The dark cyan is the sample (graphene). The gold color represents the metal contacts.
Some of the current streamlines are shown with a J⃗ . Inner and outer radii r1, r2 are marked.
The polar coordinate system (r, θ) is also indicated.

concentrically between an inner circular electrode and an outer annular electrode, re-

moving any sample boundaries connecting the two electrodes, and it allows current to

flow radially between the two electrodes. In a magnetic field, the Lorentz force produces

a rotational component of current, Jθ.

Electrically, a 2-terminal resistance measurement of an isotropic sample in the

Corbino geometry provides a result for σxx = σrr, in contrast to a Hall bar geome-

try, which measures a combination of σxx and σxy. This can be seen by the following

argument. In steady-state conditions and due to single-valuedness of the electric poten-

tial ϕ, the azimuthal component of the electric field Eθ must be zero. This immediately

leads to the equation Jr = σrrEr, and the rotational electrical current Jθ is irrelevant.
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The 2-terminal resistance of a 2D Corbino device may be written as

R =
1

σxx

∫ r2

r1

dr

2πr
=

1

2πσxx
ln

r2
r1
, (3.24)

where r1, r2 are the inner and outer radii of the sample between the electrodes.

We now return to the heat equation for the Corbino geometry. The local Joule heating

power will be of the form

P = J⃗ · E⃗ = JrEr (3.25)

due to the absence of azimuthal electric field (Eθ = 0). We note that the azimuthal com-

ponent of the electrical current generates no Joule heating due to absence of azimuthal

electric field. By current conservation, we must have Jr =
I

2πr
= nqv⃗ in relation to the

total current I. The steady state equation of motion for a unit of current with charge

q and mass m is given by

−γv⃗ =
q

m
(E⃗ + v⃗ × B⃗), (3.26)

where γ is a current relaxation rate and v⃗ is the velocity. We can write the r̂ and θ̂

components of this equation as

(r̂) : −γvr +
q

m
(Er + vθBz) = 0 (3.27)

(θ̂) : −γvθ − vrBz = 0. (3.28)
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From this we obtain

vθ = −vrBz

γ
. (3.29)

If we define µ = e/(mγ) and σ0 = neµ, then the solution to Eq. 3.26 becomes

Er =
1

σ0

I

2πr

(
1 + (µB)2

)
, (3.30)

and we can express the local Joule heating power as

P =
1

σ0

(
I

2πr

)2 (
1 + (µB)2

)
. (3.31)

The potential drop across the electrodes is the integral of Eq. 3.30. From this, we

explicitly calculate the resistance and the longitudinal conductivity:

R(B) =
1

2πσ0
ln

(
r2
r1

)(
1 + (µB)2

)
(3.32)

σrr(B) =
1

σ0

(
1 + (µB)2

) . (3.33)

A geometrically intuitive explanation for the magnetoresistance is given in Appendix D.

Given the heating profile, we must now solve the heat equation. By rotational sym-

metry, there must be no thermal gradient in the azimuthal direction; we do not exclude

a thermal current in the azimuthal direction, but it will be irrelevant for our calcula-

tions since it does not contribute to any temperature changes. We thus consider only

the thermal current and temperature along the radial direction, reducing the problem
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to 1D. The heat equation (Eq. 3.10), now in polar coordinates, becomes

1

σrr

(
I

2πr

)2

= −κrr
d2T

dr2
− κrr

1

r

dT

dr
. (3.34)

This solution is given by59

T − T0 =
1

κrr

1

σrr

I2

(2π)2
1

2
ln

r

r1
ln

r2
r
. (3.35)

Written in this form, the boundary conditions of T = T0 are easily seen to be satisfied

at r = r1, r2. To find the measured Johnson noise temperature, we apply Eq. 3.22. The

characteristic potential will be given by ∇⃗ϕ(⃗r) ∝ 1/r. Then Eq. 3.22 simplifies to

Tavg,JN =

∫
T (r)

r
dr∫

dr

r

=
1

ln
r2
r1

∫
T (r)

r
dr. (3.36)

Upon integration, we get

Tavg,JN =
V 2σrr
12κxx

=
V 2

12LrrT0
, (3.37)

which is again Eq. 3.19.

To summarize, we have shown that in a Corbino geometry, even if the assumption

κ̂ = Cσ̂ breaks down, due to symmetry, we are still able to measure κrr, σrr, and Lrr,

which would be impossible in a rectangle geometry due to the lack of proper symmetries.
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3.4 Self-Heating: High-T limit

So far, we have been working in the low-heating limit such that ∆T ≪ T0, which allows

us to assume that κ is spatially homogeneous. However, we may consider the case

where the heating is strong, and we have ∆T ∼ T0 or even ∆T ≫ T0. Since the thermal

conductivity κ is generally proportional to temperature and will not be homogeneous,

we must now use the full heat equation, Eq. 3.2, and we can not measure κ anymore,

since it will take on a large range of values; the best we can do is measure Gth,gen.

We will not be able to compare the measured Gth with any particular value or compute

any Lorenz ratio, since again these quantities only make sense for a single uniform

temperature. In terms of analysis, it will be more instructive to examine ∆T as a

function of the Joule power P . Furthermore, since we will be exiting the “linear”

response heating regime, it will no longer make sense to perform the measurement in

an AC-modulated fashion, so we must apply the Joule power P at DC and measure

the noise also at DC. In doing this, we must also measure the differential resistance to

correctly measure the impedance matching; see Section 4.9 for more details.

If we make the simple assumption that the thermal conductivity is proportional to the

temperature, which is essentially a modified WF law with any allowed Lorenz number

L, then we can derive what we would expect to see for the Tavg vs P dependence. Let

us then begin with Eq. 3.2 in the steady state:

0 =Lσ0∇⃗ · (T ∇⃗T ) + P, (3.38)

where, for simplicity, we have assumed the conductivity is a constant σ0. Let us simplify
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Figure 3.4: (a) Temperature rise profiles for a range of heating powers: low-power (dark
blue) to high-power (orange), for a bath temperature of T0 = 5K. Legend is in panel (b). (b)
Temperature profiles in (a), normalized by the average temperature rise ∆Tavg.

this equation to a 1D heat equation:

0 =Lσ0
d

dx

(
T
dT

dx

)
+ P (3.39)

0 =Lσ0

((
dT

dx

)2

+ T
d2T

dx2

)
+ P. (3.40)

The exact solution is given by167–169

T (x) =

√
T 2
0 +

V 2

L
x

L

(
1− x

L

)
. (3.41)

We verify by inspection that in the low-heating limit, Eq. 3.41 reduces to Eq. 3.12. The

shape of Eq. 3.41 for low and high heating power is shown in Fig. 3.4. We can integrate

Eq. 3.41 to obtain the average temperature measured by Johnson noise168,170:

Tavg =
T0

2

[
1 +

( √
3eV

2πkBT
+

2πkBT√
3eV

)
· arctan

( √
3eV

2πkBT

)]
, (3.42)

which we plot in Fig. 3.5(a) as a function of applied bias, assuming L = L0. At low
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Figure 3.5: (a) Blue: Average electron temperature for self-heating from T0 = 5K in the
high-bias regime (Eq. 3.42). Red: Shot noise with Fano factor F =

√
3/4. (b) The evolution

of the geometric ratio V 2/LT0∆T from Eq. 3.19, as heating is increased past the low-heating
limit.

bias, the temperature rise (blue) is quadratic, but at high bias, the temperature rise

approaches the linear shot noise limit with Fano factor F =
√
3/4. We note that this

is a significantly reduced Fano factor compared to F = 1 for a tunnel junction (see

Subsection 4.5.1), but slightly larger than F = 1/3 for non-interacting diffusive trans-

port170,171. In one sense, this noise is not real “shot” noise since it does not originate

from stochastic Poissonian tunneling events; however, there is no true distinction be-

tween thermal noise and shot noise, as they are ultimately correlators of the fluctuations

of a system under certain conditions172.

It is enlightening to see the correspondence of L = L0 ⇐⇒ F =
√
3/4. A mesoscopic

system that obeys the WF law for all temperatures, and has electrons with a well-

defined temperature due to strong enough interactions, will exhibit a Fano factor of

F =
√
3/4170. If, however, the system has a different Lorenz number, then it would

deviate from F =
√
3/4, presenting another way of probing WF breakdowns outside of

the weak-heating limit. In practice, for a hydrodynamic system, we would expect the
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Lorenz number to have a temperature dependence, and thus such an experiment would

likely not yield an exactly linear regime.

Fig. 3.5(b) shows the behavior of the geometric ratio V 2

LT0∆T
from Eq. 3.19, where

it was equal to 12 in the low-heating limit, as a function of the average electron tem-

perature normalized by the bath temperature. With increasing bias and heating, this

factor grows very strongly, primarily because the T0 used in Eq. 3.19 is no longer a good

approximate representation of the average electron temperature to use for the WF law.

3.5 Effects of Phonons: Cooling and Scattering

In the simplest picture of electron-phonon scattering, the electron emits or absorbs

a phonon, rather than interacting with a pre-existing phonon54. Thus, the primary

mechanisms for both resistivity and heat loss to phonons arise from the same scattering

process. In principle, if the deformation potential, temperature, and relevant kinetic

constraints and dispersions are well known, a measurement of the electrical resistivity

due to phonons could be related to the electron-phonon thermal coupling, and one could

convert between the two quantities. In practice, these quantities must be empirically

measured for each sample due to absence of accurate knowledge of the relevant constants

and kinematic constraints.

In the absence of electronic diffusion cooling described in Section 3.2, but in the

presence of phonon cooling, the sample will experience a uniform temperature rise

upon Joule heating. This is a trivial limiting case, but can be useful in measuring

the available electron-phonon cooling power94–96,152and calculating the electron-phonon

coupling constants, helping to understand problems such as phonon-mediated supercon-

ductivity.
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For the purposes of measurement electronic thermal conductivity, we are more in-

terested in the parasitic effect that the additional phonon cooling channel will have on

measuring the electronic thermal conductivity. In the simplest way, we could write the

total cooling power of both the phonon cooling and electronic diffusion cooling as the

arithmetic sum

Gth,total = Gth,electronic +Gth,phonon, (3.43)

but this is not exact due to the different spatial profile temperatures of the two effects.

The exact solution would be a solution of the modified heat equation to include

phonon cooling. For this, we work in the linearized regime of Eq. 3.5 for small temper-

ature difference ∆T = Te − Tac << Te:

Qe−ac ≈ VdΣδ ·∆T · T δ−1
e . ≡ Ge−ph∆T (3.44)

The heat equation becomes

P = −κ
d2(∆T ))

dx2
+Ge−ph∆T (3.45)

and the temperature profile is

∆T (x) = P

1− cosh

[√
Ge−ph/κ · L− 2x

2

]
· sech

[√
Ge−ph/κ · L

2

]
Ge−ph

. (3.46)

This temperature profile is plotted in Fig. 3.6. The resulting equation for the average
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Figure 3.6: Temperature profile for the crossover between electronic cooling to phonon cool-
ing, normalized by the average temperature rise. The fully electronic diffusion cooling power
temperature profile is an exact parabola (solid dark blue). When the individual electronic and
phonon contributions are equal, the result shape is also nearly a parabola (dashed blue line).
When phonon cooling dominates (orange) the shape approaches a mesa (green dashed line).
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phonon contribution is present. Yellow: total cooling power, due to geometric combination of
electronic and phonon (Eq. 3.48). Purple: arithmetic sum contribution of electronic and phonon
cooling contributions (Eq. 3.43).

temperature rise is

∆Tavg =
P

Ge−ph
− 2P

√
κ

tanh

[√
Ge−ph/κ · L

2

]
G

3/2
e−ph · L

, (3.47)

and the resulting total thermal conductance is

Gth,total =
PLW

∆Tavg
=

 1

Ge−phLW
− 2

√
κ

tanh

[√
Ge−ph/κ · L

2

]
G

3/2
e−ph · L2W


−1

. (3.48)

This formula for the total thermal conductance is plotted in Fig. 3.7 as the yellow curve.

The purple curve indicates what we would get if we simply arithmetically added the

individual electronic and phonon cooling contributions, but this does not quite match
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Eq. 3.48. In the crossover regime, the total is slightly higher than the arithmetic sum;

furthermore, even when phonon cooling strongly dominates, the electronic contribution

slightly amplifiers the phonon cooling power. The blue dashed curve in Fig. 3.6 cor-

responds to the point in Fig. 3.7 where the blue and red curves (electronic only, and

phonon only) contributions intersect.

Nonetheless, as seen from Fig. 3.7, Eq. 3.43 is a rather close approximation to

Eq. 3.48, and can give us insight into the different cooling regimes. Let us rewrite

Eq. 3.43 as a function of the sample parameters:

Gth,total ≈
12κW

L
+Ge−ph · LW. (3.49)

We see that the electronic contribution to the thermal conductance scales as ∝ 1/L, and

the phonon cooling contribution scales as the sample area, so ∝ L. We can immediately

see that a shorter sample will have a stronger electronic contribution and a weaker

phonon contribution compared to a longer sample, if all else is equal. Unfortunately,

due to the dominance of contact resistance and ballistic effects (see Section 3.7) in short

channels, we cannot make the channel length arbitrarily small, and thus we will likely

always have a phonon crossover temperature.

3.6 Discerning Electronic Diffusion from Phonon Cooling

Experimentally with a single measurement of Gth, it is impossible to determine whether

phonon cooling or electronic diffusion cooling dominates, since we do not know the exact

temperature profile. To determine which regime are in, we need additional data.

One way to potentially understand which regime a particular sample is in, is to look

at the power law scaling of Gth with T . In the WF regime at low-T , the scaling law will
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Figure 3.8: (a) Figure from Ref. 95. White circles are the data for Gth. They transision
from ∝ T at low temperature, following the WF law, to a higher power scaling. The device is
unencapsulated MLG with a channel length L = 15µm and has a low phonon crossover temper-
ature of ∼ 9K. (b) MLG encapsulated in h-BN device from this work, with a channel length of
L ∼ 8µm. Red dots (data) follow the WF regime (green dashed line) for low temperature, until
around 72K (magenta circle) they transition to an exact ∝ T 3 power scaling law (blue dashed
line).

be linear; at high-T where phonon cooling dominates, the scaling law will be higher,

typically ∼ T 3 or higher for a 2D system. Two examples of this are shown in Fig. 3.8.

Panel (a) shows data on an unencapsulated MLG device with channel length 15µm from

Ref. 95, and panel (b) shows data from this thesis work, on an h-BN-encapsulated MLG

device with channel length 8µm. The longer device in panel (a) has a phonon crossover

temperature of about 9K corresponding to acoustic phonons, and the device from this

work has a crossover of about 72K, likely corresponding to optical phonons96. While

not a direct comparison, in general the electron-phonon coupling seems to be weaker in

encapsulated graphene than unencapsulated graphene.

A more advanced method we have developed during this work is a simultaneous

multi-channel measurement of the thermal conductance, motivated by Eq. 3.49. If

electronic diffusion cooling is the dominant mechanism in both samples, then the thermal
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conductance should scale as ∝ 1/L among the two samples. Conversely, if phonon

cooling is the dominant mechanism in both samples, then the thermal conductance

should scale as ∝ L among the two samples. In an intermediate crossover regime where

both cooling mechanisms are active, we will have approximately equal Gth in the two

devices. In this way, we can determine which cooling regime we are in without having

to study the T -scaling behavior.

Fig. 3.9 demonstrates this technique applied to an MLG sample (see also Subsec-

tion 5.5.3). We show the thermal conductance data for a short (solid line and dot) and

long (dashed line) channel, keeping the width of the channels identical, on a log-log

plot. For ease of viewing, we shift the different densities (colors) upwards, but for a

given density, the short and long channel thermal conductances are directly compa-

rable. At low temperatures where electronic diffusion dominates, we expect the short

channel thermal conductance to be Llong/Lshort = 8/3 = 2.67 times larger; in real-

ity, it is approximately only a factor of 2 larger, possibly due to the different effects

of contact resistance for the two channel lengths. As we increase temperature, for all

densities, the long channel thermal conductance gets closer to the cold channel thermal

conductance, and at some point becomes larger. The crossover point, which is the char-

acteristic phonon crossover point, is marked with pink circles. At lower densities near

charge neutrality, the crossover temperature is about 110–120K, and at high densities

the crossover temperature increases to about 250K. At the crossover temperature, the

diffusion cooling in the short channel is stronger than the phonon cooling, but in the

long channel it is reversed. Thus, the thermal conductance data for the short channel

is representative of the electronic contribution until approximately this crossover point,

a certain point beyond which phonon cooling dominates in both channel lengths.

We can see that in the short channel at high density, we do not reach the high ∼ T 3
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Figure 3.9: Comparison of short channel (dot and solid line) vs long channel (dashed line) Gth

vs temperature, for a MLG sample. Different colors represent different electron densities, and for
each density the data is shifted upwards on the vertical scale to offset them for visualization. For
a given density, the thermal conductances are not shifted relative to each other and are directly
comparable. Pink circles indicate where thermal conductance of the short channels equals that
of the long channel. Inset: optical micrograph of the device; the two channel lengths are 3µm
and 8µm. The channel width is 7µm for both channels.
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power law within the measured dataset up to 300K. This is an indication that in

monolayer graphene, especially at high density, the electron-phonon coupling is weak.

This method extends the validity of the electronic thermal conductance measurement

far above the 120 K limit measured in Ref. 96.

We can apply the same technique for BLG, for which we show data in Fig. 3.10

(see also Subsection 5.6.2), analogously to MLG. For BLG, we see that the phonon

crossover temperature is significantly lower; approximately 7–10 K for low densities, and

10–20 K for high densities. For the highest three densities, the crossover points are not

well-defined as the thermal conductances are nearly equal between the short and long

channels for a wide range of temperature, and the circles thus mark approximately where

they first become equal. Compared to the MLG sample, this BLG sample has slightly

shorter channel lengths, which would cause a higher phonon crossover temperature, if

all else is equal. There is an interesting feature in the data, where the low-T power law

slows down around 40–80 K, and then resumes a higher power law above ∼ 200K. We

will return to this feature in Chapter 5.

It is important for this method for the two devices to be fabricated out of the same

vdW heterostructure, preferably as adjacent to each other as possible. Additionally,

the contact resistance should be low (see the next Section ); if the contact resistance

significantly affects the measurement of Gth, then due to the different contact resistance

fraction for each device, it will affect each device differently, corrupting the quantitative

Gth scaling test. However, this multi-channel measurement provides the opportunity to

calculate the contact resistance via a transfer-length method (TLM)15,22,173.
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Figure 3.10: Comparison of short channel (dot and solid line) vs long channel (dashed line)
Gth vs temperature, for a BLG sample. Different colors represent different electron densities, and
for each density the data is shifted upwards on the vertical scale to offset them for visualization.
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and 7.5µm. The channel width is 7µm for both channels.
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3.7 Effects of Contact Resistance

So far in our calculations, we have been assuming the contact resistance of samples is

zero. In the case of superconducting contacts, this will be true; however, superconduct-

ing contacts will not provide an electronic heat sink to the electrons in the graphene,

as superconductors have zero electronic thermal conductivity. In this case, all the heat

generated in the sample by Joule heating will be transferred to the phonons. More-

over, superconducting contacts are typically not useful for studying the hydrodynamic

regime, which occurs at temperatures far above the Tc of the superconductors used for

contacts. Nonetheless, superconducting contacts may be useful in a nonlocal heating

implementation174 for measuring thermal conductance, a method that we propose in

Subsection 7.2.6.

With realistic contacts to graphene made from Cr/Pd/Au, using CHF3-based15 or

XeF2+Si-based22 etching chemistry, there is not an insignificant amount of contact

resistance that we must consider. The simplest model of the effect of contact resistance

on thermal conductivity measurements in the self-heating experiment was developed in

Ref. 169, which we summarize here. The model assumes the channel of the graphene

sample to be a resistor Rs and each contact to be a resistor Rc of spatial length lc in

series with the main channel, as shown in Fig. 3.11(a). When current flows through

the sample, both the channel and the contact resistors experience Joule heating and

temperature gradients. Fig. 3.11(b) shows the resulting temperature gradients for three

different sample Lorenz ratios L̃ = L/L0. As the Lorenz ratio increases above 1, most

of the temperature rise in the channel happens due to the temperature drop across the

contact resistors rather than the sample itself; in contrast, with no contact resistance,

we expect the relative temperature rise in the sample to go to zero as the Lorenz
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Figure 3.11: (a) Model of the contact resistance. Rs is the channel resistance of length ls, and
each contact resistance is modeled as a resistor Rc with spatial length lc. The contact resistors
follow the WF law. (b) Spatial temperature profile with contact resistances Rc/Rs = 0.5, for
three different sample Lorenz ratios L̃. (c) Measured Lorenz ratio as a function of Rc/Rs = 0.5,
for three different sample Lorenz ratios. (d) Measured Lorenz ratio as a function of real sample
Lorenz ratio, assuming 2Rc/(Rs + 2Rc) = 0.1. Figure adapted from Ref. 169.
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ratio goes to ∞. Thus, we will still measure an increase in noise, at a minimum of

the temperature drop across the contact resistors, even for high thermal conductivity,

experimentally limiting the highest measurable Lorenz ratio.

Fig. 3.11(c) shows the effect of the measured Lorenz ratio as the contact resistane

fraction is varied, for three sample Lorenz ratios. For low contact resistance, the mea-

sured Lorenz ratio trends toward the true Lorenz ratio, and for high contact resistance,

the measured Lorenz ratio trends towards 1. Panel (d) shows the measured Lorenz

ratio, when the contact resistance is 10% of the measured resistance, as a function of

the true Lorenz ratio. For true sample Lorenz ratios much below 1, most of the heating

in the channel will happen as a temperature drop across the sample, and the contact

resistors act as relatively good heat sinks for the boundaries of the sample, allowing a

more accurate Lorenz ratio measurement than if the true sample Lorenz ratio is much

larger than 1.

We can express the measured average temperature as a weighted sum of the average

temperatures of the individual components:

Tavg =
RsTs,avg + 2RcTc,avg

Rs + 2Rc
, (3.50)

where Ts,avg and Tc,avg are the spatially averaged temperatures of the contact resistances.

Then, using a Joule power of P = V 2/(Rs+2Rc), we can express the generalized thermal

conductance as

Gth,gen =
P

∆Tavg
=

V 2

Rs∆Ts,avg + 2Rc∆Tc,avg
. (3.51)

This model with spatially extended contact resistances, in the limit of lc → 0, is
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equivalent to a point-like contact resistance with a discrete temperature drop ∆Tcs

at the sample-metal interface, with the Joule power I2Rc dissipated by the contact

resistance being distributed equally on either side of the interface. The heat current

flowing through the contact resistance is then Qc = 1
2I

2(Rs + Rc), and if we assume

the contact resistance obeys the WF law, then the temperature drop across the sample-

metal interface will be

∆Tcs =
QcRc

L0T0
. (3.52)

The effective bath temperature for the main channel now becomes T0 +∆Tcs.

Experimentally, for devices that had significantly higher contact resistance due to a

mistake in the fabrication process, we have observed both a strongly increased and a

strongly suppressed Lorenz ratio, in contrast to the model above.

We thus conclude that the assumptions of the model above are incorrect, at least not

for all types of contact resistances. One way we can improve the model is by relaxing

the constraints of the contact resistors following the WF law, and/or the constraint that

the Joule power dissipated in the point-like contact is equally distributed on each side

of the interface. Mathematically, both of these assumptions only act to change ∆Tcs,

although in slightly different ways. If we fix the contact Lorenz number and vary the

distribution of the dissipated Joule power, this will lead to an upper bound of ∆Tcs;

therefore, for more generality, we can assume that the dissipated Joule power is equally

distributed on either side of the interface, but the Lorenz number of the contact Lc will

no longer be fixed to L0.

With two unknown parameters, the Lorenz number of the sample Ls and the Lorenz

number of the contact resistance Lc, we need two independent measurements to gen-

80



erate two independent heating equations to solve for each unknown. We develop the

mathematical procedure for this in Appendix C, and show applications and results of

this technique in Chapter 5.

Another way to experimentally test the effect of contact resistance is with ballistic

samples, where most or all of the measured resistance comes from the contact resistance.

Graphene is easily made ballistic on a several-micron length scale at high density and

low temperature, or in a quantum Hall regime with protected (ballistic) edge states

connecting the two metal contacts. In both cases, experimentally we observe very high

Lorenz ratios, meaning that for an applied Joule power, we see relatively very little

heating of the device, consistent with measurements in Ref. 175.

This lack of heating is consistent with the mechanism for resistance in ballistic devices.

In ballistic transport, electrons move through the sample channel without scattering,

and they only scatter upon entering the metal contact. Thus, any dissipated Joule heat

is located inside the metal contacts themselves, and not the sample channel. Because

the metal is a very good heat sink with strong electron-phonon coupling (effectively

Lc → ∞), the resulting temperature increase is very small.

3.8 Modifications for Viscous Heating Effects

In calculating the equations for self-heating, we have so far assumed uniform Joule

heating in the sample due to locally Ohmic heating via P = J⃗ · E⃗. However, in a

hydrodynamic system, this changes, and the original equations are no longer valid.

In the absence of impurity or phonon scattering, momentum relaxation arises only

from the edges of the sample or adjacent fluid elements with a differential velocity. In

this way, the edges of a sample can non-locally relax the momentum of fluid elements
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Figure 3.12: Viscous hydrodynamic flow through a sample. The white is the viscous sample,
the gray rectangles at the left and right ends are the metal contacts, and the top and bottom is
the sample edge. The flow velocity v profile, shown in blue, is parabolic. Image from Ref. 176.

far away in the interior via viscous drag through the intermediate fluid elements. The

electrical transport becomes non-local, and the conductivity tensor σ̂ is no longer well

defined176.

A simple hydrodynamic model of a fluid flowing through a pipe, or through a 2D

rectangle, has no-slip boundary conditions along the edges, meaning the fluid elements

directly adjacent to the edge have zero velocity, while fluid elements deeper in the sample

can continue to flow. The resulting flow profile, known as Poiseuille flow, has a parabolic

distribution for flow velocity across the sample73,176,177 and is illustrated in Fig. 3.12.

Since the fluid at the edges is “stuck”, it is not actively being scattered to generate

heating, and instead local dissipation heating will arise from the viscous shearing of

adjacent fluid elements.

The hydrodynamic stress tensor, which consists of gradients of velocities, will describe

exactly the viscous heating profile. The stress tensor is given by

σ′
i,j = η (∂ivj + ∂jvi) (3.53)
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for Cartesian coordinates, and by59,178

σ′
rr = 2η∂rvr (3.54)

σ′
θθ =

2η

r
(∂θvθ + vr) (3.55)

σ′
rθ = η

(
1

r
∂θvr + ∂rvθ −

vθ
r

)
(3.56)

for polar coordinates. Here, η is the dynamic viscosity, and we can clearly see the action

of velocity gradients. The corresponding dissipation heating power density is given by

P =
∑
i,j

σ′
i,j∂ivj . (3.57)

The larger velocity gradients near the edges of the sample will generate more viscous

heating than the smaller gradients near the middle of the sample; thus, the heating is

now concentrated along the edges rather than uniformly distributed as we have previ-

ously considered. Ref. 176 calculates this in detail along with the resulting temperature

profiles and measured Johnson noise for a rectangular sample. In Chapter 6, we de-

velop the analogous theory and experiment for a Corbino device, for which the origin

of viscous dissipation is more subtle due to the absence of any boundaries. Here, we

present a summary of the rectangular case.

For a square sample with a 1:1 aspect ratio, the heating is more concentrated along

the edges. The thermal conductivity κ̂ is still a well defined quantity, and thus the heat

will diffuse locally throughout the sample. Heat dissipated by the edges of the sample

will diffuse towards the middle of the channel, which is colder due to less local heat

dissipation, and towards the metal contact heat sinks. As a result, the temperature

profile now has a saddle shape, as shown in Fig. 3.13(a).
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Figure 3.13: (a) Temperature profile for viscous heating in a square sample, with aspect
ratio 1:1. The metal contacts are on the left and right boundaries of the sample. The resulting
temperature profile has a saddle shape. (b) Temperature profile for a very low aspect ratio
sample, that is much longer than it is wide. Heat diffuses much more quickly across the sample
width that along to the contacts, and the temperature profile is nearly parabolic as in the
non-viscous case. Image from Ref. 176.
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Calculation of the Johnson noise temperature is not as straightforward anymore as

applying Eq. 3.22, since the conductivity tensor is no longer well defined. The full math-

ematical formalism is complicated and developed in Ref. 176, based on the fluctuation-

dissipation theorem and the Navier-Stokes equations. The results of the calculation show

that due to the lower temperature in the center of the channel, the geometrical factor

of 12 in Eq. 3.19 is modified, and the Lorenz number L becomes an effective Lorenz

number defined only through the electrical conductance of the sample Gel = 1/R. For

a square sample as in Fig. 3.13(a), the Johnson noise in self-heating is reduced by ap-

proximately 10%. For a high aspect ratio sample with a very short but wide channel,

the maximum reduction in noise is approximately 40%, which would make the thermal

conductivity appear 40% higher than the true value.

In the crossover regime between Ohmic and hydrodynamic flow where both are

present, this correction factor now depends on lG/h, where lG =
√
ν/γ is a charac-

teristic length scale65–67,81,179, now known as the Gurzhi length, below which viscous

effects are important; h is the width of the channel; γ is the dissipative Ohmic momen-

tum relaxation rate; and ν is the kinematic viscosity. In a certain regime of lG/h ∼ 0.1,

the correction can actually exceed 1 by a few percentage points. The Gurzhi length can

be understood conceptually as follows: For a given γ, there is a distance far enough

away from the sample boundary where the viscous forces acting on the fluid are weaker

than the dissipative momentum relaxation forces, and the flow pattern follows an Ohmic

flow, even though it may still be strongly hydrodynamic. As a concrete example, in the

limit of a very wide rectangular sample with a flowing electron fluid, the flow velocity

in the center will be limited by the weak Ohmic momentum relaxation, rather than

viscous boundary effects, effectively flattening the parabolic velocity flow profile shown

in Fig. 3.12.
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In contrast, in the limit of a sample with a long and narrow channel, the factor of 12

is restored without any corrections. This can be seen from Fig. 3.13(b); here, the heat

generated the boundaries diffuses much more easily across the sample due to the narrow

width than it does along the length of the channel, effectively rendering the problem

into solving the original 1D heat equation.

This analysis may suggest that for quantitative measurements of thermal conductivity

in a quasi-hydrodynamic regime, where we don’t know the ratio
√
ν/γ/h, long and

narrow devices might be more appropriate. However, it is unclear to what extent the

boundaries of a narrow sample may change the measured thermal conductivity from

the true bulk value, as is known to happen in thermal transport for nanoscale Ohmic

conductors101,107. Boundary scattering will certainly play a role analogous to impurity

scattering, but it will depend on the exact nature of the boundary, including for example

any roughness effects that might effectively randomize particle velocity vs a low-disorder

boundary that only produces specular reflection.

In computing the effective Lorenz ratio from such an experiment on a finite-sized

sample, we would accurately measure the intensive quantity κ, but our measurement

of the extensive quantity R necessarily will include viscous drag effects. To study

hydrodynamics in a meaningful way, we would ultimate want the bulk Lorenz ratio in

an infinite sample, computed from the measured κ and a hypothetical bulk σ calculated

from the non-viscous momentum relaxation rate γmr. In Chapter 6, we present an

experiment on a Corbino geometry where it is possible to compute both κ and γmr to

obtain a hypothetical bulk Lorenz ratio.

86



3.9 Influence of Thermoelectric Effects

So far, we have only considered the case of thermal transport without regards to ther-

moelectric effects. Thermoelectric effects couple electrical currents to thermal gradients,

and thermal currents to electrical gradients, primarily through the dependence of the

chemical potential µ on temperature due the density of states g(ϵ) depending on en-

ergy54. The full thermoelectric transport matrix is given by

 J⃗e

J⃗q

 =

 σ̂ α̂

T α̂ ˆ̄κ


 −∇⃗ϕ

−∇⃗T

 , (3.58)

where J⃗e is the electrical current, J⃗q is the thermal current, α̂ is the thermoelectric

Seebeck coefficient, and ˆ̄κ is the thermal conductivity under zero electric field. Tradi-

tionally, the more common thermal conductivity that is measured, and the one that we

have discussed so far in this work, is the thermal conductivity κ̂ measured under zero

electric current. The two are related via

κ̂ = ˆ̄κ− T α̂σ̂−1α̂. (3.59)

In the self-heating configuration described in Section 3.2, there is nonzero electric cur-

rent flowing through the sample to generate Joule heating, and there is a nonzero electric

field to drive this current. Thus, on a local scale, we are measuring neither κ̂ nor ˆ̄κ,

so it has been a longstanding question of which variant of thermal conductivity the

self-heating method measures.

One qualitative description that we have put forth is the following. If we bend a

rectangular sample into a U-shape, such that the two metal electrode heat sinks are
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adjacent, then we have one hot side (the middle of the channel) and one cold side. Due

to conservation of electrical current, the net current flowing from the hot side to the

cold side is zero, and we would measure κ̂. However, this description has remained

unsatisfactory due to its qualitative nature.

Here, we derive an analytical proof that we are indeed conducting a global thermal

conductance measurement that gives us the κ̂ value, for thermal conductivity under

zero electric current. Let us consider the 1D thermoelectric transport equations

Ie = −σ
dϕ

dx
− α

dT

dx
(3.60)

Iq = −αT0
dϕ

dx
− κ

dT

dx
. (3.61)

From charge conservation, we must have that Ie is constant. The goal is to find the func-

tions ϕ (x), T (x), and Iq(x). As there are three unknowns, we need another constraint

equation, which is the local Joule heating equation:

P =
I2e
σ
. (3.62)

The thermal current continuity equation is

dIq
dx

= P =
I2e
σ

=
I2eR

L
. (3.63)

Taking a derivative of Eq. 3.61 and setting it equal to the above,

dIq
dx

= −αT0
d2ϕ

dx2
− κ

d2T

dx2
= I2e

R

L
. (3.64)
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We can take the derivative of Eq. 3.60 and solve for d2T/dx2:

d2T

dx2
= −σ

α

d2ϕ

dx2
, (3.65)

And then substitute into Eq. 3.64:

−αT0
d2ϕ

dx2
+ κ

σ

α

d2ϕ

dx2
= I2e

R

L
(3.66)

d2ϕ

dx2

(
κσ

α
− αT0

)
= I2e

R

L
(3.67)

d2ϕ

dx2
= I2e

R

L

(
κσ

α
− αT0

)−1

. (3.68)

We have a differential equation for ϕ(x), and we use the Ansatz ϕ(x) = Ax2 +Bx+C;

where ϕ′(x) = 2Ax+B and ϕ′′(x) = 2A;

A =
1

2
I2e

R

L

(
κσ

α
− αT0

)−1

. (3.69)

The constants B and C are obtained from boundary conditions (BCs) (total bias and

symmetric bias).

BCs: ϕ (0) = −ϕ (L) ;ϕ (L)− ϕ (0) = Vbias (3.70)

ϕ (0) = C = −
(
AL2 +BL+ C

)
= −ϕ(L) (3.71)

0 = AL2 +BL+ 2C (3.72)

ϕ (L)− ϕ (0) = Vbias = AL2 +BL (3.73)

B =
Vbias

L
−AL =

IeR

L
−AL (3.74)

C = −1

2

(
AL2 +BL

)
. (3.75)
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Figure 3.14: (a) Potential profile in the sample channel, with thermoelectric effects (blue)
and without (red). Here, we use σ = 1mS, R = 375Ω, I = 2mA, T0 = 5K, and κ̄ = L0T0σ.
κ̄ is held constant, while α is chosen to be 0 (red) or 100nA/K (blue). (b) Corresponding
temperature profile in the sample channel.

Now for the thermal case, using Eqs. 3.65 and 3.68:

d2T

dx2
= −σ

α

d2ϕ

dx2
= −σ

α
I2e

R

L

(
κσ

α
− αT0

)−1

(3.76)

= −I2e
(
κσ − α2T0

)−1
. (3.77)

We then solve for T (x) = A′x2+B′x+C ′; where T ′ (x) = 2A′x+B′ and T ′′ (x) = 2A′.

Satisfying the boundary condition T (0) = T (L) = T0, we obtain

∆T (x) =
1

2

I2e /σ(
κ− α2T0

σ

)x(L− x). (3.78)

This is precisely Eq. 3.11 written in 1D units. ■

We have thus proven that we measure κ and not κ̄. We plot the resulting potential

ϕ(x) and temperature T (x) in Fig. 3.14, for typical sample parameters, to observe the

effect of thermoelectric terms on them. In both panels, the red dashed curves plot the
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profiles for zero thermoelectric effect, i.e. α = 0. The blue curves indicate the profiles

with an arbitrarily chosen α for an exaggerated effect, keeping κ̄ unchanged. After we

add in thermoelectric effects, the potential profile becomes parabolically curved instead

of linear, and the center of the channel is no longer at exactly zero potential under

symmetric biasing. The temperature profile remains parabolic but becomes higher, due

to the change of κ = κ̄ (red) to κ = κ̄− α2T0/σ (blue).

3.10 Bipolar Diffusion

Bipolar is a phenomenon whereby an electronic system with two fluid components,

especially oppositely charged with different thermoelectric coefficients, will produce a

higher thermal conductivity κ than the sum of the individual thermal conductivities.

We refer the reader to Ref. 180 for a more in-depth discussion of the bipolar diffusion

effect in graphene, but here we provide short synopsis for completeness.

A measurement of κ, is performed under a condition of zero electric current, neces-

sitating a potential to oppose any thermoelectrically induced electric currents from the

thermal gradient. The thermoelectric transport matrix (Eq. 3.58) necessarily implies

that this potential will oppose additional flow of thermal current. However, when two

electronic fluids with opposite thermoelectric coefficients are present, the thermoelectri-

cally induced electric currents will cancel out, removing the need for a thermal-current-

opposing potential to null out the electric current. Thus, the thermal conductivity

is enhanced about the sum of the individual fluid thermal conductivities. Additional

quantitative calculations for this effect in graphene are performed in Ref. 87; see also

Section 5.2.
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Figure 3.15: Nonlocal heating geometry and simplified measurement circuit schematic. The
color gradient represents self-heating on the hot side, with heat flowing along the bridge to the
cold side. A matching circuit and measurement circuit measures the Johnson noise on each of
the hot and cold side separately. Image from Ref. 174.

3.11 Non-Local Noise Thermometry

In this dissertation, we focus primarily on measuring thermal conductivity using the self-

heating technique. However, in a technique pioneered primarily by Jonah Waissman, we

can connect two self-heating samples together at the centers with another sample as a

bridge, with the goal of measuring the thermal conductance across the bridge, as shown

in Fig. 3.15; see our publication Ref. 174 for an in-depth discussion of this technique.

One self-heating side will act as the hot side, with temperature Thot, and the other

self-heating side as the cold side, with temperature Tcold. The bridge is then subject to

a temperature difference Thot−Tcold, causing a thermal current Q to flow across it. The

cold side acts simultaneously as a thermometer and a heat current meter, in a thermal

analog to an electrical voltage divider. The thermal conductance of the cold side must

be measured separately in a self-heating experiment, and then that quantity used in the

nonlocal heating experiment (with the heat coming from the hot side across the bridge)

to measure the thermal current.

Disadvantages of the nonlocal heating setup are additional circuit complexity and
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smaller signals, but the primary advantages are the ability to measure arbitrary samples

without reliance on self-heating, for example electrical insulators with energy-based

degrees of freedom for thermal transport.

The nonlocal geometry should also be less susceptible to nonlinearity effects in the

channel to be described in Chapter 4; however, any temperature-dependence of the

resistance will still modulate the resistance at 2f and generate 3f voltage harmonics.

3.12 Conclusion

In this Chapter, we have looked at various thermal effects in graphene samples that

can contribute to and affect thermal conductance measurements. These effects are

important to consider in interpreting results from measurements in studying electron

hydrodynamics. However, there is a host of technical considerations as well on the

Johnson noise thermometry methods, to which we now turn our attention in Chapter

4.
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In physics, you don’t have to go around making

trouble for yourself - nature does it for you.

Frank Wilczek

4

Advanced RF Johnson Noise

Thermometry Techniques
Improving the signal to noise ratio is always a desired goal for any experimentalist

or anyone performing a measurement. Often, the desired signal occupies a very narrow

94



frequency bandwidth, and noise corrupts the signal over a much larger bandwidth. In

this situation, a lock-in amplifier working as an ultra-narrow bandpass filter performs

extraordinarily well at improving the signal to noise ratio.

However, in the case of Johnson noise thermometry, the “signal” is wideband noise

itself, occupying the same large bandwidth as the “noise”, so we must now consider not

the “signal” to “noise” ratio, but the ratio of useful noise (our “signal”) to unwanted

extrinsic noise. In principle, we would expect the two noises to be uncorrelated, and

that their rms voltages would add in quadrature; alternately, that their powers add

linearly. When ultimately measuring the noise, the unwanted noise will appear as a

constant offset or additional term added to the desired noise.

This Chapter focuses on advanced techniques for measuring noise, especially applied

to wideband RF Johnson noise thermometry. Many of the techniques are to boost the

desired noise, weaken the unwanted noise, and improve the accuracy of the measurement.

This Chapter builds upon the noise measurement methods previously developed in Refs.

96 and 175. All of the techniques presented in this Chapter were invented, developed,

or improved here during the course of my PhD, most in close collaboration with Jonah

Waissman. The reader of this Chapter is strongly encouraged to be familiar with the

basic RF concepts from Refs. 109–112 as a prerequisite.

This Chapter is organized as follows. In Section 4.1, we outline the circuit and compo-

nents used for JNT. Section 4.2 discusses filtering strategies for JNT. In Section 4.3 we

discuss the differential-mode aspect of our JNT technique. Section 4.4 discusses various

impedance matching strategies and intuition for matching variable-resistance samples

to 50Ω RF components. In Section 4.5, we discuss various calibration methods of our

JNT, with a focus on variable-resistance gateable samples, and we discuss accuracy is-

sues and parasitic effects that may arise during calibration. Section 4.6 briefly discusses
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the inherent uncertainty present in noise measurements. Section 4.7 discusses methods

to minimize attenuative loss in the JNT circuit to keep the background noise tempera-

ture as low as possible. Section 4.8 discusses thermal anchoring strategies to minimize

the parasitic background gain from Section 4.5. The most important advancements in

our JNT technique are presented in Sections 4.9 and 4.10, where we discuss a subtle

non-linearity effect and another gate-line-noise effect that can significantly degrade the

accuracy of our JNT technique, as well as methods to overcome them. Finally, Sec-

tion 4.11 summarizes our technique and provides an outlook for the further advancement

of RF JNT. Portions of this Chapter are reproduced from our original publication via

AIP Publishing, Ref. 159.

4.1 Noise Measurement Circuit

In designing our noise measurement circuit, our main goals are to measure noise over a

wide range of sample resistance, while still maintaining a low background noise temper-

ature TN and a wide bandwidth to facilitate faster measurements. We use commercially

available components rather than custom ones wherever possible to simplify the design

and to allow interchangeability and modifications. The matching circuit described be-

low in Section 4.4 transforms a wide range of device impedance to closely match the

50Ω RF components. The circuit also allows separate AC (quasi-DC) and RF measure-

ments on the device. The total noise power N that we measure is the band-integrated

quantity of the noise power spectral density S, with the high- and low-pass filters at

f1,2 determining the integration bounds:

N =

∫ f2

f1

S(f)df. (4.1)
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Figure 4.1: (a) Microscopic image of the circuit board with the sample chip and matching
circuit. (b) The cryocooler cold head with LNA and other low temperature measurement
components. The sample enclosure is weakly thermally anchored to the 5 K plate with an
aluminum tube; it is heated separately from the 5 K plate.
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Figure 4.2: Schematic diagram of the circuit used for for Johnson noise thermometry. Light
red area: Sample and matching circuit stage, controlled by a dedicated heater and thermome-
ter. Temperature can be changed from cryostat base temperature to the maximum allowed by
the cryostat. Outer DC blocks on the coaxial cables allow thermal isolation from the following
stage. Light blue: First-stage readout electronics including LNAs sit at cryogenic temperature
to minimize background thermal and amplifier noise. Light yellow: Room temperature elec-
tronics include a second-stage LNA, bandpass filters, power detection diode, and low-frequency
measurement electronics.

Fig. 4.1 shows pictures of the thermometer components, and Fig. 4.2 shows the cor-

responding circuit diagram. The thermometer is demonstrated to operate on a bilayer

graphene sample, sitting in a modified variable-temperature cryocooler (Janis SHI-4-5).

The sample and matching circuit are on a separate custom-made printed circuit board

(PCB) that is attached to the cryostat cold head via an aluminum tube, serving as a

weak thermal link, allowing the sample to be heated independently of the cold head.

We assemble the matching circuit using standard chip capacitors and air-core inductors

(Piconics MC-series), to avoid temperature-dependence of solid-core inductors. We con-

nect the matching circuit to the sample chip with Al wirebonds and keep the bonding

pads small with lateral dimensions of 50µm to minimize stray capacitance to the silicon

back gate. Coaxial cables connect the rest of the circuit components outside the PCB.

The two arms of the circuit correspond to the (+) and (−) arms of the differential-mode

circuit, discussed further in Section 4.3.
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On the cold head, diplexers (Mini-Circuits ZDPLX-2150-S+) separate the low-

frequency band (0–10MHz) from the RF band (> 50MHz) for each arm of the circuit.

Between the diplexers and hotter sample, we place outer DC blocks (Fairview Microwave

SD3462) to improve thermal isolation. We use the low-frequency band for AC trans-

port, measuring the resistance of and Joule-heating the device with a lock-in technique

at a low frequency, typically ∼ 17Hz. The RF band goes into cryogenic standalone

SiGe low noise amplifiers (LNA) (Cosmic Microwave Tech CITLF3) with ∼ 35dB gain

and 4 K noise temperature. The diplexers and LNAs are held at a constant temperature

around 5 K in the cold stage of the cryostat; the LNAs are tuned to have approximately

the same gain.

Outside the cryostat at room temperature, a 180◦ hybrid coupler (Mini-Circuits

ZFSCJ-series) combines the signals from the two arms into a single-ended signal corre-

sponding to the difference of these two signals. Lumped LC filters (Mini-Circuits SHP-,

SLP-, and VLFX- series) form an appropriate pass-band for the amplified noise, typi-

cally around 100–200 MHz. These filters reflect frequencies outside the matched band

that contain mostly amplifier noise. A room-temperature LNA (Fairview Microwave

SLNA-010-050-10-SMA) amplifies the signal by 50 dB to a level above the noise floor

of the zero-bias Schottky diode RF power detector (Pasternack PE8000-50, or Herotek

DHM124AAP). A second set of filters, typically identical to the first set, filters the sig-

nal again between the second LNA and the power detector. The power detector takes

wide-spectrum RF power and produces a voltage at the output approximately propor-

tional to the input RF power; this voltage is measured both at DC (Agilent 34401A)

and at AC at twice the bias frequency, f2 = 2f1 ∼ 2× 17Hz (SR830 lock-in).

We calibrate out the nonlinearity of the power detector with an input of known

power from an RF signal generator. Fig. 4.3 shows the calibration curves for the Herotek
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DHM124AAP and Pasternack PE8000-50 diodes. The Herotek diode has a slightly bet-

ter sensitivity of 1.2mV/µW than the Pasternack’s 0.8mV/µW. The Herotek achieves

excellent linearity over a wide input range of powers and has a lower noise floor, while

the Pasternack only approaches linearity and has a higher noise floor. The Herotek

diode has a 33.5µV output offset. For making a look-up table for the calibration, we

perform a 13th-order polynomial fit and then interpolate between those points, which

we also use in calculating the AC conversion factor dPin/dVout. When building the JNT

circuit, there should be enough total amplification to get above the noise floor and into

the linear regime of the power diode, but not so much as to go into the high-power roll

off. If there is too much gain from the LNAs, then an attenuator can be installed in

front of the power diode.

4.2 Filtering

Many or all of the instruments typically used on a scientific rack, for example a Stanford

Research Systems SR830 lock-in amplifier, produce a lot of RF noise that may enter

into the JNT circuit either directly or indirectly. This can be easily seen by connecting

a terminal of any instrument to a spectrum analyzer, or by connecting a pickup antenna

loop to a spectrum analyzer and then placing the loop near an instrument.

To protect the quiet environment of the JNT measurement circuit, it is extremely

important to filter out as much of this external instrument noise as possible. The fil-

tering strategies will depend on the frequencies that the lines or cables must transmit.

The proliferation of commercial off-the-shelf (COTS) RF components, especially filters,

from companies such as MiniCircuits and Crystek, over the past few decades has sig-

nificantly simplified the life of noise measurement experimentalists and unlocked many
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Figure 4.3: (a) Herotek power diode raw calibration data (blue circles), which has a 33.5µV
offset causing the output voltage to go negative (dark blue circles). Purple: sensitivity spec of
the diode. Red: actual sensitivity. (b) Herotek diode shifted calibration data to account for the
offset (blue circles). Red: 13th-order polynomial fit. (c) Pasternack power diode raw calibration
data (blue circles). Purple: sensitivity spec of the diode. Red: actual sensitivity. (d) Same
data as in (c), showing the 13th-order polynomial fit (red).
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new experimental opportunities.

Typically, most lines will need to transmit a DC or quasi-DC (≲ 40Hz) low frequency

signal, and signals above that frequency will need to be filtered out. These lines include

cryostat resistive thermometry lines, cryostat heater lines, gate lines, low-frequency

sample bias lines, and amplifier power supply lines. A good set of filters will filter out

to more than 40dB signals from ∼ 1MHz to ∼ 20GHz; however, this often cannot be

easily accomplished with one filter. The best strategy is to attach three filters in series:

(1) a bias-tee such as a MiniCircuits ZFBT-4R2G+ used as a reflectionless DC filter

with a 50Ω terminator on the RF port, (2) a low-frequency filter such as MiniCircuits

SLP-1.9 filter (which filters only up to a few GHz), and (3) a high-frequency filter such

as a MiniCircuits VLFX-80 (the VLFX- series filters guarantee 40dB insertion loss up

to 20 GHz).

In many cases this triple set of filters is sufficient overkill at removing unwanted

noise to undetectable levels, but some rack instruments, in particular the Keithley 2400

SourceMeter, are particularly noisy and require the entire triple stack or sometimes

additional filters.

In some situations, the proposed triple stack of filters will not work, in particular for

lines harboring high voltage such as high-voltage gate lines, or for lines carrying high

current such as cryostat heater lines. In the case of high-voltage gate lines, some filters

will experience dielectric breakdown as they are driven far past their operating specs

(e.g. 30V for the bias-tee); the rectification for this issue is to test filters individually

for high-voltage breakdown, and connect many of the surviving ones in series. In the

case of high-current lines (specifically cryostat heater lines, carrying up to ∼ 1A), more

components are needed: Here, the high current overheats the filters and burns them out,

creating an open circuit. The solution is to reduce the heating power, which scales as
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Figure 4.4: A filter bank of 6 series-pairs of Crystek low-pass RF filters used for filtering out
RF noise for high-current heater lines for the cryostat. The 6 rows of filters are necessary to
split the heating from the large DC current to avoid burning out the filters.

∝ I2, through the filters by running several filter banks in parallel to share the current;

MiniCircuits VLFX- style LTCC filters have a low current carrying capacity, so only

BLP- style lumped element filters may be used, and as they are less effective at filtering

high frequencies, more of them are needed in series. Fig. 4.4 illustrates a typical filter

bank used for high-current applications.

One additional filter technique that we have used with limited success has been in-

stalling ferrite core beads onto wires. Ferrite cores attenuate high frequency signals on

wires by capturing the energy from RF magnetic fields and transforming it into resistive

losses. They are less effective on coaxial cables since the RF magnetic fields are inside

the outer conductor and don’t get captured by the ferrite; thus we typically use them

on unshielded wires such as AC mains cables. One disadvantage of ferrite cores is they

can easily induce quasi-DC transient voltages or currents on wires if there is any relative
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motion involved; it might thus be unwise to install them on wires that may be subject

to vibration, swaying, or any kind of motion.

In addition to installing filters on lines, we desire a methodology to verify the filtering

system is functioning as intended, and that no extra noise is entering into the circuit.

Generally, if a filter is absent or permits noise to pass through, the total DC noise

measured on the JNT thermometer may fluctuate with time, show spikes, or be at a

larger constant value than it would otherwise. In some cases, such as noise on a gate

line, the extra noise will only appear upon biasing the sample (see Section 4.10).

An example of symptoms of incomplete filtering is demonstrated in Appendix A in

Fig. A.4. This problem was later rectified with the method discussed in this section.

4.3 Differential Mode Measurement

The original implementation of RF wideband JNT was done via a single-ended unbal-

anced mode as shown in Fig. 4.5(a)1,94–96. In this method, one of the two terminals

of the graphene device was wirebonded directly to the ground plane of the PCB, which

sat at cryogenic temperatures. The other terminal was connected through a matching

circuit and coaxial cable through to room temperature. There are a few disadvantages

to implementing RF JNT in this way:

1. The high-impedance graphene must be matched to 50Ω (instead of 100Ω in dif-

ferential mode). This higher impedance transformation ratio results in a narrower

measurement bandwidth.

2. With the biased end of the graphene at room temperature, thermoelectric voltages

or currents can build up on the bias line, introducing unwanted biasing of the

sample.
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Figure 4.5: (a) Single-ended JNT with cold ground. (b) Differential JNT.

3. When the device is biased, it is subject to bias-gating: the average chemical

potential or average gate voltage seen by the device will be modulated by the

bias. This can cause serious issues via nonlinearity effects (see Section 4.9.)

4. There is no common mode noise rejection mechanism.

Our new differential method (illustrated in Fig. 4.5(b)) measures noise from the

source and the drain of the sample in a differential mode. Our differential setup allows

independent control of both source and drain contacts at room temperature, removing

any thermoelectric effects by the symmetry of the measuring circuit, and allowing for

balanced AC measurements or the possibility of DC-floating or DC-grounding any ter-

minals. Antisymmetric biasing of the source and drain can minimize the bias-induced

channel gating effect181 to first order, which would be present in a single-ended setup.

The differential characteristic impedance of 50Ω transmission lines (connected to

LNAs) is 100Ω, which can be viewed as the series-connected input impedances of the

two LNAs. This 100Ω setup allows easier matches to high-impedance devices than does

a single-ended 50Ω setup.

The 180◦ hybrid coupler, sometimes known as a magic-T, combines the signals from

the two arms A,B of the circuit 180◦ out of phase, effectively producing A − B. It

typically has a high common mode rejection ratio (CMRR) that effectively attenuates
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any common-mode noise that may have been symmetrically induced onto the two arms

of the circuit. In particular, if the two arms before the hybrid are spatially adjacent

and especially if they form a twisted pair, there is generally little differential mode noise

picked up by them due to small loop area, but they may still pick up a common mode

noise signal from external EMI; this common mode signal then gets exactly canceled out

by the hybrid. This differential mode signal transmission can thus be a very powerful

technique and can be useful in a scope beyond JNT182.

The hybrid has an internal 50Ω termination (sometimes external) for the common

mode A + B signal to avoid reflection. This termination generates its own Johnson

noise (at the temperature of the terminator) that could contribute to the measured

noise temperature but is suppressed by the gain of the upstream (first-stage) LNAs172.

This differential mode circuit can alternately be implemented with just one first-stage

LNA to reduce cost, as illustrated in Fig 4.6, with the hybrid placed before the LNA;

in this case, the common mode thermal noise from the hybrid is directly incident on the

sample, and it is wise to minimize it by placing the hybrid at a cryogenic temperature

along with the first-stage LNAs.

When two cold LNAs are used in the differential setup, we must consider any vari-
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ations between their gains. Any difference will appear as a common mode signal, as

well as slightly unbalancing the differential mode signal. If a differential mode signal

is not fully balanced, it may become more susceptible to external noise due to the loss

of symmetry; thus, we attempt to match the two amplifier gains as closely as possi-

ble by tuning the individual supply voltages. Because the gain typically has a slightly

frequency dependence which may vary between individual LNAs, we cannot in general

match the gain over the entire frequency band; instead, we tune the gains to match

at the center of the noise measurement band, effectively equating the band-integrated

noise power for the two arms. To match the gains, we measure the gain of each LNA

using a VNA connected across the LNA input and the hybrid output, adjusting the

supply voltage until they match at the center of the noise band.

The development of differential mode measurement in RF JNT has been a revolu-

tionary advancement, allowing us to realize a more complex graphene multi-terminal

measurement for nonlocal noise thermometry that does not rely on self-heating for mea-

suring thermal conductance174.

4.4 Impedance Matching Optimization

As was discussed in Section 1.6, a high impedance mismatch will cause most the noise

signal to be reflected, leading to poor JNT performance; thus, we implement impedance

matching circuit to step down the impedance while minimizing reflections. Single-stage

lumped-element LC matching circuits are a standard way to transform impedance, but

they operate well for only a narrow frequency band. Ultimately, our goal with the

impedance matching circuit is to allow a high efficiency transfer of Johnson noise power

from a high-impedance sample to 50Ω LNAs, necessarily integrated over a wide fre-
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quency band. Achieving higher frequency bandwidths has been a standard procedure

in electrical engineering with techniques extending far beyond component MCs109. De-

vices made from gateable two-dimensional (2D) materials such as BLG, however, require

matching circuits that can cover changes in resistance of several orders of magnitude.

We thus focus primarily on obtaining the widest resistance range with efficient coupling

while maintaining a high frequency bandwidth.

Working at RF, we must be cautious in applying lumped-element circuit models to

our analysis. At 200 MHz, the wavelength in a coaxial cable with v ∼ 0.7c is around

1 m. Our substrate chip is typically ∼ 6mm in size, the device leads are ∼ 0.5mm, the

device itself is several µm, and the matching circuit is about 10 mm; all of these length

scales are less than 1% of the wavelength of a 200 MHz electromagnetic wave, asserting

our lumped element model.

4.4.1 No Matching Circuit

To understand impedance matching, let us first consider the impedance matching be-

tween a Johnson noise voltage source V0 with an arbitrary (real) impedance Z and a

fixed (real) impedance Z0 representing the input impedance of the amplifier (in our

differential mode measurement, Z0 =100Ω), shown in Fig. 4.7(a). Because we are

considering Johnson noise, as described in Chapter 1, the voltage from the source is

proportional to
√
Z; we shall call the proportionality factor α for convenience. We shall

ask the question, what is the power dissipated in the Z0 impedance as a function of the

Z impedance, relative to the maximum available power to be dissipated? Remember
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Johnson noise resistor
(a) (b)

Figure 4.7: (a) A bare-bones Johnson noise power transfer circuit. The Johnson noise resistor
is plotted as an ideal resistor Z in series with a voltage source. The impedance Z0 =100Ω rep-
resent the amplifier load. (b) Impedance matching efficiency as a function of source impedance
Z. The shape is symmetric when plotted on a logarithmic scale.

that the source voltage here depends on Z. The power dissipated in Z0 is

PZ0 = I2Z0 =
α2Z

(Z + Z0)2
× Z0. (4.2)

The maximum available power to be dissipated occurs when Z = Z0 and is given by

max(PZ0) = α2/4, (4.3)

and thus, the power dissipated in Z0 relative to the max power is given by

PZ0

max(PZ0)
=

4ZZ0

(Z + Z0)2
, (4.4)

which is the impedance matching power efficiency transfer equation. This function is

plotted in Fig. 4.7(b), and is symmetric about the point Z0 when plotted on a logarithmic

x-scale.
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This functional form can also be easily derived by considering wave refection in trans-

mission lines. If the wave reflection coefficient is given by

Γ =
Z0 − Z

Z0 + Z
, (4.5)

then the matching efficiency is given by

1− |Γ|2 = 1−
∣∣∣∣Z0 − Z

Z0 + Z

∣∣∣∣2 = 4ZZ0

(Z + Z0)2
. (4.6)

This impedance matching occurs for all frequencies since there are no reactive matching

circuit component used.

4.4.2 Single Stage Matching Circuit

The simplest type of MC is a single-stage component matching circuit, shown in

Fig. 4.8(a), consisting of two inductors with identical inductance L and a bridging

capacitor with capacitance C. Here, full power transfer happens at only one point in

the resistance-frequency (R, f)-plane. At angular frequency ω, the impedance Z of the

sample seen by the LNAs through the MC is given by

Z = 2iωL+
(
R−1 + iωC

)−1
. (4.7)

To match at a target angular frequency ω0 and target sample resistance R0 we

equate this impedance to Z0 = 100Ω. This results in MC component values of

C =
√
m− 1/ (ω0R0) and 2L =

√
m− 1Z0/ω0 , where m ≡ R0/Z0 is the impedance

step ratio.

Using the matched impedance Z, the matching efficiency can be expressed as 1−|Γ|2 =
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Figure 4.8: (a) Standard 1-stage impedance matching. (b) Standard 2-stage impedance
matching. (c) Standard 2-stage impedance matching that has been stretched. (d) Measured
normalized gain using standard 2-stage matching, as a function of sample resistance and mea-
suring frequency, compared to modeled matching circuits. Colorplot is the measured normalized
gain, with white corresponding to 0.75. Drawn contours are corresponding 0.75 coupling effi-
ciency for the measured normalized gain (dotted line), as well as for the three matching circuits
in (a)-(c).
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1 − |(Z0 − Z) / (Z0 + Z)|2. As a function of sample resistance R and frequency f , this

is given by

4mρ

(1 +mρ)2 + [m− 1− (2m2 − 3m+ 1) ρ2] Ω2 + (m− 1)2 ρ2Ω4
(4.8)

in terms of the normalized parameters ρ = R/R0 and Ω = 2πf/ω0.

A good match is achieved for R and f in a range close to R0 and f0, as shown

in Fig. 4.8(d) by the green 75% matching efficiency contour. The full width at half

maximum (FWHM) of the matching surface in R and f is

∆R = 4
√
2R0 at ω = ω0 (4.9)

∆f ≈ 2√
m
f0 at R = R0 for m ≫ 1. (4.10)

These relations show that matching to a higher frequency enhances the frequency

bandwidth, while matching to higher resistance enhances the resistance range at the

cost of decreasing the frequency bandwidth. We define separate Q-factors for frequency

and resistance using the width of matched regions ∆f and ∆R, relative to the peak

values f0 and R0:

Q−1
f =

∆f

f0
≈ 2√

m
; Q−1

R =
∆R

R0
= 4

√
2. (4.11)

4.4.3 Dual Stage Matching Circuit

The standard single-stage MC can be further extended to a two-stage MC by adding

an additional LC-stage, as shown in Fig. 4.8(b). Compared to a single-stage MC, a
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two-stage MC allows power transfer over a wider resistance range for a given fixed wide

frequency band. The two-stage MC sets the first stage impedance equal to R1 =
√
R0Z0

via the following component values:

C1 =

√√
m− 1/(ω0R0), 2L1 =

√√
m− 1R1/ω0 (4.12)

C2 =

√√
m− 1/(ω0R1); 2L2 =

√√
m− 1Z0/ω0 (4.13)

The matching efficiency function is given exactly by

1− |Γ|2 = 4mρ

A+BΩ2 + CΩ4 +DΩ6 + EΩ8
(4.14)

where the coefficients in the denominator are given by

A = (1 +mρ)2 (4.15)

B = −
(√

m− 1
) (

1− 2
√
m−m+

(
4m3/2 +m− 2

√
m− 1

)
ρ2
)

(4.16)

C =
(√

m− 1
)2 (

6mρ2 − ρ2 − 1 + 2
√
m
(
ρ2 − 1

))
(4.17)

D = −
(√

m− 1
)3 ((

4
√
m+ 1

)
ρ2 − 1

)
(4.18)

E =
(√

m− 1
)4

ρ2. (4.19)

In addition to a perfect-matching solution at R0 and ω0, we obtain another degen-

erate perfect-matching solution at R0 and ω1 = ω0 ×
√√

m+ 1/
√√

m− 1. The 75%

matching efficiency is shown in Fig. 4.8(d) by the black contour line, and FWHMs and
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Q-factors are

∆R = 4
√
2R0 at ω = ω0, ω1 (4.20)

∆f ≈
√
2

4
√
m
f0 at R = R0 for m ≫ 1 (4.21)

Q−1
R = 4

√
2 at ω = ω0, ω1 (4.22)

Q−1
f ≈

√
2

4
√
m

at R = R0 for m ≫ 1. (4.23)

Like the single-stage case, frequency bandwidth is proportional to the match fre-

quency, resistance range is proportional to the match resistance, and higher match

resistance reduces frequency bandwidth. We find that the additional LC stage does not

change Q−1
R , but increases Q−1

f for the same m compared to that of a single stage (chang-

ing as 2/
√
m →

√
2/
√
m), indicating there is significant additional bandwidth. If such

a large frequency bandwidth were used with the single-stage MC, the band-integrated

resistance range would be much smaller.

The frequency bandwidth and resistance range can be increased further by intro-

ducing more stages to the matching circuit. However, additional stages decrease the

first-stage capacitance and increase the first-stage inductance values. Mesoscopic de-

vices typically possess stray capacitance due to the presence of heavily doped silicon

substrates, sample enclosures and other factors that are difficult to eliminate entirely.

With three stages, the first-stage capacitor needs to be smaller than the stray values in

our circuits, typically 0.1–0.4 pF. Further stages demand more space for the additional

circuitry and the increased inductance, reducing practicality for low temperature setups.

For these reasons, we choose to utilize the two-stage circuit.
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4.4.4 Parametrically Stretched Dual Stage Matching Circuit

Additional component combinations for 2-stage matching can be obtained by paramet-

rically stretching the standard two-stage matching described in the previous subsection.

It is possible to manipulate the perfect matching solution points in the (R, f)-plane by

scaling the inductors and capacitors via

Li → αLi (4.24)

Ci → Ci/α (4.25)

as shown in Fig. 4.8(c), where α is a parameter with values typically around 2-4, limited

by the stray capacitance at the first stage. The resulting effect is demonstrated in

Fig. 4.8(d), transforming the black contour into the purple one. Two solutions are

shifted to higher resistance (R → α2R) and spread out in frequency, while one is held

fixed at the original match value. The frequency-band-integrated coupling will thus be

enhanced at higher resistance but reduced near the original match. Compared to the

standard two-stage match at a correspondingly larger resistance, the stretched match

has its solutions spread out more in resistance and frequency and subsequently has

a larger frequency-bandwidth, at the cost of reduced coupling near the best-match

resistance due to the empty space in the center of the band (∼ 200MHz in Fig. 4.8(d)).

In addition, the resistance derivatives of the coupling are reduced, reducing parasitic

signals (see below). In principle, the coupling in this setup can be optimized to surpass

the standard two-stage match by using advanced filtering strategies, such as a mixer with

a tuned local oscillator frequency and tunable low-pass filter, multi-bandpass filtering,

or digital signal acquisition for multiband filtering.
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4.4.5 Visualizing Impedance Matching Space

The behavior and existence of the matching solutions moving around in the (R, f) plane

in Fig. 4.8 can be more intuitively understood by considering the impedance that the

sample sees when looking into the matching circuit terminated with the LNAs. For the

2-stage matching circuits in Fig. 4.8, the impedance seen by the sample is given by

Z =

(
iωC1 +

(
2iωL1 +

(
iωC2 + (2iωL2 + Z0)

−1 )−1
)−1

)−1

(4.26)

where Z0 =100Ω is the differential amplifier input impedance. The resulting spectral

impedance matching efficiency 1 − |Γ(R, f)|2 is plotted as colormaps in Fig. 4.9 for

a 1-stage matching circuit, an idealized 2-stage matching circuit, and a stretched 2-

stage matching circuit with α = 3. The black curve represents the absolute value of

the impedance Z(f) seen by the sample, as a function of frequency. At any given

frequency, the best-matched resistance equals |Z(f)|. The right-side panels show the

phase of Z(f) as a function of frequency. At whichever frequencies the phase θ of Z

equals zero, the impedance seen by the sample is real, and a perfect match is achieved,

i.e. 1 − |Γ(R, f)|2 = 1; this occurs at the discrete points marked by the red circles.

Some solutions are doubly degenerate and are marked by two concentric red circles.

The matching resistance for this perfect match is |Z(f)|. There is always a solution

at f = 0, which corresponds to passing a DC current through the sample; however,

the value R of this solution is meaningless, since at DC frequencies the sample sees the

low-frequency biasing electronics rather than the 100Ω LNA input.

Manipulating the impedance matching by tuning the individual reactive components

amounts to changing the functional shape of |Z(f)| and θ(f), and explain how the solu-

tions for perfect matching move around in the (R, f) plane and how the two degenerate
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Figure 4.9: (a,c,e) Colormap: spectral impedance matching efficiency 1 − |Γ(R, f)|2 for
(a) 1-stage matching circuit, (b) an idealized 2-stage matching circuit, (c) a stretched 2-stage
matching circuit with α = 3. The black curve is the absolute value of the impedance Z(f)
seen by the sample. Red circles represent points in the (R, f) with perfect matching; concentric
circles represent a doubly-degenerate solution. (b,d,f) Phase plot vs f of the corresponding
impedance Z in the left-side panels. Zeros are marked with a red circle, and doubly-degenerate
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         TS      (1-|!|2)         TS
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Figure 4.10: The three effective sources of noise in the circuit. Red: output-side amplifier
noise. Green: sample Johnson noise. Magenta: input-side amplifier noise. Arrow directions
and turnarounds indicate propagation and reflection of noise power. The difference between the
sample Johnson noise and input-side amplifier noise, TS −TN,in, is what generates the parasitic
noise modulation, as will be described in Section 4.9.

solutions can sometimes cancel each other out.

4.5 JNT Calibration

One of the most difficult parts in any noise measurement is performing an accurate

calibration due to unknown exact values of amplifier gain, frequency bandwidth, and

losses in the system. However, all these prefactors multiply together into one single total

system gain, simplifying the calibration to just one number. We can obtain this total

system gain by measuring the Johnson noise at several fixed cryostat temperatures, set

by external precalibated thermometers. The calibration is performed in situ on the same

sample on which actual thermometry measurements will be performed, eliminating any

systematic errors due to sample differences such as varying stray capacitance. For our

RF JNT thermometer, the gain is a function of the sample resistance only, as described

in the following model. The noise going into the power detector in Fig. 4.2 consists of
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the three separate noise channels shown in Fig. 4.10 added together: (1) the Johnson

noise produced by the sample and then amplified; (2) the noise produced by the input-

side of the LNA, reflected off the sample and matching circuit, and then amplified; and

(3) the output-side noise produced by the amplifier (already amplified). Considering

these three contributions, the total noise power N is given by

N =

∫
4kBG̃0

((
1− |Γ|2

)
Tsamp + |Γ|2 TN,in + TN,out

)
df (4.27)

where G̃0 = G̃0(f) is the frequency-resolved effective amplifier gain including the band-

pass filters and any losses, Γ = Γ(R, f) is the reflection coefficient of the sample with

respect to the amplifier as defined in Sections 1.6 and 4.4, Tsamp is the temperature of

the sample, and TN,in and TN,out are the effective noise temperatures of the noise pro-

duced at the input and output terminals of the LNA, respectively. The input-terminal

noise of the amplifier reflects off the sample and enters the amplifier, adding to the

output noise temperature.

Integrating Eq. 4.27 over frequency, we can define a normalized gain g = g(R), which

we can also call a power-coupling coefficient, or band-integrated impedance matching

efficiency, via

g =

∫ (
1− |Γ|2

)
df. (4.28)
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Then Eq. 4.27 can be rewritten as

N = 4kBG0 (gTsamp + (1− g)TN,in + TN,out) (4.29)

n ≡ N

4kBG0
= gTsamp + (1− g)TN,in + TN,out (4.30)

n = g(Tsamp − TN,in) + TN,in + TN,out (4.31)

where we have defined n as the normalized noise in units of K, and G0 is the effective

frequency-integrated amplifier gain. This paints a simplified picture of the three separate

noise sources in Fig. 4.10, and will be a starting point for analysis in later subsections.

With integration, Eqs. 4.27 and 4.31 can be empirically simplified to

N = G (Tsamp + TN) (4.32)

where G = 4kBG0g and TN =
(
(1−g)TN,in+TN,out

)
/g are the effective band-integrated

gain and noise temperatures of the thermometer circuit, which depend only on the

sample resistance R. We note that G is not a conventional amplifier gain, but rather

a calibration factor for our thermometer; it includes the integrated matching circuit

efficiency, amplifier gains, effective filter bandwidth, the Boltzmann constant, and any

losses in the circuit. The gain G can be obtained by measuring the derivative dN/dTsamp

by changing the cryostat temperature, as long as the sample resistance stays constant.

However, in general the sample resistance also changes with temperature, for which

we have developed our advanced calibration techniques described later in this section.

From here on, we will generally drop the “samp” subscript and refer to the sample

temperature as just T .
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4.5.1 Tunnel Junction as a Calibration Test

The easiest calibration to perform is on a sample with constant resistance vs temper-

ature. One such sample is a non-superconducting tunnel junction, which will exhibit

constant resistance with temperature in certain regimes where thermally-assisted tun-

neling does not play a role. The samples for this experiment were aluminum tunnel

junctions provided by K.C. Fong at BBN, and we operated them as normal-metal tun-

nel junctions above the Tc = 1.2K of aluminum. Tunnel junctions are especially useful

for calibration testing of the JNT thermometer, because the calibration value can be

verified by shot noise.

To perform the calibration, we vary the temperature of the cryostat and measure the

total DC noise power from the amplifier for several temperatures, verifying that the

sample resistance is constant. Typical data are shown in Fig. 4.11(a). This calibration

was taken using an RF digitizer card and FFT algorithm in place of the analog power

diode, but the principle is exactly the same.

The resulting noise vs temperature data is linear, and we perform a linear fit. The

slope of the linear fit gives us the gain G = 2.161×10−9 W/K; here the units of Watts are

somewhat arbitrary thermometer output units and arise from the digitizer and FFT.

Similarly arbitrary units of Watts or Volts will arise when using a calibrated power

diode. At T = 0, the extrapolated linear fit does not equal zero; the noise that would

be seen at T = 0 is entirely background amplifier noise. This amplifier noise can be

converted to effective amplifier noise temperature in units of Kelvin by dividing by the

gain, or alternatively by taking the x-intercept value. The resulting noise temperature

is 530K. The noise temperature we obtain in this experiment is very large compared to

the signal of interest (of order 5–50 K) because we did not using a cryogenic LNA for the
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Figure 4.11: (a) Calibration of Johnson noise for the tunnel junction. Gain and noise tem-
perature are obtained from the slope and extrapolated x-intercept. Inset: optical micrograph of
the tunnel junction; scale bar is 10µm. (b) Shot noise data, taken at several bath temperatures,
plotted in units of Kelvin using the calibration. Solid lines are shot noise functional form fits,
with the Fano factor F as a fitting parameter. The resulting fit parameter F is displayed in the
legend entries.
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first-stage amplification; nonetheless, we are able to obtain reasonably good accuracy

and precision with long enough averaging; see also Section 4.6 for a discussion of the

effect of background noise temperature on precision.

To verify the calibration, we measure and examine the shot noise of the tunnel junc-

tion in Fig. 4.11(b). To measure shot noise, we apply a DC bias voltage across the

sample and measure the DC noise power from the amplifier, analogously to the initial

calibration, as a function of the bias. Shot noise has a white spectrum for frequen-

cies ℏω ≪ kBT , and it comes from the quantization of charge and the granularity of

individual random tunneling events of electrons. It has a spectral density of170,171,183,184

S = 2eV coth

(
eV

2kBT

)
(4.33)

dependent on the sample bias V . At V = 0, this formula reduces to the Johnson noise

limit S = 4kBT , which we verify experimentally in Fig. 4.11(b) for 5K to 25K. In the

limit of eV ≫ kBT , this is often written as S = 2eV F , where F is the Fano factor185

and equals 1 for a tunnel junction. To include the Fano factor as a fitting parameter in

Eq. 4.33, we can rewrite it via the Khlus formula as154,186,187

S = 2eV F coth

(
eV

2kBT

)
+ 4kBT × (1− F ). (4.34)

We can now use F as a fitting parameter for the data, at several different temperatures,

to judge the accuracy of our calibration. The resulting fits are shown in Fig. 4.11(b) as

the black lines, and the resulting Fano factors (in the legend) are very close to 1. We

can thus conclude that our calibration is accurate to approximately 2%.
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4.5.2 Gate-Voltage Calibration and the Differential Factor

In cases where the sample has a gate, the resistance can now be tuned arbitrarily within

certain limits. The calibration method presented in the previous subsection needs to

be generalized, so that it can be performed at every gate voltage or every resistance.

This subsection describes a calibration technique where the tunnel junction method is

applied for every gate voltage, but the constraint of T -independent resistance is relaxed.

Initially, the relaxation of this constraint may seem beneficial, in fact, as now we don’t

have to worry at all about the sample resistance, and for each gate voltage we have a

look-up table that allows us to convert between temperature and noise. This was the

calibration technique used in Refs. 1,96. However, we will soon see that this method

involves a subtle mistake with a factor of 3 that will yield inaccurate results for the

self-heating method of measuring thermal conductivity.

A typical set of calibration data with this method is shown in Fig. 4.12. Due to

the changing resistance vs temperature at a fixed gate voltage, the impedance matching

conditions also change with temperature. Thus, the total noise power is affected not only

by the temperature change but also by an impedance matching change. The resulting

plots of noise power vs temperature are now nonlinear, and the gain is not well defined;

however, the gain could still be defined locally as the slope of noise vs temperature.

Starting with Eq. 4.32, we can compute the slope of noise via chain rule:

dN

dT
= G+

(
∂G

∂R
(T + TN ) +G

∂TN

∂R

)
dR

dT
. (4.35)
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Figure 4.12: (a) Temperature-dependent resistance of a bilayer graphene sample. The high-
resistance region is where a bandgap is opened up with displacement field. (b) Resulting traces
of noise power vs temperature are nonlinear due to the changing resistance. This calibration
data is the same data from our publication 159.

However, this can also be written in a simpler form starting from Eq. 4.31:

dn

dT
= g +

∂g

∂R

∂R

∂T
(T − TN,in). (4.36)

The apparent gain we measure is not equal to G (or g). Why is this gain number

important here, if we are just using a nonlinear look-up table to convert between noise

and temperature? It is because we perform a small-signal AC heating measurement;

the temperature of the sample is modulated by a small amount ∆T , and we want to

measure the corresponding Johnson noise modulation ∆N . The goal of the gain G here

is to convert between them: ∆N = G∆T , in the ideal case.

It is crucial to note that the R in Eqs. 4.36 and 4.35 is the instantaneous differential

resistance of the sample, which differs from the DC resistance of the sample RDC = V/I

if the sample is biased and has a nonlinear I-V curve. Fig. 4.13 illustrates the mechanism
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Figure 4.13: Under a DC bias of a sample with a nonlinear I-V curve, the small high-frequency
fluctuations couple to the differential resistance dV/dI rather than the total DC resistance V/I.

for this. Under a DC or low-frequency bias, the small RF fluctuations have a voltage to

current ratio given by the differential resistance dV/dI which is the quantity that affects

the impedance matching mechanism. Importantly, the mechanism for nonlinearity must

occur on a timescale faster than the relevant fluctuations. In graphene, local electron

thermalization occurs on extremely fast timescales <30 fs38,188–190. Global sample-

wide thermalization, which depends on ratio of graphene electronic heat capacity to

thermal conductance, occurs on slower timescales, but is still measured to be faster

than ∼2.3GHz for T > 5K using bolometric mixing94. This implies that if the sample

nonlinearity occurs from heating and temperature dependence of the resistance, that

the voltage fluctuations, at a few hundred MHz that we typically use for JNT, will “see”

this nonlinearity.

We will now see that the premise of this look-up table for converting ∆N to ∆T

breaks down when it is used in a self-heating configuration. Expressing Eq. 4.36 for a

finite change in noise, we get
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∆N = G∆Tbath-heating +
∂G

∂R
(T − TN,in)∆Rbath-heating (4.37)

where the subscripts indicate that ∆T,∆R arise from heating the cryostat bath tem-

perature. For bath heating, the change in differential resistance will equal the change

in total resistance.

If the device is instead Joule heated with a DC bias, the total resistance will correctly

track the spatial average of the temperature:

Rtotal =
V

I
=

1

W

∫ L

0
ρ (T (x)) dx (4.38)

=
1

W

∫ L

0

[
ρ0 +

dρ

dT
∆T (x)

]
dx (4.39)

=R0 +
1

W

dρ

dT

∫ L

0
∆T (x) dx (4.40)

=R0 +
dR

dT
∆Tavg (4.41)

where R0, ρ0 are the zero-bias resistance and resistivity at the bath (or reference) temper-

ature, and ρ(T ) is the temperature-dependent resistivity. We can also rewrite Eq. 4.38

as a function of the applied bias current, using ∆Tavg =
1

2

d2T

dI2
I2:

Rtotal = R0 +
dR

dT
∆Tavg = R0 +

dR

dT
· 1
2

d2T

dI2
I2. (4.42)

From Eq. 4.42, we can now easily calculate the total and differential resistance under
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Figure 4.14: (a) Differential resistance as a function of temperature for a fixed gate voltage.
Calibration under very low bias happens along the red curve, where the total and differential
resistance are the same. If the bath temperature is fixed at T1 (T2) and the device is Joule-
heated, the differential resistance follows the black (gray) curve while the total resistance follows
the red curve. The change in the black (gray) curve is 3× the change in the red curve. (b) The
resulting noise change for different heating mechanisms. Starting from a temperature T1 (T2),
bath heating will cause the noise to follow the red curve, but Joule heating will cause the noise
the follow the black (gray) curve.

bias:

Rtotal = R0 +
1

2

dR

dT

d2T

dI2
I2 =⇒ ∆Rtotal =

1

2

dR

dT

d2T

dI2
I2 (4.43)

Rdiff =
dV

dI
=

d

dI
(I ·R (I)) =

d

dI

(
I ·
(
R0 +

dR

dT

1

2

d2T

dI2
I2
))

= R0 +
3

2

dR

dT

d2T

dI2

=⇒ ∆Rdiff =
3

2

dR

dT

d2T

dI2
I2

The change in differential resistance is three times that of the change in total resis-

tance when Joule heating is used, ∆Rdiff = 3∆Rtotal, compared to bath-heating, where

∆Rdiff = ∆Rtotal. This difference in differential resistance for bath-heating and Joule-

heating is illustrated in Fig. 4.14(a). This factor of 3 difference, for which the sample

thermalization rate must be faster than the voltage fluctuations, has been previously
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explored in the context of 3ω resistance-based measurements of thermal conductiv-

ity191,192.

The change in noise due to Joule heating (JH) is then

∆ NJH = G∆TJH +
∂G

∂R
(T − TN,in) · 3∆Rtotal (4.44)

which means that the original calibration curve cannot be used to get the device tem-

perature from the noise, comparing with Eq. 4.37, since “the noise change due to dif-

ferential resistance change” for Joule heating is different from “the noise change due to

differential resistance change” during calibration bath heating, as shown in Fig. 4.14(b).

If we try to calculate the apparent temperature rise using the measured calibration

gain slope s = ∆N/∆T , we get

∆Tapparent =
∆NJH

s
=

G+
∂G

∂R
(T − TN,in) · 3

dR

dT

G+
∂G

∂R
(T − TN,in) ·

dR

dT

×∆TJH . (4.45)

Depending on the exact ratio of the first to second terms in the numerator and

denominator in the above equation, the apparent temperature rise can be made very

different from the true temperature rise, including appearing much smaller. If the

apparent temperature rise is much smaller than the true temperature rise, the Lorentz

ratio will be grossly over-estimated.

By carefully measuring the temperature dependence of the resistance, and calculat-

ing the derivative ∂G/∂R, we could correct for this error. However, as shown later,

there are often other nonlinearities present in graphene beyond that of temperature-

dependent resistance, and we present a different strategy to calculate and correct for

the nonlinearity in Section 4.9.
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4.5.3 Variable-R with Gating Calibration

We now present the correct technique to calibrate the JNT thermometer for a sample

with a gate. Unlike the previous section, the calibration is now done for every resistance,

rather than for every gate voltage value. The temperature dependence of resistance is

effectively removed in this technique, allowing us to obtain the true thermometer gain

G.

The key part of calibration is that the sample resistance R can be continuously varied

by gate voltages (or magnetic fields) at several fixed temperatures Tsamp, allowing us

to determine G and TN for any given R. Here, we use bilayer graphene (BLG) as

the sample since it can be electrostatically tuned between a metal and a small-gap

semiconductor28,29,193–197. The insets of Figs. 4.15(a) and Fig. 4.15(b) show a schematic

diagram and optical image of the device. Tuning both the top gate voltage (VTG) and

back gate voltage (VBG) to the same sign dopes the BLG channel, while applying gate

voltages of opposite sign in the correct proportions opens a gap and places the chemical

potential inside the gap. Indeed, Fig. 4.15(a) shows the sample’s two-terminal resistance

R change 30 kΩ–100 kΩ as we tune the chemical potential into the gap at 5 K, creating

an ideal testing ground for our variable-resistance JNT.

Utilizing the continuously variable resistance, we calibrate our noise thermometer as

follows: First, at a fixed cryostat temperature T1, as we vary the top gate voltage VTG,

we simultaneously measure (1) the low-bias differential resistance R(VTG) of the channel

using a lock-in technique and (2) the total noise power N(VTG), as shown in Fig. 4.15(b)

and (c). The goal of this gate voltage sweep is to vary the resistance over as wide a

range as possible, so we do it for several back gate voltages to get the full range. This

process is repeated for several other temperatures T2, T3, ....
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Figure 4.15: (a) The sample resistance measured at T = 5K vs top gate and back gate voltage
(VTG, VBG). The inset shows a schematic for the device cross-section. (b,c) The top panel shows
resistance as a function of VTG at fixed temperatures, and the bottom panel shows total noise
power measured from the sample as a function of VTG at the corresponding temperatures. Each
horizontal panel shows data from different fixed back gate voltage. To perform the calibration,
we sweep the gates at fixed temperatures to vary the resistance and measure total noise power.
Inset: an optical image of the device before top gate deposition.
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Next, for each temperature Ti, the total noise is plotted against the resistance as in

Fig. 4.16(a). Using interpolation or polynomial fits, we can then obtain a noise power

vs temperature relation for any fixed resistance as shown in the inset of Fig. 4.16(a).

We find the noise power to be linear in temperature with an offset, consistent with

Eq. 4.32, for our entire range of measured resistances. For each resistance, we then

perform a linear fit, obtaining the gain G as the slope and the noise temperature TN as

the horizontal offset. Fig. 4.16(b) shows the resulting G and TN vs sample resistance

R. We optimized the matching circuit for R0 = 1 kΩ, where it shows a peak of G and

minimum of TN. Away from this optimized R value, G decreases and TN increases,

reducing our thermometer’s precision.

The long-term stability of the calibration is most affected by the gain stability of the

LNAs as those are the only active elements in the circuit up to the lock-in amplifiers.

The passive elements should remain relatively consistent under a constant laboratory

temperature. We have found that, if we do not physically disturb the noise circuit, we

typically achieve calibration stability to within a few percent over several weeks, which

is sufficient for our measurements. The calibration stability can always be checked by

converting the measured total noise to a temperature and comparing with the cryostat

temperature.

To verify our understanding of the frequency integration in going from Eq. 4.27 to

Eq. 4.32, we perform a different frequency-resolved version of the calibration just de-

scribed. We modify the circuit in Fig. 4.2 by removing the band-defining filters and

replacing the RF power detector diode with a spectrum analyzer. Instead of measuring

the total noise power N , we now measure the frequency-resolved power spectrum S,

which is the integrand of Eq. 4.27 without the filters. We then perform the previously-

described calibration method for every ∼ 2MHz frequency bin. The resulting quantity
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Figure 4.16: (a) Total noise power plotted vs sample resistance for the set of measured
temperatures. Inset: For any resistance value, we construct a total noise vs temperature plot
with the data measured in (a). The linear fit gives the gain and noise temperature. (b) The
measured gain (blue) and noise temperature (red) as a function of sample resistance obtained
from data in the inset of (a). The gray dashed curves are the scaled gain and noise temperature
for the matching circuit model described in the text.
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is G0(1 − |Γ|2) as a function of (R, f), which we have normalized to unity and plotted

in Fig. 4.8(d) as the colormap with the dotted 0.75 contour. This contour approxi-

mately matches the solid black contour from the model for the ideal 2-stage matching

circuit; the differences can be explained by a frequency-dependent LNA gain and circuit

components whose values do not exactly match the idealized component values.

4.5.4 Background Gain

To estimate the relative accuracy of the calibration as a function of sample resistance, we

compare the measured gain and noise temperature with our impedance matching model.

We numerically integrate Eq. 4.27 with the calculated 1− |Γ|2 value over the measured

frequency band and scale it to equate the peak heights. We use the actual matching

circuit component values (C1 = Cstray +0.9pF, L1 = 240 nH, C2 = 4.3pF, L2 = 76 nH)

and use the stray capacitance as a fitting parameter to tune the horizontal position of

the peak, with Cstray = 0.12pF. We use TN,out = 4.2K and TN,in = 1.5K as fitting

parameters for the noise temperature. We have plotted this calibration model as the

gray dashed curves in Fig. 4.16(b). The relative accuracy is approximately the fractional

difference between the measured and model gain curves.

At the high and low ends of the sample resistance range, the measured gain deviates

from our model, setting the working accurate resistance range for our thermometer. To

investigate this deviation, we perform a dummy calibration on a similar matching circuit

with no resistive sample connected, ideally expecting only T -independent amplifier noise

(G = 0 and TN → ∞). However, this dummy calibration yields a background gain, with

a noise vs T slope of G = 1.6nW/K (about 5% of the peak gain) and TN = 122K,

accounting for most of the gain deviation at high and low R. To explain this artificial

background gain without a sample, we propose two mechanisms:
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1. The first is dissipation in non-ideal reactive circuit elements whose temperature

follows that of the sample during calibration, including the Si substrate as part of

the stray capacitance, the sample PCB, inductors, and sections of coaxial lines.

In the limits of low coupling R → ∞ or R → 0 where the sample dissipation

approaches zero, these dissipative elements still couple their own thermal noise

into the LNA.

2. The second is the intrinsic temperature dependence of the reactive components

or their dissipative losses, modulating the reflection coefficient of the circuit and

thus the amount of LNA back-action reflected back towards the LNA. Due to

these two effects, warming the sample stage during calibration increases the non-

sample noise entering the LNA, thus artificially increasing the measured gain.

This artificial increase in the slope of noise vs T far off-match (Fig. 4.16(a) inset)

reduces the negative horizontal offset of the linear extrapolation, thus artificially

reducing the measured noise temperature.

For these two reasons, we minimize losses (see Subsection 4.7) between the sample and

LNA by using short coaxial cables, and we improve thermal isolation (see Subsection 4.8)

between the sample and other circuit components by using outer DC blocks. This

significantly helps bring the measured curve closer to the predicted model curve. If

we want to measure a sample with a resistance where our thermometer has reduced

accuracy due this background gain, it is more accurate to use the theoretical gain model.

In this case, we fit the theoretical model to match the peak height and R-position of the

gain curve, using the stray capacitance as a fitting parameter, and the typical ±10%

uncertainty on the reactive matching circuit components as some additional wiggle room

in fitting parameters.
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4.5.5 Single-R Ungated Calibration

Some samples that are ungateable, such as 3-dimensional samples, exhibit a

temperature-dependent resistance and it is thus impossible to perform the calibration

at a constant resistance. In this case, a workaround using a functional fit is possible if

the form of the impedance matching function is known. For this demonstration, we are

showing a calibration on a 500 nm-thick BSCCO sample (Fig. 4.17), which is a high-

temperature superconductor, provided by Frank Zhao. This particular sample is near

optimally doped and exhibits a Tc ∼ 88K, and has about 2.9Ω contact resistance, as

seen in Fig. 4.17(a). The noise N vs temperature T trace is shown in Fig. 4.17(b) and

is very nonlinear, especially as we approach Tc.

The noise can be written in the functional form

N = G

((
1− |Γ|2

)
T + |Γ|2 TN,in + TN,out

)
(4.46)

where we use G, TN,in, and TN,out as fitting parameters. Γ is a function that is defined

by the measured resistance trace in Fig. 4.17(a), with an extra fit parameter RL for the

lead resistance, given by

Γ =
Z0 − (R−RL)

Z0 + (R−RL)
. (4.47)

All that is left to do is to fit the parameters in Eq. 4.46. The lead resistance RL acts to

offset the resistance in Fig. 4.17(a), and because it is physically located external to the

sample and matching circuit, it must be subtracted off from the measured resistance

in order to obtain the bare sample resistance. The resulting fit and fit parameters

are shown in Fig. 4.17(b). The fit is excellent, and the 1-σ uncertainty bounds on the

136



0 50 100 150 200 250 300
T(K)

5

10

15

20

25

30

35

R
 (+

)

BSCCO Calibration Resistance
(a)

0 50 100 150 200 250 300
T(K)

2

2.5

3

3.5

4

N
oi

se
 D

C
 (V

)

BSCCO Calibration Noise
(b)

G =       8.111 [8.106-8.115] mV/K
TN,in =  188.1 [187.6-188.6] K

TN,out = 87.5 [87.0-88.0] K

RL =     6.012 [5.97 6.05] +

Data
Fitted Curve

Figure 4.17: (a) BSCCO sample (500 nm thick), nearly optimally doped, resistance vs tem-
perature. Tc ∼88K. Inset: optical micrograph of the device. (b) Noise power data (circles) and
the fitted functional form of Eq. 4.46 (red). The resulting fit parameters with 68% confidence
intervals are shown in the plot.

parameters are very small, allowing a highly accurate calibration on this device.

4.6 Measurement, Uncertainty, Dicke Formula, and Noise Chan-

nels

JNT directly probes the electron temperature of the sample. In graphene, at low enough

temperature, the electron temperature can decouple from the lattice temperature, al-

lowing the electrons to be heated to a temperature appreciably higher than that of the

lattice1,95–98. If electron-electron scattering is strong enough to allow a well-defined

electron temperature, electrons in mesoscopic graphene samples obey diffusive quasi-

equilibrium transport. In this regime, cooling occurs by electronic diffusion to the

bulk metal contacts, dominating cooling by direct heat exchange to phonons. These

conditions allow us to use JNT to measure the electronic thermal conductivity (κ) of

monolayer graphene1,94–96.
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In this section, we use our variable-resistance noise thermometry technique on a

BLG sample to demonstrate κ measurements on a mesoscopic scale. We perform the

measurements in the same cool-down on the same sample, with the same electrical

configuration, as the calibration. No measurement configuration changes in the cryostat

were made between calibration and measurement. We follow the same assumptions as for

MLG, experimentally confirming that direct phonon cooling becomes appreciable only at

higher temperatures. We measure κ as follows: we heat the electrons in the sample with

a known amount of power via an AC current, typically at 1f ∼ 17Hz. We measure the

AC resistance using a lock-in amplifier at 1f and noise power modulation at the output

of the power detector with a lock-in amplifier at 2f . Using the calibrated value of the

gain at the measured sample resistance, we convert the noise modulation amplitude to a

temperature modulation ∆T . The ratio of applied Joule power to measured temperature

rise then yields the generalized thermal conductance of the sample:

Gth,gen =
PJoule
∆T

. (4.48)

The effective thermal conductance is Gth = Gth,gen/12 with the factor of 12 arising from

the spatial temperature distribution in channel self-heating95–98,160,161. We work in the

low-heating limit ∆T ≪ Tbath relative to the bath temperature so that the factor of

12 remains valid. The thermal conductivity κ is then related by a geometrical aspect

ratio. Measurement with this 2f modulation technique is advantageous over applying

DC bias and measuring total noise due to reduced susceptibility to drifts of the gain

and amplifier noise.

We quantify the back-action of the LNAs to ensure it does not corrupt our ther-

mometry measurements. The SiGe LNAs use internal resistive feedback to achieve
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good input impedance matching and high gain stability198. The back-action spectral

power density incident on the sample is S = kBTN,in, where TN,in = 1.5K from our

calibration model, which provides photon-mediated cooling to the sample199 which sits

at a higher temperature of Tsamp = 10K. We estimate the cooling power by integrat-

ing (1 − |Γ(R, f)|2)kB(TN,in − Tsamp) over the working bandwidth of the RF diplexer

channel (30 to 2150 MHz), where the factor (1−|Γ(R, f)|2) accounts for the impedance

mismatch. We find that the measured electronic diffusion cooling power, equal to the

Joule power shown in Fig. 4.18(a), dominates the photon cooling power by over 4 orders

of magnitude across the range of measured resistances. The remaining reflected back-

action noise power contributes to the amplifier noise temperature TN as in Eq. 4.32,

but it is entirely considered in the calibration and does not influence the thermal con-

ductivity measurement, except as discussed below in Section 4.9.

We perform AC-bias JNT on the device shown in Fig. 4.15(a) and measure Gth as

described above. To achieve a large resistance range in a single gate-sweep, we hold

the top gate voltage fixed at 1.0 V and sweep the silicon back gate voltage. The bath

temperature is fixed at 10 K, and at each back gate voltage value, a feedback loop sets

an AC bias (1f) to maintain a temperature modulation (2f) of 200±5 mK rms.

Figs. 4.18(a) and (b) show the AC Joule power and measured temperature modulation

as a function of sample resistance. We have computed statistical uncertainties in the

measured temperature modulation and plotted those in Fig. 4.18(b) as error bars and

in Fig. 4.18(c) explicitly as the blue data points.

As a reference, we compare with expected uncertainties from a balanced Dicke Ra-
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Figure 4.18: (a) The AC bias power applied to the sample as a function of resistance,
controlled via a feedback loop to keep the temperature modulation at 200 mK. (b) The measured
temperature modulation. The error bars are estimated from the standard deviation of the data
before averaging. (c) The statistical uncertainty of measured temperature estimated in (b) is
plotted as a function of sample resistance. It approximately follows the prediction from the
Dicke radiometer formula (Eq. 4.49 in the text), using 130 MHz bandwidth. The variation as
a function of resistance is due to the increasing effective amplifier noise temperature away from
the optimally matched resistance. (d) The measured resistance and thermal conductance as a
function of back gate-voltage, with top gate voltage at 1.0 V. (e) Lorenz ratio computed from
the ratio of thermal conductivity to temperature and electrical conductivity. The black dashed
line is the Wiedemann-Franz law.
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diometer. From Eq. 2.11, the uncertainty is given by142

σT =
F (Tsamp + TN)√

τ∆fc
(4.49)

with F = 2
√
2 for our sine-modulated and sine-correlated radiometer. The filters we

select in our amplifier chain define a bandwidth that overlaps maximally with the high-

coupling region of the matching circuit. For this device, this provides a bandwidth of

∼ 130 MHz, from 120 MHz to 250 MHz, as shown in Fig. 4.8(a) by the gray dashed lines.

However, the correlation bandwidth ∆fc is slightly smaller and given by130,142,200–202

∆fc =

[∫∞
0 |G(f)| df

]2∫∞
0 |G(f)|2 df

(4.50)

where G(f) is the frequency-dependent gain. Our total noise signal is the sum of the

three effective noise channels shown in Fig. 4.10 and in Eq. 4.27. Although the input-

and output-side amplifier noise may be correlated, we assume for simplicity they are

uncorrelated, motivated by the presence of two separate gain stages in the cryogenic

LNA. The uncertainty for each noise channel is given by the Dicke radiometer formula

(Eqs. 2.11 and 4.49) with the appropriate F factors and the corresponding correlation

bandwidth ∆fc (Eq. 4.50). Since we measure the sum noise power of these three chan-

nels, the individual uncertainties will add in quadrature to obtain the uncertainty for

the total noise:

σ2
Ntotal

= σ2
NTS

+ σ2
NTN,in

+ σ2
NTN,out

. (4.51)

The correlation bandwidths ∆fc of the channels vary depending on the sample resis-

tance: for the sample noise it varies from 130 MHz on-match to 122 MHz far off-match;
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for the amplifier input-side noise it varies from 44 MHz on-match to 130 MHz far off-

match; and for the amplifier output-side noise it is constant at 130 MHz.

Our ∼130 MHz noise bandwidth is orders of magnitude larger than bandwidths used

in low-frequency noise thermometry and allows significantly faster measurements. This

is an improvement upon single-stage matching, which achieved a 20 MHz bandwidth cen-

tered at 100 MHz for measuring a monolayer graphene device1. As shown in Fig. 4.18,

we achieve 650µK uncertainty measuring a 200 mK temperature modulation on a 10 K

background, equivalent to 65 ppm, with 30 s of averaging, for the best matched resis-

tance around 1 kΩ. The precision is reduced at resistances further away from the best

match; we achieve only 10 mK precision at a resistance of 150 kΩ.

For the entire resistance range measured, our radiometer shows standard errors no

larger than about 3 times the predicted uncertainty. The excess standard error can

arise from sources such as amplifier gain/noise drifts and additional noise at the input

of the lock-in.

In Fig. 4.18, we plot in parallel the electrical resistance measured via a standard

lock-in technique and the thermal conductance. As the electrical resistance exhibits a

strong peak due to opening of the gap by applied gate voltage, the thermal conductance

correspondingly falls very sharply. By taking the ratio of the thermal conductance to the

electrical conductance (= R−1) and the temperature T , we obtain the Lorenz number

L = GthR/T . In a degenerate Fermi liquid, L should be close to the Sommerfeld value

L0 = π2/3 (kB/e)
2. The Lorenz ratio L/L0 then quantifies the degree to which the

Wiedemann-Franz law is satisfied in our sample. In our high-resistance gapped BLG,

the Lorenz ratio increases up to a maximum measured value of around 5–6; however,

due to device nonlinearities in the gap, this value is possibly overestimated as we did not

use a nonlinear correction here (see Section 4.9). As we move the chemical potential into
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the valence band, graphene becomes more linear, and Fermi liquid behavior returns with

the Lorenz ratio tending towards 1. Upon further gating, the experimentally measured

Lorenz ratio is ∼1.3, slightly larger than the expected unity.

4.7 Loss Minimization

To optimize the performance of the JNT thermometer, we need to minimize the re-

flective and dissipative losses in the circuit between the sample and the LNA. For

the dissipative losses, we can describe a simple model for the first mechanism (1) of

background gain described in Subsection 4.5.4. Consider a sample at temperature Ts

perfectly impedance-matched to a coaxial cable; in this case, we may write the noise

power spectral density of the waves traveling along the coaxial cable away from the

sample as S = 4kBTs. Suppose there is a dissipative attenuator at temperature TA with

attenuation (=absorptivity) α along this cable; then the signal traveling through the

attenuator gets attenuated as

4kBTS → 4kBTS(1− α). (4.52)

Due to the second law of thermodynamics and Kirchoff’s law of thermal radiation,

the attenuator must also emit thermal noise with emissivity equal to its absorptivity.

Therefore, on the other side of the attenuator, we get

4kBTS → 4kBTS(1− α) + TAα. (4.53)

If the sample is at cryogenic temperatures (e.g. 3K), but the attenuator is at warm or

room temperature (300K), then even a small attenuation of 1% will emit thermal noise
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Figure 4.19: Left: Test PCB made from Rogers low-RF-loss dielectric. Right: Production
PCB made from generic FR-4 dielectric.

at a spectral power of 1%× 300kBT = 3kBT , equal to the already small thermal noise

from the sample. However, this only increases the effective system noise temperature

parameters TN , TN,in, and TN,out.

For this effect to generate a background gain, the temperature of the attenuating ele-

ment must at least partially follow the temperature of the sample during the calibration

temperature sweeps. For example, the Ohmic losses in the matching circuit inductors

and the dielectric losses in the sample PCB will directly follow the sample temperature

during calibration and have a significant effect on the background gain. We charac-

terized the effect of the dielectric losses in the PCB by comparing a hand-made PCB

made of low-loss Rogers Duroid dielectric, against a standard non-RF-optimized PCB

made with generic FR-4 dielectric, shown in Fig. 4.19. We performed the experiment by

measuring the background gain of each PCB without a sample attached. We compare

the background gain relative to the full-scale gain of a fully-matched 100Ω resistor. The

results are tabulated in Table 4.1.

Switching the dielectric from FR-4 to Rogers Duroid decreased the background gain

by 4.5% of the fully-matched 100Ω gain. In this particular setup, there still remained
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PCB Dielectric Comparison: Background Gain
PCB Type Background Gain (W/K) TN(K)
Rogers Duroid 8.56× 10−9 105
FR-4 1.21× 10−8 76

Table 4.1: Comparison of background gain measured for two different types of PCB material,
measured by performing a temperature-calibration with no sample connected to the PCB. A
100Ω resistor gave a fully-matched gain of 7.86 × 10−8W/K. Changing the PCB material de-
creased the background gain by 4.5% relative to the fully-matched gain. In this experiment,
there is still a significant amount of background gain from other sources.

11% background gain even with the low-loss PCB, with most of it likely coming from

other attenuative elements of the circuit that were not thermally anchored; in particular,

the RF boards that will be shown in Fig. 4.20 were not yet anchored with copper

braids and were later confirmed to be another significant contributor to the background

gain. With the decrease of the background gain, we also observe an increase of the

measured noise temperature TN,in. A calibration with no sample (i.e. the limit of

zero impedance matching) should, in the ideal case, produce zero background gain and

infinite noise temperature; thus, the increase in noise temperature also indicates that

some background gain was removed.

In the VTI implementation of the JNT circuit, there is about 2.5m of coaxial cable

and a diplexer between the sample and the first-stage cryogenic LNAs, which sit in a

liquid nitrogen dewar external to the main cryostat. Over 2.5m of coax, a significant

part of which is at room temperature or significantly above the low sample temperature,

a very significant amount of thermal background noise can end up being generated

from the losses along the way. A typical thin 047 Ag/Cu coaxial cable has 1.31 dB/m

(26% power/m) attenuation at room temperature at 1GHz. Due to the skin depth

effect in coaxial cables109, there is more attenuation at higher frequencies, and thicker

coaxial cables will have less attenuation. Thus, it is best to make JNT lines between the
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sample and first-stage amplifier out of the thickest available coaxial cable with copper-

or silver-clad conductors, and to consider the tradeoff of high vs low frequency. As

described in Subsections 4.4.2 and 4.4.3, a higher matching center frequency will lead

to a proportionately higher bandwidth; this will occur at the cost of more background

thermal noise from the lines which raises the noise temperature. Both of these effects

are easily captured by the Dicke formula in Eq. 2.11 or 4.49.

We typically place the center frequency somewhere between 150 and 700 MHz and

have found this to work well for us; however, higher or lower center frequencies will also

generally work. Finally, dielectric losses in the PTFE dielectric in coaxial cables can

be slightly improved by using cables with low-loss porous PTFE dielectric. Similarly

to the PCB, the coaxial cables connecting the sample PCB to the rest of the circuit

also partially follow the sample temperature and can contribute to the background gain.

To help mitigate this issue if the coaxial cable loss cannot be reduced any further, the

solution is described in the next section.

It is also beneficial to make the attenuative components between the sample and

first stage LNAs as cold as possible. In particular, placing the diplexers into the liquid

nitrogen dewar next to the LNAs instead of keeping them at room temperature will

help reduce their thermal noise contribution.

4.8 Thermal Anchoring and Thermal Isolation

Our primary goals with thermal isolation and anchoring are to minimize the background

gain by minimizing the temperature swing of any attenuative components, and to mit-

igate the heat load on the cold sample stage. Typically, installation of coaxial cables

into multi-stage cryogenic systems often uses strong attenuators and high-loss resis-
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tive coaxial cable at each stage to help thermalize the coaxial cable to the cryogenic

temperature and block high-temperature Johnson noise from reaching the sample. Sec-

tions 4.5.4 and 4.7 described how these techniques with attenuators are incompatible

with Johnson noise thermometry, and how very low-loss coaxial cable is necessary. In

dilution refrigerators, NbTi superconducting coaxial lines offer a convenient solution

of ultra-low loss (dominated by dielectric loss) and zero electronic thermal conduction

(phonon thermal conduction, while present, is extremely weak), but are unavailable at

temperatures above 10 K.

However, we have invented other ways to connect low-loss coaxial cable across high

thermal gradients to minimize heat leaks. By placing an outer DC block on the coax-

ial cable, we effectively stop electronic heat transport (following the Wiedemann-Franz

law) along the outer conductor of the coaxial cable, using the phonon thermal transport

across the DC block as the thermal bottleneck. Fig. 4.20 demonstrates some implemen-

tations of this outer DC block method. Panels (a,c) show standard outer DC blocks

(green arrows) in a cryocooler and VTI setup. If the inner conductor is not used for DC

biasing, an inner-outer DC block can be used in place of the aforementioned outer DC

block to stop electronic heat transport along the inner conductor. However, on some

coaxial cables the inner conductor has a steel core with a copper and silver cladding;

the steel provides structural rigidity and less thermal conductance than full copper, but

because of the skin depth effect the steel does not affect Ohmic losses in the line.

Sometimes outer DC blocks can be too large to comfortably fit into small cryostat

spaces, such as the bore of a magnet. In this case, we have developed a technique to

fabricate home-made outer DC blocks using a section of coaxial cable and a standard

large-value SMD capacitor. The outer conductor along the entire circumference, for a

short 1 mm span of cable, is removed from a braided tinned semi-rigid coaxial cable. A
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Figure 4.20: (a) Thermal isolation in a cryocooler. The hotter sample stage is overlaid in
red, and the cooler amplifier stage at 5 K is overlaid in blue. Green arrow indicates the outer DC
block. (b) Next generation cryocooler circuit, with thermal isolation provided by home-made
outer DC blocks with SMD capacitors (green arrows). Copper braid (blue arrow) is used to help
thermally anchor the RF PCB to the cold plate. (c) Thermal isolation on a probe for a VTI
cryostat, following the same principles.
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tinned copper wire is wound around and soldered to each remaining end of the outer

conductor and bridged with a capacitor. Fig. 4.20(b) shows home-made outer DC blocks

(green arrows) in a cryocooler.

For thermal anchoring, panel (b) shows the use of a copper braid (blue arrow) to help

heatsink the RF PCBs to reduce background gain. In panel (c), thermal anchoring is

provided by the vapor. Rather than the usual VTI procedure where the vapor is held

at a temperature just below the sample temperature, we maintain the vapor at base

temperature with a high rate of helium flow to help maintain a cold temperature for

the main body of the probe, with only the copper sample package being heated.

Appendix H reviews in more detail the cryostats used in our measurements.

4.9 Sample-Nonlinearity-Induced Noise Modulation

As introduced in Subsection 4.5.2, the nonlinear I-V curve in a graphene device can

introduce noise power modulations due to the modulation of the impedance matching,

rather than just the modulation of the temperature, causing an incorrect measurement

(Eq. 4.44). This can create hidden and serious inaccuracies in the measurements and

must be strictly accounted for. An example of nonlinearity in a graphene sample is

shown in Fig. 4.21. While this direct measurement of the nonlinearity during DC biasing

was measured by a small AC bias superimposed on a large DC bias, we instead require

a way to measure the nonlinearity under a large AC bias concurrently with the AC

JNT measurement itself. In this section, we present a way to quantify the sample

nonlinearities and their effects on the noise modulation.
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Figure 4.21: Differential resistance dV/dI for a graphene sample as a function of bias current
at T = 25K, for different electron densities.

4.9.1 Explanation and Measurement

We require an equation that describes how the noise is modulated with regards to the

biasing current. Since the biasing current through the sample is modulated at 1f , and

we measure the temperature and noise modulation at 2f , we effectively measure the

second derivative of noise with respect to bias current. Starting with Eq. 4.31, we take

consecutive derivatives of the noise and obtain the following equation:

d2N

dI2

∣∣∣∣
I=0

= G
d2T

dI2
+

(
d2G

dR2

(
dR

dI

)2

+
dG

dR

d2R

dI2

)
(TS − TN,in) , (4.54)

where we have dropped the subscript for the differential resistance R. This equation

is the central result of the work on understanding the noise modulations induced by
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sample nonlinearity. The steps of the derivation are left as a calculus exercise to the

reader.

Here, we have assumed for simplicity that the apparent Johnson noise temperature of

the sample is equal to its actual temperature. Johnson noise for nonlinear systems is not

a deeply studied subject; however, Ref. 203 discusses corrections to the Johnson noise

formula Eq. 2.4 that arise due to nonlinearity of the I−V curve, which could potentially

modify the apparent noise temperature of the sample and introduce additional terms

in Eq. 4.54. In Subsection 7.2.3, we propose an experiment using the methods in this

Chapter to directly measure the nonlinear corrections to the Johnson noise formula.

The d2N/dI2 term is the noise 2f modulation term that is measured on the lock-in

amplifier. The first term on the r.h.s. corresponds to the thermal conductance of the

sample, in particular how the temperature responds to an applied bias. The second

term on the r.h.s. is the parasitic noise modulation term from sample nonlinearities. It

involves derivatives of the gain G with respect to the sample resistance, the nonlinear

resistive coefficients of the sample, and the TN,in noise parameter. All of these com-

ponents can be separately measured or calculated in order to quantify this parasitic

term.

First, we devise a method to characterize the sample nonlinearities via measurement

of voltage harmonics on the sample. This methodology is closely related to measuring

thermal conductance using non-RF methods via the 3ω-technique191,192,204–210; how-

ever, here we generalize to sample nonlinearities beyond temperature-dependence of

resistance, including more intrinsic nonlinearities.

This technique is particularly difficult to implement because often the harmonic dis-

tortion is small and is comparable to the harmonic distortion of the instruments or tools

used. For this reason, the harmonic distortion of all non-sample elements of the circuit
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must be accounted for before making quantitative measurements of the sample. For this

purpose, we use an ultra-low harmonic distortion function generator Model No. DS360

from Stanford Research Systems, and high-precision external bias resistors, typically

100 kΩ each.

To measure the harmonic distortion of the sample, we generate a low-distortion sinu-

soidal current through the sample. Under the condition that the external bias resistors

are much larger than the sample resistance, Rext ≫ Rsample, the current through the

sample is approximately a perfect sinusoid I(t) = I0 sin(ωt)
192. If we write the I-V

curve of the sample as a Taylor expansion via

V = R1I +R2I
2 +R3I

3 + . . . , (4.55)

and we measure the voltage harmonics as

V (t) = VDC + V1 sin(ωt) + V2 cos(2ωt) + V3 sin(3ωt) . . . , (4.56)
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then after substitution and grouping of harmonic terms, we obtain the following:

VDC =
1

2
R2 +

3

8
R4 + · · · [sin(ωt)]

V1f = R1I0 +
3

4
R3I

3
0 + · · · [sin(ωt)]

V2f = −1

2
R2I

2
0 − 1

2
R4I

4
0 + · · · [cos(2ωt)]

V3f = −1

4
R3I

3
0 − 5

16
R5I

5
0 + · · · [sin(3ωt)]

V4f =
1

8
R4I

4
0 + · · · [cos(4ωt)]

V5f =
1

16
R5I

5
0 + · · · [sin(5ωt)]

(4.57)

For simplicity, we limit ourselves to the R3 term and the third harmonic. We need to

ultimately calculate how the differential resistance Rdiff changes with the sample bias,

since the impedance matching depends on the differential resistance. From Eq. 4.55,

we get

dRdiff

dI

∣∣∣∣
I=0

= 2R2 = −4
V2f

I20
(4.58)

d2Rdiff

dI2

∣∣∣∣
I=0

= 6R3 = −24
V3f

I30
(4.59)

for the first- and second-order derivatives of the differential resistance with respect to

bias.

Next, we describe how to calculate the dG/dR and d2G/dR2 terms. We can obtain

the experimental calibration curve G(R) as described in Section 4.5.3 and shown in

Fig. 4.16(b); however, numerical differentiation of this curve may lead to pretty signifi-

cant errors, especially if the curve isn’t very smooth. Instead, to obtain more accurate
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derivatives, we will numerically differentiate the theoretical model shown as the gray

dashed curve shown in Fig. 4.16(b). The resulting derivatives, normalized by G, are

plotted in Fig. 4.22.

Panel (a) shows the calibration data used in Subsection 4.5.3, and panels (b) and

(c) show the first and second normalized derivatives taken from the model. Since the

derivative changes sign, it is plotted in purple for positive and red for negative on a

log-scale. The green dashed line is a guide to the eye that indicates the upper bound for

the gain derivatives. The first derivative exhibits a dip at the peak-matched resistance,

and the second derivative exhibits dips at the corresponding inflection points in the

gain curve. At each dip, the corresponding term in Eq. 4.54 vanishes; however, we can

never get both terms to vanish simultaneously at any given resistance. By tuning the

matching resistance, we can shift the positions of the dips, and they will shift along

the directions indicated by the gray arrows. We cannot lower the gain derivative curve

below the green dashed line by tuning to a different resistance; it will always approach

that fixed line asymptotically.

If the sample exhibits only one type of nonlinearity from Eq. 4.54, then the matching

can be tuned to place a corresponding dip at the desired resistance measurement value;

however, in general, samples will exhibit both types of nonlinearities.

The final ingredient to complete Eq. 4.54 is the determination of the TN,in parameter.

We have already seen how to determine it for an ungated sample in Subsection 4.5.5;

here we present a more robust method for a gated sample. From Eq. 4.46, we see

that if T = TN,in, changing the sample resistance and thus the refection coefficient Γ

will not change the total measured noise power N , as the T - and TN,in-contribution

are equal, and the source of noise shifts proportionately between the two. Clearly in

Fig. 4.16, this temperature occurs below 8 K and can be obtained via extrapolation.
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Figure 4.23: (a) Noise vs resistance for several temperatures during a calibration. The sample
is monolayer graphene. (b) The resulting plots of noise vs temperature for a set of resistance
values. The different lines intersect at TN,in.

Here, we show an example calibration on monolayer graphene in Fig. 4.23 where this

temperature is directly measured. In panel (a), the calibration is performed the same

way as in Fig. 4.16(a). At T = 80K, the noise has almost no dependence on the sample

resistance, indicating this is very nearly the “magic” temperature. Fig. 4.23(b) confirms

this, where all the linear fits of noise vs temperature intersect at the same point of 82 K.

At this one magic temperature, in fact, the parasitic term in Eq. 4.54 vanishes, leaving

just the true measurement of thermal conductance.

In an alternative setup in which a sinusoidal voltage bias is used207 instead of a

current bias, and current harmonics are measured, then the equations in this section

undergo a transformation Ri ↔ Gi;V ↔ I, where G represents the conductance and

Gi are the nonlinear Taylor expansion terms for I(V ) analogous to Eq. 4.55. Eq. 4.54
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becomes

d2N

dV 2

∣∣∣∣
V=0

= G
d2T

dV 2
+

(
d2G

dG2

(
dG

dV

)2

+
dG

dG

d2G

dV 2

)
(TS − TN,in) . (4.60)

Voltage or current biasing may be chosen depending on which Taylor expansion more

closely represents the sample nonlinearity: current biasing if differential resistance in-

creases with bias, and voltage biasing if differential conductance increases with bias. In

practice, we have found that current biasing is technically easier, as voltage biasing in-

troduces unintended heating of the sample at zero applied bias, and current harmonics

are more difficult to measure. However, with improvements in measurement techniques,

these limitations may be overcome in future experiments.

Due to the difficulty of measuring small higher-order harmonics, there exist clever

measurement techniques that mask the primary harmonic, such as the Wheatstone

bridge method208,209.

4.9.2 Subtraction of the Parasitic Term

Once we know all the ingredients of Eq. 4.54 or 4.60, we can then either verify that

the parasitic term is small relative to the thermal conductance term, or if we are confi-

dent in our assumptions, we may subtract the parasitic term from the measured noise

modulation to obtain the true thermal conductance of the sample. To convert between

Eq. 4.54 and the measured noise modulation, we use the simple relation

d2N

dI2
= 4

√
2Nrms/I

2
0 , (4.61)
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where Nrms is the rms component of the sinusoidal noise modulation (excluding DC

component), and I0 is the peak heating current through the sample.

By tuning the “magic” temperature as will be described in Subsection 4.9.4, we can

test the accuracy of subtracting off the parasitic term. We conduct one measurement of

thermal conductance at the magic temperature, where the parasitic term is zero. The

magic temperature for this test is TN,in =82.8K, but we conduct the test at 85K, since

the difference is small enough that the parasitic term is negligible. We then conduct a

second measurement at the same sample temperature, now using a different circuit with

a different magic temperature of TN,in =21.3K, and then subtract the parasitic term to

obtain the true thermal conductance.

We illustrate this procedure for a monolayer graphene sample. First, we measure

the 2f and 3f voltage harmonics as shown in Fig. 4.24(a,b). We measure them for a

few different excitation powers, with feedback at each datapoint to maintain a target

temperature rise ∆T as a fraction of the bath temperature T . Comparing across several

excitation powers to make sure the R2, R3 values are consistent and phase angles are

consistent is a valuable safety check.

Fig. 4.24(c,d) ensures the measured harmonics are (mostly) above the harmonic dis-

tortion floor of the SR830 lock-in amplifier. Panels (e,f) confirm the measured phase

angles match the expected values of ±90◦ for the 2f cosine term, and 0◦ or 180◦ for the

3f sine term. The panel (e) inset shows the measured resistance for the same density

range shown in the other panels, for comparison.

Fig. 4.25 illustrates how the measured nonlinearities integrate into the parasitic cor-

rection. Panels (a,b) show the gain derivatives (red, purple) and the measured resistance

curve (green curve and green region) in the same plot. For the 2f component, the steep-

est part of the resistance curve coincides with the dip in gain derivative, and combined
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Figure 4.25: (a) Left axis: Gain derivative (red: negative; purple: positive) for the 2f
component of the correction. The green region indicates the range of sample resistance. Gray
dashed line is a guide to the eye for an upper bound. Right axis, green curve: Sample resistance
plotted vs density. (b) Same for 3f component. (c) Components of the parasitic correction:
gain derivative (blue, left axis) and 3f sample nonlinearity (red, right axis). 2f nonlinearity not
shown here because it is negligible. (d) Components of the measured 2f noise modulation, in
units of d2N/dI2, at T = 85K with a 0.63% temperature modulation. Red: measured noise
modulation. Cyan: calculated parasitic correction, consisting of the 2f term (magenta) and
3f term (dark brown). Yellow: corrected noise modulation, taken by subtracting the parasitic
term from the measured term. (e) Uncorrected (red) and corrected (yellow) Gth from data with
mismatched TN,in. Green: Uncorrected Gth measured with matched TN,in. (f) Same for Lorenz
ratio. Black dashed line is WF law.
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with a thick back-gate oxide of 1µm, fortuitously sets the 2f correction to a negligible

value (purple curve in panel (d); see also the next subsection for details). The compo-

nents of the 3f correction term are plotted in panel (c), and do not cancel out as they do

for the 2f . Panel (d) shows the raw measured 2f noise modulation (red), demodulated

into into units of d2N/dI2. The total parasitic contribution, calculated from Eq. 4.54,

is plotted in cyan. Its 2f and 3f components are plotted in purple and dark brown; as

the 2f component is negligible, the parasitic term consists entirely of the 3f component.

After subtracting the parasitic term (cyan) from the measured data (red), we obtain

the corrected value for d2N/dI2 (yellow).

From this corrected value, we compute the thermal conductance and Lorenz ratio,

shown in panels (e) and (f). Here, we show the starting uncorrected raw data in red.

To confirm the correction, we plot an accurate measurement of the two quantities in

green, obtained by measuring with a circuit where the TN,in parameter closely matches

the sample temperature. The yellow corrected curve closely, although not perfectly,

coincides with the true green curve.

As shown in Fig. 4.25(e,f), we over-estimate the correction by a factor of approxi-

mately
√
2. We can verify this, by re-doing the correction but scaling it by 1/

√
2; the

result is shown in Fig. 4.26, where the corrected values now agree very well with the

matched TN,in values. It is unclear whether this 1/
√
2 is a coincidence. Nonetheless, we

will mention that one possibly significant source of error here is higher harmonics. If

the device resistance decreases with bias, corresponding to R3 < 0 and V3f > 0, then a

Taylor expansion of V in powers of I will not be a good approximation of the I−V curve

without higher-order terms. This occurs near charge neutrality, as seen in Fig. 4.24.

Away from charge neutrality, however, the resistance increases with bias and we expect

the Taylor approximation to work better. This pattern of resistance increasing or de-
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creasing with bias near charge neutrality or in the doped regime is consistent with the

resistance changing due to device heating. However, our correction is consistently too

large by a factor of
√
2 and cannot be explained by poor polynomial fitting only near

charge neutrality.

4.9.3 Reduction of Parasitic Nonlinear Effects by Balanced Bi-

asing

As seen in the previous subsection, graphene devices can exhibit both I2 and I3 non-

linearities. From the 3ω-method, we saw that one of the sources of the I3 nonlinearity

arises from the temperature dependence of resistance. However, the I2 nonlinearity is

a more intrinsic type of nonlinearity, breaking the bias anti-symmetry analogously to a

diode, or a MOSFET operating in the saturation or pinch-off regime. In fact, we can

draw a rather close analogy between our 2-terminal graphene devices and a pinched-off

MOSFET, as shown in Fig. 4.27. In both a graphene device and a MOSFET, the gate
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Figure 4.27: A MOSFET demonstrating the channel pinch-off due to the gate-field-effect
varying along the channel length. Image from Ref. 211.

induces a density of electrons in the channel due to the electrostatic potential. Under

a bias current, the potential is not uniform in the channel but rather has a slope. This

causes the average gate potential seen by the channel to depend on the bias, a clear

recipe for nonlinearity. One very simple mitigation for this effect is to use balanced

biasing: instead of grounding one side of the device and applying a bias through the

other side, one can apply opposite biases from each side, creating a virtual ground in

the center of the device and forcing the average gate potential seen by the channel to

be constant.

In this sense, this type of non-linearity is not “intrinsic” to the sample, since it depends

on how the sample is biased. By using a balanced biasing scheme (Fig. 4.2) instead of

grounding one side, we can mitigate this effect to first order, as shown in Fig. 4.28. This

measurement is done with a fixed external voltage on the ultra-low-distortion function
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Figure 4.28: (a) Measuring resistance (R1) vs gate voltage for a monolayer graphene sample,
for unbalanced (blue) and balanced (red) excitation, at the same external source voltage on the
ultra-low-distortion function generator (ULDFG). (b) Measured 2f voltage harmonic, for bal-
anced and unbalanced excitations, comparing two different but nearly identical biasing voltages,
between which the ULDFG switches ranges. (c) Corresponding R2 nonlinear resistivity term.
(d) Ratio of 2f harmonic voltage to the 1f fundamental. The gray dashed line at 1 × 10−4

indicates the harmonic distortion specification of the SR830 lock-in amplifier.

generator (ULDFG). Panel (a) shows that the measured resistances are identical for the

balanced and unbalanced cases.

In panel (b), we also compare two different ranges of the ULDFG; 0.891V is the lower

bound of one range, and 0.889V is the upper bound of the other range, the difference

between which is 1/4 of a percentage point and makes no practical difference. Panel (b)

shows that the two balanced excitations have significantly less harmonic distortion than

the unbalanced ones. The unbalanced excitations have the same degree of harmonic

distortion, since here the nonlinearity stems from the effect shown in Fig. 4.27.
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However, in the balanced case, the excitations are unexpectedly different for different

ranges on the ULDFG. These leftover harmonic distortions arise from an “interaction”

between the sample and the ULDFG, as they vanish when the sample is replaced with

an Ohmic resistor. We can explain them as an imbalance or offset on the (+) and (−)

outputs on the ULDFG due to instrument imperfections, and these imbalances/offsets

are different between different ranges as shown in Table 4.2, explaining the change

in harmonic distortion as the range switches. At the 89.10 mVrms output level, the

Stanford Research Systems DS360 Specs: Residual Offset

Residual Offset [(+) Output Only] Source Output Range

25mV 0.8910 < Vrms

2.5mV 0.089 10 < Vrms < 0.8910

Table 4.2: Specifications of the Stanford Research Systems DS360 Ultra-Low-Distortion Func-
tion Generator, for the Residual Offset for the (+) output only. Source ranges have been con-
verted from unbalanced Vpp in the manual to balanced Vrms shown here. Specifications from212

ULDFG switches between different specifications for the residual offset voltage, and an

audible relay click is heard on the instrument during the switch.

To confirm this source of distortion, we expect the harmonic distortions to be pro-

portional to dR/dVg, the derivative of resistance with respect to gate voltage. Fig. 4.29

compares the distortion to the derivative (scaled), showing they are nearly equal, but

there is still a small difference in shape. This suggests that most of the remaining

distortion could be nulled out by manually correcting for the residual offset with a po-

tentiometer, and there is likely a very small amount of intrinsic distortion that cannot

be removed by properly balancing the bias.

165



-20 -15 -10 -5 0 5 10
Vg(V)

-5

0

5

V 2f
,Y

 (V
rm

s)
 o

r d
R

/d
Vg

 (+
/V

)

#10-6

 dR/dVg (#3.7#10-8)
Unbal Vext=0.889V

Unbal Vext=0.891V

Bal Vext=0.889V

Bal Vext=0.891V
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4.9.4 Reduction of Parasitic Nonlinear Effects by Noise-

Temperature Matching

As hinted at in Subsection 4.9.2, we have some flexibility in tuning the TN,in parameter.

While we cannot tune the input-side noise that the first-stage LNA produces without

varying the temperature of the LNA, we can insert attenuators between the sample

and the LNA that will produce their own thermal noise, both in the direction towards

the sample and towards the LNA. Because the attenuators are a Π-circuit of resistors,

they must be placed between the diplexer and the first-stage LNA; otherwise if they

come before the diplexer, they will interfere with the low-frequency operation and mea-

surement. This arrangement is illustrated in Fig. 4.30. Attenuators typically come in

discrete steps of no smaller than 0.5 dB, thus not allowing us to continuously vary TN,in

without implementing a controlled heating or cooling mechanism for the attenuators.

To be able to switch the attenuators in situ, the coaxial cables transporting the Johnson
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Figure 4.30: Circuit schematic of using attenuators to tune TN,in.

noise from the sample to the cryogenic LNAs must exit the cryostat into ambient condi-

tions; thus, the setup we have implemented with the VTI cryostat where the LNAs sit

in an external nitrogen dewar is especially amenable to this, at the cost of a minimum

bound of TN,in ∼ 21K. Table 4.3 summarizes the approximate values TN,in achieves for

various values of attenuators on the VTI cryostat.

Attenuators in VTI

Attenuation (dB) 0 0.5 1 2 3 4

TN,in (approx.) (K) 22 45 80 125 160 185

Table 4.3: Comparison of TN,in values for different attenuation strengths.

4.10 Gate Line Noise Amplification

Section 4.2 summarized filtering strategies for reduction of noise from quasi-DC signals

and methods to verify the filters are functioning as intended. However, there is a
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very subtle method by which external noise may avoid detection by the experimentalist

and corrupt the thermal conductance measurement. If there are voltage fluctuations

present on the gate electrode of an unbiased two-terminal graphene device, they will

induce fluctuations in the electron density of the graphene, which would propagate as

a common-mode signal along the coaxial lines and be rejected by the hybrid coupler

(alternately on a single-ended measurement, they would not propagate at all, generating

no voltage drop across the device). They would not be measurable as spikes, jumps, or

offsets in the DC noise.

However, with an applied biasing current across the channel, now these voltage fluctu-

ations on the gate electrode will cause voltage fluctuations to develop across the channel

by modulating the sample resistance, acting analogously to a MOSFET amplifier. This

is illustrated in Fig. 4.31.

This effect causes the noise of the channel to increase with the bias current squared,

which exactly resembles noise from heating, except the excess noise is amplified noise

rather than intrinsic Johnson noise. It appears as though the channel is heated to a

higher temperature than it is actually is, generating the illusion of reduced thermal

conductance.

We demonstrate this effect using a graphene device with a bottom graphite gate,

separated from the graphene channel by a 45 nm thick h-BN dielectric. To demonstrate

how sensitive our measurement can be to noise on the graphite gate, we still use filters

outside the cryostat for the main graphite gate line, and instead we remove filters from

either the silicon gate line or the sample package heater lines, which run along the

graphite gate line on the cryostat probe, and which capacitively or inductively couple

their own noise into the graphite gate line. The silicon gates only the narrow strip of

graphene between the graphite gate and the metal contacts and is separated by 1-micron
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Figure 4.31: Bias-point for a FET amplifier. Under a constant applied bias current (voltage),
changing the gate voltage changes the source-drain voltage (current). Small gate modulations
can be transmitted or amplified into the channel voltage (current) modulations. Image adapted
from Ref. 213.

169



-0.05 0 0.05 0.1 0.15 0.2
Vg(V)

0

2

4

6

8

Ap
pa

re
nt

 L
/L

0

Constant "T/T = 1.5%
(b) With filters

No Si gate filter
No heater filter

-0.05 0 0.05 0.1 0.15 0.2
Vg(V)

2000

3000

4000

5000

6000

7000

R
 (+

)

Constant VSD=8mV

(a) With filters
No Si gate filter
No heater filter

-0.05 0 0.05 0.1 0.15 0.2
Vg(V)

0

0.5

1

1.5

2

N
oi

se
 2

f m
od

ul
at

io
n 

(W
)

#10-7 Constant VSD=8mV

(c) With filters
No Si gate filter
No heater filter
Amplified gate noise model

-0.05 0 0.05 0.1 0.15 0.2
Vg(V)

0

0.5

1

1.5

2

2.5

N
oi

se
 2

f m
od

ul
at

io
n 

(W
)

#10-7 Constant ISD=27A

(d) With filters (simulated)
No Si gate filter
Amplified gate noise model

Figure 4.32: (a) Resistance vs gate voltage. (b) Apparent Lorenz ratio. With filters (blue)
the Lorenz ratio is significantly above 1. Without filtering on lines (Si gate: red; heater: yellow)
adjacent to the graphite gate, the apparent Lorenz ratio is suppressed. (c) Noise modulation
at 2f , for constant sample VSD bias at 1f . With filters (blue) the noise modulation is from
heating. Without filters (red, yellow) on lines adjacent to th gate, the measured noise modulation
includes amplified gate noise. Purple: amplified noise model described in the text. (d) Red:
noise modulation at 2f , for constant sample ISD bias at 1f , with filters (blue, simulated) and
with no filter (red) on the the adjacent Si gate line. Purple: amplified noise model described in
the text.
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oxide; thus, any noise on it has very little direct effect on the JNT measurement.

Since we are using an AC-modulated biasing current, the excess amplified gate noise

appears as an AC modulation of the total noise. Fig. 4.32(a) shows the measured

resistance during this measurement. The resistance is almost unaffected as the filtered

and unfiltered curves coincide. Panel (b) shows the apparent Lorenz ratio, both for fully

filtered (blue) and a noisy (red, yellow) graphite gate line. The noisy gate line causes the

apparent Lorenz ratio to become strongly suppressed due to the excess noise. Panel (c)

shows the corresponding measured noise modulation for the filtered and unfiltered cases;

here, the sample is current-biased with feedback to achieve a constant 8 mV voltage drop

to allow a more direct comparison of amplified gate noise across the gate range. With

filters, the noise modulation is small, consistent with the large apparent Lorenz ratio in

panel (b). Conversely, without the filters, the noise modulation is significantly larger.

Panel (d) is similar to panel (c), but shows the noise modulation for a constant bias

current of 2µA; here the noise modulation for the filtered case is simulated since the

filtered variant was not measured for constant current biasing.

The voltage fluctuations from this amplification effect may be modeled in the follow-

ing way. Consider the graphene device biased with ISD; then the voltage across the

electrodes is VSD = ISD × R(Vg) where R(Vg) is the resistance as a function of gate.

Taking the derivative and rearranging, we get

dVSD = ISD × dR

dVg
× dVg. (4.62)

The amplification factor of this transistor is G = ISD × dR/dVg which achieves a max-

imum of about G = 0.15 for the 2µA bias used in Fig. 4.32(d). The noise power

N generated in the channel by this effect is proportional to the square of the voltage
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Figure 4.33: Simulation of I − V curve for modulations of the gate voltage. If the current is
held fixed (by e.g. an external current bias), the gate modulation causes voltage modulations.

fluctuations dVSD; thus we get

Namplified gate ∝
(
ISD × dR

dVg

)2

. (4.63)

In this model, there are no current fluctuations as we are assuming the current is ex-

ternally fixed (Fig. 4.33), but, if this were the case, these fluctuations would have

infinite differential resistance and thus not be impedance matched to the JNT ther-

mometer. In reality, there must still be some current fluctuations creating an effective

finite impedance and thus coupling to the JNT thermometer. Without knowing the

rms noise voltage on the gate, we cannot quantify the amplified current or voltage

fluctuations. Here, the impedance matching is not determined by the conventional dif-

ferential resistance so we also cannot estimate the coupling. Nonetheless, if we take

this simple model and scale the noise power uniformly, we get a reasonable agreement

with the data. The purple circles in Fig. 4.32(c,d) plot the results of this model. The

slight disagreement with the data is possibly a result of this impedance matching being

modulated with the gate voltage.
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There is no way to distinguish this noise from heating noise, and thus there is no way

to ascertain whether this effect has been fully mitigated. Even if every line is filtered

at room temperature, the gate lines on the cryostat are typically made of resistive wire

and thus may generate a non-insignificant amount of their own Johnson noise. Since

this effect scales as ∝ (dR/dVg)
2, increasing the gate dielectric thickness very rapidly

diminishes this effect. In cases where the gate dielectric cannot be made thick enough,

such as with graphite gates separated by typical h-BN thicknesses of 30–60 nm, we can

install cold low-pass filters on or directly next to the sample PCB, to filter out the

Johnson noise from the span of gate line between room temperature and the sample.

A demonstration of this is shown in Fig. 4.34, where two cold low-pass filters with a

15 MHz cutoff frequency (Coilcraft S3LP156L surface mount LC filters) are glued onto

the sample PCB and wirebonded into the gate lines.

4.11 Outlook and Conclusion

In this Chapter, we have thoroughly covered the JNT techniques that developed dur-

ing the work of this dissertation. The focus of the techniques was to reduce effective

background noise that degrades precision, as well as finding and mitigating parasitic

modulation effects that degrade accuracy. A significant effort went into discovering

and understanding the details of many techniques in this Chapter; with this, we hope

the hard work has been done, and the technique is now mature enough to produce ac-

curate results. We hope that future noise experiments will take full advantage of the

richness of the JNT techniques presented here

Of course, there is always room for improvement, and here we suggest some ways in

which our RF JNT technique can be further improved:
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Figure 4.34: Optical micrograph showing two low-pass filters connected to the gate lines at
the sample PCB, filtering out any Johnson noise from the gate line itself.
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1. Traveling wave parametric amplifiers (TWPAs)214–217 and the similar Josephon

parametric amplifiers (JPAs)218 are a new class of Josephson-junction-based

RF amplifiers that can achieve quantum-limited noise temperatures of ∼500–

600 mK, nearly an order of magnitude lower than conventional low-noise semi-

conductor HEMT amplifiers. Implementing these into the circuit can significantly

reduce the noise temperature.

2. Ultra-low-loss coaxial cables made with porous PTFE dielectric, which also typ-

ically have a full copper inner conductor with silver plating, can further reduce

attenuation on long cable runs between the sample and the LNAs, helping to

reduce the effective TN,in parameter and thus the sample-nonlinearity-induced

noise modulation.

3. PCBs made with Rogers Duroid or other low-loss dielectrics can help further

reduce the background gain, allowing the JNT to operate at high accuracy over

an even higher range of resistances.

4. The SR830 lock-in amplifier has a harmonic distortion of 1 × 10−4, which can

sometimes present a problem in quantifying the sample nonlinearities under AC

bias when the bias must be small, such as at very low temperatures, in order to

keep ∆T/T0 small. Perhaps some new instrument or method, such as a Wheat-

stone bridge configuration, may overcome this limitation.

5. Digital noise measurements have an advantage over analog power-detection noise

measurements in that arbitrary noise measurement bands may be chosen. Us-

ing the parametrically stretched matching circuit described in Subsection 4.4.4,

a digital noise measurement method can continuously switch between different
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bands depending on the sample resistance and matching map in the (R, f) plane,

or it can use several matching bands separated in frequency to surpass the resis-

tance width of the nominal impedance matching functional form in Eqs. 1.16

and 4.6. The primary goals would be to either (1) switch between different

impedance matching resistance points in situ with a single matching circuit, or

(2) make the G(R) function as flat as possible in order to reduce the derivatives

dG/dR, d2G/dR2 that enter into the nonlinearity-induced noise modulation.
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It is more important to have beauty in one’s equa-

tions than to have them fit experiment.

Paul Dirac

5

Hydrodynamic Thermal Conductivity
The kinematics of carrier-carrier collisions provides us a clear separation in

behavior of momentum relaxation and energy current relaxation. With the small Fermi

surface and thus absence of Umklapp scattering in graphene, carrier-carrier collisions

conserve the total momentum of the system and do not generate resistivity in the cor-
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responding transport sector. In contrast, because carriers will exchange energy during

collisions with each other, the energy current will not be conserved, and thus carrier-

carrier collisions increase the resistivity in this transport sector.

This behavior contrasts starkly with conventional Ohmic and ballistic transport,

where in most cases, energy current and momentum is relaxed at the same rate via

elastic collisions, leading to the Wiedemann-Franz (WF) law (see Section 1.4).

The clear separation of the energy and momentum transport sectors motivates us to

use the power of thermal conductivity measurements to search for and study hydro-

dynamics. As we shall see in Chapter 6, our thermal conductance measurements led

to the unexpected discovery of a novel thermal viscous effect never before observed in

electronic liquids.

The terms momentum and energy current have been purposely chosen to be vague,

as depending on which system in particular we are studying, they will correspond to

different physical observables. In this Chapter, we summarize the extensive theoretical

background about thermal conductivity and WF law breakdowns in graphene, discuss

geometric effects on the WF law, and present and analyze the results that were obtained

during this work. Finally, we offer an outlook for future experimental directions to

continue further understanding the hydrodynamic regime.

5.1 Theoretical Background: Hydrodynamic Breakdown of

Wiedemann-Franz

In a material with a single species of charge carriers that follow a quadratic dispersion

(sometimes called a Galilean-invariant electron system with mass m), for example bilayer

graphene (BLG) or a conventional semiconductor, where velocity is proportional to
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momentum via v⃗ ∝ p⃗, the total electrical current is exactly directly proportional to

the total momentum of the charged particles and is thus exactly conserved in a purely

hydrodynamic picture (no impurity or phonon for momentum relaxation). This can be

seen by defining the particle current J⃗n and similarly the charge current J⃗e:

J⃗n =
∑
i

v⃗i =
∑
i

p⃗i
m

(5.1)

J⃗e =
∑
i

ev⃗i =
∑
i

e
p⃗i
m
, (5.2)

where the sum is implicitly over occupied states i, with charge e.

Similarly, we can define an energy current

J⃗u =
∑
i

εiv⃗i =
∑
i

p2i
2m

p⃗i
m
, (5.3)

where ε = p2/2m is the band dispersion energy. However, the energy current is refer-

enced to the bottom of the band, and is thus not necessarily a physical quantity; we

want the thermal current for a physical observable, which tells us how energy is moved

around relative to the chemical potential µ, and is the one that actually contributes to

heating:

J⃗q =
∑
i

(εi − µ) v⃗i =
∑
i

(
p2i
2m

− µ

)
p⃗i
m

(5.4)

= J⃗u − µJ⃗n.

In the last line we have expressed the thermal current mathematically in terms of

the energy current and the particle current. Unlike the electrical current, there is no

corresponding conservation law, and thus the total thermal current will get relaxed by
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electron-electron interactions.

The observant reader might notice, however, that the J⃗n component of J⃗q is conserved.

This is related to the thermoelectric effect. As discussed in Section 3.9, the thermal

conductivity κ = κ̄ − Tα2/σ is defined under a thermal gradient with zero electric

current (maintained by an applied electric field); thus, only the J⃗u component of J⃗q

would be nonzero, and that component is fully subject to relaxation by carrier-carrier

collisions. It is a rather subtle point that J⃗u is completely relaxed by collisions and does

not have any overlap with conserved quantities; a solution of the Boltzmann equation

is needed to see this82,93.

So far we have only considered the case for one band, but BLG has both a parabolic

hole and electron band that touch at charge neutrality (see Fig. 1.2). If the condition

T ≪ TF is not satisfied, then we must consider bipolar thermal excitations and accord-

ingly sum over both bands γ = ±1 in each equation. Now, the total momentum and

electric current are no longer equal:

J⃗n =
∑
i,γ

v⃗i =
∑
i,γ

p⃗i
m

(5.5)

J⃗e =
∑
i,γ

qγ v⃗i =
∑
i,+

e
p⃗i
m

−
∑
i,−

e
p⃗i
m
. (5.6)

Away from charge neutrality, the momentum contributions to J⃗e will be biased from one

band; in other words, any electrical current will still have a nonzero total momentum.

For any arbitrarily small doping, the J⃗n component of J⃗e will be conserved by collisions,

leading to zero electrical resistivity82 without any other momentum relaxation mecha-

nisms such as impurity, phonon, or boundary scattering. The thermal current, whose

equations we skip here due to complexity, again has no conservation laws and will relax
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to zero.

Exactly at charge neutrality, the electrical current will be carried equally by holes

and electrons with no net momentum; thus, carrier-carrier collisions can now relax the

electrical current to zero since it is not protected by momentum conservation, giving

nonzero electrical resistivity. In contrast, the thermal current is carried equally by

thermally excited electrons and holes moving in the same direction; this transport mode

has net momentum and thus overlaps with the conserved momentum mode, allowing

zero thermal resistivity.

We now consider the case for a Dirac cone dispersion with strong doping, as in

monolayer graphene (MLG). Here, the energy is given by ε
k⃗
= ±ℏvF |⃗k| = ±vF |p⃗|. The

particle and charge currents are no longer defined with a mass. For a single band, we

have

J⃗n =
∑
i

v⃗i = vF
∑
i

p⃗i
|pi|

(5.7)

J⃗e =
∑
i

v⃗i = evF
∑
i

p⃗i
|pi|

. (5.8)

Surprisingly, we now find that these currents are no longer exactly conserved. However,

the particle and electrical currents still have a strong overlap with momentum and thus

have a large conserved component. If we assume a low temperature T ≪ TF and Taylor

expand |p⃗i| ≈ ℏkF + δpi
93, we get

J⃗n(e) = (e)vF
∑
i

p⃗i
|pi|

≈ (e)vF
ℏkF

∑
i

p⃗i(1−
δpi
ℏkF

). (5.9)

We thus see that in the degenerate limit, we recover current conservation by momentum

conservation; this results from the fact that for T ≪ TF , the curvature of a parabolic
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band vs a linear Dirac band is negligible for the small window kBT of energies that

contribute to transport.

The energy and thermal currents are written as

J⃗u =
∑
i

εiv⃗i =
∑
i

v2F |p⃗i| ·
p⃗i
|pi|

= v2F
∑
i

p⃗i (5.10)

J⃗q =
∑
i

(εi − µ) v⃗i = v2F
∑
i

p⃗i − µJ⃗n. (5.11)

The energy current is directly proportional to momentum (even when summing over

two bands). If we substitute Eq. 5.9 into 5.11 and neglect the difference between µ and

εF ,

J⃗q = v2F
∑
i

p⃗i − µ
evF
ℏkF

∑
i

p⃗i(1−
δpi
ℏkF

) =
v2F
kF

∑
i

p⃗iδpi, (5.12)

we find that the J⃗u part of J⃗q is exactly canceled by the conserved part of J⃗n, leaving a

small temperature-dependent portion that is now fully susceptible to relaxation, giving

thermal resistivity when measuring κ̄.

If we attempt to measure κ, however, we must set J⃗e ∝ J⃗n = 0, which would seemingly

cause the thermal current to be equal to J⃗u and thus be exactly conserved. However,

to set J⃗e = 0, we must apply an electric field to the sample, breaking the conservation

of momentum and thus of the energy current.

If we consider non-degenerate graphene, but still not at exactly the charge neutrality

point, the math is more complicated, but it can still be shown that the same results are

obtained, namely, relaxation of thermal current (finite thermal resistivity) and conser-

vation of electrical current (zero electrical resistivity)83.

Finally, if we consider monolayer graphene at charge neutrality, we will now find that
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the thermal current that is conserved and the electrical current is relaxed, analogously

to bilayer graphene83.

In real-life experiments, the presence of disorder in both types of graphene smears

out the singular behavior at charge neutrality, thus creating two distinct hydrodynamic

regimes. As a result, for a narrow region around charge neutrality, the Lorenz ratio

will be enhanced due to near-conservation of thermal current; and for higher densities,

the Lorenz ratio will be suppressed due to stronger relaxation of thermal current by e-e

scattering.

5.2 Non-Hydrodynamic Breakdowns of Wiedemann-Franz

Although we have shown that the dominance of carrier-carrier collisions in hydrodynam-

ics will lead to a breakdown of the WF law, conversely not all breakdowns indicate the

hydrodynamic regime. The WF law is derived using the Sommerfeld expansion under

the assumptions of elastic or quasi-elastic scattering and T ≪ TF , and consequently is

an approximation with correction terms of order O(T/TF )
2 54. Outside the degenerate

regime T ≪ TF , we already expect the WF law to be unsatisfied due to considerations

of bandstructure and scattering rate dependence on energy without invoking hydrody-

namic carrier-carrier scattering. In this section, we briefly review some of the effects

and mechanisms whereby this occurs, with the intent of ruling out these effects before

ascribing WF breakdowns to hydrodynamic origins. Refs. 86,87 provide a detailed

overview of these effects.

When both electrons and holes are simultaneously present in a system, their thermo-

electric effects can cancel out, allowing a significantly higher total thermal conductivity

κtot than just the arithmetic sum of the individual thermal conductivities κi. Mathe-
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matically, this effect can be written as180

κtot = κ1 + κ2 + T
σ1σ2

σ1 + σ2
(S1 − S2)

2 (5.13)

where the subscripts 1,2 denote the properties of either the electron or hole system by

itself, and S = α/σ is the thermopower. For a single charge carrier system, κ < κ̄ =

κ+Tα2/σ; in other words, an electrical potential gradient ∇⃗ϕ applied to maintain zero

electrical current for a κ measurement thermoelectrically always counteracts heat flow

induced by a thermal gradient ∇⃗T . For two species of charge carriers, the individual

electrical currents induced by ∇⃗T cancel out, requiring less (or none if fully cancelled

out) applied electric potential to maintain zero electrical current, thus increasing the

total thermal conductivity.∗ The degree to which the Lorenz ratio is raised above the

WF law depends wholly on the bandstructure, gap size, and energy dependence of the

scattering rates; detailed calculations are given in Refs. 87,180.

At elevated temperatures, in particular T ∼ TF or higher, the Sommerfeld expan-

sion54 no longer holds. The Fermi surface becomes strongly thermally smeared, causing

the system to behave classically following the Boltzmann distribution, and lowering the

Lorenz ratio to ∼ 6/π2 ≈ 0.686.

The final effect to consider is that of inelastic phonon scattering54,86. At low temper-

ature, impurity scattering is predominantly elastic, allowing the conservation of both

energy and charge during scattering, thus relaxing thermal and electrical currents at

the same rate and satisfying the WF law. At high temperatures, where electron thermal

energies are significantly higher than the maximum phonon energy, phonon emission or

absorption by an electron will change the electron’s energy by an amount much smaller
∗For exactly symmetric electron and hole bands, the thermoelectric effects cancel out, giving

κtot = κ̄tot = κ̄1 + κ̄2.
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than its typical thermal energy, thus effectively creating a quasi-elastic collision, and

satisfying the WF law to a good approximation. It is at intermediate temperatures

where phonon scattering becomes inelastic, significantly changing the electron’s energy

and thus relaxing thermal currents faster than electrical current. Here, the degree of

Lorenz ratio suppression is ultimately determined by the balance of inelastic phonon

scattering to impurity scattering, and the Lorenz ratio trends towards 0 or 1 in the limit

of low-disorder or high-disorder samples, respectively. Experimentally, the characteris-

tic crossover from inelastic to quasi-elastic phonon scattering typically occurs at around

1/10th of the Bloch-Grüneisen or Debye temperature68 (see also Subsection 3.1.2).

In interpreting any WF breakdowns as evidence for carrier-carrier scattering, we must

carefully rule out bipolar diffusion, bandstructure, and Fermi surface smearing effects if

we do not satisfy T ≪ TF . If we do satisfy T ≪ TF , then we must verify the temperature

is above the Bloch-Grüneisen temperature.

5.3 The Crossno Experiment

In 2016, Crossno et al.1 conducted an experiment measuring the thermal conductivity

of three graphene samples, the cleanest with a low disorder of nmin = 5 × 109 cm−2,

as was introduced in Section 1.4 and shown again in Fig. 5.1. The work indicated

that MLG entered into a hydrodynamic regime between 45 and 80 K, showing a strong

Lorenz ratio enhancement at the charge neutrality point that became less pronounced for

higher disorder samples. Additionally, the data showed a suppression of the Lorenz ratio

down to ∼ 0.4, but the authors did not discuss this in the context of hydrodynamics,

instead focusing mostly on the enhancement.

In this dissertation, as will be discussed in Section 5.5, we have measured an even
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Figure 5.1: (a) Colormap of measured Lorenz ratio in MLG, showing an enhanced Lorenz
ratio for n near 0 and from 45–80 K. (b) Linecuts of the Lorenz ratio vs temperature from three
devices; blue: least disordered; red: medium; green: most disordered. The large enhancements
have a sharp drop-off on both the high and low sides. (c) Thermal conductivity of the medium-
disorder device vs temperature at charge neutrality, showing a non-monotonic behavior with
peak. (d) Same as (c) but for small hole-doping; the peak is gone. Figure from Ref. 1.
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cleaner MLG sample with a graphite gate, showing an arbitrarily large apparent en-

hancement of the Lorenz ratio. The differential noise upon heating decreased to zero,

and then became negative, appearing as “negative” thermal conductance. This was un-

physical and led to us eventually discovering the nonlinearity-induced noise modulation

effect, as was described in Section 4.9.

The experiment by Crossno et al.1 was unaware of the nonlinear effect directly, and

they did not measure negative differential noise. However, we believe their device was

also sensitive to this nonlinearity-induced noise modulation effect, although to a partially

lesser extent than our graphite-gated device due to their much larger dielectric thickness

to the silicon backgate. They also used single-ended biasing instead of symmetric bias-

ing, likely increasing the effect of the nonlinear noise modulation (see Subsection 4.9.3).

If a graphene device already has a relatively higher thermal conductivity, it will exhibit

a relatively smaller noise heating signal; thus, any additional nonlinearity-induced noise

modulation effects will become significantly more pronounced. For a 20-fold enhance-

ment of the Lorenz ratio and a corresponding 20-fold decrease in the noise modulation

due to heating, it is significantly easier for small nonlinearity-induced noise modulations

to dominate the heating signal.

While some theorists2,83 have qualitatively explained the very high Lorenz ratio in

a hydrodynamic Dirac fluid in graphene, a later and more careful re-examination by

other theorists87 has brought into question the sharp temperature dependence of the

Lorenz ratio (Fig. 5.1(b)), nominally understood as coming from the hydrodynamic

window in temperature. In Crossno’s experiment1, the measured Lorenz ratio shows a

sharp peak in temperature from 45–80 K, decreasing rapidly for temperatures outside

the hydrodynamic window, due to dominance of impurity and phonon scattering at the

lower and higher temperature bounds, respectively.
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Figure 5.2: (a,c) Electrical and (b,d) thermal conductivity of the Dirac fluid in graphene,
as a function of density (a,b) and temperature at n = 0 (c,d). Red circles are the data from Ref
1, and blue lines are the theory of Ref. 2. Figure from Ref. 2.

The authors of Ref. 87 state that the theory in Ref. 2 was not able to explain or fit

the data despite having 6 free parameters in the theory, as shown in Fig. 5.2. However,

the authors of Ref. 2 did not perform an exhaustive statistical fit to obtain the optimal

values of their 6 parameters; instead they only showed that some choice of parameters

close to the optimum provided excellent qualitative, and nearly quantitative, agreement

with the experimental data. The authors of Ref. 2 non-perturbatively considered the

role of inhomogeneity stemming from charge puddle disorder, citing it as critical to ex-

plaining the shape of the measured electrical conductivity vs density. Within the Dirac

fluid regime, the thermal conductivity prediction matches the density and temperature

dependence very well; however, the predicted dip in electrical conductivity is narrower

than the experiment, and it does not predict the observed low-T disorder-limited satu-

ration of σ at 0.3 kΩ−1 ≈ 7.7e2/h.
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The authors of Ref. 2 also did not include the effects of phonons in their main hy-

drodynamic calculation, and thus their main theory does not address how the Lorenz

ratio or thermal conductivity behaves as a function of temperature when phonon scat-

tering enters at high-T . In other words, since their theory does not include phonons, it

cannot predict the sharp decrease of the Lorenz ratio seen in Crossno’s experiment1 at

T = 80K. However, Ref. 2 does include a brief phonon calculation using a perturbative

approach to the charge puddles, showing qualitatively that indeed, the thermal conduc-

tivity can behave non-monotonically with temperature, decreasing as the phonons start

dominating.

Due to the presence of acoustic and optical phonons and their unknown exact defor-

mation potentials and temperature power laws, an all-encompassing numerical theory

that accurately considers impurity scattering, similar and dis-similar carrier scattering,

and all the varieties of phonons at high-T is a significantly challenging task that has

not yet been undertaken.

The authors of Ref. 87 started from the presumption that the Crossno graphene

samples were not exhibiting Dirac fluid hydrodynamics, and only attempted to explain

the data qualitatively via the presence of charge puddle disorder, impurity scattering,

and a bandgap. The authors of Ref. 87 showed that a non-interacting zero-bandgap

theory cannot explain the observed data in the Crossno experiment, but they also did

not explicitly check whether adding electron-hole scattering, as would be present in

the Dirac fluid, would change their predictions at zero gap to match the data. They

further criticized the Dirac fluid interpretation of the Crossno data, noting that the

measured minimum conductivity of ≈ 7.7e2/h at the charge neutrality point is far

higher than the theoretically predicted universal Dirac point quantum conductivity

of 4e2/πh ≈ 1.27e2/h at charge neutrality, citing the higher conductivity as a sign of

189



transport being dominated by electron-hole puddles rather than universal hydrodynamic

scattering. However, Refs. 1,2 had already explicitly accounted for the charge puddles

non-perturbatively, so the increased conductivity is already consistent with a charge-

puddle-disordered Dirac fluid picture in their theory.

The inequality Tph ≫ T ≫ TF ≫ Tpuddle, where Tph ∼ TBG/5 is the effective temper-

ature where phonon scattering becomes significant, is given in Ref. 87 as a condition for

the existence of the Dirac fluid. However, it is slightly incorrect in that the existence

of the Dirac fluid should be measured at charge neutrality where TF ∼ 0; thus we do

not require TF ≫ Tpuddle (in fact, this condition would create doped graphene), but

instead we require both T ≫ TF and T ≫ Tpuddle to ensure strongly coexisting elec-

trons and holes. These conditions are easier to achieve than the conditions suggested

by Ref. 87. As additional concrete counterexamples, other electronic hydrodynamic

experiments61,62,71,73,74,81 as well as this dissertation show that hydrodynamic effects

for doped graphene do indeed occur for T > Tph.

We can investigate the data used in the Crossno experiment more closely. Fig. 5.3

shows the measured resistance vs density for the calibration measurement done under

low bias power for minimal heating, and for the thermal conductivity self-heating exper-

iment done under an especially high power to maintain a given fixed temperature rise,

even in the case of high thermal conductivity. The resistance data shows the typical

cat-ears pattern that we have observed on other devices. The resistance measured dur-

ing the self-heating is strongly suppressed relative to the low-power data, especially at

the charge neutrality point, indicative that the device was exhibiting very strong I − V

nonlinearity coming from the temperature dependence of the resistance. The contribu-

tion of the nonlinear terms to the measured resistance at 1f was shown in Eq. 4.57,
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Figure 5.3: Measured resistance of the sample during the Crossno experiment. The red data
indicates the resistance measured during the low-power calibration, and the blue data indicates
the resistance measured during the high-power self-heating measurement.

reproduced here:

V1f = R1I0 +
3

4
R3I

3
0 + · · · [sin(ωt)]. (5.14)

The strong suppression of the the resistance stems from a large negative R3 term. We

can thus estimate that the peak value was about R3 ≈ −1.58 × 1012V/A3. Unfortu-

nately, we cannot measure the TN,in value from the raw calibration data, because the

apparent TN,out and/or TN,in values have a very strong resistance dependence, as shown

in Fig. 5.4; however, based on other similar experiments we have done, we would esti-

mate TN,in ≳ 100K. Importantly, we expect that because the apparent TN,out and/or

TN,in vary so strongly with resistance, the change in noise measured during the Crossno

gate-voltage calibration was also affected by this skewing the calibration even further,

as indicated by the third term, where TN is an effective combined amplifier noise tem-

perature:

∆N =
∂N

∂T

∣∣∣∣
R

∆T +
∂N

∂R

dR

dT
∆T +

∂TN

∂T

dR

dT
∆T. (5.15)
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Figure 5.4: (a) DC noise vs resistance for the set of temperatures measured in the Crossno
experiment calibration. (b) Corresponding linear fits of DC noise vs temperature for fixed
resistance.

Fig. 5.4(b) shows that the linear fits do not have an apparent common intersection at

any reasonable temperature, in contrast to Fig. 4.23.

Next, we can also examine the calibration data in the (T, Vg) space. The gain in

the Crossno experiment was computed from dN

dT
, as in Eq. 5.15, rather than ∂N

∂T

∣∣∣∣
R

.

Fig 5.5 shows the comparison of the constant-gate-voltage gain value used in the Crossno

experiment in panel (c) (scaled by 2 to match the convention used in this dissertation),

with the constant-resistance gain ∂N

∂T

∣∣∣∣
R

in panel (d). The ratio of panel (c) to panel

(d) is shown in panel (f), and the two are only equal where dR

dT
∼ 0 (panel (b)).

Due to the very strong temperature dependence of the resistance, however, neither

of these quantities correctly converts between the AC noise modulation and the AC

sample temperature modulation (see Eqs. 4.45 and 4.54). Panel (a) shows the measured

resistance, and panel (e) the reported Lorenz ratio, for reference to the other panels.

The difference between the dN

dT
calibration and the ∂N

∂T

∣∣∣∣
R

calibration indicates qual-

itatively how strong of an effect the temperature dependence of resistance, compared
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to the heating, will have on the noise modulation. Here, the temperature dependence

of resistance increases dN

dT
by about 75% for the calibration, which theoretically has an

even larger effect in self-heating (see Subsection 4.5.2 and Eq. 4.45).

To conclude and summarize this section, we have shown that the results from the

Crossno experiment1 for the Lorenz ratio are likely plagued by nonlinearity-induced

noise modulation, and thus we should likely interpret the Lorenz ratio enhancement as

qualitative rather than quantitative, with the true Lorenz ratio likely being significantly

lower. This may bring into question the results of the Dirac fluid, as bipolar diffusion

is predicted to be able to produce Lorenz ratio enhancement in graphene on the order

of 2-487,180.

Additional experiments on ultraclean graphene devices are needed to confirm or rule

out the presence of the Dirac fluid. However, these experiments are difficult to perform

because clean graphene samples, especially those using graphite gates, have very strong

nonlinearities that can modulate the noise; thus, extreme care must be taken in verifying

the noise signal is unaffected by them. One potential workaround is to use non-local

noise thermometry to measure thermal conductance174.

5.4 Hydrodynamic Geometrical Effects

So far, we have been concerned with measuring the thermal and electrical conductivities

of graphene as intensive, 2D “bulk” properties in order to compute the Lorenz ratio.

However, due to the effects of viscosity, transport in hydrodynamics inherently becomes

non-local, no longer obeying Ohm’s law, as was described in Section 1.3. The conduc-

tivity σ is no longer defined, as the electrical conductance is a function of the boundary

geometry rather than the bulk geometry.
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Consider the flow of a fluid through a capillary or tube, as studied by Poiseuille177.

There is no analog inside the tube of phonon scattering or impurity scattering as a

mechanism of momentum relaxation; all the resistance to the fluid comes from the

boundaries due to the no-slip boundary condition, and is transferred to all elements

of the fluid through viscosity. In this case, the flow impedance for the fluid scales as

∝ ν/r4, where ν is the viscosity and r is the tube radius. In a 2-dimensional electronic

hydrodynamics analog, the electrical conductance of a rectangle, or a constriction, scales

as ∝ w2, where w is the width, as has been verified experimentally62. This contrasts

with Ohmic flow, where Gel ∝ w.

However, when measuring the thermal conductance in a hydrodynamic material,

specifically Gth,ex for a rectangle between a hot (external heating) and a cold side (no

self-heating), there is no no-slip condition on the thermal current at the boundary, and

likewise there is no thermal viscosity, as thermal current is not a momentum current.

The thermal current continues to follow Fourier’s law J⃗q = −∇⃗T , and the thermal

conductance of a rectangle will scale as ∝ w.

It is thus clear that for a perfectly hydrodynamic sample, the ratio of Gth,ex to Gel

could be made arbitrarily small or large by choosing an appropriately wide or narrow

sample, respectively. This “experimentalist’s Lorenz ratio” will then differ quite signif-

icantly, and might even be unrelated to, a “theorist’s Lorenz ratio”. Many theorists,

when calculating the conductivities σ, κ of a hydrodynamic material, assume an infi-

nite sample with no boundaries, and then they add in a small amount of momentum

relaxation from impurity or phonon scattering to regularize the conductivity to a finite

value82,83.

In practice, no graphene samples are purely hydrodynamic. They will always ex-

hibit some amount of impurity or phonon scattering and thus will have a finite bulk
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conductivity. However, when measuring a sample in the lab, it is difficult to measure

how much of the resistance comes from impurity/phonon momentum relaxation, and

how much of it comes as viscous resistance through the no-slip boundary conditions.

Starting with a perfectly Ohmic sample, we can imagine slowly turning on the hydro-

dynamics, and observing deviations of the Lorenz ratio from 1 that are indicative of the

onset of hydrodynamics. However, because it is not an infinite sample, it is no longer

clear whether the measured Lorenz ratio would increase or decrease as predicted for the

infinite sample.

In this dissertation, however, we are primarily focused on measuring the thermal

conductivity via self-heating rather than connecting the sample between a hot and

cold reservoir. In self-heating, the question of what we measure becomes even more

complicated, because of (1) the non-uniformity of viscous heat dissipation and (2) the

modified weighting of the hydrodynamic Johnson noise temperature, as described in

Section 3.8.

Nominally, the self-heating in a viscous rectangle produces a measurement of R and

κ176:

∆TJN,hydro =
L

W

V 2

R

1

12κ
· f(L/W,λ/W ), (5.16)

where f is the viscous correction factor, with a minimum value of ∼ 0.6 in the fully

viscous regime176. In contrast, the external-heating setup measures R and Gth,ex. How-

ever, κ and Gth,ex are related by the simple geometrical factor L/W ; thus, aside from

the correction factor f , the self-heating and external heating experiments ultimately

provide the same information.

In a Corbino, the viscous resistance comes from fluid element reshaping and shear-
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ing58, rather than from viscous boundary drag as in the rectangle.

Although we know what the theorist’s bulk Lorenz ratio should be for σ, κ in an

infinite sample with nonzero momentum relaxation, there is yet no all-encompassing

theoretical calculation that predicts how the Lorenz ratio behaves for finite-sized samples

with mixed Ohmic-hydrodynamic transport. Such a calculation would involve several

parts, each of which has been done individually:

1. Calculating the viscosity ν from the electron-electron interaction rates γee and

the bandstructure. This has been done recently for electrons in 2D63,219.

2. Calculating the total sample resistance as a sum of viscous drag and momentum

relaxation effects using the respective parameters ν and γmr. This has already

been done recently for both the rectangle65,220 and Corbino59,220 geometry.

3. Calculating the value of the thermal conductivity based on the momentum relax-

ation rate and the electron-electron scattering rate. Such a calculation has been

nominally already done in Ref. 89 for the ratio κ/σT .

4. A calculation of the Johnson noise for the heated mixed Ohmic-hydrodynamic

system, as a function of sample resistance R and thermal conductivity κ. This

calculation has very recently been done in Ref. 176.

Until only very recently, we have generally interpreted our Lorenz ratio results in the

context of the bulk or infinite-sized sample predictions. We do not yet know exactly

how the Lorenz ratio is expected to behave in a finite-sized sample in the transition to

hydrodynamics. Furthermore, it is likely that the Corbino and rectangle will produce

different results for the hydrodynamic Lorenz ratio, as the electronic viscous resistance

mechanism differs between the two geometries. It has been shown that for fully hydro-
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dynamic flow, the viscous correction factors for heating and Johnson noise are different

between the rectangle and Corbino geometries59.

5.4.1 Behavior of the Experimentalist’s Lorenz Ratio

Here, we perform a rough calculation to estimate the experimentalist’s Lorenz ratio

in a rectangle for a hydrodynamic electron liquid. Our goal is to determine how the

combination of electrical geometric resistance being changed by viscous effects, and

thermal conductance being decreased by electron-electron scattering, affects the Lorenz

ratio as we transition from Ohmic to hydrodynamic flow.

The viscosity of electrons in 2D is given by63

ν =
1

4
v2F

[
τ−1
2,ee + τ−1

2,0

]−1
, (5.17)

where τ−1
2,ee is the relaxation rate of the second moment of the electron distribution

function due to only e-e scattering,† and τ−1
2,0 is the same rate due to only disorder

scattering. The rates add, and thus, viscosity is determined by larger of the e-e or

disorder relaxation rate. For simplicity, we consider that τ2,i ∼ τi, i.e. that the generic

scattering rate is the same as the relaxation for the second moment; likewise τ2,0 ∼ τmr.

The bulk electrical conductivity is σ0 =
ne2τmr

m
, unaffected by momentum-conserving

e-e scattering. The electrical resistance of a rectangular hydrodynamic sample, however,
†Relaxation rate of the second moment is defined as the relaxation rate of the ∼ e2iϕ har-

monics of the distribution function, where ϕ is the single electron velocity angle63.
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is given by220

R =
L

W

1

σ0

1

1− 2
w tanh w

2

(5.18)

w =
d

lG
, (5.19)

where d is the channel width and lG =
√
ν/γmr is the Gurzhi length, and γmr = 1/τmr.

Finally, the bulk thermal conductivity is given by89

κ = σ0 T
π2

3

(
kB
e

)2 τ−1
mr

τ−1
ee + τ−1

mr
, (5.20)

which scales geometrically to the bulk thermal conductance via W/L.

Finally, combining Eqs. 5.17, 5.18, and 5.20, we calculate the predicted measured

Lorenz ratio:

L
L0

=
γmr/ (γee + γmr)

1−
[

d
vF

√
(γee + γmr)γmr

]−1
× tanh

(
d
vF

√
(γee + γmr)γmr

) . (5.21)

For simplicity, we ignore the viscous noise correction factor f from Eq. 5.16 as it is

an O(1) correction. The numerator of Eq. 5.21 corresponds to the intrinsic reduction

of thermal conductivity from e-e scattering, and the denominator corresponds to the

increase of electrical resistance due to viscous drag at the boundary. In fact, the cor-

rection factor f from Eq. 5.16 will only be significant if the denominator of Eq. 5.21

differs strongly from 1, which would only happen when lG is comparable to or larger

than d. We plot Eq. 5.21 as a function of γee for a typical set of experimental param-

eters, γmr = 5 × 1012 Hz and d = 5µm, as the red curve in Fig. 5.6. We also a plot

a blue curve with more extreme parameters, γmr = 2 × 1012 Hz and d = 1.5µm, as a
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Figure 5.6: Theoretically calculated experimentalist’s Lorenz ratio, from Eq. 5.21, using the
parameters shown in the legend for each curve.

comparison. For the red curve, the denominator has a small correction from 1 for low

γee, giving L/L0 → 1.04, and it trends closer to 1 as γee increases. In contrast, for the

blue curve, the denominator is significantly affected by the extra viscous drag, increas-

ing the electrical resistance by up to ∼ 50%. In both cases, however, the behavior of

the function is significantly dominated by the numerator, corresponding to the intrinsic

reduction of thermal conductivity from e-e scattering and giving a Lorenz ratio strongly

suppressed below 1. We conclude that for reasonable experimental parameters, we may

see a slight increase of the Lorenz ratio above 1 at low-T , but the onset of strong e-e

scattering at higher-T will diminish the viscous drag effect (by shrinking the Gurzhi

length) and significantly reduce the measured Lorenz ratio, indicating that we should

be able to observe a hydrodynamic Lorenz ratio suppression experimentally.

In the next section, we present experimental results measuring the Lorenz ratio in

monolayer graphene to see if we can observe the aforementioned suppression.
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5.5 Monolayer Graphene: The Inconsistent Picture

We have measured the Lorenz ratio in monolayer graphene in several devices over sev-

eral generations of noise measurement techniques. All measurements were performed

with constant-R calibration, but the early measurements did not take into account the

nonlinearity-induced noise modulations or the gate-line-noise-amplification effect. We

will present data from both Corbino geometry and rectangle geometry.

To perform the thermal conductance measurements, we generally use a feedback

algorithm on the measured AC temperature rise ∆T in order to maintain a constant

∆T/T0 ratio, typically about ∼ 1− 2%.

5.5.1 Disorder Characterization

Because we expect the degree of disorder to affect the low-T bound of the hydrodynamic

window, we wish to characterize device disorder in a consistent way between devices.

One method to do this is by extrapolating the first linear regime on a log-log plot of σ

vs n to the minimum conductivity1,221, which estimates the width of the Dirac peak.

Fig. 5.7(a) shows an example of this residual density fitting analysis. The residual den-

sity indicates how much charge is present when the device is doped to average or global

charge neutrality. There will be contributions both from charge puddles16,17,222–224 and

from thermally excited carriers. Upon lowering temperature, the number of thermally

excited carriers is reduced until the charge puddle carrier density dominates, at which

point the residual density approximately saturates for further decreases in temperature.

This method of calculating disorder with the charge puddles describes the electric

potential inhomogeneity in the sample and is directly related to long-range Coulomb

scattering. However, the presence of uncharged crystal defects, such as substitutions or
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Figure 5.7: (a) Log-log plot of conductivity vs density (circles). The red line is n = 0 value,
and the purples line is the extrapolation of the linear regime in log-log. The intersection of the
two lines indicates the knee position at n0 (green dot). (b) Residual density vs temperature for
MLG1A (clean), and MLG1B (dirty), after it was removed and re-inserted into the cryostat.

lattice imperfections, creates short-range impurity scattering that is not characterized

by the charge-puddle method. Measuring short-range scattering is harder, as it will

affect only the mobility of the sample, which is also affected by charge puddles.

Nonetheless, the mobility is a good general characterization of sample disorder, but

it must be measured in a 4-terminal setup to avoid contact resistance effects. However,

we can still estimate it by techniques such as TLM15,22,173 for rectangle-shaped samples,

or magneto-resistance for Corbino samples. For a single rectangle device without TLM,

we can only provide a lower bound for the mobility due to the contact resistance.

5.5.2 Ultra-Clean Graphene without Dirac Fluid

We will first present the data for our cleanest graphite-gated device (MLG1). This device

was initially low-disorder (MLG1A) with n0,min = 4× 109 cm−2, but became disordered

upon removal and re-insertion into the cryostat (MLG1B) with n0,min ∼ 8 × 109 cm−2
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Figure 5.8: Left: Cross-sectional schematic of the MLG1 device, not to scale. Right: Optical
micrograph.

in the second thermal cycling, as shown in Fig. 5.7(b). The two different disorder levels

allow measuring the effect of disorder on the same exact device.

This device has a strip graphite back gate, with a h-BN/MLG/h-BN heterostructure

on top and sloping down off the graphite past the edges onto the SiO2 substrate. A

cross-sectional schematic and an optical micrograph are shown in Fig. 5.8. We used

the Si gate to set the regions not over the graphite gate to a high electron density

(n ∼ 1.7 × 1012 cm−2) in order to minimize contact resistance. Fig 5.9 shows the

resistance vs the graphite gate voltage, for a high positive and negative Si gate voltage.

We can identify a pattern in the contact resistance values at high density. We propose

there is a small region of the graphene immediately next to the metal contacts that is

n-doped by the metal; the other regions are the graphite-gated regions and the Si-gated

regions. The contact resistance is lowest when all regions have the same doping, n-n-n-

n-n. Introducing pn junctions, via an n-p-p-p-n or an n-n-p-n-n configuration, increases

the contact resistance. Finally, having four pn junctions in an n-p-n-p-n configuration

produces the highest contact resistance. For the measurements presented here, we
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Figure 5.9: Graphene pn junctions forming at the contact interfaces due to gate doping
polarity, for two values of the Si gate. The labels represent the doping polarity in regions of the
device: (adjacent to metal contact)-(gated by Si)-(gated by graphite)-(gated by Si)-(adjacent to
metal contact). Data from device MLG1B at T = 10K.

operate in the n-n-n-n-n regime to achieve lowest contact resistance on the electron-

doping side. Additionally, the Dirac peak in graphite gate voltage shifts with the Si

gate, corresponding to about 2% Si-gate electric field penetration through the graphite

due to incomplete screening.

During the original measurement of this device, we observed significant nonlinearity-

induced noise modulations as shown in Fig. 5.10. Panel (a) shows the measured zero-

bias resistance, at different temperatures, during a low-power calibration measurement.

Panel (b) shows the resistance during the self-heating experiment, subject to whatever

heating power necessary to maintain the target ∆T/T0. As the apparent Lorenz ratio

increases, indicating apparent high thermal conductance, the applied power increases;

the result is that the measured resistance decreases strongly due to heating and non-

linearity effects. It is impossible to tell what the relative contributions to the change
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Figure 5.10: (a) Resistance during low-power calibration. (b) Resistance during self-heating,
where higher power is used as necessary to maintain a target ∆T/T0. (c) Resulting apparent
Lorenz ratio.

in measured resistance are without an accurate measurement of the actual temperature

rise, which is degraded by the nonlinearity-induced noise modulation effect. Where the

measured heating signal was negative, the feedback look reduced the power, normalizing

the resistance again.

Panel (c) shows the apparent measured Lorenz ratio. For 25 and 30K, the measured

noise modulation goes towards zero (indicating a high thermal conductivity and Lorenz

ratio) before becoming negative, indicated an unphysical negative thermal conductance.

It is clear that a measured negative noise modulation must arise from the nonlinearity

effect, rather than true sample heating.

This device has the noise parameter TN,in = 55K. Thus, without measuring the

nonlinearity of the device, we can still trust the measurement around this temperature

due to the vanishing of the nonlinearity effect, as shown in Eq. 4.54.

In Fig. 5.11, we compare the resistance and Lorenz ratio for MLG1A and MLG1B at

50K, a temperature close enough to TN,in where the nonlinearity effects are insignificant.

Upon introduction of disorder, the peak in resistance decreased at 50K. In MLG1A,
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Figure 5.11: (a) Resistance for the clean and dirty versions of MLG1 at 50K. (b) Corre-
sponding Lorenz ratios at 50K, where the nonlinearity-induced noise modulation is insignificant.

the peak resistance of 12.7 kΩ was at 2K, corresponding to σ ≈ 1.39e2/h (ignoring

contact resistance), very close to the ideal 4e2/πh ≈ 1.27e2/h87; however, by 50K the

conductivity approximately doubles to σ ≈ 3.05e2/h.

In the clean version, surprisingly, the Lorenz ratio peak at charge neutrality is almost

exactly 1. Upon introduction of disorder, the peak in Lorenz ratio increases to 4. Most

of these behaviors are unexpected in the hydrodynamics context; both the value of the

Lorenz ratio at 50 K and the dependence on disorder are completely opposite to the

results of the Crossno experiment1.

The treatment of acoustic phonons in Ref. 2 suggests that cleaner samples have a

lower phonon cutoff temperature for hydrodynamics; while this may suggest that our

sample MLG1A was already above the phonon cutoff temperature at 50K, we find this

unlikely given the similar residual density to the Crossno experiment.

Unfortunately, the data at other temperatures for this device is unreliable due to
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corruption by the non-linearity effect, and thus we cannot investigate the temperature

dependence of the peak or absence thereof.

While there is a measured suppression of the Lorenz ratio for densities away from

charge neutrality, we cannot for certain ascribe this entirely to hydrodynamics, as we

cannot entirely rule out the effect of gate-line noise amplification except at n = 0 where

dR/dVg = 0, since this particular measurement did not yet use the cold-ground filter

for the gate line (see Section 4.10).

5.5.3 Correcting for Contact Resistance Effects via Dual-

Channel Measurement

In Section 3.7, we introduced the complicated effects of contact resistance on the ther-

mal conductance measurement, as well as a method to separately measure the contact

effective Lorenz ratio and the sample Lorenz ratio. The method involves using 2 devices

of different channel length to have different ratios of contact resistance to total resis-

tance,‡ and using the two obtained Lorenz numbers to calculate the Lorenz numbers of

the contact and graphene individually. The contacts and channel must be be as similar

to each other as possible, and so must be made at the same time from the same graphene

heterostructure. The mathematics of this procedure are described in Appendix C, and

here we show the results applied to sample MLG2. We denote the short and long

channel devices in this sample as MLG2S and MLG2L. The thermal conductance data

and optical micrographs for this sample was shown previously in Fig. 3.9, indicating at

which temperatures phonon cooling begins to dominate electronic diffusion cooling.

Fig. 5.12(a,b) shows the resistances of the short and long channels. Using the TLM
‡In this method, we assume the contacts are Ohmic barriers rather than non-linear Schottky

barriers, i.e. the electron side of the devices discussed herein.
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Figure 5.12: (a) Electrical resistance for MLG2S (3µm channel length). (b) Electrical
resistance for MLG2L (8µm channel length). (c) Contact resistance fraction, for MLG2S (blue)
and MLG2L (red), calculated via TLM. (d) Sheet resistivity calculated via TLM. (e) Mobility
calculated using sheet resistivity and n2
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0 + n2(Vg). (f) Residual density vs temperature

for sheet resistivity and for each device.
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method, we can further estimate the contact resistance fraction and sheet resistivity

of the devices, shown in panels (c) and (d). We find the contact resistance to be a

significant portion of the total resistance, indicating our approximation of Rc ≪ Rtot

may not be valid. Further, we see that the higher resistance on the hole side arises

entirely from contact resistance and p-n junctions, as the sheet resistivity is symmetric

for electrons and holes. Due to local inhomogeneity and the effect on transport, the

TLM method with only two points is not an extremely accurate measurement of the

contact resistance, but nonetheless it is likely to give us a reliable estimate.

From the electrical data, we obtain a low-temperature residual density of ∼ 5 ×

109 cm−2 (Fig. 5.12(f)), the same value as the Crossno experiment. We estimate the

mobility using σ = ntoteµ, where n2
tot = n2

0 + n2(Vg), with n0(T ) being the residual

density and n(Vg) is the net density induced by the gate. The mobility is shown in

panel (e), reaching an excellent high value ∼ 750, 000 cm2/Vs at low temperature.

Having established the disorder level via the electrical data, we move onto the thermal

sector. In Fig 5.13(a,b) we show the measured Lorenz ratio of the two individual

devices, limiting the data to 100K, as above that temperature, phonon cooling begins

to dominate for some densities (Fig. 3.9). Neither the short nor the long channel

exhibit any significant Lorenz ratio suppression; the exception is the hole-side on the

short channel at 100K, but we believe this may be a contact resistance effect. There

is a weak central peak in the Lorenz ratio that grows with temperature; however, it is

not strong enough to rule out bipolar diffusion. It is also possible the peak is caused by

a phonon-cooling contribution; as seen in Fig. 3.9, the short and long channel thermal

conductances are very close to each other above 40K, suggesting the phonon bath may

already be playing a significant role in thermalizing the electrons in the long channel.

Additionally, the peak splits into two peaks above 60K. This may be suggestive of a
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Figure 5.13: (a) Measured total Lorenz ratio for the short channel sample MLG2S. (b) Mea-
sured total Lorenz ratio for the long channel sample MLG2L. (c) Using the contact-resistance
model, we calculate the Lorenz ratio of the contact. (d) The Lorenz ratio of the sample, plotted
as the inverse Lorenz ratio [L/L0]

−1 which is proportional to the temperature rise. The gray
region marks L < 0 and is unphysical.
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bandgap; however, the electrical resistance data indicates the absence of any significant

bandgap, especially comparable to a 60K energy scale.

We now apply the method described in Section 3.7 and Appendix C to calculate

the sample and contact Lorenz ratios, assuming a value of α = 0.5. The results of

the calculation are shown in Fig. 5.13(c,d). Panel (c) indicates the Lorenz ratio of

the contact resistance; it is close to 1, but surprisingly has a temperature dependence

at small density (n ∼ 2 × 1010 cm−2) . Interestingly, the effective Lorenz ratio of the

contacts is higher than 1 at higher density, consistent with a ballistic transport picture

where contact resistance thermalization happens inside the metal contacts and does not

contribute to a temperature rise.

Panel (d) shows the resultant sample Lorenz ratio from the calculation, plotted as the

inverse Lorenz ratio [L/L0]
−1. Despite panels (a) and (b) not indicating any suppression

in the sample, this calculation indicates a Lorenz ratio suppression for electron-doping,

strongest at T ∼ 60K and n ∼ 4 × 1010 cm−2. The inverse Lorenz ratio reaches a

maximum value of ∼ 2.7, which is a Lorenz ratio of 0.37. The apparently increased

Lorenz ratio of the contact resistance appears to balance out the suppressed Lorenz

ratio in the sample for an overall measured Lorenz ratio close to 1.

Near charge neutrality, panel (d) indicates that with increasing temperature, the

sample Lorenz ratio trends toward infinity, indicating the increase in noise from the

sample trends towards zero. Beyond ∼ 20K, the calculation shows a negative noise

from the sample, which is unphysical; it possible that the influence of minor phonon

cooling affects the calculation. If we choose α = 0 in the model, the issue of negative

noise is mostly reduced, and below 100K, the inverse Lorenz ratio trends towards zero

but remains positive (see Appendix A). The difference between a small negative and a

small positive Lorenz ratio is in a sense a rather insignificant, as we can interpret it as
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a small error in the model.

Finally, for the hole side, the model calculates a negative inverse Lorenz ratio that is

not close to zero. In this regime, the model fails spectacularly, likely due the p-n junction

nature of the contact resistance. In a p-n junction, the I-V behavior is inherently non-

Ohmic, leading to a breakdown of our resistive mode based on Ref. 169. One such failure

mechanism can be that when the sample is current-biased, one of the contact resistances

has a much larger effective resistance than the other due to being reverse-biased; this

can make the temperature profile across the sample tilted with a curve, rather than

symmetrically peaked in the center. However, upon choosing α = 0 in the model, the

negative Lorenz ratio becomes positive and approximately 1 (see Appendix A).

It is unclear why the MLG1 device showed a total Lorenz ratio suppression, but

in MLG2 the contact resistance appeared to mask it. MLG1 had a low-temperature

resistance at n = 1 × 1012 cm−2 of 700Ω normalized to a 1µm width, and for MLG2

the value is 370Ω. MLG2 thus likely has lower contact resistance, but it is possible the

Lorenz ratio of the contacts is inconsistent between devices.

More experiments are needed to verify the plausibility of this model, ideally with three

or more devices with different channel lengths. However, the calculation for the sample

Lorenz ratio in the model qualitatively agrees with what we expect for hydrodynamics: a

suppression of L/L0 for small doping, and an enhancement of L/L0 at charge neutrality.

5.5.4 Thermal Conductance in the Corbino Geometry

We now turn our attention to thermal conductance measurements in the Corbino ge-

ometry. Interestingly, in the Corbino geometry, the potential drop associated with

the quantum Landauer-Sharvin contact resistance of the outer electrode is distributed

through the bulk of the sample58,80 due to propagating modes that are squeezed out and
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reflected into their time-reversed states. Counterintuitively, any heat dissipation from

this bulk-distributed contact resistance should still appear inside the metal contact, as

that is where the momentum of the squeezed-out electrons is ultimately randomized.

Unlike the rectangle geometry, the Corbino allows the measurement of thermal conduc-

tivity under an applied magnetic field due to the rotational symmetry. In Chapter 6,

we explore the measurement of thermal conductance as a function of magnetic field in

the context of a search for hydrodynamic effects in these Corbino devices.

Fig. 5.14 shows the data for two Corbino devices, MLG3 and MLG4. Panels (a)

and (d) show optical micrographs of the devices; the red arrow in (d) indicates which

Corbino was measured for the data shown here. In both devices, the bridge connecting

to the inner contact was insulated from the outer contact using HSQ dielectric. In

MLG3, the dielectric and bridge was deposited over the entire area of the channel to

improve homogeneity; the left optical micrograph shows the device before deposition of

the central contact bridge, and the right optical micrograph shows afterwards. Panels

(b) and (e) show the resistance vs density at several temperatures. Device MLG3

achieves a minimum of residual density at T ∼ 90 K with a value of ∼ 4.5× 1010 cm−2,

and MLG4 at ∼ 3.0× 1010 cm−2.

Fig. 5.14(c) and (f) show the measured Lorenz ratio for each device. In both devices,

the Lorenz ratio at low temperature is close to 1, with the exception of the common high-

density low-temperature enhancement that likely arises from ballistic effects. In Chapter

6, we show via magnetoresistance that the device indeed is ballistic at high-density and

low-temperature. As temperature increases to around 90K, for both devices, the Lorenz

ratio vs density develops a peak at charge neutrality, and a relative dip at a small density

of approximately 1.1 × 1011 cm−2. However, at progressively higher temperatures, the

behavior of the two devices diverges.
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Figure 5.14: (a) Optical micrograph of the MLG3 Corbino device. Left: the device just before
the final central contact deposition step; the dark region is the HSQ insulator. Right: after
central contact deposition, covering the entire channel. (b) MLG3 resistance vs density curves
for different temperatures. (c) MLG3 Lorenz ratio vs density curves for different temperatures.
(d) Optical micrograph of the MLG4 Corbino device; the red arrow indicates the device that
was studied. (e) Same as (b) for MLG4. (f) Same as (c) for MLG4.
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The peak of L/L0 at charge neutrality in MLG3 begins to decrease above 120K,

suggestive of the upper-temperature bound of the hydrodynamic window at charge neu-

trality as discussed in Ref. 1. However, the local minimum of L/L0 away from charge

neutrality concurrently develops into a suppression below 1, still becoming stronger at

200K, strongly suggestive of hydrodynamic behavior in a temperature window consis-

tent with previous experiments and theory61,62,69,72. Based on the data from device

MLG2 in Fig. 3.9, at a density of 1− 1.5× 1011 cm2, the electronic cooling still domi-

nates for a channel length of 3µm; the Corbino MLG3 has a channel length of 2.35µm

and thus should have even more dominant electronic cooling, which is consistent with

a suppressed measured Lorenz ratio rather than an artificially enhanced Lorenz ratio

from thermalization to the phonon bath.

In MLG4, the central peak in the Lorenz ratio continues to grow to the highest mea-

sured temperature of 210K without an indication of reaching a high-T hydrodynamic

boundary, suggesting the phonon bath may be playing a significant role in electron ther-

malization. The dip never develops into a full suppression on the electron side, reaching

a minimum of 1.0 at 161K and then turning upwards again at higher temperature.

Out of the entire MLG data from devices MLG1 to MLG4, the only commonality is

the relative peak at charge neutrality, with a relative dip at small doping. Otherwise,

the temperature dependence of the peak between MLG2, MLG3, and MLG4 is signif-

icantly different between all the devices, with MLG2 showing a double-peak structure.

At small doping away from charge neutrality, MLG4 is similar to MLG2, but neither

show a clear monotonic temperature dependence of the Lorenz ratio suppression like

MLG3 does. Given the strong disparity in disorder and residual density between MLG2

and MLG3/4, we wouldn’t expect the thermal conductance behavior to be consistent

between the two. However, we would expect the cleaner device to exhibit stronger signs
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of hydrodynamics, but if we ignore the contact resistance for each device, there is no

clear trend of hydrodynamics vs device disorder.

Despite not having the dual-channel configuration to measure the contact resistance

as we did in Subsection 5.5.3, we are nonetheless able to use a trick involving the Drude

formula and the magnetic field to calculate the contact resistance. The Drude formula

gives us the electrical conductivity in magnetic field as

σxx(B) =
σxx(B = 0)

1 + (µB)2
, (5.22)

where µ is the mobility in units of T−1 = m2/Vs. At B = 0 the mobility formula is

σxx(B = 0) =
ne2τ

m
= neµ. (5.23)

Combining these two equations, we get

σxx(B) =
neµ

1 + (µB)2
, (5.24)

Written with contact resistance, the total resistance measured in a Corbino would be

R2T (B) = Rc +
ln ro

ri

2πσxx(B)
(5.25)

= Rc +
ln ro

ri

2π
· 1 + (µB)2

neµ
(5.26)

= Rc +
ln ro

ri

2π
· 1

neµ
+

ln ro
ri

2π
· µB

2

ne
. (5.27)

From this last equation, we can then determine µ without knowing σxx(B = 0). Similar

to Fig. 5.12, we use n2 = n2
tot = n2

0 + n2(Vg) to calculate the density in Eq. 5.27. In
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Figure 5.15: (a) Mobility of MLG3 computed via magnetoresistance and geometrical factors,
assume diffusive Drude transport theory. (b) The resulting contact resistance as a fraction of
the total 2-terminal resistance.

reality, the mechanism for magneto-resistance is significantly more complicated than

the Drude model for a single kinematic velocity v⃗avg
55, especially for a quantum system

like graphene, so we cannot expect this method to necessarily give us accurate results.

Moreover, the Drude model predicts the opposite result for ballistic transport in a

Corbino device (see Chapter 6). Nonetheless, we use it to estimate the mobility and

contact resistance of the Corbino samples, and we show the results in Fig. 5.15 for

MLG3. The results for MLG4 are qualitatively very similar.

We ignore the hole-side due to p-n junction effects, which invalidate the simple Drude

model. The highest electron mobility we observe is about 400, 000 cm2/Vs, also excellent

but not quite as high as for MLG2. The contact resistance is calculated to be very

significant, as much as 80− 90% of the total measured resistance; however, because we

observe rather significant hydrodynamic effects including the Lorenz ratio suppression

down to 0.45, we suppose that this method may significantly over-estimate the contact
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resistance, and the actual value may be in the 20− 60% range.

5.5.5 Conclusion on Monolayer Graphene

We have shown thermal conductivity data for several MLG devices; however, the data is

somewhat inconsistent and does not always agree between devices. The cleanest device,

with a bottom graphite gate, showed a strong Lorenz ratio suppression at small density

at 50K, but the Lorenz ratio peak at charge neutrality was equal to 1, rather than

being enhanced above the WF law. Introducing disorder to this device did not affect

the suppression significantly, but it did change the charge neutrality Lorenz ratio from 1

to 4, surprisingly. The unavailability of data at other temperature makes further analysis

difficult, but at the least this striking behavior at charge neutrality is unexpected and

likely inconsistent with hydrodynamic theories.

We observed a Lorenz ratio suppression outright in device MLG3, and in sample

MLG2 using the dual-channel technique. We plot colormaps of the resulting dataset in

Fig. 5.16, for comparison, showing the Lorenz ratio suppression in red. Here, the Bloch-

Grüneisen temperature is marked with a green dashed line, and the Fermi Temperature

is marked with a gray dashed line. The suppression in both samples clearly happens

significantly below the Fermi temperature and (mostly) above the Bloch-Grüneisen tem-

perature, ruling out non-interacting effects86. Despite the similarity of MLG4 to MLG3,

it did not show such a suppression.

The general region of the suppression in density and temperature agrees roughly with

theoretical predictions of where MLG should be most hydrodynamic69, as was shown

in Fig. 1.5. By themselves, the results in this Chapter do not form conclusive evidence

for the hydrodynamic regime in low-density MLG, but they provide reasonably secure

evidence for some devices. In Chapter 6, we will demonstrate an additional independent

218



109 1010 1011 1012

n (cm-2)

0

50

100

150

200

T 
(K

)

MLG2, Dual-Channel Sample [ L/L0 ]-1

(a)

TBG

TF

0

1

2

3

4

5

109 1010 1011 1012

n (cm-2)

0

50

100

150

200

T 
(K

)

MLG3 L/L0

(b)

TBG
TF

0

1

2

3

4

5
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thermal signature of viscous hydrodynamics, coincident with the suppressions we saw

in this Chapter, as significantly more robust evidence for hydrodynamics in MLG.

Most of the devices measured in this Chapter did not use graphite gates due to fab-

rication and measurement challenges. However, the advancement of JNT techniques

(Chapter 4) and fabrication methods (Appendix B) would allow an experimentalist

to more easily conduct these measurements. As shown by device MLG1, ultraclean

graphite-gated MLG has some very unexpected behavior in the thermal conductance,

completely contradicting the existence of the Dirac fluid with a positive breakdown of

the WF law, and even contradicting the predictions of a bipolar diffusion thermal con-

ductivity enhancement. Further experiments on graphite-gated MLG are encouraged;

however, the experimentalist must be very cautious with the nonlinearity-induced noise

modulations and gate noise amplification effects, as ultra-clean MLG with thin h-BN

dielectrics is extremely susceptible to these parasitic effects.

5.6 Bilayer Graphene: Lorenz Ratio Suppression Masked by

Phonon Cooling?

Bilayer graphene (BLG), due to its different bandstructure, is expected to be hydrody-

namic to lower temperatures than monolayer graphene (MLG). For a nominally charge

neutral sample with a fixed degree of charge puddles due to extrinsic charged impurities

and corresponding fixed densities of electrons or holes in those puddles, BLG will ex-

hibit significantly lower corresponding chemical potential fluctuations to accommodate

the excess carriers than will MLG, due to its higher density of states. This ultimately

means that the low-temperature cutoff for electron-hole-plasma hydrodynamics can be

much lower in BLG than in MLG, if it is not limited by impurity scattering. In other
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words, at a given temperature and for the same degree of charge puddle electron den-

sity, MLG could exhibit the monopolar charge puddle regime, while BLG could exhibit

thermally excited coexisting electrons and holes despite the charge puddles. Motivated

by the Dirac fluid in the Crossno experiment1, or its absence as seen in device MLG1A,

we study thermal conductance in bilayer graphene to search for hydrodynamic effects

at low temperatures.

BLG has two touching approximately parabolic bands (Fig. 1.2); however, an ap-

plied perpendicular opens a bandgap, creating a system which is expected to be more

hydrodynamic. We explore this system experimentally in Subsection 5.6.3.

5.6.1 Disordered Bilayer Graphene

First, we present data on a relatively disordered bilayer graphene sample BLG2. This

sample still has the BLG encapsulated in h-BN, but there is an additional 20 nm

of Al2O3 oxide on top of the h-BN separating the metal top-gate, deposited via an

ALD process. This oxide layer and the SiO2 substrate are both amorphous and can

thus introduce additional charge puddles into the sample. The BLG2 device has a

residual density n0 that slowly saturates below 50K, trending asymptotically towards

∼ 9× 1010 cm−2 (Fig. 5.17(a) inset).

The resistance vs density for several temperatures for device BLG2 is shown in

Fig. 5.17(a). Compared to MLG, the resistance peak in BLG does not saturate abruptly

upon entering the charge puddle regime at low-T , but the peak in resistance also does

not grow to such large values as in MLG because of the larger density of states in BLG

and correspondingly more thermally excited carriers at low-T . In this sense, our BLG

samples do not enter the fully-saturated charge puddle regime at the measured tem-

peratures like our MLG samples do, and the BLG samples continue to display some
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Figure 5.17: (a) Resistance vs density curves for BLG2. Top-left inset: Optical micrograph
of the device. Top-right inset: Residual density vs temperature, approaching a limiting value of
∼ 9× 1010 cm−2 at low temperature. (b) Lorenz ratio vs density for BLG2. The central peak,
especially at high temperatures, is likely mostly phonon cooling, rather than a hydrodynamic
enhancement.
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thermally excited electron-hole coexistence at charge neutrality even at 4K. A shoulder

in resistance on the hole side at low doping, and the higher resistance at high-doping

on the hole side, are very likely coming from pn-junction effects near the contacts.

Fig. 5.17(b) shows the measured Lorenz ratio for BLG2. At low temperature, the

Lorenz ratio is nearly uniformly 1 for all the measured densities. Upon raising tem-

perature, a peak develops at charge neutrality that continues to grow until the highest

measured temperature of 310K. At higher density, there is no significant suppression

below 1, and the highest density Lorenz ratio stays very close to 1. Oddly, even through

the device is likely limited by the ∼30Ω contact resistance at high density, we do not

observe the typical low-T , high-n ballistic enhancement commonly seen in other de-

vices. It is possible that the transport in this regime is limited by long-range scattering

through the charge puddles, but it is impossible to tell from a single channel length.

At densities larger than ∼ 5× 1011 cm−2, the Lorenz ratio takes a slight downturn with

increasing temperature around 100K, before turning back upwards.

The peak in the Lorenz ratio at charge neutrality suggests a hydrodynamic origin;

however, there is no way to distinguish it from strong thermalization to the phonon

bath. Fig. 5.18(a) shows the temperature scaling behavior of the thermal conductance

at different densities, and the curves for densities around charge neutrality have a rather

unremarkable transition from ∝ T at low temperature to ∝ T 3 at high temperature.

At the highest densities for n ≳ 2× 1012 cm−2, the thermal conductance scales linearly

in temperature for the entire temperature range, consistent with WF-type electronic

diffusion cooling.

At intermediate densities of 2×1011 cm−2 < n < 2×1012 cm−2, we observe a sublinear-

in-temperature scaling of the thermal conductance, commensurate with a slight decrease

of the Lorenz ratio with increasing temperature, as shown in Fig. 5.18(b). The sublinear
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Figure 5.18: (a) Thermal conductance of BLG2 vs temperature on a log-log scale. Gray
dashed lines indicate ∼ T and ∼ T 3 power laws vs temperature. The scaling at charge neutrality
transitions from a ∼ T power law at low T to a ∼ T 3 power law at high T . Magenta and cyan
circles mark, for the density curves, the locations of the Fermi and BG temperatures; if the
temperature falls outside the measured range, it is not marked. (b) Lorenz ratio vs temperature
of BLG2 on a log-log scale. Circles are the same as (a).
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scaling in temperature occurs between approximately 50K and 150K, before transition-

ing to a superlinear scaling in temperature.

While not an outright suppression of the Lorenz ratio significantly below 1, this

sublinear feature suggests the beginning of a thermal conductance suppression, just

before it is masked by phonon cooling, which follows a superlinear-in-T scaling law.

Relative to the low temperature value, the Lorenz ratio is suppressed by about 32% in

this feature; while the absolute value of the Lorenz ratio might be scaled by contact

resistance effects, the relative changes are more qualitatively reliable.

For each density in Fig. 5.18, the corresponding Fermi temperature TF and Bloch-

Grüneisen temperature TBG are indicated with circles along the data curve if they fall

within the measured temperature range. The aforementioned sublinear scaling of Gth

occurs just above TBG, and significantly below TF , ruling out any single-particle effects

that can suppress thermal conductance below the WF value86.

The hydrodynamic suppression is the only remaining mechanism that can cause a

reduction of thermal conductance, and we thus conclude that this subtle feature may be

evidence of hydrodynamic effects, although it is strongly masked by a significant phonon

cooling background. Unlike MLG, BLG will cross over from diffusion cooling to phonon

cooling at significantly lower temperatures, as seen by comparing Figs. 3.9 and 3.10,

and explained in the next subsection. While we cannot conclude that our BLG2 sample

is hydrodynamic, there is evidence that the e-e scattering is lightly suppressing the

thermal conductivity below the non-interacting value. In the next subsection, we revisit

this feature using the dual-channel-length method to better understand the diffusion to

phonon cooling crossover.
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5.6.2 Dual-Channel Measurement

In this subsection, we present the results of sample BLG4, which has a short and a long

channel device BLG4S and BLG4L respectively; this sample was previewed previously in

Fig. 3.10. The channel lengths, defined by the topgate size, are 2.5 and 7.5µm. Unlike

BLG2, to reduce the disorder of this device, the topgate was deposited as Cr/PdAu

directly on top of the h-BN, avoiding any disorder from an oxide grown by ALD process.

Because the topgate is not insulated from the source/drain electrodes by ALD, a gap

of ∼ 350nm was left between the topgate and contacts, covered by an HSQ insulator

after topgate deposition, and then gated to a high density by a separate gate called the

U-gate, acting similarly to the Si gate for device MLG1 (see Appendix B).

For now, we focus on measurements conducted at zero displacement field, when the

BLG is not gapped, and sweeping density. In BLG4, the gate voltage values for charge

neutrality and zero gap are slightly misaligned between the two devices, necessitating

separate scans for each device to measure the zero-gap behavior. The resistance curves

are shown in Fig. 5.19.

The slight density-shift in the resistance peak with increasing temperature is mostly

due to the thermal smearing of the hole-side contact resistance; we can see the density-

shift is much smaller for BLG4L, which has a weaker relative contact resistance contri-

bution. We confirm this by using the TLM method to eliminate the contact resistance

and calculate the sheet resistivity, shown in Fig. 5.20(a). We see that the resistivity

peak is mostly unshifted due to temperature.

At low temperatures, the inhomogeneities between the two devices are different,

causing the low-temperature resistance curves to have different shapes, as shown in

Fig. 5.19(a,b) and Fig. 5.20(a) inset. At T = 1.9K, the resistances have a narrow peak
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Figure 5.19: (a) Resistance vs density for BLG4S. (b) Same for BLG4L.
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Figure 5.20: (a) Sheet resistivity computed for BLG4 via TLM. Inset: 1.91 K 2-terminal
resistance traces for the short and long channels, showing universal conductance fluctuations
or inhomogeneity inconsistent between the two devices, leading to a distortion of the low-T
calculated sheet resistivity. (b) The resulting calculated contact resistance as a fraction of the
total resistance. The low-T values are distorted for the same reason as in (a).
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and a shoulder, but the relative positions do not match. The resulting sheet resistivity,

contact resistance fraction, and residual density calculations are thus adversely affected,

and the numbers below 10K are not necessarily a good representation of the true values.

At high temperature, the thermal broadening overpowers the small-scale charge puddle

inhomogeneities and makes the two devices more similar to each other, allowing a more

accurate TLM measurement of resistivity. Fig. 5.20(a) shows the sheet resistivity calcu-

lated for the range of measured temperatures. From 20K to 130K, the charge neutrality

resistivity grows slowly from 0.83 kΩ/sq to 1.13 kΩ/sq, above which it is nearly constant

with temperature. This value is consistent with the expected hydrodynamic universal

BLG charge neutrality conductivity 1/σ0 ∼1 kΩ∼ [25e2/h]−1, both experimentally and

theoretically3,75,76. This contrasts with MLG, where experiments have been unable to

obtain the theoretical hydrodynamic conductivity at charge neutrality.

Fig. 5.20(b) shows the resulting contact resistance fraction for the short channel

BLG4S. The double-peak feature in the resistivity at low-T , and the corresponding

double-dip feature in the contact resistance fraction, are artifacts of the different shapes

of the resistance curves. Clearly, the negative values of the contact resistance fraction

are unphysical and are explained by this mechanism. With enough thermal smearing

by 30K, we see the contact resistance fraction starts to normalize around ∼ 0.1 at the

charge neutrality point, and remains relatively low for a reasonably-sized window around

charge neutrality. This contrasts with MLG2S, which had a higher contact resistance

fraction for all densities.

The residual density, calculated from the resistivity is shown in Fig. 5.21(a), and it

reaches a minimum value of ∼ 5.6 × 1010 cm−2 at a temperature of 20K, indicating

slightly less disorder than BLG2.

The mobility, calculated from the sheet resistivity, is shown in Fig. 5.21(b), calcu-
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Figure 5.21: (a) Residual density for BLG4 vs temperature. (b) Calculated mobility vs
density for BLG4, for different temperatures. The low-T values are distorted due to differences
between the two devices.

lated via µ = 1/(neρ), where n =
√
n2
0 + n(Vg)2 is approximately the total charge

density. Disregarding the 1.91K data, the sample mobility reaches an excellent value

of ∼ 230, 000 cm2/Vs.

We now examine the Lorenz ratio, shown for each device in Fig. 5.22. While the

1.9K data is noisy due to universal conductance fluctuations and small signals, by 5–

7 K the Lorenz ratio shows a small but clear relative peak at charge neutrality and a

suppression at small doping, although like in BLG2, there is no significant suppression

below 1. As temperature is increased, by 10K the general shape stays the same, but

the overall values generally increase. Near 10K, the Lorenz ratio for the long channel

starts increasing much more suddenly with temperature than in the short channel, or

than in BLG2. This sudden increase likely comes from the onset of thermalization to

the phonon bath dominating over the diffusion cooling, and it is further evidenced by

the data previously shown in Fig. 3.10, where the long-channel thermal conductance
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Figure 5.22: (a) Lorenz ratio for BLG4S vs density. (b) Lorenz ratio for BLG4L vs density.
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becomes higher than that of the short channel by around 6–20 K, depending on the

exact density. Thus, the data above 10K is likely unreliable in a quantitative sense, but

we may still hope to extract something useful from the qualitative aspect.

We observe that both for the short and long channels, there are regions in density

where the Lorenz ratio decreases with increasing temperature, similar to what we saw

in BLG2, although here the decrease is more significant. Fig 5.23 plots the thermal

conductance Gth and Lorenz ratio vs temperature for BLG4S, along with circles marking

TBG and TF if they occur inside the measured temperature range.

We see the regions with Lorenz ratio decreasing with temperature correspond to the

regions where Gth is either slightly decreasing with T or near constant with T , and

this behavior happens above TBG and below TF . This is the same effect we observe

in BLG2, although here it is more pronounced, as would be expected in a cleaner,

more hydrodynamic device. We again propose that this effect is indirect evidence for

hydrodynamic in bilayer graphene, as we are unable to measure the thermal conductance

from diffusion cooling due to the much stronger phonon cooling pathways.

We can apply the same calculation as in Subsection 5.5.3 to estimate the contact and

sample Lorenz ratios. Due to the clear onset of thermalization to the phonon bath by

20K, we limit our analysis here only to temperatures up to 20K; however, due to the

inhomogeneity differences between the devices, the low-temperature calculations still

fail to produce an accurate result near charge neutrality. Nonetheless, we show the

calculated contact and sample Lorenz ratios in Fig 5.24(a,b). The calculated Lorenz

ratio of the contact has very strong dips and peaks at low-T due to the inhomogeneity

differences between the samples. As temperature smears out the inhomogeneities, the

contact Lorenz ratio trends towards an asymptotic curve; the values are approximately

1 at charge neutrality, a deep dip towards ∼ 0 for a small density of ∼ 7 × 1010 cm−2,
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Figure 5.23: (a) Thermal conductance vs temperature for BLG4S on a log-log scale. Magenta
and cyan circles mark, for the density curves, the locations of the Fermi and BG temperatures;
if the temperature falls outside the measured range, it is not marked. (b) Lorenz ratio vs
temperature scaling for BLG4 on a log-log scale. Circles are the same as in (a). In the legend,
the BG and Fermi temperatures are also listed for each density.
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Figure 5.24: (a) Lorenz ratio of the contact resistance for BLG4, calculated via the dual-
channel method. The low-temperature values are distorted due to differences between the de-
vices, and the higher temperature values (approaching 20K̇) are distorted due to the presence
of phonon cooling. (b) Inverse Lorenz ratio of the channel for BLG4, calculated via the dual-
channel method. The same distortions apply. The gray region region marks unphysical negative
Lorenz ratios. The data trends towards the unphysical region at higher temperatures likely due
to the presence of phonon cooling.
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and finally an increase towards 1.3-1.8 at higher density.

The behavior of the sample Lorenz ratio differs from that of the contact. Similarly

to MLG2, the hole-side sample Lorenz ratio is calculated to be negative, an unphysical

value likely caused by the p-n junction effects at the contacts. Near neutrality and

electron doping, the low-T curves again have strong hills and valleys due to the same

effects. Warming to 10K and beyond, where phonons start to dominate entirely, the

effective sample Lorenz ratio becomes negative. This means the temperature profile in

the sample is now calculated to be parabolic-up, instead of the usual parabolic-down.

This change is consistent with heat loss to the phonon bath exceeding the Joule heat

generated in the sample channel, and the channel itself now acts as a phonon-mediated

heat sink for the heat generated at the contact resistances, which now flows inwards

towards the sample center rather than outwards towards the contacts, creating the

parabolic-up shape.

This is only a rough qualitative description, of course, as the assumptions for cal-

culating the sample Lorenz ratio (see Appendix C) assume the same effective thermal

conductivity and no phonon cooling, and at these temperatures the phonon cooling

contribution is significantly different between the two devices (see Fig. 3.10 and the

corresponding discussion in Chapter 3). Unfortunately, the phonon cooling mechanism

foils our plan for quantitatively extracting the contact and sample Lorenz ratio in the

expected hydrodynamic regime around T ≳ 100 K. It may be possible to perform this

experiment with a less disordered dual-channel sample, using graphite gates, to ensure

homogeneity/similarity between the two devices below 5K so that the TLM technique

works.

One additional analysis technique we can perform is to plot the measured transport

quantities as a function of µ/kBT rather than n, as was done in Refs. 3,75. In the case
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of a universal hydrodynamic conductor with no impurity or phonon scattering, µ/kBT

becomes the only relevant quantity for determining the transport properties, as they are

self-similar at different temperatures for appropriately scaled densities. Fig. 5.25 plots

the sheet conductivity, as well as the individually measured Lorenz ratios, for different

temperature, vs µ/kBT . The conductivity does not collapse onto a uniform curve like

in Ref. 75, but obtains very similar behavior and numbers as Ref. 3, indicating there is

still some amount of disorder scattering present on top of electron-hole hydrodynamic

scattering. However, by 150K, the curves do just begin to reach an asymptotic collapse,

and the 200 and 230K curves lie directly on top of each other.

The curves for the Lorenz ratio also do not coincide, but interestingly for BLG4S,

for T ≳ 50 K, the dip in the Lorenz ratio remains around µ/kBT ∼ 1.3 to 1.6 up to

230K. While the dip at higher temperatures is strongly dominated by phonon cooling,

its shape and position may still qualitatively indicate a hydrodynamic suppression of

thermal conductance that is strongest around µ/kBT ∼ 1.5.

BLG4L indicates a similar effect, where the Lorenz ratio plateaus at approximately

the same value of µ/kBT , but here the phonon cooling is even more strongly dominant.

5.6.3 Thermal Conductance in Gapped Bilayer Graphene

Application of a perpendicular electric field in BLG breaks the layer potential symmetry

and induces a small bandgap, as described in the Subsection 4.5.3 with experimental

data in Fig. 4.15(a).

Fig. 5.26 demonstrates the shape of the bands as the gap is opened. The quadratic

bands are distorted, first into a flattened shape, and the further into a “Mexican-hat”

shape for higher layer asymmetry. The flat band edge quenches the kinetic energy

and increases the relevant importance of the Coulomb interaction energy to the carrier
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Figure 5.25: (a) Sheet conductivity of BLG4, computed via TLM, vs µ/kBT . (b,c) Measured
Lorenz ratio for BLG4S and BLG4L, vs µ/kBT .
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from Ref. 29.
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dynamics. It is thus possible that gapped BLG could be more hydrodynamic at the

van Hove singularity than ungapped BLG. While it is difficult to directly measure the

gap, with different techniques yielding conlicting values29, we can instead describe a

polarization parameter p, and analogous to the electron density n, using a combination

of gate voltages:

ne = ctVt + cbVb (5.28)

pe = ctVt − cbVb, (5.29)

where ct/b is the capacitance per unit area to the top or bottom gate, and Vt/b is the

corresponding gate voltage. The polarization is roughly proportional to the layer asym-

metry and experimentally a much easier parameter to define than the actual induced

bandgap. We will vary the polarization p and study the resulting effects on thermal

transport.

Due to the nonlinearity-induced noise modulation effect, we must be very careful in

interpreting any data from this measurement, as gapped samples will exhibit signifi-

cantly stronger I-V nonlinearities than will ungapped samples. We thus perform the

experiment at a temperature equal to TN,in = 22.8 K in order to remove the parasitic

signal. Unfortunately, at this temperature phonons are still a significant contribution

to the cooling power, and thus the measured Lorenz ratios are significantly higher than

the true values, and we can only attempt to interpret the data qualitatively.

The measured electrical and thermal conductances, for gapped BLG4S, are plotted

in Fig. 5.27. As the polarization is increased, the electrical conductance decreases as

expected due to having fewer excited carriers. The thermal conductance follows a similar

behavior, although there is some non-monotonicity at densities above 6×1010 cm−2, and
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Figure 5.27: (a) BLG4S electrical conductance vs density for several different values of
polarization p. The polarization is proportional to the bandgap; the gapped system has lower
conductance. (b) Same for thermal conductance.
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Figure 5.28: BLG4S Lorenz ratio vs density, for several different values of polarization,
corresponding to the opening of a bandgap.

the decrease in the thermal condutance at zero density is stronger than in the electrical

conductance.

Fig. 5.28 shows the resulting measured Lorenz ratio. For small polarizations, the

Lorenz ratio dip decreases from 1.37 to 1.21, while the peak remains unchanged. This

may be suggestive of a stronger hydrodynamic regime due to flatter bands; however,

the contact resistance fraction of the channel is also changing, and it is impossible to

disentangle the two effects.

Near a polarization value of ∼ 4.5×1011 cm−2, the behavior drastically and suddenly

changes. The peak at charge neutrality transitions into a dip, and the dip at small doping

becomes increased to a near-constant flatline of ∼ 1.75. At the highest polarization

measured, the dip at charge neutrality acquires a value of 0.58. This is surprising
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behavior, given the presence of both phonon cooling and bipolar diffusion at charge

neutrality, which should only act to increase the Lorenz ratio. Theoretical calculations

for the Lorenz ratio in gapped bilayer graphene, without any carrier-carrier scattering,

have found that the Lorenz ratio is always larger than 1 at charge neutrality due to the

effects of bipolar diffusion87, in contrast with our measured data. We do not show data

for higher polarization values, because the sample resistance becomes very large and far

from the ideal operating point of the matching circuit, and because of the possibility of

increased gate-induced noise due to larger dR/dVg values.

It is unclear what would be the expected Lorenz ratio in a gapped 2D semiconductor

with electron-hole scattering, although we suppose that such scattering would only act to

increase the Lorenz ratio at charge neutrality due to electron-hole friction. It is possible

that the device is extremely non-linear and this affects the JNT techniques beyond

what is discussed in Chapter 4. It is also possible that the central dip is caused by

inelastic phonon scattering at charge neutrality, since the maximum energy of electrons

is lowered due to the bandgap opening; however, it is unclear what role the Bloch-

Grüneisen temperature plays in a 2D low-density gapped electronic system.

Ultimately, the mystery of the suppression remains unexplained, as it does not follow

the usual expectations, and only some exotic explanations may account for it.

5.6.4 Conclusion on Bilayer Graphene

We have presented thermal conductivity data on two bilayer graphene samples. Data

for two additional samples are shown in Appendix A; however, the data from those

samples is likely unreliable due to fabrication and/or measurement issues.

From the two devices in this Chapter, we have not seen any clear signatures of hydro-

dynamics, such as a direct Lorenz ratio suppression below 1 for small density, or a strong
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enhancement above bipolar diffusion (and not caused by phonons) at charge neutrality.

Both devices showed quantitatively similar behavior, with a small relative “dip” in the

Lorenz ratio at small doping which did not go significantly below 1, and a moderate en-

hancement at charge neutrality that grew with temperature. Most importantly, there is

a range of densities at small doping where the Lorenz ratio decreased with temperature,

while concurrently the thermal conductance either scaled sub-linearly with temperature

or actually decreased with temperature. However, phonon cooling dominated at the

temperatures where this occurred, obscuring the true value of the Lorenz ratio. We can

thus only take this behavior as indirect evidence of hydrodynamic thermal conductance,

as it is only a relatively small charge on a large phonon background.

The dual-channel method, unlike for MLG, failed for BLG due to the very low phonon-

cooling crossover temperature, as well as differences in sample inhomogeneity. Future

experiments, with more uniform samples, such as by using graphite gates, may be able

to resolve this issue.

Gapped BLG did not show any clearly expected signatures of stronger hydrodynamics

due to the flat bands; however, it did provide a new mystery of the strongly suppressed

Lorenz ratio in the gap, despite already-strong thermalization to the phonon bath at

22.8K.

Further experiments, using bilayer graphene with graphite gates and lower contact

resistance, are strongly encouraged to future experimentalists. In the work of this thesis,

several graphite-gated bilayer devices were attempted, but all failed to produce useful

experimental data due to various reasons (see Appendices A and B). With the improved

JNT techniques in Chapter 4, the dual-channel method discussed in this Chapter, and

better understood fabrication methods for graphite-gated devices as discussed in Ap-

pendix B, such experiments will be considerably easier to undertake.
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However, due to the strong phonon cooling compared to MLG, it is possible that BLG

will always obscure the hydrodynamic thermal conductance suppression with strong

phonon cooling. In this case, other signatures might be necessary to observe hydrody-

namic transport, such as electrical-only signatures3,71,75, or the methods discussed in

Chapter 6.

5.7 Outlook on Hydrodynamic Thermal Conductivity

We have presented a study of thermal conductivity in monolayer graphene and bilayer

graphene, focusing on deviations from the WF law as a signature of hydrodynamics.

While we have found some evidence in both MLG and BLG, the data for MLG is more

extensive and has shown clear suppressions of the Lorenz ratio below 1. However, not

all MLG devices showed this suppression, and there is no clear trend or pattern with

regards to residual density or disorder that may explain the discrepancies. It is possible

that the variability in contact resistance, including the effective Lorenz ratio of the

contacts, may play a role in sometimes masking the Lorenz ratio suppression.

Due to the effects of viscosity on electrical resistance, but the absence thereof on

thermal resistance, Lorenz ratio measurements in finite-sized laboratory samples can

depend non-trivially on the sample geometry. Potentially, viscous finite-size effects

may thus also explain the variability and inconsistency in our measured Lorenz ratios.

On the theoretical front, there is more work to be done in understanding our experi-

mentally measured Lorenz ratios. Theorists have generally considered Lorenz ratios in

infinitely sized sample, but in such calculations, they miss viscous finite-size effects that

may renormalize the values. Individually, the ingredients for a grandmaster theory or

calculation are mostly present, and it may be relatively easy to perform it.
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Advancements in reduction of contact resistance, perhaps below the quantum level

via adiabatic contact, or via multi-terminal self-heating geometries, may improve the

measurement. Further and more systematic studies using the current state of the art

XeF2 contacts for MLG are needed to understand the data variability.

Graphite gates are an easy way to reduce disorder in the samples; however, they make

nanofabrication significantly more challenging, especially with the constraints imposed

upon the device for noise measurements (see Appendix B), and they can make mea-

surements also more difficult due to the higher nonlinearity and gate-line-noise effects.

Several graphite-gated devices were attempted in the work of this thesis, but almost

every attempt failed due to either fabrication or measurement problems. However, we

have learned from these mistakes, both fabrication and measurement, describing the

difficulties and solutions in Chapter 4 and Appendix , and hope that subsequent work

will build upon this knowledge. Experiments comparing graphite- and non-graphite-

gated devices, ideally in the same monolithic heterostructure, can reveal the role that

disorder plays in hydrodynamic thermal conductivity.

Nonlocal noise thermometry174 is an alternative method we have developed to local

self-heating for measuring thermal conductance. While it relies on local self-heating for

thermometer calibration, the measurement of the sample is done non-locally. This tech-

nique is more involved than the basic self-heating configuration, as there are now three

noise measurements that need to be done, rather than just one, but it offers potential

advantage of working around some of the contact resistance issues. Ultimately, hydrody-

namic breakdowns of the WF law could be confirmed more conclusively if measurements

using both techniques agree with each other. This a currently ongoing research direction

in our group.

244



It is a profound and necessary truth that the deep things

in science are not found because they are useful; they

are found because it was possible to find them.

J. Robert Oppenheimer

6

Electronic Viscous Dissipation in

Graphene Magneto-thermal Transport
Measurement of thermal transport in strongly interacting and correlated

electronic systems can reveal exotic new physics that may be elusive to electrical trans-
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port, such as neutral modes or emergent collective behavior. Graphene can host both a

strongly interacting quantum-critical Dirac fluid and a degenerate viscous hydrodynamic

electron liquid, where the thermal conductivity can deviate from the Wiedemann-Franz

law. In Chapter 5, we examined graphene thermal conductance at zero magnetic field

in this context.

In this Chapter, we extend our noise thermometry techniques to now measure thermal

magneto-resistance in graphene. Application of a magnetic field in these exotic regimes

can further enrich the thermal transport, as thermally drifting electron and hole motions

differ from each other, and the magnetic field can introduce rotational flow into the

system.

Studying magneto-resistance in a rectangular geometry for observation of viscous

hydrodynamics involves a lot of competing variables at play, including influence from

the Lorentz force, momentum and energy relaxation, viscous friction, and edge effects.

Furthermore, the rectangular self-heating method does not work in a magnetic field due

to hot spot formation near the contacts175. However, in a Corbino geometry, the rota-

tional symmetry allows measurement of the radial component of electrical and thermal

conductivity even under a magnetic field.

In Chapters 3 and 5, we focused on measuring the thermal conductivity κ and the

Lorenz number L as a signature of hydrodynamic transport. As we discussed in Sub-

section 1.3.1, viscous transport and hydrodynamics are related but do not describe the

same phenomena. In this Chapter, we now turn our attention more towards viscous

transport and its relation to hydrodynamics, building upon the results from Chapter 5.

This Chapter is organized as follows. In Section 6.1 we motivate thermal transport for

studying viscous hydrodynamics in the context of previous experiments. In Section 6.2,

we describe the self-heating technique for measuring thermal conductance using Johnson
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noise thermometry. In Section 6.3, we review the thermal conductance measurements

in zero magnetic field from Subsection 5.5.4 showing a hydrodynamic suppression of the

Lorenz ratio, as they will tie in closely to the magnetotransport results. In Section 6.4,

we present and discuss the negative thermal magneto-resistance as correlated with the

Lorenz ratio suppression. In Section 6.5, we discuss the negative thermal magneto-

resistance as a qualitative signature of viscous heating. In Section 6.6, we present a

simplified calculation to extract a limiting case for viscosity from the negative thermal

magneto-resistance. In Section 6.7, we calculate the viscosity from the combined mea-

sured electrical and thermal magneto-resistance, using a more advanced model than the

foregoing section. Section 6.8 presents additional data to support our conclusion. In

Section 6.9, we discuss the quantitative analytic methods for interpreting the electrical

and thermal magneto-transport data to better understand our results in the presence of

momentum relaxation and viscosity. Finally, in Section 6.10, we conclude and analyze

this work in the broader context of hydrodynamic electron liquids.

6.1 Electrical and Thermal Transport for Studying Viscous Flow

Experimental evidence for viscous hydrodynamics in graphene has recently grown, with

experiments in the degenerately doped regime showing viscous backflow71, Poiseuille

flow73,74, superballistic flow62, Hall viscosity72, and vanishing of the Landauer-Sharvin

resistance81. These experiments have focused on electrical transport and, so far, have

not studied how hydrodynamic electrons dissipate heat.

Furthermore, many of the observed electrical effects are subtle and can be difficult to

discern from ballistic transport57,61 because e-e collisions conserve momentum and thus

do not relax total electrical current. Conversely, thermal signatures have the potential
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to be stronger indicators of hydrodynamics due to the separation of charge and energy

currents due to e-e scattering.

However, thermal transport is less experimentally studied due to the challenge of mea-

suring nanoscale thermal effects in low-dimensional systems. A recent experiment found

that in charge neutral graphene, the thermal conductivity can become much higher than

expected from the WF law1,2, as was described in Chapter 5. Another recent experi-

ment99 found a suppressed Lorenz ratio in the degenerate regime from 30–300 K, but

attributed the high-T (> 120K) suppression to inelastic phonon scattering rather than

hydrodynamics; however, their conclusion does not agree with the theoretical estimation

in Ref.86, according to which any suppression from inelastic phonon scattering should

only appear for T < TBG ∼ 70K for the density of 1.6 × 1012 cm−2 considered in the

paper. To date, no study has conclusively demonstrated a clear thermal signature of the

degenerate hydrodynamic electron fluid in the temperature range seen by electrical-only

experiments.

Here, we use Johnson noise thermometry and energy loss measurement to find two

thermal signatures of a degenerate hydrodynamic liquid: first, the predicted suppression

of the thermal conductivity below the WF law2,49,53,82,83,89–93,225; second, viscous

heating as a source of dissipation proportional to particle current, as opposed to Ohmic

Joule heating proportional to charge current176.

6.2 Measuring Thermal Conductance

Using RF Johnson noise techniques, we measure the spatially averaged temperature rise

∆Tavg of the electron system in a 2-terminal (2T) graphene sample when it is heated

by a quasi-DC current I. The temperature rise is related to the thermal conductivity
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of the electrons through a generalized thermal conductance of the entire sample

Gth,gen =
I2R

∆Tavg
, (6.1)

where I2R is the total Joule heat generated in the sample with resistance R. The

temperature profile is generally peaked near the center of the channel and decreases

towards the contacts, which act as heat sinks at the bath temperature T0. Under

assumptions of zero contact resistance, Ohmic heating, cooling by electronic diffusion

only, and uniform electrical and thermal conductivities σ and κ,∗ we can obtain the

sample Lorenz ratio L/L0 and thermal conductivity for an arbitrarily shaped 2-terminal

sample via a universal geometrical factor of 12162 from Eq. 6.1 as

L
L0

=
1

L0T0
× κ

σ
=

1

L0T0
×

Gth,gen

12Gel
, (6.2)

where L0 is the WF or Sommerfeld value of the Lorenz number.

Eq. 6.2 fails for a rectangular geometry in a magnetic field due to sample edges

breaking the transverse translational symmetry, which affects electron flow under a

magnetic field and causes the Hall angle to break certain symmetries175. In contrast,

Eq. 6.2 holds for a Corbino geometry both at zero and nonzero magnetic field due

to the interplay of rotational symmetry and electron flow under a magnetic field (see

Section 3.3). We will, however, see that this equation fails in the Corbino geometry for

non-Ohmic viscous heating, which we use as the basis for detecting viscous flow.

The inset in Fig. 6.1(a) shows the 2-terminal Corbino geometry we use for this exper-
∗In particular, the requirement is that κ̂ ∝ σ̂, i.e. the thermal conductivity tensor is propor-

tional to the electrical conductivity tensor (constant Lorenz number L for the sample). See Ref
162 for details.
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iment. We measure the thermal conductance and Lorenz ratio of two graphene Corbino

devices as a function of temperature, electron density, and magnetic field to examine the

interplay of WF law breakdowns at zero magnetic field with the electrical and thermal

magneto-resistance (MR) in the context of hydrodynamics.

6.3 Thermal Conductivity in Zero Magnetic Field

We first characterize the electrical and thermal properties of the MLG3 Corbino de-

vice, first introduced in Section 5.5.4, under zero magnetic field. Fig. 6.1 (a) shows

the measured two-terminal electrical resistance vs electron density n for three repre-

sentative temperatures: 24, 90, and 200 K which we will find correspond respectively

to diffusive/quasi-ballistic/ballistic, crossover, and hydrodynamic viscous regimes. The

resistance is higher on the hole side (negative n) due to p-n junction formation caus-

ing higher contact resistance, which we have verified with similarly made rectangular

devices utilizing the transfer-length method (TLM)15,22,226. The width and height of

the Dirac peak characterize the total residual charge density due to a combination of

thermal carrier excitation and electron-hole puddle disorder1,221. In this device, for

T ≲ 90K the residual density becomes disorder-limited and saturates at a minimum of

∼ 4.5× 1010 cm−2 , calculated by the knee position on a log-log plot of conductivity vs

density (see Subsection 6.8.1).

Fig. 6.1(b) shows the measured thermal resistance of the device. The right-side ver-

tical axis indicates the generalized thermal resistance Rth,gen = 1/Gth,gen = ∆Tavg/I
2R

which we normalize by 1/T0. For the left-side axis, we convert this quantity to units

of Ω by multiplying by L0/12, allowing direct comparison with electrical resistance in

Fig. 6.1(a). At 24K, the thermal resistance qualitatively matches the electrical resis-
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Figure 6.1: (a) 2-terminal DC electrical resistance at three representative temperatures. Inset:
optical micrograph of typical Corbino device showing center contact covering entire channel for
homogeneity. (b) Thermal resistance of the device, plotted in raw units (W/K)−1 scaled by
the bath temperature (right axis), and in Ohm units for comparison to electrical resistance (left
axis). At higher temperature, the shape qualitatively deviates from the electrical resistance.
Inset: Simplified schematic diagram of Corbino device and measurement circuit showing DC
bias current and RF noise voltage measurement. Magnetic field is applied perpendicular to the
plane. (c) Lorenz ratio of the device obtained from the ratio of electrical to thermal resistance.
At higher temperatures, a peak appears at n = 0 and a suppression appears away from charge
neutrality.
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tance. As temperature is increased to 90 K and then 200 K, the thermal resistance

develops a dip near n = 0 and one peak on each side of charge neutrality, features

which are absent in the electrical resistance.

To compare the electrical and thermal resistance directly, we compute the Lorenz

ratio via

L
L0

=
Rel[Ω]

Rth[Ω]
, (6.3)

shown in Fig. 6.1(c). The WF law corresponds to L/L0 = 1. At low temperature,

the Lorenz ratio is close to 1 at charge neutrality, indicative of typical disorder-limited

diffusive Fermi liquid transport due to charge puddles; at higher density, especially

on the electron side, the measured Lorenz ratio increases strongly above 1, indicating

charge transport transitions from diffusive to ballistic (see Section 3.7; also see 6.9.3

for additional discussion specifically on this device).

As temperature is increased, by 90 K there develops a small peak at charge neu-

trality in the measured Lorenz ratio, decreasing to a slightly smaller value by 200 K.

The magnitude of the peak is consistent with both a weak hydrodynamic enhance-

ment2,49,83,89,91,92,225 and a bipolar diffusion enhancement87,180, but our experiment

cannot measure their relative contributions. Typically, bipolar diffusion effects grow

with temperature, but this peak weakens from 90 K to 200 K, consistent with a hy-

drodynamic enhancement at 90 K getting suppressed by additional phonon scattering

at higher temperatures. This behavior is qualitatively consistent with the large Lorenz

ratio enhancement seen in Ref. 1, but the enhancement here is much smaller and oc-

curs at a different temperature. However, this discrepancy could be explained by this

device’s disorder being about 10 times larger than the cleanest device in Ref. 1, which
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would reduce the effects of hydrodynamics seen here and move the low-T hydrodynamic

bound upwards in T .

As the neutrality peak develops around 90 K, a relative suppression in the Lorenz

ratio develops at a density of about n = ±1.1 × 1011 cm−2, and by 200 K this sup-

pression goes below 1, with the lowest measured Lorenz ratio of about 0.45. The only

single-particle effects that may cause such a suppression are inelastic phonon scattering

(for T ≲ TBG ∼ 18 K at this density) or thermal smearing of the Fermi surface (for

T ≳ TF ∼ 450 K at this density), but these temperature ranges do not coincide with

that of the measured suppression (90–200 K) (see Section 5.2). Additionally, we can

rule out the gate noise amplification effect (Section 4.10) since this device has a thick

285 nm dielectric and from the temperature dependence.† Hydrodynamic relaxation of

thermal current via electron-electron collisions is the only mechanism that can explain

this suppression in this temperature range. Furthermore, it occurs in a temperature and

density range consistent with those measured in other electrical-only hydrodynamic ex-

periments61,62,81. In the second Corbino device MLG4 (see Section 6.8), we measure

only a relative suppression; we speculate that there, the absolute suppression does not go

below 1 due to the stronger influence of ballistic effects on the self-heating measurement,

as that device has a shorter channel length.

6.4 Magneto-Resistance

Having established the hydrodynamic Lorenz ratio suppression at zero magnetic field, we

now examine how the thermal and electrical resistances vary with magnetic field. The
†The derivative dR/dVg decreases in magnitude as temperature is increased, but the sup-

pression gets stronger. Gate noise amplification scales as ∝ (dR/dVg)
2, and thus an apparent

suppression caused by gate noise would become weaker with increasing temperature.
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diffusive Drude model predicts that the electrical conductivity decreases in magnetic

field as

σxx(B) =
σ(0)

1 + (µB)2
, (6.4)

where σ(0) = ne2/(mγmr) is the conductivity at zero magnetic field54 with γmr the

momentum relaxation rate, and µ = µ(n) = e/(mγmr) is the electrical mobility. The

two-terminal resistance that we measure can be related geometrically via

Rel(B) = Rc +
1

σxx(B)

ln(ro/ri)

2π
, (6.5)

where Rc is the contact resistance that we presume to be independent of magnetic

field227, and ro, ri are the outer and inner contact radii, respectively. We could extract

γmr and Rc directly from the magneto-resistance (MR) ∆Rel = Rel(B) − Rel(0) in a

diffusive sample (see Subsection 5.5.4); however, in ballistic and viscous samples this

method will not work. Ballistic Corbino disks will exhibit significantly reduced MR

relative to Eq 6.5 due to geometrical effects (see Subsection 6.9.3), causing γmr to

be over-estimated. In viscous systems, the resistance has additional non-local viscous

contributions220, rendering σxx(B) ill-defined. The relative MR ∆Rel/Rel(0) is affected

by the density-dependent contact resistance15,22 and thus fails to quantify the bulk

properties227. Thus, we examine the total MR ∆Rel, which, for a known geometry, can

be well-defined even for mixed Ohmic/viscous transport220.

Fig. 6.2(a,c,e) shows the ∆Rel for three different electron densities for measured

temperatures of 15–200 K. For a direct comparison with the electrical MR, we consider

the thermal MR ∆Rth = Rth(B) − Rth(0), shown in Fig. 6.2(b,d,f) for the same three
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Figure 6.2: (a,b) Electrical and thermal MR for 15 − 200K for n = 0. Gray shaded boxes
indicate |B| < 30mT fitting range for parabolas. (c,d) For n = 5.7 × 1010 cm−2. (e,f) For
n = 1.3 × 1011 cm−2. At high temperatures, the electrical MR remains positive and parabolic
while the thermal MR becomes negative before increasing again. (g) Representative electrical
MR parabolic fit for 200K to extract Ael. Circles represent the data, solid curve represents the
parabola in the fitted region, and dashed curve represents the extrapolated parabola. The data
continues to follow a parabolic trend up to the measured B = 200mT. (h) Thermal MR fit to
extract Ath, analogous to (g). The data deviates from parabolic behavior beyond B ∼ 30mT. (i)
Comparison of electrical (black) and thermal (dark green) MR coefficients at 200 K obtained
from parabolic fits as in (g,h) (left axis). Error bars indicate statistical 1σ uncertainty from
fitting. Colored arrows (light green, cyan, light blue) match the corresponding densities plotted
in (a-f). Overlaid (red) is the Lorenz ratio at B = 0 (right axis). The Lorenz ratio suppression
below 1 occurs at approximately the same density as the most negative Ath coefficient.
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densities.

The electrical MR is always positive, and, except for lower temperatures where Lan-

dau quantization or ballistic effects play a role, is nearly parabolic upwards in the

measured magnetic field range of ±200mT. In contrast, the thermal MR changes sign

from positive to negative as a function of temperature, density, and magnetic field. At

low temperatures of 15 and 24 K, the thermal MR very closely and nearly quantita-

tively resembles the electrical MR, as expected for the WF law in a magnetic field89.

At a temperature of 90 K, where hydrodynamic effects begin to appear, the low-B ther-

mal MR is nearly zero and then turns upwards, for n away from the charge neutrality

point. As the temperature is raised further to 200 K, where the hydrodynamic effects

are strongest as seen in the B = 0 Lorenz ratio, the thermal MR becomes strongly

negative for low magnetic field and then reverses direction. Even at charge neutrality,

we now see a slightly negative thermal MR at 150K and 200 K.

We quantitatively characterize the low-B electrical and thermal MR by performing

phenomenological parabolic fits to the data via ∆Rel,th = Ael,thB
2, limited to ∼ 30mT

to remain in the parabolic regime, away from Landau quantization (see below) or higher-

order effects. The 30 mT fitting window is indicated in Fig. 6.2(a-f) by the gray shaded

region.

Fig. 6.2(g,h) shows typical 30 mT parabolic fits at 200 K indicated with a solid

thick line, and it shows extrapolating the parabola past 30 mT with a dashed line. The

resulting MR fit coefficients Ael (black) and Ath (dark green) are plotted in Fig. 6.2(i) for

200 K (left-hand axis), in parallel with the measured Lorenz ratio (red, right-hand axis)

at B = 0, reproduced from Fig. 6.1(c). In the same style as Fig. 6.2(i), Fig. 6.3 shows

linecuts of Ael and Ath, in parallel with the Lorenz ratio, for all measured temperatures.

The Lorenz ratio suppression and negative thermal MR appear gradually at the same
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Figure 6.3: For MLG3, linecuts of the thermal MR coefficient Ath (green) and the electrical
MR coefficient Ael (black), plotted on the left-hand axes, vs density, for the set of measured
temperatures 15–200 K. The corresponding Lorenz ratio at B = 0 is plotted on the right-hand
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density as temperature is increased. At 200 K, the thermal MR coefficient is negative

for the entire range of densities measured, and attains the most negative value at a

density of n = 1.3 × 1011 cm−2, closely corresponding to the density where the Lorenz

ratio is most strongly suppressed to 0.45, suggesting a correlation between these two

effects.

To confirm the correlation between the negative thermal MR and the Lorenz ratio

suppression, we show colormaps of the Lorenz ratio and of the Ath/Ael ratio in Fig. 6.4

(a,b). We consider the ratio Ath/Ael instead of the bare Ath since we expect Ath/Ael → 1

for diffusive and ballistic behavior following the WF law. Now, any deviation from 1,

and especially a negative value, may indicate non-diffusive and non-ballistic transport.

We emphasize that while this ratio appears analogous to the B = 0 Lorenz ratio, it

entirely independent of the absolute value of the Lorenz ratio, and it results only from

the relative changes of Rth, Rel vs B. Indeed, the negative Ath/Ael ratio region (shown

in green) corresponds very closely to the suppressed Lorenz ratio region (shown in red),

suggesting the two independent effects are of the same origin. At 200 K, the Ath/Ael

ratio is negative for all densities measured, even though the measured Lorenz ratio is

enhanced for low and high n.

In Fig. 6.4, we also plot the Fermi temperature, the Bloch-Grüneisen temperature68,

and the temperature corresponding to the energy separation of Landau levels given by

kBT = ℏωc for B = 30mT. The Lorenz ratio suppression and the negative thermal

MR both occur significantly above TBG, ruling out inelastic phonon sacttering, and

significantly below TF , ruling out Fermi surface thermal smearing86 (see Section 5.2).

Furthermore, Landau quantization of electrons in a magnetic field can also disrupt

the Lorenz ratio. The Lorenz ratio suppression and the negative thermal MR both

occur at a temperature far above the Landau level energy splitting for our 30 mT fit
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Figure 6.4: (a) Colormap of the Lorenz ratio measured at B = 0. White corresponds to
L/L0 = 1. The hole side is not shown due to higher contact resistance. The Lorenz ratio is sup-
pressed below 1 around n = 1.3×1011 cm−2 at higher temperatures. The low-temperature ballis-
tic enhancement at higher density is likely a measurement artifact from ballistic transport dom-
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corresponds to Ath/Ael = 1. The intensity and location of the negative Ath/Ael correlates very
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field limit, verifying that quantization effects are irrelevant to these phenomena.

In the next section, we explain how the negative thermal MR arises from viscous fluid

effects and how it relates to hydrodynamics.

6.5 Viscous Heating and Noise in Hydrodynamics

The negative thermal MR can be explained by the combination of two distinct effects

arising in viscous transport: (1) a magnetic-field-dependent viscous heating effect of

the electron fluid and thus a breakdown of the assumptions for Eq. 6.2; and (2) a

viscous weighting of the Johnson noise (see Appendix G for mathematical details). The

weighting is a reflection of how local noise sources in the sample bulk are ultimately

collected at the contacts, which is determined by the equation of motion governing

transport. Because viscous transport proceeds by a different mechanism, this leads to

a qualitatively distinct weighting for Johnson noise in the viscous regime (see also Ref.

176).

Fig. 6.5 contrasts theoretical dissipation heating profiles, fluid flow streamlines, and

resulting temperature profiles between the Ohmic and the viscous cases, at zero and

nonzero magnetic field, for the Corbino geometry measured here. Our device also ex-

hibits ballistic and quasi-ballistic transport at lower temperature, where the heating

is concentrated at the contact resistance, and there is not a well-defined streamline

for current or a well-defined local temperature. A theory for the Johnson noise due

to self-heating in a magnetic field in this regime would depend very sensitively on the

contact resistance and how that contact resistance is thermalized (see the discussion in

Section 3.7). While there is a theory and an experiment that describes the crossover

from ballistic to viscous transport in the electrical sector with a focus on contact re-
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Figure 6.5: (a-d) Ohmic and viscous flow heating density Q, normalized by the total Joule
power, plotted on a logarithmic color scale, for B = 0 and 80 mT, and constant κxx. White
streamlines indicate flow velocity. Ohmic heating profile is independent of magnetic field. In
viscous regime under magnetic field, flow enters/exits electrodes at a right angle and transitions
to rotational velocity over the Gurzhi length scale. A higher velocity gradient from the transition
generates additional heating near the inner and outer contact. (e) Linecuts of the data in (a-d);
normalized heating density as a function of radius for Ohmic flow (black) and viscous flow as a
function of magnetic field (red: 0 mT → blue: 200 mT). With increasing magnetic field, viscous
heating develops a minimum near the middle of the channel. (f-i) Resulting Ohmic and viscous
flow temperature rise profile ∆T , normalized by the total Joule power, for B = 0 and 80 mT, and
constant κxx. Ohmic temperature profile is independent of magnetic field. In viscous regime,
temperature profile differs that of Ohmic and varies with magnetic field. (j) Linecuts of the
data in (f-i); normalized temperature rise profile as a function of radius for Ohmic flow (black)
and viscous flow as a function of magnetic field (red: 0 mT → blue: 200 mT). With increasing
magnetic field, viscous temperature profile flattens and shifts its peak to higher radius. Johnson
noise thermometry will measure the spatially averaged temperature rise.
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sistance80,81, there is no corresponding theory for Johnson noise in the thermal sector.

However, we observe and explain that the heating in such a (quasi-)ballistic regime will

not cause a negative thermal MR (see Subsection 6.9.3). We thus use the diffusive

Ohmic case as a point of comparison for the viscous case in Fig. 6.5, remembering that

our device also displays (quasi-)ballistic effects whose MR qualitatively resembles that

of the diffusive/Ohmic regime.

We first discuss the non-viscous Ohmic regime. Here, the heating of the electrons

arises from Joule dissipation via impurity or phonon scattering, with a 2D power density

p given by

P = J⃗ · E⃗ (6.6)

where J⃗ is the electrical current density and E⃗ is the electric field. Both components

scale as ∝ 1/r, giving a ∝ 1/r2 power dissipation profile, independent of magnetic

field, and the resulting temperature profile is also magnetic-field-independent. Thus,

the generalized thermal resistance

Rth ≡ ∆TJN/P =
1

12κxx
· ln(ro/ri)

2π
(6.7)

changes with magnetic field only through 1/κxx (see Section 3.3 for a more detailed

derivation).

In the viscous regime with the absence of impurity or phonon scattering, the heat

dissipation now comes from viscous shearing and deformation of fluid elements caused

by velocity gradients. In a Corbino geometry at B = 0, hydrodynamic electron flow
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has zero electric field inside the channel, as there is no boundary scattering to relax

momentum, and fluid elements experience zero net viscous force58,81. This contrasts

with the more common Poiseuille flow in a pipe, where momentum relaxation comes

from no-slip boundary conditions along the walls, and fluid elements do experience a

net viscous force with a non-vanishing electric field. The Corbino viscous flow is in a

way analogous to Couette flow, where a constant velocity gradient imposes no net force

on any fluid element (divergence of the stress tensor is zero) but still generates viscous

heating (nonzero stress tensor).

Although the velocity vector field at B = 0 is the same ∝ 1/r as in the Ohmic

case, now the dissipation heating scales as ∝ 1/r4 from the viscous stress tensor (see

Appendix G), as shown theoretically in Fig. 6.5(a,c,e). The viscous temperature profile

is thus also different from the Ohmic case, as demonstrated in Fig. 6.5(f,h,j), with

the peak in temperature lower and closer to the inner electrode, since the heating is

relatively more concentrated towards the inner electrode.

For Ohmic flow, a JNT measurement takes a spatial average of the temperature profile

weighted by the electric potential162,164; however, in the viscous case, the potential

weighting factor is replaced by a linear operator which depends on the details of viscous

transport in this geometry (see Appendix G). The combination of viscous heating and

noise results in a scaling factor f(B, ν) to TJN in Eq. 6.7, such that the generalized

thermal resistance takes the modified geometric form

Rth =
1

12κxx

ln (ro/ri)

2π
× f(B, ν). (6.8)

We emphasize that f(B, ν) arises from both a spatial temperature profile redistribution

and a different temperature-weighting factor for viscous flow. In the viscous regime, σ
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is no longer well defined due to viscous non-locality, and the function f(B, ν) thus also

accounts for how viscosity affects the resistance and total Joule power I2Rel. In a mixed

Ohmic and viscous case, the scaling factor becomes f(B, ν, γmr), acquiring a dependence

on the momentum relaxation rate γmr, and must be computed numerically59.

Upon application of an external magnetic field, the electron fluid traversing the chan-

nel of a Corbino geometry will acquire a rotational velocity due to the Lorentz force,

both in the Ohmic and viscous regimes, as shown in Fig. 6.5 (b,d). Due to no-slip vis-

cous boundary conditions at the electrodes58,220, the fluid transitions to mixed radial-

rotational velocity in the channel over the Gurzhi length scale lG =

√
ν

γmr

65–67,81,179.

In the Ohmic regime, however, due to the absence of viscosity, this transition happens

over an infinitesimally small Gurzhi length scale and is thus not visible in Fig. 6.5(b).

The additional rotational velocity adds to the 1/r radial component and modifies the

velocity gradients, the viscous stress tensor, and the heating profile. Larger gradients

from the varying rotational component are present near the inner and outer electrodes,

generating additional heating near the contacts, leaving an area near the middle of the

channel with relatively less heating (Fig. 6.5(d)). However, normalized by the total

Joule power, the heating near the inner electrode decreases and the heating near the

outer electrode increases, as shown in Fig. 6.5(e).

The resulting viscous temperature profile thus acquires a magnetic field dependence,

as shown in Fig. 6.5(h,i,j). The temperature peak near the inner contact decreases

and shifts outwards towards a more uniform temperature distribution with increasing

B. This reshaping of the temperature profile, in conjunction with the viscous Johnson

noise weighting, acts to decrease Rth for a given fixed κxx(B).

The magnetic field dependence of the purely viscous (i.e. with zero momentum relax-

ation) scaling factor f(B), introduced in Eq. 6.8, is plotted in Fig. 6.6, both in absolute

264



0 0.05 0.1 0.15 0.2
B (T)

0

0.5

1

1.5

2

2.5

3

3.5

f(B
)

Fully Viscous Scaling Factor

(a)
0.5
0.2
0.1
0.05
0.02

           8  (m2/s)

0 0.05 0.1 0.15 0.2
B (T)

0

0.2

0.4

0.6

0.8

1

f(B
) /

 f(
0)

Fully Viscous Scaling Factor, Normalized

(b)
0.5
0.2
0.1
0.05
0.02

           8  (m2/s)

Figure 6.6: (a) Absolute self-heating Johnson noise scaling factor for fully viscous transport
(zero momentum relaxation) for the Corbino geometry of MLG3. Mathematical details are
given in Appendix G. Different colors indicate different viscosity values, which affect only the
horizontal rescaling of the function. The shape of the function in general depends on the sample
aspect ratio ro/ri. (b) The same function from (a) plotted relative to its value at B = 0. It

approaches an asymptotic limit of f(B → ∞)

f(0)
≈ 0.25 for the Corbino geometry of MLG3.

value and relative to its value at B = 0. In general, the function f(B) depends on the

aspect ratio of the Corbino geometry, and it is shown in Fig. 6.6 specific to the MLG3

sample. In the purely viscous case, the effect of changing viscosity is only to rescale the

function horizontally in magnetic field. At zero magnetic field f(0) ≈ 3.1, and for high

magnetic field this function approaches an asymptotic value of f(B → ∞) ≈ 0.25×f(0).

Let us emphasize the meaning of the scaling factor f(B) in comparing diffusive and

viscous transport. The electrical resistance Rel, in each case, is caused by either mo-

mentum relaxation or by fluid viscosity; for the same given Rel and κxx, the factor f(B)

then tells us how much more Johnson noise self-heating will produce in the viscous case

relative to the diffusive case, for the same total Joule power I2Rel. In the diffusive case,

the ratio of electrical resistance to thermal resistance (Eq. 6.7) will give us information
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about the Lorenz ratio, which is proportional to κxx
σxx

. It may appear that for a purely

viscous system, when f(B) > 0, it will reduce the measured Lorenz ratio relative to a

diffusive system; however, the ratio κxx
σxx

is not well-defined in a purely viscous system

since γmr → 0 implies σxx → ∞. Interpreting the measurements becomes a question

of understanding the difference between the experimentalist’s and the theorist’s Lorenz

ratio, as was discussed in Section 5.4. Thus, an experimentally measured Lorenz ratio

cannot be converted to κxx
L0Tσxx

via the scaling factor f(B).

The behavior of the f(B, ν, γmr) function, now taking into account both viscosity

and momentum relaxation, is shown in Fig. 6.7. Here, the function of three variables

f(B, ν, γmr) depends on ν and γmr only through the ratio λ ≡
√
ν/γmr

ri
=

lG
ri

; thus,

λ is a convenient parameter for plotting the family of curves. The horizontal scale in

Fig. 6.7 is set only by the momentum relaxation rate via B0 = mγmr/e. The curve for

the value of λ = 5 approaches the purely viscous limit shown in Fig. 6.6; however, in the

limit of zero disorder via γmr → 0;λ → ∞, the horizontal scale B0 = mγmr/e of Fig. 6.7

becomes ill defined and thus a different scale is needed (see Appendix G and Fig. G.1,

where the scale of B0 = (γmr + ν/r2i ) ×m/e is used). In the weakly viscous regime of

λ ≲ 0.45, f(B) increases with B due to additional perturbative viscous heating in the

bulk of the channel while maintaining a nearly Ohmic ≈ 1/r2 heating profile (see also

Appendix G). In contrast, in the more viscous regime of λ ≳ 0.45, f(B) decreases with

B, as discussed above.

The measured thermal magneto-resistance Rth(B) will have contributions from both

a changing κxx(B) and the B-dependence of f(B, ν, γmr), resulting in a relative scaling
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Figure 6.7: Self-heating Johnson noise scaling factor for mixed diffusive-viscous transport
for the Corbino geometry of MLG3, as a function of magnetic field. Mathematical details are

given in Appendix G. Different colors indicate different λ ≡
√
nu/γmr

ri
=

lG
ri

values, indicating
how diffusive or viscous the transport is. Low λ trends towards the diffusive regime, and high
λ towards the viscous regime. The function is scaled horizontally in magnetic field in units of
B0 = mγmr/e. Only a few widely spaced values of λ are shown for ease of viewing, and the
full computational dataset has a denser spacing of λ. Calculations were directly performed and
provided by Ref. 59.
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of Rth given by

Rth(B)

Rth(0)
=

[
κxx(B)

κxx(0)

]−1

× f(B)

f(0)
. (6.9)

The
[
κxx(B)

κxx(0)

]−1

factor is expected to only increase with magnetic field89,228, but the

f(B)

f(0)
factor can decrease with magnetic field if viscous heating from velocity gradients

is strong enough relative to Ohmic heating from velocity magnitude (see Fig. 6.7, and

Appendix G for more details). The functional form of the f(B)

f(0)
factor is shown in

Fig. 6.8, as a renormalized version of the calculation in Fig. 6.7.

The behavior of the measured Rth(B)

Rth(0)
is shown for three different densities in

Fig. 6.9(a-c), for a range of temperatures 24–200 K. The green and magenta dashed

lines correspond to the limiting behavior expected for respective purely diffusive and

purely viscous hydrodynamic transport, computed with momentum relaxation rates and

viscosities at 200 K obtained with the method described later in this Chapter. At charge

neutrality (Fig. 6.9(a)), the fluid has zero collective mass and thus kinematic viscosity

is not well-defined, so we do not show the viscous limit as our theory will not apply.

In the fully viscous and hydrodynamic limit (magenta curve), Rth(B)

Rth(0)
would directly

follow the f(B, ν)

f(0, ν)
viscous scaling factor in Eq. 6.9, as the κxx(B) factor is predicted

to be constant in this limit89. To attain this limit, the e-e scattering rate γee and the

momentum relaxation rate γmr must satisfy two conditions: (1) γee ≫ γmr and (2)

lG ≈
v2F

4γeeγmr
≫ r2i (see Section 1.3).

In the diffusive limit (green curve) where the WF law is expected to hold, the thermal

conductivity would scale with B in the same way as the electrical conductivity. The

green-to-magenta gradient indicates the transition of thermal MR from the diffusive
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Figure 6.8: Self-heating Johnson noise scaling factor for mixed diffusive-viscous transport
for the Corbino geometry of MLG3, as a function of magnetic field, normalized by the value
at B = 0. Mathematical details are given in Appendix G. Different colors indicate different

λ ≡
√
nu/γmr

ri
=

lG
ri

values, indicating how diffusive or viscous the transport is. Low λ trends
towards the diffusive regime, and high λ towards the viscous regime. The function is scaled
horizontally in magnetic field in units of B0 = mγmr/e. Only a few widely spaced values of λ
are shown for ease of viewing, and the full computational dataset has a denser spacing of λ.
Calculations were directly performed and provided by Ref. 59.
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Figure 6.9: (a-c) Measured normalized thermal magneto-resistance (MR) Rth(B)/Rth(0),
vs magnetic field for three different electron densities. Black to orange colors indicate different
temperatures. The magenta dashed curve indicates the geometric scaling factor f(B)/f(0) for a
fully-viscous and hydrodynamic sample (γmr → 0; κxx(B) = const), using the viscosity obtained
at 200 K. The green dashed curve shows the expected behavior for a diffusive semiclassical Drude
model using the momentum relaxation rate obtained at 200 K, with the thermal conductivity
scaling vs B the same as the electrical conductivity. The shaded gradient indicates the transition
between these two regimes. At lower temperatures, the thermal MR always increases with
magnetic field. At higher temperatures, the thermal MR first decreases with magnetic field due
to the f(B) behavior, as a clear sign of viscous heating; and then at larger magnetic field it
turns upwards when the behavior is dominated by κxx(B) changing.
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limit to the viscous limit. For the nonzero densities, the thermal MR curves for all

temperatures fall between the viscous and diffusive limits, showing a strong temperature

dependence but not reaching either limit.

At low temperature away from charge neutrality, where the sample is (quasi-)ballistic,

Rth increases with B due to a gradual transition from the (quasi-)ballistic to the diffusive

regime caused by increased effective channel length, as supported by the magneto-

Lorenz-ratio data (see Subsection 6.9.3). In this (quasi-)ballistic regime, our theory

with a mixed diffusive and viscous f(B, ν, γmr) will break down, and thus we must be

careful in interpreting any resulting extracted quantites as quantitative.

As temperature increases, Rth(B) gradually changes its shape to decrease with B

at low field and nearly flatten out at high field, approaching the viscous limit. We

conclude that this negative thermal MR is caused by the viscous scaling factor f(B),

as the
[
κxx(B)

κxx(0)

]−1

factor can only increase with B 89,228.

As our sample never attains the fully viscous and hydrodynamic limit, whether Rth

increases or decreases with B for low B depends on the balance between the two factors

in Eq. 6.9. In the regime where we measure a suppression of L
L0

below 1, the graphene

sample trends towards the degenerate hydrodynamic limit, and thus the
[
κxx(B)

κxx(0)

]−1

factor is expected to change more slowly, and the behavior of Rth(B) becomes domi-

nated by f(B), allowing us to observe the negative thermal MR concurrently with the

hydrodynamic suppression of L
L0

.

Interestingly, even at 90 K, where the thermal MR is approximately zero for low

magnetic field, the increasing
[
κxx(B)

κxx(0)

]−1

factor approximately cancels the decreasing

f(B)

f(0)
factor, indicating the transport is still viscous even without a negative thermal

MR.
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6.6 Investigating Limiting Behavior

While we cannot independently separate the cancelling quadratic contributions at low

field of the factors containing κxx(B) and f(B) in Eq. 6.9, the decrease of Rth with

B nonetheless sets a lower bound on the magnitude of the change of f(B)

f(0)
. If we

assume, for simplicity, that the change in
[
κxx(B)

κxx(0)

]−1

is negligible, then we can match

the decrease in Rth(B)

Rth(0)
with the decrease in f(B)

f(0)
. The degree to which the f(B)

f(0)

function drops is dependent on lG and the specific geometry of the sample (Fig. 6.7).

By comparing the minimum of Rth(B)

Rth(0)
and the dependence of f(∞)

f(0)
on lG, we can

obtain a lower bound on lG, although not yet on the viscosity directly. Here, f(∞) is

the asymptotic value of f(B) in the limit B → ∞. In reality, due to an increase of[
κxx(B)

κxx(0)

]−1

with magnetic field, the actual f(B)

f(0)
will decrease more than we estimate

here, corresponding to a larger lG, as we will see in Section 6.7.

The numerically calculated f(∞)

f(0)
used in this computation59 is shown in Fig. 6.10,

and the resulting lower bound for lG at 200 K is shown in Fig. 6.11. Additionally,

Fig. 6.11 compares lG with the inner radius ri of the Corbino, shown as a dashed line.

This visualization of the data is the clearest indication of geometry-dependent viscous

behavior in our device. Indeed, near the most viscous density of n = 1.3×1011 cm−2, the

Gurzhi length closely approaches the size of the inner radius, indicating a strongly vis-

cous flow pattern. Nearing charge neutrality, the Gurzhi length decreases as the sample

transitions away from the degenerate hydrodynamic regime to the bipolar electron-hole

regime. At charge neutrality, the theory with kinematic viscosity approaches a singu-

larity as the fluid mass goes to zero; however, we can still calculate an effective Gurzhi

length of nearly half the inner radius due to the presence negative thermal MR, which
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Figure 6.10: The functional form of f(∞)/f(0) used in the calculation of the Gurzhi length
lower bound, plotted as a function of the ratio λ = lG/ri, where ri is the radius of the inner
contact. Calculation provided by 59.

may suggest weakly viscous flow at charge neutrality, which was previously not able

to be measured in any other electrical-only experiments61,62,71,74,81. The presence of

charge puddle disorder may complicate this interpretation, however. At high density,

the Gurzhi length decreases as electronic screening reduces the e-e scattering rate.

We only show the Gurzhi length lower bound at 200 K because our mixed Ohmic

and viscous model is less accurate at lower temperatures where the sample becomes

(quasi-) ballistic. As temperature decreases, viscosity should increase and the momen-

tum relaxation rate should decrease, which should cause the Gurzhi length to increase;

however, at lower temperatures, Rth(B)

Rth(0)
does not drop as strongly as it does at 200 K

(Fig. 6.9), so the calculated Gurzhi length lower bound would decrease instead of in-

creasing. Our model would incorrectly explain this behavior as the sample becoming

more diffusive/Ohmic rather than ballistic.
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Figure 6.11: Purple: lower bound on the Gurzhi length lG, computed by matching the min-
imum of Rth(B)/Rth(0) to the value of lG that sets f(∞)/f(0) equal to this minimum. The
gray dashed line indicates the inner radius of the device.

After computing the lower bound for lG at 200 K, the remaining fit parameter for the
f(B)

f(0)
function is the momentum relaxation rate γmr, which enters simply as a scaling

in magnetic field via the characteristic magnetic field field value B0 = mγmr/e
59. An

appropriate scaling fit to the data, truncated up to the local minimum in Rth, provides a

value for γmr, allowing calculation of ν from the lG lower bound. We note that because

γmr calculated in this way is not a lower bound, the resultant obtained values for the

viscosity, ν = l2Gγmr, are only a quasi-lower bound rather than a robust lower-bound

like those for lG.‡

Fig. 6.12(a,b) shows the normalized thermal MR data for two densities at 200 K in

orange, and the corresponding fits, using the single fit parameter γmr, of the numerically
‡However, we will find that these values of viscosity are indeed significantly lower than those

calculated in Section 6.7 using a more complete model.
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calculated59 function f(B, lG, γmr) in gray. The resulting γmr and ν values are plotted

in Fig. 6.12(c,d). The functional fits of f(B, lG, γmr) to the Rth data do not match

very well; in particular, the Rth data attains a minimum and starts increasing again (at

approximately 60–90 mT, depending on the density), before the f(B) function begins

to saturate, especially for the most viscous density of 1.3× 1011 cm−2. We can explain

this incongruence between the model and the data as stemming from our oversimplified

assumption that κxx(B) is constant, which, in the next section, we will relax to obtain

a more complete model.

Nonetheless, this simple analysis yields a robust lower bound on the Gurzhi length,

and order of magnitude estimates for the viscosity and momentum relaxation rate.

Moreover, the values obtained for viscosity are comparable to those in the literature

obtained using electrical-only measurements62,73.

Finally, in Fig. 6.12(a,b), we compare the model and data with the purely viscous/hy-

drodynamic and purely Ohmic limits, in the same manner as in Fig. 6.9. Here, the

values of viscosity and momentum relaxation rate for the magenta and green curves

are taken from this simplified limiting-case fit, yielding qualitatively similar behavior as

that shown in Fig. 6.9, where the values are taken from the more advanced fit discussed

in the next section.

6.7 Calculating Viscosity, Momentum Relaxation, and Thermal

Magneto-conductivity from Viscous Heating

Having seen the failure of the simplified model of κxx = const in the previous section,

we now relax this assumption for a more complete model. Motivated by the parabolicity

of Rel(B) at 200 K (Fig. 6.2), we assume the thermal inverse magneto-conductivity is
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Figure 6.12: (a,b) Orange: measured thermal magneto-resistance (MR) Rth = ∆T/I2R,
normalized by the value at B = 0, vs magnetic field for two different electron densities at 200 K.
Gray: fit of the viscous function f(B, ν, γmr) obtained by fixing the lG value to the lower bound
via the minimum of Rth with γmr as the only fit parameter, while assuming κxx(B) is constant,
as described in the text. The agreement with the data is not excellent; the data reaches the local
minimum at significantly lower magnetic fields than when the model for f(B) begins to saturate
at its minimum. The magenta dashed curved indicates the fully viscous and hydrodynamic
scaling factor f(B)/f(0) using the viscosity obtained from the fit; the data would follow this
curve if lG ≫ ri and κxx(B) = const. The green dashed curve shows the expected behavior for a
diffusive semiclassical Drude model using the momentum relaxation rate obtained from the fit,
with the thermal conductivity scaling vs B the same as the electrical conductivity. The shaded
magenta-green gradient indicates the transition between these two regimes. (c) Calculated
momentum relaxation rate γmr using this simplified model fit. (d) Calculated viscosity ν using
this simplified model fit.
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parabolic as
[
κxx(B)

κxx(0)

]−1

= 1 + (αthB)2, where αth is functionally analogous to the

electrical mobility µ, as in Eq. 6.4.

Thus, we rewrite Eq. 6.9 as

Rth(B)

Rth(0)
=
[
1 + (αthB)2

]
× f(B;λ, γmr)

f(0;λ, γmr)
(6.10)

in order to fit this model to the data. Here, B is the independent variable, and αth, λ =

lG/ri, and γmr are the three fitting parameters in the model. We have parameterized

f(B) via λ instead of ν, as this significantly simplifies the numerical computations of

f(B). The numerically computed f(B) that is used in this fit, for an experimentally

relevant range of λ, was shown in Fig. 6.8; these computations were kindly provided by

59.

We have found that the model in Eq. 6.10, with three fit parameters, is able to fit the

data extremely well for |B| ≲ 0.13T, above which the Rth transitions to a linear-in-B

behavior. However, due to the excessive number of parameters in the model, the fit is

poorly conditioned and a large range of parameters can correspond to nearly the exact

same curve to fit to the data, giving broad confidence intervals for the parameters. We

thus require another constraint during the fitting to obtain more reliable fit parameters

with narrower confidence intervals.

We use the electrical magneto-resistance data, which is measured concurrently with

the thermal magneto-resistance, as another fitting constraint. To avoid the effects of

contact resistance, we consider only the change in absolute resistance ∆Rel, rather then

the relative electrical magneto-resistance Rel(B)

Rel(0)
. The theory for electrical magneto-

resistance in a mixed Ohmic-viscous Corbino device is developed in Ref. 220, the results
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of which we summarize here. The field dependent part of the resistance is given by220

∆Rel(B) =
B2 ln (ro/ri)

2πρ0(ne)2
×
[
1− 1

ln a

{
[I0(b)− I0(b/a)] [(a/b)K1(b)− (1/b)K1(b/a)]

I1(b/a)K1(b)− I1(b)K1(b/a)

+
[K0(b)−K0(b/a)] [(a/b)I1(b)− (1/b)I1(b/a)]

I1(b/a)K1(b)− I1(b)K1(b/a)

}]
, (6.11)

where ρ0 is the non-viscous resistivity from momentum relaxation, a ≡ ro/ri, b ≡ ro/lG,

and K0,K1, I0, I1 are Bessel functions.§

As a mathematical trick for fitting Eqs. 6.10 and 6.11 simultaneously, we use the

electrical magneto-resistance for negative B and thermal magneto-resistance for positive

B. Fig. 6.13 demonstrates these simultaneous fits to the electrical and thermal MR

data for two densities at 200 K, at which temperature we expect our model to be most

physically representative of the viscous transport

In performing the fits, in order to equalize the residuals between the absolute electrical

and relative thermal MR data, we have scaled down both the electrical data and model

for Eq. 6.11 by C × Rel(0), and plotted it relative to the value of 1. Here, C = 3 is

a relative weight parameter we have chosen so that the fit to the thermal data carries

3 times as much weight in the residuals compared to the electrical data; however, for

plotting the data and the fit, we have used C = 1 so that both the electrical and thermal

sides show R(B)

R(0)
.

To avoid fitting the parabolic 1 + (αthB)2 factor to the linear part of the data for

|B| ≳ 0.12T, we fit to only a truncated part of the data, indicated by the red circles.

The gray circles indicate the measured data that was excluded from the fit, as a point

of comparison. The electrical part from Eq. 6.11 is shown with a thick black curve,
§Due to the nature of the modified Bessel functions here, we perform the computations using

variable-precision arithmetic in MATLAB.
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Figure 6.13: (a,b) Fits, as described in the text, of simultaneous Eq. 6.10 and 6.11 to the
thermal and electrical MR data for two densities and at T = 200K. The left side of each panel
indicates the electrical MR, and the right side indicates thermal MR. Black and green curves
ares the electrical and thermal fits, respectively. Red circles indicate data used in the fitting,
and gray circles are the data excluded from the fits due to the linear-in-B behavior of thermal
MR. Magenta dashed curve indicates the behavior of the thermal conductivity factor, and blue
dashed curve indicates the behavior of the f(B) factor, vs magnetic field, as described in the
text. (c) Blue: Momentum relaxation rate fit parameter resulting from the fits of Eq. 6.10 in
panels (a,b), with 1σ error bars (68% confidence intervals). Red: from the limiting model in
Section 6.6. (d) Same as (c), for the viscosity. (e) Thermal mobility coefficient fit parameter
only. (f) Electrical mobility calculated from (c).
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and the thermal part from Eq. 6.10 is shown with a thick green curve. The dashed

magenta curve indicates the
[
κxx(B)

κxx(0)

]−1

factor, and the dashed blue curve indicates

the f(B;λ, γmr)

f(0;λ, γmr)
factor, both of which multiply together to obtain the green curve. We

can thus see how the B-dependencies of the individual factors in Eq. 6.10 contribute to

the overall measured thermal MR. For low B, the decrease of the f(B)

f(0)
factor dominates

the behavior of Rth(B) until it begins saturating; for higher B, the increase of the[
κxx(B)

κxx(0)

]−1

factor causes the thermal resistance to start increasing with B again.

The fits are not a perfect match to the data even when it is truncated, as visible in

Fig. 6.13(b), which introduces additional statistical fitting uncertainty to the extracted

parameters. Fig. 6.13(c-f) shows the 1σ error bars (68% confidence intervals) for the

extracted parameters γmr, ν, and αth, as well as the electrical mobility computed from

γmr, for T = 200K. Especially on the hole side, the error bars indicate this method of

calculating the transport parameters is not very quantitatively accurate, in part due to

the imperfect agreement of the model with the data at some densities.

We also compute the Gurzhi length at 200 K from the fits in Fig. 6.13(a,b) and

plot it in Fig. 6.14 with comparison to the lower bound computed in Section 6.6. The

new model in this section provides a much larger Gurzhi length than our previously

calculated lower bound. We compare this Gurzhi length with the channel length of

the device ro − ri, and we see that it is comparable to and sometimes longer than the

channel length, indicating strongly viscous flow and heating in our device.

The model we use only accounts for a crossover between the diffusive and viscous

transport regimes, whereas our device is in a quasi-ballistic transport regime at low

temperature. If momentum relaxation does not increase enough with temperature, then

it may still not be strong or uniform enough at 200 K to completely justify the mixed
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Figure 6.14: Blue: Gurzhi length computed from the fits and parameters in Fig. 6.13, with
1σ error bars (68% confidence intervals). Red: Gurzhi length from the limiting model from
Section 6.6, replotted from Fig. 6.11. Gray dashed lines indicated the inner radius ri and the
channel length ro − ri, for comparison to the Gurzhi length.

diffusive and viscous transport picture used in the model. The diffusive Drude transport

model for magnetoresistance is grossly incorrect in the high-mobility, ballistic limit, as it

predicts the opposite result from semi-classical ballistic transport (see Subsections 6.9.1

and 6.9.3), so analogously we cannot necessarily expect the diffusive aspect of our

mixed model to give quantitative predictions for magneto-resistance in a mixed quasi-

ballistic and viscous transport regime. Furthermore, the viscosity is expected to have a

dependence on the magnetic field63, so it might be expected that the functional form

may be more complicated in the higher magnetic field regime.

Although we expect the model to be a progressively poorer description of the inherent

physics at lower temperatures, we nonetheless, for completeness, perform the same

electrical/thermal fits down to 90 K, the lowest temperature where there is any evidence

of viscous heating by negative thermal MR. The fits for these lower temperatures are
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shown in Fig. 6.15, in the same manner as Fig. 6.13(a,b). At these temperatures, the

viscous drop in Rth(B) is weaker due to the sample trending towards (quasi-) ballistic

transport. While the fit reflects this in the much weaker magnetic field dependence of

the f(B) factor (blue dashed curve), the fit trends towards entirely diffusive transport

with an insignificant temperature dependence of the
[
κxx(B)

κxx(0)

]−1

factor, whereas the

device in reality enters a quasi-ballistic regime that our model cannot capture. Thus, the

parameters extracted from these fits are progressively less reliable as the temperature

is lowered.

For completeness, we show in Fig. 6.16 the evolution of the 3 fit parameters and the

mobility over the four highest temperatures measured, as was shown in Fig. 6.13(c-f) for

200 K. The general trend for the momentum relaxation rate, especially at lower tem-

peratures, is to increase near charge neutrality, which can be understood from reduced

screening of charged impurities due to low electron density. The temperatures of 150

and 200 K do not follow this trend as clearly, which is likely a failure of our model to

capture the exact behavior of the device as described previously.

The calculated viscosity follows a trend of increasing with temperature, which is

opposite of the effect predicted for the hydrodynamic regime, where increasing e-e in-

teractions with temperature should decrease viscosity (see Subsection 1.3.1). However,

at low temperature in the quasi-ballistic regime, we expect that viscosity will not be

well defined due to an insufficient rate of electron collisions, and that our model cannot

quantitatively describe this quasi-ballistic regime.

On the electron side, we find that the calculated thermal mobility αth generally

decreases with temperature, consistent with a suppression of thermal conductivity and

Lorenz ratio due to increasing hydrodynamic e-e scattering. Additionally, the thermal

mobility is approximately an order of magnitude lower than the electrical mobility, also
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Figure 6.15: (a-f) Fits, as described in the text, of simultaneous Eq. 6.10 and 6.11 to the
thermal and electrical MR data for two densities at lower temperatures. The left side of each
panel indicates the electrical MR, and the right side indicates thermal MR. Black and green
curves ares the electrical and thermal fits, respectively. Red circles indicate data used in the
fitting, and gray circles are the data excluded from the fits due to the linear-in-B behavior of
thermal MR. Magenta dashed curve indicates the behavior of the thermal conductivity factor,
and blue dashed curve indicates the behavior of the f(B) factor, vs magnetic field, as described
in the text.

283



-1 -0.5 0 0.5 1

n (1012 cm-2)

10-1

100

101

.
m

r (T
H

z)

(a)
90
120
150
200

           T (K)

-1 -0.5 0 0.5 1

n (1012 cm-2)

10-1

100

101

8
 (m

2 /s
)

(b)
90
120
150
200

           T (K)

-1 -0.5 0 0.5 1

n (1012 cm-2)

104

105

106

,
th

 (c
m

2 /V
s)

(c)

90
120
150
200

           T (K)

-1 -0.5 0 0.5 1

n (1012 cm-2)

105

106

107

7
 (c

m
2 /V

s)

(d)
90
120
150
200

           T (K)

Figure 6.16: (a-d) The evolution of the fit parameters γmr, ν, and αth, as well as the electrical
mobility computed from γmr, from 90 K to 200 K.
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Figure 6.17: Effective viscosity parameter from the full model fit as a function of temperature.
The temperature dependence is opposite to what we expect, and we attribute it to the model
failing progressively more at lower temperature as the device becomes (quasi-)ballistic, which
our model does not capture.

consistent with a suppressed Lorenz ratio.

Finally, we also present the viscosity parameter extracted from the fit, for the electron

side, plotted vs temperature to show its dependence in Fig. 6.17(b). It should not come

as a surprise that the apparent viscosity decreases as temperature is lowered. We already

saw this in the raw data in Fig. 6.2, and in the low-B thermal MR coefficients in Fig. 6.4:

the negative thermal MR viscous signature goes away at low temperature.

The effect we see here is analogous to the temperature dependence of the vicin-

ity resistance in previous viscous graphene experiments61,71. There, the magnitude
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of the negative vicinity resistance, which should be proportional to viscosity, first in-

creased with temperature before decreasing; the authors concluded that the former

regime corresponded to the quasi-ballistic regime with viscous effects, and the latter

regime corresponded to the true hydrodynamic regime. In our experiment, the Lorenz

ratio at B = 0 offers another perspective into whether our sample is hydrodynamic; the

decrease of it that happens concurrently with the negative thermal MR indicates the

sample approaches or begins to enter the hydrodynamic regime, even if it is not strongly

hydrodynamic. In a strongly hydrodynamic regime, the Lorenz ratio should be much

smaller than 1, where we only observe it decrease to ∼ 0.45.

We remark that our model of Eqs. 6.10 and 6.11 can describe the data semi-

quantitatively. The significance of our results lies not in measuring the exact viscosity,

but in observing a qualitative effect of viscous heating through the thermal magneto-

resistance.

6.8 Additional Data from Another Device

In this section, we present additional data for the Corbino devices in this Chapter to

further support our results. First, we show the residual density data of both Corbino

devices. Then, we show the thermal MR data for MLG4 in the same style as previously

shown for MLG3.

6.8.1 Residual Density

The residual charge density corresponds approximately to how many charges remain

when the gate sets the chemical potential to charge neutrality; these remaining charges

are a result of both chemical potential disorder fluctuations (charge puddles)16,17,222–224,
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as well as thermal excitation. At high temperatures where thermal excitation dominates,

the residual charge density represents coexisting electrons and holes, roughly in an

equal ratio. In this regime, the residual density increases with temperature. At low

temperatures, the thermal excitation becomes negligible and all remaining charges are

those from the charge puddles, and lowering temperature further will not reduce the

residual density. The residual density will roughly correspond to the width in n of the

Dirac peak.

Fig. 6.18 shows the residual density vs temperature for both devices, and indicates

that the residual density for Device 1 saturates at a temperature of ∼ 80K with a min-

imum value of approximately 4.5 × 1010 cm−2. In both devices at lower temperatures,

the residual density deviates from saturation, but this is an artifact of universal con-

ductance fluctuations appearing at charge neutrality and distorting the smooth peak in

the R2T (n) data on the log-log plot.

Fig. 6.18 shows the residual density for both of the devices used in this work.

6.8.2 Results for Second Corbino Device MLG4

We present additional data for a second, similar Corbino device, MLG4. First, we show

the individual linecuts of the electrical and thermal MR coefficients plotted in parallel

with the Lorenz ratio in Fig. 6.19.

Fig. 6.20 shows the matched colormaps of Lorenz ratio and thermal MR coefficient.

Here, the measured Lorenz ratio does not show an absolute suppression, but it nonethe-

less shows a relative suppression qualitatively consistent with the device shown in the

main text. If we take the low-T value of the Lorenz ratio as a baseline, the higher-T

relative suppression of the Lorenz ratio still coincides closely with the negative ther-

mal MR. This device has a shorter channel length of ∼ 1.64 µm, and thus it will be

287



5 10 20 50 100 200 300
T (K)

1.5

2

2.5

3

3.5

4

4.5

5
5.5

6

n 0 (1
010

 c
m

-2
)

Corbino Residual Density

MLG3 (Main Text)
MLG4

109 1010 1011

n (cm-2)

10-3

10-2

n0

1/
R

2T
 (S

)

MLG3 (T=24 K)
n0=5.4#1010 cm-2

Figure 6.18: Main panel: Residual density of both devices in this work. Inset: log-log plot of
electrical conductance vs n (blue). Extrapolations to the linear and flat parts are indicated by
the green dashed lines. Red indicates the intersection of these, which is the residual density n0.

288



-50

0

100

MLG4
   

   
   

 A
th

   
   

   
   

   
  A

el
   

   
  (

k+
/T

2 )

0

1

2

3

4

L 
/ L

0

T=23K

-50

0

100

   
   

   
 A

th
   

   
   

   
   

  A
el

   
   

  (
k+

/T
2 )

0

1

2

3

4

L 
/ L

0

T=45K

-50

0

100

   
   

   
 A

th
   

   
   

   
   

  A
el

   
   

  (
k+

/T
2 )

0

1

2

3

4

L 
/ L

0

T=81K

-50

0

100

   
   

   
 A

th
   

   
   

   
   

  A
el

   
   

  (
k+

/T
2 )

0

1

2

3

4

L 
/ L

0

T=129K

-50

0

100

   
   

   
 A

th
   

   
   

   
   

  A
el

   
   

  (
k+

/T
2 )

0

1

2

3

4

L 
/ L

0

T=161K

-50

0

100

   
   

   
 A

th
   

   
   

   
   

  A
el

   
   

  (
k+

/T
2 )

0

1

2

3

4

L 
/ L

0

T=184K

-1 -0.5 0 0.5 1
n (1012 cm-2)

-50

0

100

   
   

   
 A

th
   

   
   

   
   

  A
el

   
   

  (
k+

/T
2 )

0

1

2

3

4

L 
/ L

0

T=210K
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more ballistic at low-temperature than the device shown in the main text, for the same

approximate disorder level, and would thus be expected to produce higher measured

Lorenz ratios. Furthermore, the shorter channel length and smaller radii make it easier

for this device to enter the viscous flow regime, as it is easier to make these dimensions

smaller than the Gurzhi length lG.

Qualitatively, the data is consistent with MLG3, also showing viscous transport cor-

relating with the relative Lorenz ratio suppression.

6.9 Special Methods for Viscous Magneto-Transport

In this section, we refine and develop additional special methods for analyzing and

interpreting the viscous magneto-transport data.

6.9.1 Calculation of Contact Resistance and Momentum-Relaxing

Mean Free Path

In the previous Chapter in Subsection 5.5.4, we derived a formula for calculating the

contact resistance and momentum relaxation rate of a diffusive Corbino device based

on the geometry and the electrical magneto-resistance within the Drude model, and

presented the calculated results for MLG3. However, as will be described further in

Section 6.9.3, these diffusive methods fail to correctly describe the true ballistic limit,

so they cannot correctly estimate the contact resistance or the momentum relaxation

rate. Additionally, this method breaks down at higher temperature when the transport

becomes viscous and has another mechanism for magneto-resistance220. Nonetheless,

for a complete analysis we show the momentum-relaxing mean free path via this cal-

culation in Fig. 6.21(a), referenced to Section 5.5.4. For comparison, we also show the
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Figure 6.21: (a) Mean free path, for several temperatures, calculated using only the parabolic
electrical magnetoresistance, as described in Section 5.5.4, with the diffusive Drude model. Gray
dashed line indicates the channel length, i.e. ro − ri = 2.3µm. (b) Mean free path, for several
temperatures, calculated using the γmr from Section 6.7. Gray dashed line indicates the channel
length.

momentum-relaxing mean free path calculated via the γmr parameter from the func-

tional fits in Section 6.7, using the combined diffusive and viscous model, in panel (b).

While the resulting parameter is not at clearly defined as from the diffusive-only model,

we can see the general trend is that the mean free path is even larger in this model,

since we are now assigning part of the magnetoresistance to viscous effects via Eq. 6.11.

We take the computed large mean free paths as a strong suggestion that our device is

in the ballistic or quasi-ballistic regime at low-T .

Moreover, we remark that the mean free path calculated by the diffusive-Drude-only

model in Fig. 6.21(a) necessarily underestimates the true ballistic mean free path. From
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Eq. 5.27, the Drude model electrical magneto-resistance is given by

∆R2T (B) =
ln ro

ri

2π
· µB

2

ne
. (6.12)

As will be discussed further in Section 6.9.3, this model over-estimates the measured

electrical magneto-resistance for a given true mobility when the sample is ballistic.

Alternately, for a given true magneto-resistance, it will under-estimate the mobility,

thus under-estimating the mean free path. We can robustly conclude that the true

mean free path is larger than shown in Fig. 6.21(a), both due to the Drude-model

under-estimation as well as ignoring that a fraction of the electrical magneto-resistance

comes from viscous effects via Eq. 6.11.

6.9.2 Artificially Enhanced Lorenz Ratio in the Ballistic Regime

at B = 0 of Corbino Devices

In the ballistic regime, our self-heating Johnson noise thermometry measurement tech-

nique produces artificially enhanced Lorenz ratios, as was discussed in Section 3.7.

Generalized Model of Contact Resistance

Taking Eq. C.11 from Appendix C, we can set the parameter α → 0 for the ballistic limit,

corresponding to dissipating all the heat from the contact resistance in the metal heat

sink contacts. Microscopically, this corresponds to electrons scattering and randomizing

their momenta only once in the large reservoirs (corresponding to the metal contacts in

our device) of the ballistic wire model. Applying this limit and, we find the measured
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Lorenz ratio becomes

Lm = Ls
(Rs + 2Rc)

3

R3
s + 6RcRs (Rs +Rc)

Ls

Lc

. (6.13)

Expanding Eq. 6.13 in Rs

Rc
→ 0 (as occurs in a quasi-ballistic or ballistic system), we

obtain to the lowest two orders

Lm ≈ Lc ·
4

3

Rc

Rs

(
1 +

1

2

Rs

Rc

)
, (6.14)

showing explicitly how the measured Lorenz ratio will become large in ballistic samples.

We note that even in the case of the distribution of the Landauer-Sharvin contact

resistance into the channel bulk for a ballistic Corbino device80,81, we still expect all

corresponding Joule heating to happen within the contacts, as the back-reflection of the

ballistic modes due to their termination will not generate any random scattering that

can lead to heating.

Absence of Heating

The strongly enhanced measured Lorenz ratio corresponds to measuring less noise from

a sample for a given bias. Experimentally, we observe such an absence of noise from

self-heating in most of our devices when measured at low temperature and high density.

In the extreme limit of ballisticity of a quantum hall edge state protected from any

backscattering, Lorenz ratios of order 100–1000 have been measured with this self-

heating Johnson noise method175.

Our model assumes the metal contacts are perfect heat sinks fixed at the bath tem-

perature T0. In reality, they are not perfect, but they still have strong electron-phonon
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coupling at our experimental temperatures to produce negligible heating from the bal-

listic dissipation.

As seen in the main text in Fig. 6.1(c), the upwards trends of the measured Lorenz

ratio at T = 24 K as the density is increased is evidence for the device transitioning to

the ballistic regime.

6.9.3 Ballistic Effects: Electrical and Thermal Magnetoresis-

tance

In a 2-terminal electrical resistivity measurement, when the sample enters the ballistic

transport regime the resistance will not go to zero due to contact resistance effects,

making it difficult to ascertain when the sample becomes ballistic. In the Corbino

geometry, a sample will have a characteristic signature of ballisticity in the electrical

magneto-resistance. A non-ballistic sample with finite local conductivity σxx(B = 0) will

exhibit a Drude-type electrical MR as in Eqs. 5.27 and 6.4. However, a ballistic sample

will exhibit zero electrical MR up to a critical magnetic field, since all electrons exiting

one electrode will arrive at the other electrode until their cyclotron radius becomes small

enough to divert them229.

In our sample, we observe such an effect at the highest measured densities at the

lowest temperature. Concurrently with the zero electrical MR, the sample exhibits

a strongly enhanced apparent Lorenz ratio at B = 0 that is consistent with ballistic

transport (see Section 3.7). In the ballistic regime, we furthermore measure the thermal

magneto-resistance to also be zero for low magnetic fields. We take this as empirical

evidence that in the fully ballistic regime, the generalized thermal magneto-resistance

is not negative, as it is for the viscous case.

In this Subsection, we analyze the effects of ballistic transport on electrical and

295



-0.05 0 0.05 0.1 0.15 0.2
B (T)

0

50

100

150

200
R

el
 (+

)
15 K

1.9
2.4
3
4
8.1
13
Bc1

n (1011 cm-2)

-0.05 0 0.05 0.1 0.15 0.2
B (T)

0

50

100

150

200

R
th

 (+
)

15 K

1.9
2.4
3
4
8.1
13
Bc1

n (1011 cm-2)

Figure 6.22: (Left) Electrical MR and (Right) thermal MR for MLG3, for several of the
highest electron densities at 15 K. The brown circles labeled Bc1, marked on the curves, indicate
where the resistance would begin to increase due to ballistic cyclotron orbit trajectories missing
the opposite contact. The upturn of resistance before reaching the critical field suggests the
device being behaving quasi-ballistically.

thermal MR, as well as the measured Lorenz ratio. Figs. 6.22 and 6.23 demonstrate

the nearly flat electrical MR and thermal MR at high densities at 15 K, corresponding

to the strongest low-T contact-induced measured Lorenz ratio enhancement discussed

above. Similarly, Fig. 6.24 shows the measured Lorenz ratio vs B, which also exhibits

analogous plateaus at low-B.

Electrical Ballistic MR Effects

The absence of electrical MR (the plateau at low-B) signifies ballistic transport, where

increasing the length of the ballistic electron trajectory via path bending due to cyclotron

radius will not cause the resistance to increase229. This occurs until a certain critical

field Bc1, which corresponds to the cyclotron radius where electron orbits begin to miss
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Figure 6.23: MLG4 electrical and thermal MR, plotted in the same was as Fig. 6.22.
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Figure 6.24: (a,b) MLG3 Lorenz ratio vs magnetic field, for several densities, shown for
15 and 24 K. Only the data for the electron side is shown. in the flat plateaus with elevated
Lorenz ratios, the device continues to behave ballistic. When the elevated Lorenz ratio begins
to decrease with B, this is a signature of the device transitioning through the quasi-ballistic
regime and becoming more diffusive. For densities below 8.1 × 1011 cm−2, the device already
starts in the quasi-ballistic regime at B = 0.
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the opposite contact, given by rc = (ri + ro)/2 with ri,o the inner and outer contacts.

Dark red circles in Fig. 6.22 indicate this critical field.

Our measured magneto-resistance starts to increase before reaching this critical field,

for which we propose the following quasi-ballistic explanation: As the magnetic field

increases, the arc length along the cyclotron orbit that that electrons take to reach the

other contact increases. In a purely ballistic device, this process will get cut off when

the cyclotron orbit radius reaches a critical value at Bc1. In a nearly-ballistic or quasi-

ballistic device with a small amount of impurity scattering or momentum relaxation, the

arc length may reach the momentum-relaxing mean free path first, before reaching the

critical arc length πrc at Bc1. Then, diffusive/Ohmic resistance starts being generated

in the sample, causing the magneto-resistance to increase. This is supported by the

ballistic Lorenz ratio behavior as a function of B, as explained further below.

For MLG3, both the thermal and electrical magneto-resistances (Fig. 6.22) are flat

for the highest two densities of n = 8.1, 13× 1011cm−2; and for lower densities of n =

3, 4× 1011cm−2, the MR is starting to flatten out as the ballistic regime is approached.

The Drude model for electrical MR (Eq. 5.27) predicts the wrong behavior (strongly

increasing electrical MR) for the limit mobility µ → ∞ because it assumes uniformly dif-

fusive transport (corresponding to the quantum mechanical formation of non-conductive

bulk Landau levels at arbitrarily small B). The equation does not capture the correct

semi-classical description of mesoscopic ballistic transport, and thus the methods of Sub-

sections 5.5.4 and 6.9.1 cannot be used to truly ascertain where the device transitions

to ballistic transport.
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Empirical Thermal Ballistic MR Effects I

We take the flat thermal MR in Fig. 6.22, coincident with the flat electrical MR, as

empirical evidence that ballistic transport in the self-heating Johnson noise thermometry

measurement setup will not produce negative thermal MR. Interpolated through the

transition to diffusive transport (and corresponding positive thermal MR as described

earlier in this Chapter) that occurs at charge neutrality, there are no non-viscous effects

that can cause negative thermal magneto-resistance. After discussing the behavior of the

measured Lorenz ratio vs magnetic field, we return to the thermal magneto-resistance

for additional analysis.

Lorenz Ratio when Exiting the Ballistic Regime due to Applied

Magnetic Field

As the magnetic field applied in the ballistic regime is increased, we have proposed

that our sample starts behaving quasi-ballistically or quasi-diffusively before reaching

Bc1, the critical transition field between the flat and increasing MR. The Lorenz ratio

data to support this shown in Fig. 6.22. At the highest densities, the ballistically-

enhanced Lorenz ratio exhibits a plateau vs magnetic field (due to the plateau in both

Rth and Rel) until the device starts transitioning to diffusive transport just before

Bc1, at which point the measured Lorenz ratio starts decreasing with B towards the

diffusive WF value of 1. We take the decreasing of L/L0 with B as a signature of

the device transitioning from ballistic transport to quasi-ballistic/diffusive. The Lorenz

ratio plateaus are additional evidence that the device is nearly fully ballistic for the

highest two densities measured (n = 8.1, 13× 1011cm−2). The other densities are only

quasi-ballistic, as the Lorenz ratio starts decreasing with B nearly immediately. For
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densities below approximately n ≲ 0.81 × 1011cm−2, the decreasing of L/L0 with B

stops, indicating fully diffusive transport, concurrent with Lorenz ratios very close to

the WF value of 1. Correspondingly, these lower densities with fully diffusive transport

show only very weak viscous heating effects at higher temperature, as expected.

Thus, only for densities where our sample is ballistic or quasi-ballistic at low-T

are we able to observe viscous heating at higher temperatures, consistent with previ-

ous electrical-only experiments on viscous graphene61,62,71,74,81. Moreover, the physics

governing hydrodynamics and viscous flow in the Dirac fluid near charge neutrality

is more complicated and very different from that in degenerate hydrodynamic met-

als2,53,89,91,225,230.

Empirical Thermal Ballistic MR Effects II

Given that the measured Lorenz ratio is enhanced in ballistic or quasi-ballistic graphene

due to contact resistance effects as described in Subsection 6.9.2, and that it decreases

with magnetic field due to the sample becoming less ballistic, we can show that the

measured thermal MR must be positive in this regime, in contrast to the negative

thermal MR for the viscous regime.

The Lorenz ratio as a function of magnetic field, to order B2, can be expressed as

L
L0

=
1

12L0T0
× Rel(B)

Rth(B)
=

1

12L0T0
× Rel(0)(1 + αelB

2)

Rth(0)(1 + αelB2)
(6.15)

≈ 1

12L0T0
× Rel(0)

Rth(0)
×
[
1 + (αel − αth)B

2
]
. (6.16)

Because the measured Lorenz ratio must decrease with B, and the electrical MR in-

creases (αel > 0), we must have that αth > αel, and thus the relative thermal MR must

be positive. This applies both within the plateau for small magnetic field B < Bc1, as
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the sample is marginally perturbed out of the ballistic regime, as well as beyond the

plateau for B > Bc1 where the sample exits the ballistic regime. This excludes the

ballistic or quasi-ballistic regime from exhibiting negative thermal MR.

6.9.4 Explanation of Requirement for Ballistic Transport at low-

T for in Order to Be Viscous at High-T

In this section, we derive the approximate result that a device must be ballistic at low-T

in order to see viscous transport at intermediate-T .

The viscosity for an electronic system can be written as67

ν =
v2F /4

γee + γmr
, (6.17)

where γee, γmr are the e-e scattering and momentum relaxation rates. The Gurzhi

length is written as

lG =

√
ν

γmr
=

√
v2F /4

γmr(γmr + γee)
. (6.18)

The Gurzhi length decreases with T due to the increased e-e scattering rate. The system

will be most viscous at the lowest temperature where viscosity is still well defined. At

low temperature, γee → 0, so the Gurzhi length asymptotes to the upper bound of

lG →

√
v2F /4

γ2mr

=
vF
4γmr

. (6.19)

If we take the condition that lG ≳ L/4, where L is a sample dimension, as an approx-

imate requirement for seeing viscous effects, and use vF = lmrγmr, where lmr is the
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momentum relaxation length, we obtain

lmr ≳ L. (6.20)

Note that Eq. 6.19 is an upper bound for lG, and adding in e-e scattering will only

decrease lG and make the flow less viscous.

6.10 Conclusion

We demonstrated in a monolayer graphene Corbino device, the hydrodynamic suppres-

sion of the Lorenz ratio coincides closely with a negative thermal magneto-resistance ,

when using Johnson noise in the self-heating configuration to measure thermal magneto-

resistance. The decrease in thermal resistance with B arises from a combination of (1)

redistribution of the viscous spatial heating and thus spatial temperature profiles with

B due to additional velocity gradients, and (2) a different viscous weighting function

for the average temperature measured by Johnson noise.

This negative thermal magneto-resistance is a “smoking gun” signature for observing

viscous flow in a low-dimensional electron-hydrodynamic system. Additionally, even a

plateau in the thermal MR, but not in the electrical MR, still indicates viscous heating,

as the relative changes in f(B) and 1/κxx(B) cancel out. In contrast to other electrical-

only viscosity experiments, which often rely on quantitative measurements of electrical

resistance over different temperatures and sample geometries to confirm viscous flow,

our method for detecting viscous transport provides a distinctive sign change of the

thermal MR, thus being relatively insensitive to the detailed parameters in the theo-

retical model. Moreover, it is a global measurement of the device and does not rely on

strategic placement of local voltage or scanning probes.
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While the Lorenz ratio suppression is a more quantitative measurement for hydro-

dynamics, we emphasize that this suppression is distinct and broader in scope than

viscous transport. Viscous flow will have a relatively low upper temperature cutoff due

to the decreasing viscosity and Gurzhi length with T , but the Lorenz ratio would con-

tinue getting further suppressed with T , mediated by the ratios of the microscopic e-e

scattering rate to the impurity/phonon scattering rate. However, eventually at higher

temperature, optical phonon scattering would both close the hydrodynamic window69

and overpower the electronic diffusion cooling in our experiment96.

In addition to the qualitative aspect of detecting viscous flow, we are able to calculate

the Ohmic and viscous dissipation constants γmr and ν, showing that both play impor-

tant roles in determining the dissipative device properties. Devices with lower disorder

and lower γmr than ours would likely be more dominated by the viscous term.

Our method could be easily generalized to other materials, including bilayer graphene

and twisted graphene systems, in the search for hydrodynamics and other strongly

correlated regimes. It could also potentially apply even in the presence of more moderate

electron-phonon coupling, as the phonon cooling power would not depend on applied

magnetic field, but the heating profile could still acquire such a dependence due to

viscous heating. In this regard, our method could potentially be applied to more general

systems beyond graphene, including bulk 3D materials.
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Science cannot solve the ultimate mystery of nature.

And that is because, in the last analysis, we ourselves

are a part of the mystery that we are trying to solve.

Max Planck

7

Conclusion: Future Work and Outlook
We thank the reader for making it this far. As we have now seen, experiments

with Johnson noise thermometry are extremely delicate, and the results are often dif-

ficult to interpret in the context of many confounding variables that are difficult to
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quantify. In this dissertation, we have focused on RF JNT due to its advantages over

traditional low-frequency JNT, in particular the significantly faster measurement times.

We have explored many of the technical intricacies of measurement techniques, both

for measuring the noise and for interpreting it in the context of thermal conductance

measurements.

In the author’s personal opinion, the most significant technical contribution has been

characterizing the nonlinearity-induced noise modulation effect, as described in Sec-

tion 4.9 and described in Eq. 4.54. This newfound understanding allowed us to critique

the results of the Crossno experiment1, which has been the central experimental mo-

tivator for the work in this thesis. As we saw, the case of the Dirac fluid in graphene

is not fully settled, and future experiments on this platform are warranted to gain a

deeper understanding.

Measuring the nonlinearity of graphene devices is a difficult process due to the small

signals and harmonic distortion effects, but when done carefully, it enables us to verify

or correct our JNT measurements. As was shown in Fig. 4.26, there is still a mysterious,

perhaps missing, factor of
√
2 that is unexplained in the nonlinearity correction, and the

reader of this thesis is invited to perform their own studies of the nonlinearity effects to

hunt it down.

Chapter 4 has aimed to explain all the JNT techniques that we developed during

the course of this thesis, so that future experimentalists can harness their power and

continue or build further upon the projects described in this work.
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7.1 Summary of Experimental Results

Experimentally, we have focused on two main effects related to graphene hydrodynamics.

The first effect was discussed in Chapter 5, and is the suppression or enhancement of

the Lorenz ratio, deviating away from the WF law, when electron-electron or electron-

hole scattering becomes comparable or dominant to impurity or phonon scattering.

Generally, electron-hole scattering near charge neutrality will increase the Lorenz ratio,

and electron-electron scattering away from charge neutrality will suppress the Lorenz

ratio.

In monolayer graphene, most devices have shown both of these effects. However, the

data from device MLG1A shows that in the limit of clean graphene, the enhancement at

charge neutrality may not be present, for reasons that we do not yet understand. The

suppression away from charge neutrality may sometimes be hidden by contact resistance

effects, as for devices MLG2S / MLG2L.

For bilayer graphene, the strong apparent enhancement at charge neutrality appears

to be caused by phonon cooling, and we cannot measure the true electronic thermal

conductivity. There is evidence that there is some suppression of the thermal conduc-

tance at higher temperatures away from neutrality, based on the temperature scaling of

the thermal conductance, but this is not directly measurable and is only a perturbation

on a large phonon cooling background. Overall, BLG appears to have stronger electron-

phonon coupling than MLG and a lower temperature crossover point from electronic

diffusion cooling to phonon cooling.

The second effect is the signature of viscous electronic heating, as opposed to Ohmic

heating, and was discussed in Chapter 6. Most importantly, we have shown that for

monolayer graphene, the region of the Lorenz ratio suppression, whether absolutely
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below 1 or just relative to the low-T value, occurs in the same region of (n, T )-space as

viscous heating, detectable as a negative generalized thermal magnetoresistance. The

coincidence of these effects serves as empirical evidence of their mutual origin in viscous

graphene hydrodynamics.

7.2 Ongoing and Proposed Future Experiments

During the course of this work, we have started some Johnson noise thermometry ex-

periments that will need additional work to complete, as well as conceived other novel

related experimental ideas. In this section, we describe some of the ongoing experiments

and show their preliminary results, motivating further work on the subjects.

7.2.1 Thermal Conductivity in Quantum Hall Landau Levels

In a quantizing magnetic field, electrons in 2 dimensions form flat bands called Landau

levels (LLs) in the bulk of a material231,232. Due to the strongly quenched kinetic energy,

even nominally weak Coulomb interactions between electrons can become relevant and

lead to strongly correlated dynamics, exhibiting phenomena like the fractional quantum

Hall effect in fractionally-filled LLs233. In particular, graphene has exhibited a rich

variety of physics in the fractional quantum Hall effect and drawn much experimental

and theoretical attention, but not everything is yet well understood18,234,235.

One additional tool to probing interactions in the quantum Hall or fractional quantum

Hall effect would be through thermal transport. Some work has already been done in

studying thermal conductance of edge states143,175,236–239. A very recent experiment

has measured the bulk thermal conductance by subtracting away the edge state thermal

conductance240, but to our knowledge no one has yet directly measured the bulk thermal
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condutance in a quantum Hall state.

The bulk electrical condutance of a quantum Hall state will depend on the level

filling number N ; it will be very low in the plateau regions where the bulk is gapped

(N ∼ integer), and higher in transition regions where the chemical potential is inside of

a LL. The thermal conductance would likely trend with the electrical conductance, being

low in the gapped regions and higher inside the LLs themselves. Some lower-numbered

degenerate LLs begin splitting into non-degenerate integer levels, and then further into

fractional levels, as the magnetic field is increased. Studying thermal conductance at

these filling levels that correspond to splittings can reveal more details about the exotic

interactions and behavior.

During the course of this thesis, we have performed some preliminary measurements

of the bulk thermal conductance and Lorenz ratio of degenerate LLs at intermediate

magnetic fields, and we have set the stage for future experiments to complete a more

accurate and thorough study.

To completely avoid the effects of edge states and to probe only the bulk, we utilize

the Corbino geometry on devices MLG3 and MLG4, whose data at zero and low mag-

netic field was shown in Chapters 5 and 6, respectively. The primary challenge of this

thermal conductance measurement is the strong I-V nonlinearity due to the alternately

compressible and incompressible Landau level structure, causing nonlinearity-induced

noise modulations that must be measured and subtracted out. The quantum Hall ef-

fect in graphene is best observed at the lowest temperatures possible, and in the VTI

cryostat used for this study, the sample sits at 1.5 − 1.7 K while the lowest attainable

TN,in parameter is about 21K. So far, we have not yet been able to tune this parameter

lower to match the sample temperature in order to cancel out the parasitic effect.

Fig. 7.1(a) shows the 2-terminal Corbino resistance measured for the N = −1, 0, 1, 2, 3
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LLs (located between filling numbers ν = −6,−2, 2, 6, 10, 14) at T = 1.8 K; B = 1 T.

The resistance is measured for several different biases, and the spread of resistance for

different biases is related to I-V nonlinearity at that point, in part from the temper-

ature dependence of the resistance. Because the resistance is significantly higher than

the values at B = 0, and the contact resistance is not expected to change significantly

with magnetic field, our device is likely in the regime of ultra-low contact resistance

relative to the channel resistance, providing significantly improved accuracy of the ther-

mal conductivity measurements. Additionally, at this low temperature, we do not have

to consider phonon cooling.

Fig. 7.1(b) shows the temperature rise for heating with a ∼ 250 µV bias. The red

curve shows the measured heating, computed directly from the noise modulation. The

green curve shows the corrected heating, using the nonlinearity correction presented in

Chapter 4. The light blue shaded region shows the difference between the measured

and corrected temperature rise. Near full LL fillings, when the resistance is large and

the Fermi level is in the gap, the corrections to the measured temperature rise are large

and likely untrustworthy, possibly due to higher-order 4f, 5f nonlinearity modulations.

The black curve indicates what the temperature rise would be if the Lorenz ratio

of the sample was 1. This curve is not flat due to the measurement algorithm that

sets the bias; the bias voltage is nominally set to a constant value via feedback for the

highest measured bias (here, 2mV), and then the applied current is scaled down for

other bias points, under the assumption of constant resistance. In reality, the measured

AC resistance has a bias dependence, so with appropriate scaling down of the current,

the bias voltage does not get scaled down evenly.

We shall limit our discussion only to the measured temperature rise near the center of

the LLs, where the resistance is at a local minimum and the bulk is compressible. Here,
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Figure 7.1: (a) Measured resistance of MLG5 in quantum Hall at T = 1.8K, B = 1T vs
density, for different AC excitation biases. The filling numbers ν are labeled at the resistance
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the measured temperature rise is significantly lower than that for a Lorenz ratio of 1,

indicating a highly enhanced Lorenz ratio above the WF law. The individual 2f and 3f

components to the correction are plotted in magenta and cyan, respectively; we can thus

verify that the individual components of the correction are not just cancelling each other

out. Near the centers of the LLs, the correction takes on very small absolute values,

especially between ν = 2 and ν = 6. Without being certain of the exact accuracy of

the correction, we can nonetheless confidently conclude that the measured temperature

rise is significantly reduced relative to the WF law.

However, relative to the actual value of the temperature rise, the correction is still

large. The Lorenz ratio is enhanced significantly above 1, but we are not able to ac-

curately quantify it; it may be anywhere from ∼ 5 to ∞. Additional data from this

experiment is presented in Appendix A.

We propose that the enhanced Lorenz ratio may be a result of strongly interacting

and correlated electron dynamics, enabled by the kinetic energy quenching of the flat

bands. Aside from the very recent work in Ref. 240, which even then only considers

Coulomb interactions between localized bulk states in the quantum Hall plateaus, to

our knowledge there is no theoretical work in understanding bulk thermal conductance

within LLs. We thus encourage the theoretical community to explore this avenue as

another perspective on partially filled LLs.

Further experiments on this project should attempt to optimize the matching circuit

so that the points of low or minimum nonlinear effects (i.e. dg
dR or d2g

dR2 ), would coincide

with the measured sample resistances, as was demonstrated in Figs. 4.22 and 4.25(a,b).

This would involve building an impedance matching circuit centered likely somewhere

around 5− 20kΩ, depending on how high of a magnetic is desirable.
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7.2.2 Bilayer Graphene: Shot Noise as a Way to Study Hydrody-

namics

We have previously discussed the high-T limit of Johnson noise under DC bias as that

of the interacting hot-electron shot noise in Section 3.4. In this case, the Fano factor

is F =
√
3/4 ≈ 0.433170, which corresponds to L/L0 = 1. We have measured the shot

noise of bilayer graphene, at a base temperature of T0 = 4.5 K, and plot the results

in Fig. 7.2. We find that the Fano factor over the densities shown varies between 0.29

and 0.34, rather far from the expected value of 0.433 for the interacting hot electrons

obeying WF cooling. As a reference, we plot the expected shot noise for non-interacting,

diffusive hot electrons as the black dashed lines, which have a Fano factor of 1/3.

Interestingly, the shot noise for many densities follows approximately along the 1/3

curve before deviating away from it at higher temperature. The presence of phonon

cooling would lower the temperature and thus cause the shot noise to go below the

dashes lines. However, for some densities, including n = 3, 6 × 1011 cm−2, the shot

noise goes above the dashed lines. This indicates a reduction in cooling power at higher

temperatures.

It is unclear why even at low electron temperatures, there is an apparent deviation

below the WF law of about ∼ 20%. It is possible that it stems from contact resistance

affecting the noise measurement. At higher temperatures, the conditions could become

highly non-equilibrium, making experimental interpretation difficult.

We propose this shot noise method as a potential alternative method to studying elec-

tron hydrodynamics in BLG without the involvement of phonon cooling. The electrons

can be heated to extremely high temperatures of several hundred K without signifi-

cantly heating the phonons, which likely remain close to the bath temperature. Hotter

312



-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
VSD (V)

0

200

400

600

800

1000

1200

1400

1600

1800

2000

El
ec

to
n 

Te
m

pe
ra

tu
re

 (K
) [

sh
ift

ed
]

Tbath= 4.5 K

50
6
3
1.5
0
-1.5
-3
-20

                     n (1011 cm-2)

hot-electron shot noise

Figure 7.2: Shot noise measurements of BLG2, for different densities, shifted vertically for
easier viewing. Black dashed lines are the exptected non-interacting hot electron shot noise,
with Fano factor F = 1/3 170.

313



electrons will likely be more hydrodynamic and can thus show deviations from the WF

law. However, care must be taken to understand the highly non-equilibrium situations

at high bias.

7.2.3 Exploring Nonlinear Johnson Noise

So far in this work, we have assumed that the effective Johnson noise temperature of a

nonlinear graphene sample under bias is equal to its true temperature. However, Ref.

203 considers a specific set of assumptions for a nonlinear resistor and calculates the

apparent Johnson noise temperature, show that it can be higher or lower than the actual

temperature, allowing for example the possibility of the sample to act as a refrigerator.

In this subsection, we propose a method to directly measure such a temperature

deviation of a nonlinear graphene sample. Using the convention defined in Eq. 4.55, we

can write the first and second order differential conductances as

dI

dV
=

1

R1 + 2R2I + 3R3I2
(7.1)

d2I

dV 2
= − 2R2 + 6R3I

(R1 + 2R2I + 3R3I2)2
. (7.2)

The term β characterizing the device nonlinearity defined in Eq. 22 of Ref. 203 is then

β = −1

2
· 2R2 + 6R3I

R1 + 2R2I + 3R3I2
. (7.3)

The apparent temperature tn of the device, relative to the actual temperature T , is then

tn = T · (1 +R2I + 3R3I
2). (7.4)
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The I2 term (measured as the 2f noise modulation) would be indistinguishable from the

I2 Joule heating, and if present, would affect the accuracy of our thermal conductance

measurements. However, there should be no ∝ I term from Joule heating, and thus

any apparent temperature modulation at 1f would come from this nonlinear term. We

explicitly note that this nonlinear term directly describes the inherent nonlinear noise

in the device; this contrasts with the extrinsic noise modulations induced by impedance

matching modulations as described in Chapter 4.

With impedance matching g, if the normalized noise n is given as a function of I by

n(I) =gtn(I) + (1− g(I))TN,in + TN,out (7.5)

=g
(
T · (1 +R2I + 3R3I

2)
)
+ (1− g)TN,in + TN,out, (7.6)

then the measured 1f noise modulation will be given by

dn

dI
= g

dtn
dI

+
dg

dR

dR

dI
(tn − TN,in) (7.7)

dn

dI

∣∣∣
I=0

= gR2T + 2
dg

dR
R2 (T − TN,in) . (7.8)

In Eq. 7.8, the first term corresponds to the intrinsic nonlinearity described in Ref.

203, and the second term corresponds to the noise modulation by impedance matching

modulation. The second term can be nulled by working at a sample temperature equal

to TN,in, (and further nulled by tuning the gate so that dg

dR
= 0), thus isolating the first

term with the possibility to directly measure it, along with its expected value from the

measured R2 value. Such an experiment would be relatively straightforward to perform

with the techniques described in Chapter 4.
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7.2.4 Thermal Conductivity in Moiré systems

In 2018, superconductivity was discovered in magic-angle twisted bilayer

graphene241,242 (MATBG) with a phase diagram closely resembling that of the

high-Tc cuprates, showing many different correlated phases. The correlations arise from

flat band physics, where the twisting of the two layers relative to each other creates

a Moiré pattern that hybridizes the band structure of both layers in a particularly

sensitive way to create a flat band for a certain narrow range of twist angles. In the

following years, interest in Moiré materials grew exponentially, and many other Moiré

systems were also shown to host a rich variety of correlated phases243–247, including,

for examples twisted double bilayer graphene248,249 (TDBG).

Given that the Johnson noise techniques presented in this thesis have been developed

on graphene, extension of these experiments to MATBG and TDBG would be a rather

straightforward exercise, although caution always needs to be taken with regards to

contact resistance and phonon cooling modes. The correlated insulating phases can be

studied using nonlocal noise thermometry174.

7.2.5 Nonlocal Noise Thermometry to Escape Contact Resistance

Effects

As was described in Chapter 5, contact resistance can play a significant hindering role in

the self-heating JNT setup for measuring thermal conductance. Electrically, the contact

resistance simply adds to the total resistance, but in the thermal self-heating setup it

has a more complicated role.

Using the geometry of the nonlocal noise thermometry174 for measuring thermal con-

ductance, the contact resistance between the sample under study (the bridge region)

316



and the two side thermometers becomes additive to both the electrical and thermal

resistances of the bridge. In this way, the effect of the contact resistance on Lorenz

number measurements is significantly simplified, in comparison to Eq. 3.51 and the dis-

cussion in Appendix C. However, the contact resistance in the self-heating configuration

for the hot- and cold-side thermometers will still play the same significant role, and can

thus affect the accuracy of the measurement, although now indirectly.

Furthermore, the effects of contact resistances could potentially be completely sub-

tracted out by implementing a thermal analog to the electrical TLM method, with

several nonlocal “H” devices with bridges of varying lengths fabricated from the same

heterostructure. However, such an implementation requires many additional RF lines

and LNAs.

7.2.6 Nonlocal Noise Thermometry with Superconducting Con-

tacts

The nonlocal noise thermometry technique174 could also be modified slightly by using

superconducting contacts on the hot-side thermometer. Changing the normal metal con-

tacts for superconducting contacts would change the temperature profile from parabolic

to nearly flat, since in the absence of electronic diffusion cooling to the contacts, phonon

cooling would dominate. Additionally, the lack of contact resistance on the hot-side

thermometer would improve the measurement accuracy of the peak temperature.

7.3 Closing Remarks

Viscous hydrodynamics continues to be an exciting research field in graphene, albeit

with very difficult experiments. The hydrodynamic regime is difficult to access in
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graphene, especially given that the presence of graphite gates tends to complicate RF

JNT measurements due to the thinner h-BN dielectrics involved. Nonetheless, we hope

that future experiments on ultraclean, graphite-gated devices will provide more insights

into this exciting regime in graphene, as well as open up new opportunities for device

applications. Moreover, we hope that the techniques and insights gained during the

course of this dissertation will be applied to other exotic materials, especially Moiré-

based superconductors. With the atomic precision available to vdW-based materials

and devices, the possibilities of atomic-scale device perfection are limitless.
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There is nothing new to be discovered in physics

now. All that remains is more and more precise

measurement.

William Thomson, Lord Kelvin

A

Supplementary Data
In this Appendix, we present additional data to supplement that shown in the main

text. We include some calibration profiles of various devices and matching circuit param-

eters to showcase examples of typical calibrations, as well as those with some technical
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issues. For completeness, we also show data for two additional BLG devices, which,

however, had some flaws in the fabrication or measurement technique. We will also

show the raw thermal conductance data for several devices, as in the main text we have

mostly examined only the electrical resistance and Lorenz ratios.

A.1 Dual-Graphite Gated BLG: Gate-Line Noise

Here we show thermal conductivity data for BLG3, a dual-graphite gated BLG device.

In this device, the bottom h-BN was 140 nm and the top h-BN was 7.5 nm. This large

difference in thicknesses was intentionally chosen so that the CHF3/O2/Ar etch for the

contacts (see Appendix B) was easy to do without shorting to the global bottom graphite

gate. However, one unintentional side-effect of the very thin top BN was to make the

device very sensitive to gate-line noise amplification (see Section 4.10). Moreover, the

cryostat for this device had been recently reconfigured before the measurement, and

the noise filtering strategies on the thermometer and heater lines had not yet been

optimized. We were not aware of this gate-line noise effect at the time, but in retrospect,

we believe this effect artifically caused the Lorenz ratio to be significantly suppressed

at all temperatures. The trends in this device are inconsistent with BLG2 and BLG4

presented in Chapter 5, so we thus believe the data to be incorrect. Nonetheless, we

still present the data for completeness, shown in Fig. A.1.

Additionally, we show the behavior of σ and L/L0 vs µ/kBT in Fig. A.2. The

conductivity σ is calculated using the 2-terminal resistance and the sample aspect ratio,

and includes the effects of the contact resistance. The true sheet conductivity would

be significantly higher. Curiously, for all temperatures above 20 K, the Lorenz ratio

collapses onto a universal curve for a large range of µ/kBT . Initially, we though this
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Figure A.1: (a) Optical micrograph of the BLG3 device. The central metal panel connects to
the top graphite gate, and the U-shaped metal gates the graphene between the metal contacts
and the top graphite gate. (b) Schematic cross-sectional diagram of the device (not to scale).
(c) Resistance traces vs density for all measured temperatures. (d) Measured Lorenz ratio
linecuts vs density for all measured temperatures. The suppression of the Lorenz ratio very
likely is caused by the gate line noise amplification effect. (e) Colormap of the Lorenz ratio
data from (d).
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Figure A.2: (a) BLG3 conductivity traces for different temperatures, plotted vs µ/kBT .
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coincidence from the gate-line noise amplification effect.
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universal collapse was a signature of hydrodynamic suppression; however, it seems to

be caused by the temperature-dependent width of the resistance peak vs gate voltage,

combined with the gate-noise-amplification effect.

A.2 Landau Levels

Here, we show additional data for LL thermal conductivity in the quantum Hall regime,

in the same manner as Subsection 7.2.1. This data is for MLG5, the other Corbino on the

same chip as MLG4 (See Fig. 5.14(d).). Fig. A.3 shows LL data at T = 5K and B = 1T,

for −50 < ν < 54. In panel (a), the resistance oscillates as the Fermi level moves in out

of LLs. Curiously, the electron-side resistance oscillation is much lower than that of the

hole-side resistance; this is possibly related to the electron-side contact resistance being

lower, but we do not understand the direct connection. Panel (b) shows the measured

temperature rise in red and the corrected temperature rise in green. These are to be

compared with the black curve, showing the expected temperature rise if the Lorenz

ratio were equal to 1. Again, in the incompressible regions, the device nonlinearities are

higher and the correction is less trustworthy. Similar to what we saw in Subsection 7.2.1,

the Lorenz ratio inside the LLs appears to be enhanced above 1 to varying degrees.

For the lower LLs, between ν = −2 and ν = 6, the temperature rise is again very low

and with low values for the correction, with some uncertainty around zero, suggesting

highly-elevated but not exactly quantifiable elevated Lorenz ratio.

For higher LLs, on both the electron and the hole sides, the meausured temperature

rise is above that for L/L0; however, the correction moves it back down below, indicating

that the Lorenz ratio is somewhere between about 1.5 and 2. At higher temperatures

and higher filling fractions, the energy spacing between the LLs can become comparable
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324



to the thermal energy; in this regime, the behavior of a single LL is not completely

isolated, and it is complemented by “classical” or sparse thermal occupation of the LLs

above and below, which may distort the measured Lorenz ratio. In this context, this

distortion appears the shift the highly enhanced Lorenz ratio back closer to 1, something

we would expect as we move towards a more classical, continuous-band system.

A.3 Calibrations

We begin with the calibration for device BLG3 (see Section A.1. Here, we suspect the

experimental setup was strongly susceptible to the gate line noise amplification effect.

In the calibration, shown in Fig. A.4, we can see some indications for this. The DC

Johnson noise vs R traces in panel (a) have a looping behavior at high R, which occurs

in the gap region as the gates are swept. We later determined in subsequent experiments

that this looping behavior stems from noise in the cryostat gate line, especially when

driven by a Keithley 2400 DC voltage source, still passing through the gate line low

pass filters. The amount of noise from the DC voltage source depends on the value of

the voltage it is outputting, creating the illusion that the DC Johnson noise depends

on a parameter other than just temperature and sample resistance. Moreover, similar

to the Crossno experiment, we see that the TN,in and/or TN,out parameters appear to

depend on resistance through its dependence on the gate voltage. In particular, the DC

Johnson noise vs R curves are strongly asymmetric (on a log-x scale) about the point

of maximum gain (∼ 582 Ω). This is more clearly visible in panel (c), where the peak

in the gain (∼ 582 Ω) is strongly offset from the minimum in the noise temperature

(∼ 300 Ω), when they should coincide.

For device MLG4, we performed calibrations for several different values of attenua-
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Figure A.4: (a) BLG3 calibration traces for three temperatures, showing the DC Johnson
noise vs resistance. For a given temperature, the noise is not symmetric about the best-matched
resistance (∼ 550Ω), and at high-R values, the out-and-back trace does not collapse in on
itself. Both of these effects are indicators that noise from the gate voltage source is leaking past
a filter and entering into the measured DC noise. (b) Corresponding linear fits of DC noise
vs temperature, indicating no clear intersection for TN,in. (c) Computer gain (blue) and noise
temperature (red) from this calibration. The mismatch between the peak gain and the minimum
noise temperature is again a sign of noise from the gate voltage source leaking past a filter.
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tors, in order to obtain several different values of TN,in. The raw calibration data for

0 dB and 4 dB attenuation is shown in Fig. A.5. We expect the gain to decrease ac-

cordingly with the attenuation. In Fig. A.6, we plot these calibration curves along with

the expected matched theoretical gain curves. The inset shows how the measured peak

gain depends on the attenuation value, as well as the expected behavior. The values of

0.5 dB and 4dB lie significantly off the expectation curve, but 0, 1, and 2 dB align very

well with it. It is possible that those calibration runs were affected by a DC drift of the

noise, or that the attenuators do not offer the exact attenuation value specified.
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Water is fluid, soft, and yielding. But water will

wear away rock, which is rigid and cannot yield.

Lao Tzu

B

Device Fabrication
Fabrication of van der Waals heterostructures is a complicated process involving sev-

eral distinct steps, and is still an active area of research. A full review and walkthrough

of all the techniques used in this work is outside the scope of this thesis. We will pro-

vide a brief, non-exhaustive overview of the general steps and fabrication processes, with
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appropriate references, to manufacture van der Waals graphene devices.

Due to the certain constraints needed on devices for Johnson noise thermometry, we

have modified or developed a certain subset of techniques to better suit our needs. In

this Appendix, we will cover these methods in detail for experimental reproduction.

Finally, we will cover any additional unique fabrication methods that were developed

during the course of this work, that are not limited to just devices for JNT.

B.1 Overview

B.1.1 vdW Heterostructure Assembly

Fabrication of vdW devices first begins with obtaining the raw materials for the het-

erostructure. In this work, we have used only h-BN and graphite as the raw building

blocks. Graphite was obtained from a variety of sources at the discretion of the lab

manager based on convenience, including but not limited to kish graphite. Extremely

high-quality h-BN crystals were obtained from our collaborators Takashi Taniguchi and

Kenji Watanabe at the National Institute for Materials Science (NIMS) in Namiki,

Tsukuba, Japan.

The raw materials consist of flakes on or the order of ∼ 104–106 vdW layers. The

layers are separated repeatedly using the tape method250, and then transferred to a

Si/SiO2 substrate via the tape. The SiO2 must be 285 nm for the best optical contrast

with graphene. The tape is peeled back, and a small fraction of the flakes or layers

remain stuck to the SiO2.

The substrate is then manually raster scanned under an optical microscope under 10x

magnification, while visually observing for flakes. Graphene monolayers have a 7-8%

contrast in the green spectrum on 285 nm SiO2, bilayers have approximately 14-16%
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contrast, trilayers have 21-24% contrast, and thicker multi-layers of graphene begin to

deviate from this pattern. The 285 nm substrate appears as violet under the microscope,

graphene flakes appear as slightly darker violet, and thicker graphite reflects the yellow

light from the microscope bulb.

To ease optical strain, and simplify the optical searching process, we implemented

using a pure green filter to remove all other colors. Green is chosen because that

wavelength has the highest optical contrast for graphene. Visually analyzing a single

color channel, green, for contrast differences is less exhaustive than examining the full

color gamut for hue and contrast, allowing extensive continual scanning for several hours

nonstop.

In contrast to graphene, h-BN flakes display a wide variety of colors depending on

their thicknesses. Additionally, the colors change as the objective lens magnification

is changed, due to differing numerical apertures. To aid in gauging their approximate

thickness from the colors, we have compiled an h-BN color chart, tuned to most closely

visually resemble the 10x magnification seen with the naked eye under the microscope,

as shown in Fig. B.1.

After the flakes are visually identified and catalogued, they may be scanned with an

AFM to confirm thickness and cleanliness.

Next, the vdW heterostructure assembly begins, using a computer-assisted motor-

controlled 3-axis micropositioner to pick up, move, and transfer the flakes. The flakes

are picked up with a sticky polymer, typically a thin film of PC (poly(bisphenol A

carbonate)), mounted on top of a thick (∼ 0.5–1mm) block of polydimethylsiloxane

(PDMS), which is mounted onto a standard microscope glass slide. The slide/polymer

assembly must be transparent in order to see the flakes through it using a microscope.

The micropositioner is the main part of the transfer station, the primary tool used in
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Figure B.1: Color thickness chart for approximately gauging BN thickness. Calibrated colors
are for 10x magnification, to match what is visually seen through our microscope. Calibration
settings are as follows. RGB white balance = 1 1 2; Exposure = 4 ms; Gamma = 1; Light setting
= third tick; Gain = 1; Light source type = Halogen.
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the Assembly of these heterostructures. The transfer station has a main temperature-

controlled stage for holding the substrate, a micropositioner that holds the slide directly

above the stage, and an optical microscope directly above the glass slide. The entire

tool sits on a floating air table to minimize vibrations as the atomically-thin layers

are handled. One variant of the transfer station is a modified probe station, using a

micropositioner modified to hold a slide instead of a probe tip.

The vdW heterostructure is assembled starting from the top layer. If the heterostruc-

ture is to have a top graphite gate, then the top layer is either a h-BN flake used to

pick up and encapsulate the top graphite, or the top graphite itself. Assembly is usually

easier when using an h-BN flake (called the cover BN) to pick up the top graphite, than

picking up the top graphite itself, because the top graphite is typically thin (a few nm)

whereas the cover BN is thicker (typically 25–50 nm), which provides more structural

integrity.

To pick up the top layer, the flake is positioned under the microscope, and the PC

polymer (on the transfer slide) is brought into gentle contact with the substrate nearby

the flake. By a combination of lowering the transfer slide closer to the substrate, and

heating to make the polymer expand, the polymer is made to entirely cover the flake.

The polymer should be heated to around 60-80°C and then cooled to about 30-40°C,

which allows the polymer to stick to the flake, but unstick enough from the substrate

to allow pickup. The transfer slide is then raised, either as the temperature is lowered

to ∼30°, or mechanically, picking up the flake from the substrate.

The subsequent flake is then positioned under the picked up flake. If picked up

flake is h-BN, then the subsequent flake (usually graphene, or top graphite) should be

picked up using the h-BN assist technique. In this method, the h-BN is lowered over

the next flake from one side, completely covering the flake, but with part of the h-
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BN still not touching the substrate. The flake to be picked up should not be in direct

contact with the polymer. At this point, the h-BN on the PC is raised upwards, and the

vdW attractive forces between the graphene/graphite and the h-BN cause them to stick

together, lifting up the flake from the substrate. In this way, the interface between the

flakes is never directly exposed to the polymer, allowing exceptionally clean, atomically

precise interfaces.

However, when sitting in ambient conditions, the flakes will naturally attract a thin,

usually uniform, layer of hydrocarbons on their surfaces that will not usually be visible

on a topographical AFM scan of the flake. When the flakes are engaged together during

the assembly process, the surface hydrocarbons are usually mobile and will thus get

pushed around by the contact interface, often conglomerating into optically visible bub-

bles. Generally, the hydrocarbons and bubbles are more mobile at higher temperature.

Further flakes are picked up in similar ways, until the entire heterostructure is fully

assembled on the transfer slide. Finally, the stack must be lowered onto its final sub-

strate. In this step, a much higher temperature of 180-220°C is used, both to make the

bubbles more mobile to push them out of the active area of the stack, and to increase

polymer stickiness. The substrate is heated up to this temperature, and then the stack

is gently lowered onto it, being careful to push the bubbles in a “clothes-ironing” manner

using the contact interface. It is possible to move the interface back and forth repeatedly

a few times, by moving the transfer slide up and down, to further push out the bubbles.

Finally, the stack is completely lowered onto the substrate, with the polymer contacting

the substrate far beyond the boundaries of the stack. The high temperature makes the

polymer stick exceptionally well to the substrate. The transfer slide is then lifted, and

the PC polymer delaminates from the PDMS, dropping on the stack onto the substrate.

A subsequent chloroform and IPA wash will remove the polymer. Optionally, the stack
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Figure B.2: Optical micrograph showing a completed vdW stack with 6 layers. Bubbles are
seen trapped in between layers.

may be vacuum annealed at 350°C to burn off any additional residue (although PC

residue requires a higher temperature) and to relieve any possible internal stresses in

the assembly.

An image of a completed stack is shown in Fig. B.2. The bubbles in this stack have

mostly been pushed out of the active area of the device and pinned to flake edges, but

some bubbles have remained in the center.

B.1.2 Nanofabrication of vdW Devices

Next, the stack must be fabricated into a useful electronic device using standard clean-

room nanofabrication techniques. Due to the size and precision needed for our features,

we use almost exclusively electron beam lithography with PMMA resist to define masks

for processing steps. The fabrication process for each device is different, and more steps
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are added as needed, but generally, the process will involve the following steps:

1. Alignment marks are defined in the PMMA and then deposited used evaporation

and a liftoff technique.

2. The top graphite, if present, is etched into the shape of the top gate via a PM-

MA/HSQ bilayer mask and an O2 plasma etch. A CHF3/O2/Ar etch is used to

etch the cover BN between the PMMA and top graphite. Alternately, the topgate

may be created be evaporating metal.

3. Contacts to the device are made by first defining the mask in PMMA; then etching

away the BN/Gr/BN using a CHF3/O2/Ar RIE plasma etch, or etching the BN

selectively up to the graphene using a XeF2 gas etch (for which a silicon chip must

be present in the chamber for the correct chemistry); then finally using 15°angled

rotating evaporation (Cr/Pd/Au) and liftoff.

4. The edges of the device are defined via a PMMA mask and a CHF3/O2/Ar etch.

5. HSQ as a bridge for gate lines, or as an insulator for gates, is defined.

6. Any thin gates, such as contact gates, are deposited on top of the HSQ

7. Leads and bond pads are created via PMMA mask, metal deposition, and liftoff.

Additional steps are added to define more gates or insulating dielectrics as needed.

B.2 Device Constraints for Noise Thermometry

For performing self-heating JNT, there are several device constraints that must be

satisfied in order to get a quantitative measurement of thermal conductance:
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1. The device must be spatially homogeneous, in order for the resistivity and thus the

Joule power per unit P area to be constant. Although for the Corbino the Joule

power per unit area is not constant, the resistivity must still be constant to get a

correct measurement. With this constraint, the goal is to obtain the effectively 1D

temperature profile in Eq.3.12. Thus, we must avoid spatially extensive regions

between the main gated channel, and the metal contacts. In practice, this means

the contacts should be placed as close as possible to the top gate or bottom gate,

ideally 150nm or less.

2. The contact resistance must be low, relative to the channel resistance, as described

in Section 3.7.

3. The stray capacitance of the bond pads must be small. In practice, this would

mean using an insulating Si substrate, a sapphire substrate, or small bond pads

with 50µm diameter. Additionally, we typically use a Si substrate with a 1µm

wet oxide to reduce the stray capacitance of the bond pads to the Si.

4. The channel length L must be short enough that electronic diffusion cooling

∝ 1/L dominates the phonon cooling ∝ L, but not so short as to make the device

ballistic. The ideal length depends on density, temperature, BLG vs MLG, and is

still an active area of research. Typically, we use 2.5–3.5µm as a starting point.

5. We want the h-BN dielectrics to be as thick as possible, in order to minimize the

gate-voltage derivative of the device resistance dR/dVg, to reduce the nonlinear

effects and gate-line noise amplification as much as possible.

In satisfying these constraints, we become limited significantly by many of the con-

ventional vdW fabrication techniques used for low-frequency devices and measurements.
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For example, a typical multi-terminal Hall bar uses a 4-point method to measure resis-

tance, which eliminates the contact resistance and is unavailable to us. Additionally, the

Hall bar, if using a graphite bottom gate, will use a narrow strip-like bottom graphite

gate, and have an extensive graphene overhang region, gated by the Si gate or a top

gate, connecting the main area of the device to the contact.

In fabricating our devices, we have often tried to use a “global” bottom graphite gate,

under the entire h-BN substrate, so that the entire area of the graphene between the

metal contacts is gated by this graphite. This method creates significant fabrication

challenges, as the metal Cr/Pd/Au contacts to the graphene must be deposited above

the graphite into partially etched h-BN, which often has pinholes or spots weakened

by the etching that allows the metal contacts to short to the graphite. Later in this

Chapter, we describe some of the approaches we have tried to mitigate this issue.

The wet-grown oxide that we use on the Si substrate is more disordered than standard

dry-grown oxide, thus having a lower breakdown electric field and not allowing us to

gate our devices as strongly as we could on dry-grown oxide.

B.3 Stacking

We have described the general stacking procedure above. In this section, we describe

techniques and methods specifically tailored to making devices for self-heating JNT.

One important aspect of devices for JNT is thicker h-BN dielectrics than typically

used in other vdW experiments. Typical h-BN thicknesses used in non-JNT experi-

ments are 15–35 nm; however, for JNT experiments, we ideally use 60 nm or thicker,

ideally over 100 nm. Such thick h-BN flakes can be more difficult to assemble using the

previously described polymer technique.
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Figure B.3: Arrangement for pickup of thick h-BN flakes via polymer assist rather than h-BN
assist.

In particular, if we are using a global bottom graphite gate, and the etch for the

contacts will have to partially etch into the bottom h-BN, then thickness of this h-BN

needs to be maximized to minimize the risk of shorting to the bottom graphite. A good

starting thickness for this h-BN would be 150 nm, although going even higher up to

300 nm can help further reduce the risk.

To pick up such thick h-BN flakes, the h-BN assist method will not work reliably.

Instead, when picking up the very thick h-BN, it should extend beyond any h-BNs

that will be on top it, so that it makes direct contact with the polymer and is then

picked up with the polymer stickiness. A 60–80nm thick h-BN flake, for top BN, can

usually be reliably picked up using the cover BN as an h-BN assist. This arrangement

is demonstrated in Fig. B.3.

Additionally, using thicker flakes for the heterostructure results in an overall thicker

stack. If the PC film used in the stacking process is too thin, then the stack will embed

itself into the PDMS, and upon final dropdown, it will come up with the PDMS instead

of getting left behind on the substrate. The process for making PC films is not very

340



well controlled for thickness, but this issue can be mitigated by using a higher PC

concentration in the initial solution, or using more solution on the glass slides when

making the film so that it does not spread out as thinly.

B.4 Lithography and Design Techniques

B.4.1 Stack Anchoring

When depositing contacts on Corbino devices, there is a piece of metal inside the ring,

unattached to the main outer metal, that must be lifted off. Because it does not attach

to the main piece, it often won’t lift off by itself and will require ultrasonic agitation in

acetone. However, ultrasonic agitation can also cause the vdW stack to become detached

from the substrate and completely float away, leaving the experimentalist without any

sample. To combat this problem, we have developed a technique for anchoring the

stack down to the SiO2 substrate so that it can survive extended times in high-power

sonication baths.

To anchor the stack down, first, thick metal anchors are evaporated sparsely at various

places along the sample edge. Ideally, the cover BN is one of the largest flakes, and if

the anchors are placed at the edge of the cover BN, then they will be able to hold down

the entire stack. Then, the entire perimeter of the stack is sealing with an HSQ layer;

however, before this step, the metal leads must first be evaporated so that they do not

have to climb over a tall HSQ barrier.

During sonication, it is likely that if a small region of the stack becomes detached

from the substrate, then that provides a good anchor point for the ultrasonic waves to

remove the entire stack. It is analogous to manually peeling a tape away from a surface:

if the tape has any loose edges, it is very easy to peel it off, compared to if the tape is
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flat and attached everywhere to the surface. In a similar manor, the HSQ seal around

the perimeter of the stack bonds the potentially loose edges of the vdW flakes to the

SiO2 substrate, so that they cannot start peeling off. An example of this metal anchor

and HSQ sealant is shown in Fig. B.4.

B.4.2 Evaporation of Metal Topgates onto h-BN

If a metal is evaporated directly onto an un-etched h-BN surface, especially Cr/Au

metal, sometimes it does not stick reliably and will come off the surface in subsequent

etching steps. This is possibly due to the lack of dangling bonds at the h-BN surface, not

allowing the metal to chemically anchor to anything. The stickiness can be improved

by going a gentle etching, such as a gentle O2 etch, to remove any PMMA residue on

the BN as well as roughen up the surface a bit to give the metal more chemical bonds

to stick to.

Sometimes, a metal topgate must be evaporated directly onto h-BN. Generally, this

will produce less disorder than using an oxide grown via an ALD process underneath

the metal. The disorder introduced by the metal will be determined by the metal grain

size, work function difference between different crystallographic faces of the metal, and

any atomic-scale kinetic damage induced to the BN during the evaporation process.

Additionally, if Cr is used as a thin sticking layer, it may form into clumps rather

spread uniformly along the surface. For this reason, monocrystalline graphite gates

tend to produce significantly less disorder than analogous metal topgates.

The common generational knowledge from our research group is the following: the

recommended metal to use for topgate evaporation is Cr or Pd as a sticking layer, and

then a PdAu alloy for the main deposition of the gate due to its smaller grain sizes. Pd

appears to stick better to pristine BN than does Cr, and it may also be used for the
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Figure B.4: Optical micrograph of a sample partway through the nanofabrication process.
The leads and stack anchors (yellow/gold) have been deposited as thick metal layers, and the
HSQ sealant, marked as in between the red arrows in a few places, has been created around the
perimeter of the stack.
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entire gate deposition.

B.4.3 Contact Gates

When using a metal or graphite topgate, there will inherently be an ungated section

of graphene between the contact and the topgate. Ideally, this section of graphene

is as narrow as possible, but in practical design, we need to allow for feature size

increasing during fabrication, as well as misalignment errors. State of the art e-beam

machines typically achieve an alignment tolerance of under 20 nm; however, between

different steps, this may become maximized at 40 nm. Feature size growing during

e-beam exposure due to proximity effect may cause features to swell by up to around

50 nm, sometimes more, depending on feature size, acceleration voltage, and dose. Such

parameters may be tested on an e-beam machine dose dose-testing. Thus, the minimum

design gap accounting for all these effects should be at least ∼ 150nm. Generally, 250–

300 nm gaps between the topgate and contact features in the design will allow for safe,

non-shorted resulting devices.

If the top graphite gate etch mask is defined via a PMMA mask, rather than an HSQ

mask, then the gap could be smaller, as the positive-tone PMMA resist will cause the

topgate feature to shrink.

The ungated regions must be then be gated, to achieve low series resistance and low

contact resistance. If the region is gated to very high density, then the contact resistance

at the graphene-metal interface will become very low15, but unfortunately, there will

still be an interfacial resistance between the highly-gated contact region and the less-so

gated main channel region.

One method to gate this region is to use an oxide grown via ALD process to insulate

the metal contact and topgate from the to-be evaporated contact gate (also known as

344



a U-gate, due to its shape). However, the drawback to ALD here is that a very thick

layer is needed to achieve a high density in the contact region; a thin layer of ALD will

allow dielectric breakdown between the contact gate and the top gate or contacts well

before a high density is achieved in the contact region. Nonetheless, one benefit of ALD

is conformal coverage of any bunny-ear features that may be present in the contacts or

top gate.

The alternative method for this region is to make the dielectric selectively from HSQ,

a negative tone e-beam resist. Despite being a rather disordered oxide, HSQ can still

achieve moderate breakdown voltages, although we have not directly measured this

in the lab. The benefit of HSQ is that one can deposit it selectively in only certain

regions, easily with thicknesses in the 100–150 nm range. The drawback, is that any

bunny ear features in the contacts or topgate will not get conformally covered and will

be the weak points for dielectric breakdown. For this reason, we discuss techniques to

minimize bunny ears in the next subsection.

B.4.4 The Problem of Bunny Ears, and How to Avoid Them

When performing a PMMA liftoff process, the metal deposited along the sidewalls of

the resist can be left behind, causing tall tower-like points along the edges of features,

often called bunny ears, as shown in Fig. B.5. This effect is amplified when using angled

evaporation for e.g. contacts, as the sidewalls get more coverage.

Using a bilayer PMMA resist, with the bottom layer more sensitive to dose, will create

an undercut and help to reduce some of the bunny ears. Furthermore, intentionally over-

dosing the features in the e-beam will further increase the undercut and reduce bunny

ears, as seen in Fig. B.6.

One must be cautious with using large undercuts for contact deposition. If the etching
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Figure B.5: AFM topography scan showing the bunny ear effect after a metal liftoff process
for contact deposition, using 15° angled metal evaporation. The bunny ears appear as the neon
green, yellow, and red borders along the contact, which are the cyan rectangular mesas.

process for the contacts is more isotropic, rather than directional, it can etch away the

BN even further under the undercut, and then during the directional evaporation of

contacts, the metal may fail to make adequate contact to the graphene, leading to higher

contact resistance. This is less of an issue with a CHF3/O2/Ar etch in an RIE plasma

etcher, but could potentially lead to problems in a gas-phase XeF2 etcher, although this

has not been experimentally tested.

B.5 Etching

Etching is the most difficult part of vdW device nanofabrication. In most other pro-

cesses, the rates, doses, parameters, etc are well-controlled and generally reproducible.

However, the etch rate in an RIE machine that is used for different etching chemistries

by different users might be affected by residual chemicals from previous etches, as well

as rate sensitivities to RF power fluctuations. The powers typically used for etching

vdW materials are far towards the low end of the range of available power, and thus

may be as stable over time.
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Figure B.6: SEM micrographs, showing the comparison of EBL exposure dose at 50 kV on
the ELS-HS50 machine. Doses were 450, 550, 750, and 1150, as labeled in the images. Metal
was evaporated using a rotator set to 15°. The bunny ears are seen as bright white outlines on
the features. The “standard” dose on this machine is 750, which still has some small residual
bunny ears. The over-exposed dose of 1150 entirely gets rid of the bunny ears.
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Moreover, etching is an inherently stochastic process, where individual radicals collide

with the sample at random times and locations, producing an atomically rough etched

surface if there is no chemical etch stop. Any additional residue on the sample surface

may also delay or stop the etching in that location, adding in extra non-uniformities.

In particular, the SF6-only etch recipe, which selectively etched BN but not graphene,

is extremely sensitive to PMMA residue, and will not at all etch if there is even a thin

layer of residue left. For this reason, a 25-30 s gentle O2 descumming etch must be done

after development whenever using SF6-only etching chemistry. This procedure is also

helpful for other etches, including the CHF3/O2/Ar, which is slowed down by PMMA

residue, generating additional surface non-uniformity.

B.5.1 Etch Stops

Due to the variable etch rates and spatial non-uniformity, it is extremely difficult to

etch to a certain precise depth in the sample. Often, etches are done in short 30-60 s

runs, with the sample checked after each run to verify whether the correct amount has

been etched.

Verifying whether an etch has reached a certain depth, or completed, is a difficult

task. Because the etching is not uniform, the end condition is not well defined. Parts

may have etched to the desired depth, and other may have not yet etched.

The most reliable method for an etch stop is using chemical selectivity. O2-only

etches are very selective to graphene, and will etch BN at a negligible rate. Similarly,

XeF2, and SF6-only (when the plasma power is tuned appropriately), etches will etch

BN but not graphene due to chemical selectivity. Relying on a chemical selectivity

etch stop, one must be careful to avoid exposing unintended regions of the sample that

may not have the chemical etch stop present, as well as pinholes/tears in graphene.
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Figure B.7: (a) Optical micrograph of a stack after an O2 etch to strip any exposed graphite,
leaving only layers covered by h-BN. The remaining stack is a BN-Gr-BN stack with a strip
bottom graphite gate. (b) Optical micrograph of the same stack after a plate-power-only RIE
SF6 etch for 60 s at 50 W. Any exposed BN, including the BN that was on top of the graphene,
is entirely etched away, leaving graphene or graphite on bare SiO2 (darker purple), as well as
on top of the BN (blue). The red dashed line indicates the outline of the top BN from (a),
which extended past the graphene in some areas. Also visible are pinholes in the BN, which
were caused by bubble-related pinholes in the graphene.

Sometimes, graphene stacked in h-BN may develop small holes or tears from the stress

of the bubbles, and this will cause the chemically-selective etch to etch deeper into the

hole. See Fig. B.7 for an example of this pinhole effect.

The next reliable method is to use an electrical etch stop test. Here, electrical contact

is made to a piece of graphene or graphite, and usually either an O2 etch for etching

the graphite, or a CHF3/O2/Ar etch for etching h-BN and graphene, is used to etch

the graphite or the graphene. After 30-60 s etch increments, the electrical resistance

through the graphene or graphite can be probed; once the resistance is an open circuit,

the graphene or graphite has been fully etched away.

Optical etch stops, by optically examining the color of flakes, are very unreliable.

First, the SiO2 substrate is often used as a reference color; however, some etches will

slowly etch this away, changing the color; the result is that some thicker flakes will leave
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a “shadow” in the SiO2 color, even if the flake has been entirely etched. Furthermore, we

have extensively observed that even when a flake optically looks completely etched, an

AFM scan will still show a nonzero flake thickness with a lot of roughness, typically 10–

30 nm thick. We believe this may be caused by a spare amount of small residue chunks

left behind, causing the AFM tip to be overly sensitive but contributing negligible optical

contrast.

One can also attempt a reference-based etch stop. Several reference chips, containing

the same flakes as to be etched on the sample and a pattern of circles or lines exposing

the flakes, is loaded into the etcher concurrently with the sample. After each 30-60 s

etch run, the resist on one of the reference chips is dissolved, and the etch depth is

measured with an AFM.

In a similar manner, an etch rate chart can be constructed, by etching several chips

individually for varying amounts of time. If a time-based etch stop is used, the etch

rate measurement should be done as close as possible to immediately before the sample

etch.

One technique we have invented to make 1D side-contacts to graphene, using an

effective etch stop to avoid shorting to the bottom graphite gate, is the following. Write

the windows in PMMA for the contacts, but slightly smaller (∼ 50–80/,nm smaller)

than the final desired size. Etch the BN up to the graphene using the directional and

selective SF6 etch. Remove the fluorinated resist film using a gentle 25-30 s O2 etch,

and wash away the resist. Re-spin new resist, and now write the full-size windows in

the PMMA for the contacts. Perform a short CHF3/O2/Ar etch, typically 30–40/,s,

to expose a fresh edge of graphene for contacts, and then evaporate the contacts using

the standard method. In this way, the CHF3/O2/Ar etch has very little time to etch

deeply into the bottom BN and cause shorts to the bottom graphite, but still provides
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a fresh graphene edge for high-quality contacts. We have found that SF6-only contacts

form poor, unreliable contacts to graphene with several kΩ of contact resistance.

B.5.2 Etching h-BN with XeF2

XeF2 is primarily designed to be a fast gas-based Si etcher. A solid chunk of XeF2 as

the source is heated to vaporize it, and the resulting vapor, typically at a pressure of

3 mTorr or less, is then transferred to the sample chamber for etching for a pulse of

typical duration 20-60 s. Usually, deep features in Si are etched with this technique via

many cycles.

Coincidentally, XeF2 also etches BN very selectively, and will not etch graphene.

Most importantly, monolayer graphene contacts using the XeF2 etching chemistry have

achieved near quantum-limited contact resistance22, the best options available outside of

using superconducting contacts. However, the etching chemistry is not well understood.

The authors of Ref. 22 originally proposed a chemical reaction where the XeF2 directly

reacts with the BN, but they later determined that BN only gets etched if there is bare

Si present in the chamber, implying some chemical product of Si and XeF2 causes the

BN to get etched.

However, we expect that XeF2 will not make quantum-limited contacts to bilayer

graphene, as it will only make contact to the top layer of the two layers. Instead,

we expect that the standard CHF3/O2/Ar 1D contacts15 will provide lower contact

resistance.

The XeF2 etch rate on BN is very poorly controlled. One of our late lab members,

Antti Laitinen, discovered that XeF2 reacts readily with water, and even a small amount

of water vapor present in the chamber will react with the XeF2 first, leaving the BN un-

etched. One workaround is to do perform several cycles of XeF2, but this can over-etch
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the BN with significant undercuts. Another workout that he discovered is to pump and

flush with N2 gas repeatedly several times to bring the water vapor to a controllable

level, and then perform a single XeF2 pulse at 3 mTorr and 60 s, which will often reliably

etch up to around 200 nm of BN.

B.5.3 HSQ Etch Masks

Unlike PMMA, which is a “soft” polymer-based etch mask, HSQ is a hard SiO2-based

etch mask that will not dissolve in resists. HSQ is a silicon polymer-based negative-tone

resist that transforms to a disordered, spare SiO2 matrix after exposure to e-beam. For

etching graphite with O2, HSQ is preferentially used due to its resistance to oxygen

plasma, compared to PMMA which etches very fast in O2.

A typical process for using an HSQ etch mask for etching graphite top gates is to

first spin an underlayer of PMMA, typically 950 A2, and then spin a thin layer of HSQ

6% on top. The region where the graphite is to be kept is exposed, and then the HSQ

is developed in Microposit MF CD-26 developer (Caution: 2.5% TMAH is toxic!). The

PMMA, where it is not shielded by the HSQ, is then etched away in an RIE etcher using

an O2 etch. After the device topgate has been etched as needed, the HSQ is removed

by dissolving the PMMA underlayer in acetone.

An alternate, newly developed process for using HSQ is to spin the HSQ directly onto

the cover BN. In this way, the HSQ acts as an etch mask for both the top gate etch

and a subsequent device etch, allowing perfect alignment of the graphene edge with the

graphite edge. HSQ, while somewhat resistant to CHF3/O2/Ar plasma, does get etched

away at a faster rate than dry- or wet-grown SiO2. The remaining thickness and etch

rate should be verified by the experimentalist. In this method, the HSQ can be left

behind on the device, or, if needed, it can be removed via an HF or buffered HF etch
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(Caution: extremely toxic!), using a window in PMMA resist to protect the remainder

of the sample.

When performing the top gate etch on a dual-graphite gated device with a cover BN,

one should be careful and aware of device regions where there is bottom graphite, but

no top graphite. In these regions, when the cover BN is etched during the top gate

etch step, the top BN and bottom BN will also be etched as there is no top graphite to

stop the etch. During subsequent etches and deposition, the BN in these regions may

become thin enough to cause shorting to the back graphite. One way to avoid this issue

is to use an HSQ shield for these regions, or to evaporate the leads first, before doing

the topgate etch.

B.6 HSQ Bridges and Dielectrics

In addition to being used as an etch mask, HSQ is also usable as an insulator or dielectric

due to its ease of selective deposition.

When the top gate edge aligns with the graphene edge, rather than extending past

it, simply making an electrical connection to the top gate would short the graphene. To

work around this issue, we have developed a technique using HSQ bridges to insulate the

edge of the graphene. An HSQ bridge is deposited in a small area, typically ∼ 1×3µm,

on the edge of the device, and a metal connection to the top gate is then deposited over

the bridge.

Additionally, we have used HSQ as bridges for Corbino devices, in order to insulate

the connection to the central contact or top gate from the outer contact. In the case of

the MLG3 device (Subsection 5.5.4), HSQ covered the entire channel, with a hole for

the central contact; the connecting lead for the central contact then also covered the
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entire channel for homogeneity.

As discussed previously, HSQ is also used as an insulator/dielectric for contact gates.

We have also used it for local top gates, for example for the hot/cold side gates in the

non-local H-device setup.

B.7 Corbino Fabrication Processes

Here, we describe a typical nanofabrication process for a dual-graphite gated BLG

Corbino device with a global bottom graphite. The process can be simplified as needed

when there is no bottom graphite gate, or the top graphite gate etch could be replaced

with a metal gate evaporation step.

1. Alignment marks. EBL and evaporate.

2. Top gate contact using vias through the cover BN. Etch and evaporate small

circles. EBL, etch, evaporate.

3. Thin leads on top of the stack and substrate, to avoid evaporating thin leads

onto thick metal in later steps, as well as to avoid shorting to bottom graphite in

regions with no top graphite. EBL and evaporate.

4. Thick metal stack anchors, as well as thick metal to help the leads make electrical

connection over thick flake steps.

5. HSQ sealant along the stack boundaries. EBL and develop.

6. Topgate etch mask 1 with HSQ rings. Define the topgate boundary with HSQ

directly on top of the cover BN. EBL and develop.
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7. Topgate etch final mask with PMMA/HSQ. Use PMMA/HSQ to cover the inside

of the HSQ rings from previous step, and let the previous step define the actual

etch mask. EBL and etch. Use CHF3/O2/Ar selectivity to stop the BN etch, and

O2 selectivity to stop the graphite etch.

8. Contacts etch 1: SF6 selective etch to the graphene. EBL and etch.

9. Contacts etch 2: CHF3/O2/Ar short etch (into slightly larger windows than pre-

vious step), and contacts evaporation. EBL, etch, and evaporate.

10. Bottom graphite gate contact. EBL, etch, and evaporate.

11. Device etch, using SF6 for BN and O2 for the graphene. EBL and etch.

12. HSQ for the contact gates (inner and outer), as well as insulating bridge over the

outer contact. EBL and develop.

13. Contact gates (O-shape) evaporation. EBL and evaporate.

14. HSQ bridge over the O-shaped contact gates, for both the topgate lines and the

central contact. EBL and develop.

15. Final evaporation to connect everything, including central contact, outer contact,

topgate, and contact gates, using a thick (∼ 200nm) rotating evaporation. EBL

and evaporate.

If the device is a MLG device, steps 8 and 9 can be combined into a single step

using XeF2 contacts. Between many steps, especially before and after the HSQ bridge

steps, the device should be AFMed in order to verify the absence of bunny ears pre-

HSQ, and the thickness of HSQ after development. Several devices have inadvertently
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Figure B.8: Left: False color AFM micrograph showing the topology of a dual-gated BLG
Corbino device, where the gate shorted, likely due to the HSQ dielectric insulator being too
thin. Right: Optical micrograph of the same device.

had gates shorts due to the HSQ being too thin, or bunny ears protruding into the

HSQ and effectively causing it to be too thin. Fig. B.8 shows a false color AFM 3D

topographical micrograph of an example of such a Corbino device, which, unfortunately,

had the gates shorted. Hopefully, the reader of this section will have better luck in their

own fabrication by carefully following the tips presented here, learned from mistakes.

A false color SEM of another example of such a Corbino device is shown in Fig. B.9.
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Figure B.9: False color SEM micrograph of another Corbino device where the gates were
shorted. Orange indicates the metal outer contact. Yellow indicates the inner metal contact.
Green indicates the HSQ dielectric insulator. Pink indicates the inner and outer contact gates
(O-gates). Blue indicates the connection to the top graphite gate through the via. The top
graphite gate (not visible) is buried under the cover BN (annular gray region).
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All science is either physics or stamp collecting.

Ernest Rutherford

C

Sample and Contact Resistance Lorenz

Numbers from Multi-Channel

Measurements
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Here, we present a calculation for extracting the sample Lorenz ratio in a 2-device

configuration with contact resistance. We follow the general principles of the model of

Ref. 169 but we relax some constraints for a more general case.

The total sample resistance is Rs+2Rc, where Rs is the main channel resistance and

Rc is each contact resistance. For simplicity, we assume that each contact resistance

is point-like, and thus there is no temperature gradient in the contact. We use T0 to

denote the bath temperature.

We wish to obtain a formula that gives us the measured Lorenz number Lm as a

function of the sample Lorenz number Ls and the contact resistance Lorenz number Lc,

as well as other fixed or known parameters in the system including resistance. Most

generally, we can write the generalized thermal conductance of the sample (see Eq. 3.9),

using the total Joule power P and the average Johnson noise temperature rise ∆T , as

Gth,gen = P/∆T =
I2 (Rs + 2Rc)

2

Rs∆Ts + 2Rc∆Tc

, (C.1)

where ∆Ts and ∆Tc are respective average Johnson noise temperature rises of the sample

channel and contact above T0.

We define the contact resistance Rc to have a thermal resistance Rc,th = 1/Gth,c such

that the temperature drop ∆Tcs across the contact resistance is related to the heat Qc

that flows through it via

∆Tcs =
Qc

Gth,c
, (C.2)
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and we can likewise define a contact Lorenz number as

Lc =
Gth,cRc

T0
. (C.3)

We will assume, without rigorous justification, that the average Johnson noise tem-

perature of the contact resistance is one half of ∆Tcs. This would certainly be the case

for a spatially extended uniformly resistive contact resistance, and as in Ref. 169, we

use the same model for a point-like contact resistance.

Ref. 169 assumed that the Joule heat generated at each contact is distributed equally

on each side of the contact resistance; the half that goes into the metal contact is

immediately thermalized to bath temperature, and the half that goes into the graphene

channel flows through the contact resistor and causes a temperature rise. Here, instead

of assuming that the contact resistance Joule power is equally distributed on each side,

we will instead suppose that a fraction α is distributed to the graphene side, and 1− α

is distributed towards the metal contact. In the case of a ballistic device, we typically

expect α → 0 because the dissipation happens inside the metal contact (reservoir) itself

after the electrons leave the sample.

We will write ∆Tc =
1

2
∆Tcs in terms of the total electrical current and the contact

Lorenz number. The heat current Qc flowing through each contact resistance is then

half of the heat generated in the channel Rs added to the fraction α of heat generated

in the contact resistance Rc:

Qc =
1

2
I2Rs + αI2Rc. (C.4)
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We then obtain

∆Tc =
1

2
∆Tcs =

1

2

Qc

Gth,c
=

1

2

1
2I

2Rs + αI2Rc

LcT0/Rc
(C.5)

∆Tcs =
1

2
I2

Rc

LcT0
(Rs + 2αRc) . (C.6)

The effective bath temperature for the channel becomes T0 + ∆Tcs. We can define an

effective self-heating average Johnson noise temperature rise for just the channel, above

the effective bath temperature, as

∆̃Ts = ∆Ts −∆Tcs =
I2Rs

Gth,gen,s
=

I2Rs

12T0Ls/Rs
(C.7)

where Gth,gen,s is the generalized thermal conductance of the sample channel only, using

the sample Lorenz ratio Ls =
Gth,gen,sRs

12T0
. This allows us to write

∆Ts = ∆Tcs +
I2R2

s

12T0Ls
. (C.8)

Substituting Eqs. C.6 into C.8 and into C.5, and the results into Eq. C.1, and re-

arranging, we obtain

Gth,gen =
(Rs + 2Rc)

2

R3
s

12T0

1

Ls
+

Rc

2T0
(Rs + 2αRc) (Rs +Rc)

1

Lc

. (C.9)

Finally, relating Gth,gen to the measured Lorenz ratio as

Gth,gen =
12T0Lm

Rs + 2Rc
, (C.10)
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we can write Eq. C.9 as

Lm =
(Rs + 2Rc)

3

R3
s

Ls
+

6Rc (Rs + 2αRc) (Rs +Rc)

Lc

. (C.11)

If we now have measurements of two different channel lengths with different resis-

tances Rs but the same contact resistances Rc, and they have different measured Lorenz

ratios Lm, we can solve two copies of Eq. C.11 to obtain Ls and Ls. This is done as

follows: Define

A ≡ (Rs + 2Rc)
3 (C.12)

B ≡ 6Rc (Rs + 2αRc) (Rs +Rc) (C.13)

C ≡R3
s. (C.14)

Then Eq. C.11 can be written as

Lm,i =
Ai

Ci

Ls
+

Bi

Lc

, (C.15)

where the subscript i = 1, 2 refers to one of the two different channel lengths. These
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two equations are then solved as

Lc =

B1

C1
− B2

C2

A1

Lm,1C1
− A2

Lm,2C2

(C.16)

Ls =

C1

B1
− C2

B2

A1

Lm,1B1
− A2

Lm,2B2

. (C.17)

We can thus obtain the sample and contact resistance Lorenz ratios from a measurement

of the two channels, under the assumption of a known α. A priori, α is unknown and

may depend on the density; to extract a value for α we would need a third channel

length for a third copy of Eq. C.11 to solve for the third unknown.
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The scientist is not a person who gives the right

answers, he is one who asks the right questions.

Claude L evi-Strauss

D

Corbino Geometric Magnetoresistance
We wish to obtain an intuitive understanding of the electrical magnetoresistance of

a Corbino geometry, described in Section 3.3. The magnetoresistance of a Corbino

device in the diffusive Drude theory is nonzero, in stark contrast to that of a Hall bar or

rectangular sample, where the same theory predicts zero magnetoresistance55 contrary
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w(r)

Figure D.1: A Corbino disk where the two black lines indicate current streamlines. We will
consider current flowing through this narrow sliver defined by the black lines, with a width w(r).

to nearly all experiments. For the Corbino, let us consider the current flow streamlines

under a low magnetic field as shown in Fig. D.1. These are modified from the usual

radially pointing current flows in zero magnetic field. To begin, we can calculate the

distance L a current element travels while traversing the channel from inner to outer

electrode. From Section 3.3, we can write the radial velocity as

vr =
C

r
=

dr

dt
, (D.1)

where C is a constant and we have defined a differential equation. The solution to this

is

vr(t) =

√
C

2t
(D.2)

vθ(t) = −µB

√
C

2t
. (D.3)
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We can defines times t1, t2 when the current element is at the inner or outer edges of

the sample:

t1 =
r21
2C

(D.4)

t2 =
r22
2C

(D.5)

We then integrate the velocity parametrically via t from inner to outer radius:

L =

∫ t2

t1

|v(t)|dt (D.6)

L =

∫ t2

t1

√
v2θ + v2r dt (D.7)

L =

∫ t2

t1

√
C

2t
+ µ2B2

C

2t
dt (D.8)

L =
√
1 + (µB)2

∫ t2

t1

√
C

2t
dt (D.9)

L =
√
1 + (µB)2 (r2 − r1) (D.10)

We see that the increase in path length for the current is not enough to explain the

full increase in resistance! We must consider the sliver of sample between the two

black lines, and calculate the resistance of this sliver, of angular width δθ, assuming the

current flows along the sliver. Let the effective flow width of the sliver be w(r).

We can determine that

w(r) = δθ · r cos θH (D.11)

366



where θH is the Hall angle, given by

tan θH =
vθ
vr

= −µB. (D.12)

If we define ds to be along the sliver, then the resistance is

Rδθ =
1

σ0

∫ L

0

ds

w
. (D.13)

Based on Eq. D.10, we can write

s(r) =

∫ tr

t1

|v|dt =
√
1 + (µB)2(r − r1) (D.14)

ds =
√

1 + (µB)2 dr. (D.15)

Then the resistance is

Rδθ =
1

σ0

∫ r2

r1

√
1 + (µB)2 dr

δθ · r cos θH
(D.16)

Rδθ =
1

σ0

1

δθ

√
1 + (µB)2

cos θH

∫ r2

r1

dr

r
(D.17)

Rδθ =
1

σ0

1

δθ

√
1 + (µB)2[√

1 + (µB)2
]−1 ln

r2

r1
(D.18)

Rδθ =
1 + (µB)2

σ0

1

δθ
ln

r2

r1
. (D.19)

For the total resistance, we must add the conductances together of these strips, of which

there are 2π/δθ. Thus the total resistance becomes

Rtot =
1 + (µB)2

σ0

1

2π
ln

r2

r1
, (D.20)
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which is the correct resistance from Eq. 3.32. We can see the magnetoresistance comes

from both the lengthening of the path the current takes, plus the “squeezing” of the

current into narrower slivers.
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An expert is a person who has made all the mis-

takes that can be made in a very narrow field.

Niels Bohr

E

Correction to the Bilayer Graphene

Hydrodynamic Formula
In Ref. 3, the authors propose a conductivity formula for hydrodynamic bilayer

graphene of
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σ =
4nenh

(ne + nh)

e2

m
τ0 +

(ne − nh)
2

(ne + nh)

e2

m
τdis (E.1)

in the limit of τ0 ≪ τdis, where τ0 is the electron-hole scattering relaxation time, τdis

is the dissipative relaxation time, ne/h is the density of electrons/holes, and m is the

effective mass. The non-intuitive part of this equation was that the individual con-

ductivities, rather resistivities as in Matthiesen’s rule, add together. This allowed the

authors to interpret the conductivity as a sum of relative motion and center of mass

motion.

In this Appendix, we propose an alternative derivation of the author’s formula, keep-

ing more careful track of small terms in the Taylor expansions as needed. The authors

performed a zeroth order Taylor expansion in τ0/τdis.

Here, we assume for simplicity that τdis,e = τdis,h = τdis. Beginning with Eq. S11 in

the supplement, and defining σ̃ = σ
m

e2
, we get

σ̃ =
4nenhτ0τdis + (ne − nh)

2 (τ0 + τdis) τdis
(ne + nh) (τ0 + τdis)

. (E.2)
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We perform some algebra:

σ̃ = τdis
4nenhτ0 + (ne − nh)

2 (τ0 + τdis)

(ne + nh) (τ0 + τdis)
(E.3)

= τdis
4nenhτ0 + (ne − nh)

2 τ0 + (ne − nh)
2 τdis

(ne + nh) (τ0 + τdis)
(E.4)

= τdis

[
4nenh + (ne − nh)

2
]
τ0 + (ne − nh)

2 τdis

(ne + nh) (τ0 + τdis)
(E.5)

= τdis

[
4nenh + n2

e − 2nenh + n2
h

]
τ0 + (ne − nh)

2 τdis

(ne + nh) (τ0 + τdis)
(E.6)

= τdis

[
n2
e + 2nenh + n2

h

]
τ0 + (ne − nh)

2 τdis

(ne + nh) (τ0 + τdis)
(E.7)

= τdis
(ne + nh)

2 τ0 + (ne − nh)
2 τdis

(ne + nh) (τ0 + τdis)
(E.8)

=
(ne + nh)

2 τ0 + (ne − nh)
2 τdis

(ne + nh)

(
1 +

τ0
τdis

) . (E.9)

At this point, the authors took the zeroth-order Taylor expansion in τ0
τdis

. If we

interpret this as strictly τ0 = 0, then we get

σ̃ ≈ (ne − nh)
2

ne + nh
τdis. (E.10)

Of course, this only captures the dissipative part of Eq. E.1, and not the electron-hole

interacting part. To get the next order contribution then, we must take a higher-order

Taylor expansion.

Now, let us take the first-order Taylor expansion in τ0
τdis

of the denominator in Eq. E.9;

we will not yet expand the numerator because we cannot guarantee that (ne + nh)
2 τ0 ≪

(ne − nh)
2 τdis, because we would like the formula to work arbitrarily close to charge
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neutrality:

σ̃ ≈ (ne + nh)
2 τ0 + (ne − nh)

2 τdis
ne + nh

[
1− τ0

τdis

]
. (E.11)

Re-arranging some terms, we get

σ̃ ≈ (ne − nh)
2

ne + nh
τdis +

[
(ne + nh)

2

ne + nh
− (ne − nh)

2

ne + nh

]
τ0 − (ne + nh)

τ20
τdis

(E.12)

≈ (ne − nh)
2

ne + nh
τdis +

4nenh

ne + nh
τ0 −

(ne + nh)
2

(ne + nh)

τ20
τdis

. (E.13)

At this point, the authors of Ref. 3 discarded the last term in Eq. E.13 under the

premise that it is small. To discard the last term, we must have (ne − nh)
2 τdis ≪

(ne + nh)
2 τ20
τdis

. For any given values of τ0, τdis, we can choose a point arbitrarily close

to charge neutrality where this condition fails, and we cannot discard the last term.

We thus conclude that equation E.1 from Ref. 3 only holds for a certain distance away

from charge neutrality, likely related to the disorder-enabled hydrodynamics discussed

in Ref. 82.

In fact, through a careful mathematical trick, we can write an exact version of Eq. E.1,

by adding just a single scattering rate term. We will use the easy-to-prove identity

A

1 + x
= A− Ax

1 + x
. (E.14)
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We begin with rearranging Eq. E.9:

σ̃ =
(ne + nh)

2 τ0 + (ne − nh)
2 τdis

(ne + nh)

(
1 +

τ0
τdis

) (E.15)

=
(ne + nh)

2 τ0

(ne + nh)

(
1 +

τ0
τdis

) +
(ne − nh)

2 τdis

(ne + nh)

(
1 +

τ0
τdis

) . (E.16)

We apply the identity in E.14 to the second term in Eq. E.16, setting x =
τ0
τdis

and

A =
(ne − nh)

2 τdis
(ne + nh)

. We thus obtain

σ̃ =
(ne + nh)

2 τ0

(ne + nh)

(
1 +

τ0
τdis

) +
(ne − nh)

2 τdis
(ne + nh)

−

(ne − nh)
2 τdis

(ne + nh)

τ0
τdis

1 +
τ0
τdis

(E.17)

=
(ne − nh)

2

(ne + nh)
τdis +

[
(ne + nh)

2 − (ne − nh)
2
]
τ0

(ne + nh)

(
1 +

τ0
τdis

) (E.18)

=
(ne − nh)

2

(ne + nh)
τdis +

(4nenh) τ0

(ne + nh)

(
1 +

τ0
τdis

) (E.19)

σ̃ =
(ne − nh)

2

(ne + nh)
τdis +

4nenh

ne + nh

(
1

τ0
+

1

τdis

)−1

. (E.20)

We see that Eq. E.20 is nothing but Eq. 1 from Ref. 3, but now with a disorder scatter-

ing rate added via Matthiesen’s to the relative electron-hole motion term. Intuitively,

this makes sense: At exactly charge neutrality an electric current is equally shared by

electrons and holes with no net momentum (no center-of-mass motion); however, dis-

order scattering can still randomize the momentum of an individual electron or hole
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Figure E.1: Red: Conductivity formula from Ref. 3, Eq. 1. Green: Exact formula from this
work, Eq. E.20.

in a collision, thus relaxing the electrical current. Put another way, the electron and

hole components of the current, which have their own nonzero net momenta, are still

individually relaxed by disorder scattering; the presence of the other does not protect

one from impurity-scattering momentum relaxation.

We plot our exact Eq. E.20 and Eq. 1 from Ref. 3 in Fig. E.1, showing the difference

between the two. We use the parameters for T = 100 K from Ref. 3. At high density,

the two formulas agree, as we expected, but near charge neutrality, they disagree. At

charge neutrality, the exact formula gives a conductivity of σ0 = 20.7 e2/h, which is

16% lower than the approximate formula of Ref. 3, which would give σ0 = 24.6 e2/h.

In the limit of zero phonon and disorder scattering, the two formulas would agree;

however, this may not be experimentally possible because even in a disorder-free sample,
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there will still be phonon scattering.
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The true logic of this world is in the calculus of

probabilities.

James Clerk Maxwell

F

Standard Error of Lock-In Amplifier

Measurements
Very often in the laboratory, we will use a digital lock-in amplifier to measure a

very small signal that is AC-modulated to help improve the signal-to-noise ratio. In
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measuring any quantity precisely by taking an average of many datapoints, we often

want a confidence interval on our average to quantify our measurement precision. While

this is a rather trivial task for discrete, uncorrelated measurement datapoints, the case is

not so straightforward for the measurement of a signal on a lock-in amplifier, which is a

time-varying continuous signal with some correlation time onto itself. In this Appendix,

we present a method for estimating the uncertainty or precision of such a measurement.

For measuring the AC noise modulation, we use a lock-in amplifier, typically a Stan-

ford Research Systems SR830, locked in to a frequency of approximately 2f ∼ 26 Hz.

To perform a measurement, we will typically set the lock-in to a time constant of τ = 300

ms, and then take several readings that are ∆ ∼ 300 ms apart to compute an average.

The number of readings N is typically 20-200, depending on what level of precision we

would like. Finally, we would like to quantify the uncertainty in our measurement.

Statistically, the uncertainty in a measurement that is a mean of a large number of

normally distributed points is the standard error s, typically approximated by

s ∼ σ/
√
N, (F.1)

where σ is the standard deviation of the points in the measurement, and N is the number

of (statistically independent) data points. In a continuous lock-in measurement, the

data points we take at a time interval of ∆ are not statistically independent and have

a certain correlation with each other that falls off with time; this is the result of the

low-pass filter in the lock-in circuit after the mixer.

If over a measurement time tm we collect N such correlated data points, we can

consider that we have an effective number Ñ of independent datapoints, with Ñ < N .

We have observed that that the effective number of independent datapoints is related
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to the effective noise bandwidth (ENBW) via

Ñ = tm · ENBW. (F.2)

The ENBW is given on page 3-21 of the SR830 manual138; in particular for a low-pass

filter slope of 24 dB/oct, the ENBW is 5/(64τ) where τ is the lock-in time constant. This

means that the lock-in gives an effectively independent datapoint every 64
5 τ seconds,

which is 3.84 s for τ = 300 ms. It doesn’t matter what ∆ actually is; as long it’s

somewhat lower than 64
5 τ , the datapoints will be correlated enough that shortening ∆

and acquiring more points in the same amount of time tm won’t change the average or

the standard error.

The ENBW characterizes the spectral width of the low-pass filter, and therefore is

also characteristic of the response and thus auto-correlation time of the filter. A formal

proof that these are equivalent or related is outside the scope of this experimental thesis.

However, we can provide some empirical evidence supporting our observation by looking

at the auto-correlation of measured lock-in data points.

It was shown251 that for an auto-correlated time series, an unbiased estimate for the

standard error of the mean is given by scaling the calculated standard error by a factor

f defined via

f ≈
√

1 + ρ

1− ρ
, (F.3)

where ρ is the estimate of the auto-correlation coefficient for all sample-point ri pairs,
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defined via

ρ =

n∑
i=2

r̂ir̂i−1

n∑
i=2

r̂2i

. (F.4)

There are many variants of this estimate that vary with the inclusion or exclusion of

endpoints in the denominator.

The exact sample correlation ρ will depend on the lock-in parameters and exact

timing of the measurements, so here we use a specific example from an experimental

run. We performed 500 measurements of the noise voltage modulation on a lock-in

with 83 averaging points each (tm = 30 s), with an average of 361 ms elapsed between

measurement points, as shown in Fig. F.1(a).

The auto-correlation functions (ACF) of all 500 measurements are shown in

Fig. F.1(b). The mean ACF at a lag value of 1 is 0.852, giving f = 3.54. Thus,

the standard error of the mean of V should be

s⟨V ⟩ = f
s√
N

= 3.54
s√
83

, (F.5)

where s is the standard deviation of the measured 83 data points.

If we instead try to compute Ñ from the ENBW, we get a re-scaling factor for the

number of data points of

f ∼
√
N√
Ñ

=

√
83√
7.8

= 3.26. (F.6)

The number we get from the ENBW of 3.26 is satisfyingly close to that computed from
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Figure F.1: (a) Time series density plot of measured lock-in X voltage; the datapoints are
spaced by ∼ 361ms, and the entire 83 datapoint collection takes 30 s. There are 500 traces
on this plot, fluctuating around an average of ∼ 3.45µV. The self-correlation of any individual
trace is seen as the wavy pattern. (b) Autocorrelation function (ACF) density plot, vs lag
number up to 20, of the 500 traces from panel (a). Red curve indicates the average over the
500 traces. By approximately 7 lags or 7×0.361 s ≈ 2.5 s, the correlation has mostly decayed to
zero. (c) Distribution histogram of the measured mean of all 500 traces. The mean of each trace
individually is computed by averaging the 83 datapoints in panel (a). The computed standard
deviation of the means is 5.64/times10−8 V. (d) Distribution histogram of the individually
computed standard errors of the mean, for all 500 measurement traces. The standard error of
the mean, for each trace, is computed via Eq. F.6. The average of the computed standard errors
is 1.65× 10−8 V, shown as the red dashed line.
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the ACF of 3.54.

Because we did 500 measurements, we can actually measure the standard deviation

of the mean and compare it to the computed standard errors via this method. The

histogram of the means from 500 measurements is shown in Fig. F.1(c). The mean

of the means is µ⟨V ⟩ = 3.4357 × 10−6 V, and the standard deviation of the means is

σ⟨V ⟩ = 5.64× 10−8 V.

Fig. F.1(d) plots a histogram of the estimated standard errors of the mean from the

500 measurements via s⟨V ⟩ = f
s√
N

. The mean of the estimated standard errors of the

mean is ⟨s⟨V ⟩⟩ = 1.65× 10−8 (red dashed line), underestimating the measured standard

deviation of the mean by a facor of 3.4; it is only coincidental that this number is close

to f .

One mechanism to cause the measured standard deviation of the mean to be signif-

icantly larger than the estimated standard error is low-frequency DC-like drifts of the

actual measurement value. This can be very difficult to measure, but we can motivate

this explanation by looking at the auto-correlation of the 500 means. Fig. F.2(a) plots

the auto-correlation of the 500 means for 1 to 499 lags in blue. We can see that the

ACF at lag 1 is 0.24, significantly higher than the rest of the ACFs, indicating a not

insignificant correlation due to drift. If there were no drift, the ACF at lag 1 should

be marginally larger than zero, only due to small overlapping endpoint correlations be-

tween successive measurement runs. Additionally, we can plot the smoothed ACF for 1

to 499 lags (red); we see that it takes about 150–200 lags for for the ACF to reach zero

within the noise fluctuations, indicating some DC drift when averaged over many runs.

As another way to see the drift, we plot the means of each of the 500 individual

measurement runs in Fig. F.2(b) in blue, relative to the mean of the means in black.

Within the noise of the individual means, there is no clearly visible drift. The red

381



0 100 200 300 400 500
Num Lags

-0.1

0

0.1

0.2

0.3

AC
F 

of
 M

ea
ns

(a) Raw Data
Smoothed

0 100 200 300 400 500
Measurement Run Number

3.3

3.35

3.4

3.45

3.5

3.55

3.6

M
ea

n 
of

 M
ea

su
re

d 
Lo

ck
-in

 V
ol

ta
ge

 (V
) #10-6

(b) Measured Means
Smoothed

Figure F.2: (a Autocorrelation of the measured data means. Blue: autocorrelation, vs lag
number, of the measured data means from the 500 measurement runs. Red: smoothed out
autocorrelation to better see the trends. The increased value of the ACF at lag 1, as well as the
slow decay over ∼ 200 lags, indicates a quickly-moving and a slowly-moving drift component
of the measurement value over time, which can cause a larger spread of the data means in
Fig. F.1(c). (b) Data drift over time, plotted vs measurement number. Blue: The measured
means of each of 500 measurement runs, vs the run number. Red: the means, smoothed over
a 65-point moving box average. The jumps at the beginning and end are due to the running
average box being truncated. Black line: mean of all the means, to be used as a reference.
Overall, there is a slow drift of means over time. The light gray box behind the data indicates
the µ⟨V ⟩ ± σ⟨V ⟩, which would contain 68% of the means if they were normally distributed.
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curve shows the means smoothed out over 65 points, removing the local statistical noise

and revealing the overall DC drift. The jumps at the beginning and end are due to

the running average box being truncated in the smoothing algorithm. During the span

of 500 measurements, the “true” value that we have attempted to measure drifted by

approximately 5 × 10−8 V. If the “true” value did not drift, then we would expect the

65-point moving average to be centered, within its own noise, on the overall mean of

the mean, which does not happen. This DC drift of the measurement value acts to

smear out or widen the distribution shown in Fig. F.1(c), likely contributing to its more

plateau-like shape instead of the expected Gaussian bell curve. This slow drift smoothed

out over 65 points, however, is not large enough to explain the factor of 3.4 difference

between σ⟨V ⟩ and s⟨V ⟩. We propose that a faster-timescale drift, that is responsible for

the high ACFs at low lag numbers much smaller than 65, may contribute significantly

to the spread of the means.

Finally, because we have only Ñ = 7.8 effectively independent datapoint for each mea-

surement run of 30 s, the calculated standard error may be significantly underestimated

due to the small sample size. Additional statistical experiments are needed to better

understand the mechanism and source of the uncertainty in our lock-in measurements.
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The fundamental laws necessary for the mathematical

treatment of a large part of physics and the whole of

chemistry are thus completely known, and the difficulty

lies only in the fact that application of these laws leads

to equations that are too complex to be soluble.

Paul Dirac

G

Mathematical Details for Noise in

Viscous Transport in Corbino under

Magnetic Field
384



This Appendix describes the mathematical details of Johnson noise in a self-heating

configuration for a viscous Corbino device under magnetic field, and it directly comple-

ments the experimental results presented in Chapter 6. This Appendix was written by

our collaborator Aaron Hui as part of the project for Chapter 6, and we have reproduced

it in this dissertation for completeness, with his kind permission.

Here, we derive the result for Johnson noise. This problem consists of two major

steps - computing the temperature profile T , and converting the bulk noise generated

by T into the current noise measured at the contacts. Because this procedure involves

solving the Stokes equations in multiple times in slightly different forms, we begin by

studying its general solution.

G.1 Stokes Equation: General Solution

We consider flow in an annular domain Ω with inner radius ri and outer radius ro under

a uniform magnetic field B = Bẑ. The Stokes equations are

ν∇2v +
q

m
v ×B− q

m
∇ϕ =− g (G.1)

∇ · v =0 (G.2)

where ν is the kinematic viscosity, q the hydrodynamic charge, m the hydrodynamic

mass, and g a generic forcing term (∇2v is the vector Laplacian). As we will only be

concerned with angular-averaged quantities X =
∫

dθ
2πX, we can simplify these equations
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in orthonormal polar coordinates to

∫
dr
(
L[vr] + ωcvθ

)
+

q

m
ϕ
∣∣ro
ri

=

∫
drgr (G.3)

L[vθ] =gθ + ωcvr (G.4)

vr =
I

nq

1

2πr
(G.5)

where we define the linear “dissipation” or friction operator L[v] ≡ γv −

ν
[
∂2
rv +

1
r∂rv −

v
r2

]
and the constant I is the total radial current. Notice that in-

compressibility Eq. G.5 immediately gives us the solution for vr. This allows us to

decouple Eq. G.4 and solve it independently. Furthermore, we evade solving for ϕ by

performing the
∫
dr integral in Eq. G.3. In what follows, we will drop the overbars

and implicitly understand that all quantities are angular-averaged. To finish solving

the above equations, we must specify boundary conditions (BCs).

For Eq. G.4, we take no-slip vθ|∂Ω = 0. With this BC, we abstractly denote the

solution

vθ = L−1[gθ + ωcvr] = L−1[gθ] + ωcL
−1[vr] (G.6)

where L−1 is a linear operator. This notation can be motivated by the fact L◦L−1[g] =

g.∗

Finally, for Eq. G.3 we specify voltage-fixed BCs in two steps. First, we specify the

external (measured) voltage difference −ϕc|rori = V from ri to ro. Then, there also exists

a contact voltage drop [ϕc − ϕ]r∈∂Ω = 2mν
q

v·r̂
r

∣∣
r∈∂Ω on the boundary58. Therefore,

∗In the theory of PDEs, there is a precise sense in which L is an invertible linear operator
with inverse given by L−1. See e.g. 252 for details.
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Eq. G.3 can be rewritten

IR =V +

∫
dr
(
gr − ωcL

−1[gθ]
)

(G.7)

R =
m

nq2

∫
dr(L+ ω2

cL
−1)

[
1

2πr

]
− mν

nq2
1

π

1

r2

∣∣∣∣ro
ri

(G.8)

where R is the two-terminal resistance. As an aside, this procedure easily generalizes to

the Ohmic-Stokes case by simply altering the form of L; we utilize this fact in Sec. G.4.

For convenience, we denote the Stokes equations with the above BCs, i.e. the Stokes

problem, as S[v;g, V ].

In particular, L−1[g] is given by

L−1[g] =− rovp(ro)− rivp(ri)

r2o − r2i
r +

r2i r
2
o

r2o − r2i

(
vp(ro)

ro
− vp(ri)

ri

)
1

r
+ vp(r) (G.9)

vp(r) ≡− 1

ν

1

r

∫ r

dr′r′
∫ r′

dr′′g(r′′) (G.10)

where vp is a particular solution satisfying L[vp] = g. Notice we have defined vp(r)

using antiderivatives; to fix the integration constants, one can arbitrarily fix the lower

integration bound.

G.2 Temperature Profile

Obtaining the temperature profile is done in two steps. First, we compute the velocity

profile from the steady-state Stokes equations. Then, computing the resulting viscous

heating from the velocity, we solve the heat equation. The Stokes equations here have
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g = 0 (i.e. S[v; 0, V ]), so by circular symmetry we have

vr =
I

nq

1

2πr
(G.11)

vθ =ωc
I

nq
L−1

[
1

2πr

]
=

I

nq

ωc

2πν

[
c1r + c2

1

r
− 1

2
r ln r

]
(G.12)

where c1 =
1
2
r2o ln ro−r2i ln ri

r2o−r2i
and c2 = −1

2
r2i r

2
o

r2o−r2i
ln ro

ri
. Then, we solve the heat equation

−κ∇2T = q ≡ 1

2η
(σ′

ij)
2 (G.13)

where η = mnν is the dynamic viscosity, q is the viscous heating density, and σ′
ij =

η(∂ivj + ∂jvi) the viscous (deviatoric) stress tensor for incompressible flow253. We take

fixed T = T0 BCs for the heat equation. With circular symmetry, the scalar Laplacian

simplifies and one explicitly finds

q(r) =
mν

nq2
I2

(2π)2

[
4

r4
+
(ωc

2ν

)2(
1 +

4c2
r2

)2
]

(G.14)

δT (r) =
mν

nq2κ
I2

1

(2π)2

[(
1

r2i
− 1

r2
−
(

1

r2i
− 1

r2o

)
ln r

ri

ln ro
ri

)
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where δT ≡ T − T0.
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G.3 Current Noise

The current noise is also computed in two steps. We wish to compute ⟨δI(ω → 0)δI(t =

0)⟩ ≡ ⟨δIδI0⟩ at fixed voltage δV = ⟨δV δI0⟩ = 0, where from now on we suppress

the frequency argument. The current noise equations are given by the Stokes prob-

lem S[⟨δvδI0⟩; 2⟨δvsδI0⟩, 0]176,254, where we assume thermal density fluctuations can

be ignored to obtain incompressibility†. However, to solve the noise problem we must

compute the noise input ⟨δvsδI0⟩.

To obtain the noise input ⟨δvsδI0⟩, we solve the so-called hydrodynamic Shockley-

Ramo problem: how much total current δI0 is induced by a velocity source δvs? This

has previously been studied in the free space255,256 and Ohmic165,257–259 cases, where

there is a simple result known as the (generalized) Shockley-Ramo theorem. The hy-

drodynamic Shockley-Ramo problem is given by S
[
δv;L[δvs],−2mν

q
δvs,r
r

∣∣∣ro
ri

]
, which has

solution

δI0R =− 2mν

q

δvs,r
r

∣∣∣∣ro
ri

+
m

q

∫
dr
[ (

L+ ω2
cL

−1
)
[δvs,r]− ωc

(
L−1L− 1

)
[δvs,θ]

]
(G.16)

Physically, we can understand the hydrodynamic Shockley-Ramo problem as follows.

The injected carriers δvs induce a flow of internal carriers δv − δvs. These internal

carriers obey the Stokes equations and enforce incompressibility and BC constraints

on the total current δv (see also Ref. 165). In particular, a velocity source “on the

boundary” induces a contact voltage drop which drives total flow, as seen in the first
†Thermal density fluctuations are suppressed by the thermal Mach number

√
kBT/(mc2),

where c is the speed of sound254. A rough estimate with m = me the electron mass at T = 300K
and c ∼ vF ∼ 106m/s gives Math ∼ .07, so we expect thermal density fluctuations to be a
subleading effect.
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term of Eq. G.16.

With this result in hand, we can obtain the current noise from the noise problem

S[⟨δvδI0⟩; 2⟨δvsδI0⟩, 0]. Substituting Eq. G.16 into ⟨δvsδI0⟩ and simplifying, this is

TJN ≡ R

2kB
⟨δIδI0⟩ (G.17)

=T0 +
m

nq2
1

R

∫
dr
(
L+ ω2

cL
−1
) [δT (r)

2πr

]
(G.18)

where δT ≡ T−T0 and we have used ⟨δvs,i(r)δvs,j(r′)⟩ = kBT (r)
mn δ(r−r′)δij and (L−1

r Lr−

1)[δ(r − r′)] = 0 since δ(r − r′) vanishes on ∂Ω ‡. Thus, Eq. G.18 relates the Johnson

noise temperature to a complicated weighted average of the local temperature T (r).

Furthermore, we see that there are three effects of the magnetic field. One is to modify

the velocity profile, changing the heating structure and therefore the overall temperature

distribution. The second is to modify the temperature-averaging procedure as seen in

Eq. G.18. Finally, the third is to modify the resistance R in the denominator.

It is useful to compare Eq. G.18 to the universal result in the Ohmic limit δT ohm
JN =

PR
12LT0

= PRth
12 , where Rth is the thermal resistance and L is the Wiedemann-Franz value

of the Lorenz ratio162,164. Using the Rth form of this equation to define δT ohm
JN in the

hydrodynamic regime, we find

f ≡ δTJN

δT ohm
JN

(G.19)

=
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)2
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)2
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)2 (G.20)

‡The term (L−1
r Lr − 1)[δ(r− r′)] corresponds to a boundary-value problem of L[v] = 0, with

boundary values determined by δ(r− r′). Since we assume r can only take values in the interior
of Ω, the delta function must vanish on Ω.
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with coefficients

a0 =
−(s2 − 1)2 + 2(s4 − 1) ln s

4π2s4 ln s
(G.21)

a2 =
3(s2 − 1)3 − 4s2(s2 − 1) ln2 s− 8s2(s2 + 1) ln3 s

64π2s2(s2 − 1) ln s
(G.22)
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2048π2
− (s2 − 1)2
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− 5s2(s2 + 1) ln2 s

256π2(s2 − 1)
(G.23)
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π
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R2 =
1

16π

(
s2 − 1− 4s2 ln2 s

s2 − 1

)
, (G.25)

where s = ro
ri

is the aspect ratio and we write the resistance R =

mν
nq2r2i

(
R0 +

(
ωcr2i
ν

)2
R2

)
. In particular, the B-field dependence of the numerator of

f is determined by the temperature profile and the temperature-averaging, while the

denominator is completely determined by the resistance.

We plot the the ratio f(B) as a function of magnetic field in Figs. G.1 and G.2. It

is important to note that each curve is scaled differently, i.e. B0 = (m/q)(γ + ν/r2i )

is different for each curve. We see in the Ohmic-dominant regime where λ is small,

f(B)/f(0) increases above its limiting f = 1 Ohmic value. This occurs because there

is an additional viscous heating channel at finite λ, increasing the Johnson noise. As λ

increases, viscous flow corrections eventually dominate, pushing the heating (at constant

power) towards the contacts. This reduces the effectiveness of heating, thus reducing

the Johnson noise temperature.
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Figure G.1: The normalized f(B)/f(0) for ro/ri = 5. The dashed line corresponds to the
Ohmic λ = 0 value, while the solid thin line corresponds to the viscous λ → ∞ value. These
curves are plotted against B/B0, where the scale B0 = (m/q)(γ + ν/r2i ) is different for each
curve.

Figure G.2: The true f(B) value for ro/ri = 5, from Fig. G.1.
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G.4 Ohmic Limit

Here, we perform the analogous calculation for the Ohmic case. In the Ohmic limit

ν → 0, we simply replace the operator L ≡ γv and rerun the calculation. First, we have

L−1[g] =
g

γ
(G.26)

In this limit, we’ve removed a leading-order derivative, thus the boundary conditions

become superfluous. Thus, under voltage bias (the Ohmic version of S[v; 0, V ]), we find

vr =
I

nq

1

2πr
(G.27)
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I

nq

1

2πr
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R =(1 + ω2
c τ

2)
mγ

nq2
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ri

2π
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where τ ≡ γ−1 and R is the two-terminal resistance. Computing the Ohmic heating

q = mnγv2 and temperature profile, we get

q(r) =(1 + ω2
c τ

2)
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4π2r2
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where P ≡ I2R is the total dissipated power. Finally, using Eq. G.18 we find that

TJN =

∫
dr

T (r)

r ln ro
ri

=
PRth
12

(G.32)

Thus, we recover f = 1 in agreement with previous works162,164.
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The experiment left no doubt that, as far as ac-

curacy of measurement went, the resistance dis-

appeared.

Heike Kamerlingh Onnes

H

Cryostats and Cryogenic Hardware
In this Appendix, we describe the two cryostats used extensively for sample mea-

surements in this thesis, and we describe some of the custom modifications we made to

them in order to facilitate our noise measurements.
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H.1 Sumitomo

This cryostat was sold under the Janis brand name, but it is really a closed-cycle

Sumitomo Gifford-McMahon (GM) cryocooler with a few additional parts from Janis.

Janis supplied the instrumentation collar, which allows electrical feedthroughs into the

vacuum space, as well as the vacuum can, radiation shield, sample mounting hardware,

and thermometry lines. The cryostat is shown mounted on a home-made aluminum plate

inside of an enclosed rack, with the vacuum can installed, in Fig. H.1. Additional metal

panels and doors for EMI shielding can be installed onto the rack enclosure. Visible

immediately next to the cryostat are the two RF amplifier circuits and four amplifier

power supplies. The cryostat has six RF lines, 40 DC lines using Fischer connectors at

room temperature, and a sample temperature range of 3–300 K. The cryostat can reach

base temperature from room temperature in about 70 minutes, but it is recommended

to ramp down the temperature slowly to avoid thermal shock to the cryogenic LNAs

mounted inside.

The inside of the cryostat is shown in Fig. H.2 from two different views, to see all

the components. We have entirely re-fabricated the sample mount in order to allow

us to mount 2 cryogenic LNAs at the base temperature of the cold plate, as well as

allow the sample to be nearly independently warmed up relative to this cold plate,

facilitating measurements of a warmer sample while keeping the LNAs at a constant

low temperature to take advantage of their lower noise at low temperature. The sample

package is weakly thermally anchored to the cold plate via a hollow aluminum rod. We

have installed a separate heater and thermometer for both the LNA stage and the sample

stage to independently control their temperatures via proportional-integral-derivative

(PID) feedback. The thermometer for the cold plate is mounted on the backside of
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Figure H.1: Image of the Sumitomo cryostat mounted in its rack, with the vacuum can
installed.
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Figure H.2: (a,b) Images of the Sumitomo cryostat cold head, with labeled accessories, from
two different views.
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the LNA holder stand, allowing a more precise temperature control of the LNAs. The

heater for the cold plate is in the same copper block as the hollow aluminum rod. As

the sample is warmed up and more heat flows through the rod to the cold plate due to

the temperature difference, the cold plate heater produces less heat. In this way, the

temperature profile across the cold plate is kept as constant as possible while the sample

temperature is varied, allowing more accurate temperature control of the LNAs.

We have installed two RF PCBs, each with two diplexers and a hybrid to realize the

differential noise measurement scheme, directly onto the input port of the LNAs. We

have heat-sunk these PCBs to the cold plate using copper braid (see Section 4.8). We

have also mounted several RF lines that are heat-sunk at the first (∼ 50K) cryogenic

stage. There is a set of 25 and a set of 15 DC copper lines, with nano-D connectors, used

for gates, thermometry, heating, and amplifier power supplies, that are also heat-sunk

to the 50 K plate and the 3 K plate. The heat-sinking to the 50 K plate was done with

silver epoxy into a copper block holder, and the heat-sinking to the 3K plate was done

through the nano-D connector and a tight fitting holder. Some of these DC lines are

left unused and may be repurposed for DC bias lines in the future.

Finally, we have also designed a new radiation shield, shown in Fig. H.3, optimized to

maximize the space inside with wall thicknesses of nominally 0.068”. This shield allows

the top to be removed to visually examine the components inside to verify they are not

contacting the radiation shield. The top cap threads into the main portion of shield

with very fine threads (36 threads per inch on a 3” diameter), and different metals were

chosen for these two parts to prevent galling. The cap should be very carefully threaded

in and only gently hand-tightened; it has two wrench flats for emergency removal only,

if it cannot be removed by hand.
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Figure H.3: (a) Custom-made radiation shield to maximize internal working space. The main
body is from aluminum and the top cap is from brass. The top cap threads into the main body
with a very fine-pitch thread. (b) View inside the radiation shield with the top cap removed, in
order to verify the cold components are not contacting the radiation shield. (b) View of the top
cap removed next to the radiation shield, showing the fine threads. Care must be taken when
re-installing the top cap to avoid cross-threading it.
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H.2 Janis

The other cryostat that we have used is a variable-temperature insert (VTI) cryostat,

manufactured by Janis. This cryostat uses liquid helium and can achieve a sample

temperature range of 1.6–300 K, although operation near room temperature boils off

helium rapidly. The sample is cooled by a low-pressure vapor of helium, with the sample

space continuously pumped to generate cooling from the vaporizer. Colder temperature

can be achieved temporarily via single shot operation, by filling the sample space with

liquid helium, and closing the needle valve while continuing to pump. Stronger pumping

speed will generally allow a lower base temperature.

This cryostat contains a liquid-immersed superconducting magnet capable of pro-

ducing a magnetic field up to 9 T, and thus we prefer to keep our LNAs further away

from the magnet to avoid affecting their gain and noise properties with magnetic field

sweeps. We place the LNAs, as well as the diplexers and hybrid, into a separate dewar

that we fill with liquid nitrogen. The entire setup, with both the main cryostat and

the side dewar containing the LNA electronics at 77 K, is shown in Fig. H.4. Impor-

tantly, very low-loss 1/4” braided coaxial cables carry the non-amplified Johnson noise

from the probe output on the main cryostat, through room temperature, down into the

liquid nitrogen dewar to the LNA electronics. The accessibility of these coaxial lines

from room temperature allows the noise temperature matching technique described in

Section 4.9.4, which is impossible in the Sumitomo cryostat.

The home-made probe for this VTI was originally made by Jesse Crossno175, mod-

ified by Jonah Waissman, and then modified again by the present author. It is shown

suspended in Fig. H.5. The probe holds the sample at the end and inserts it into the

bore of the magnet. Ultimately, the most recent design include four 141 semi-rigid
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Figure H.4: Images of the Janis setup, with the main cryostat on the left, and the liquid
nitrogen dewar with LNA electronics on the right.
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Figure H.5: The home-made RF probe for the VTI, in front of the Janis instrument rack.
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coaxial cables for low loss running down the main length of the probe. After these

141 cables, there is a set of cold low-pass filters, a short run of thinner braided flexible

coaxial cables, and then finally outer DC blocks before reaching the sample to improve

thermal isolation. The thermal isolation was described in Section 4.8. Up to four outer

DC blocks can be fit, with careful selection of RF connectors and the flexibility of the

shorter coaxial cables.

The copper sample enclosure at the end of the probe is the same one used in the

Sumitomo cryostat, and thus sample PCBs are entirely interchangeable between these

two cryostats. The probe also has DC gate lines and thermometry/heater lines running

down its length. As we saw in Section 4.10, electronic noise can couple very easily

between these lines, and thus each one must be meticulously filtered.

On the probe, strategically placed waxed dental floss holds all the components tight

in towards the center, preventing them from contacting the primary bore of the VTI

and causing a thermal short. This is especially important close to the sample enclosure,

to allow the sample to be heated significantly above the temperature of the vapor. The

plastic jacket on the DC outer blocks is a good thermal insulator and is allowed to

contact the inner walls of the primary VTI bore, thus centering the sample enclosure

and probe within the bore.

The probe was originally designed for the Oxford VTI cryostat, but it was made to fit

into the Janis cryostat as well by use of a KF to Tri-Clamp adapter. The Janis VTI uses

the Tri-Clamp flange to hermetically seal the probe to the main body of the cryostat.
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We can only see a short distance ahead, but we

can see plenty there that needs to be done.

Alan Turing

I

Matlab Codes
In writing this dissertation, I have used MATLAB to generate the data plots. MAT-

LAB is a very powerful tool capable of generating very nice publication-quality vector

graphics figures; however, a complete guide on using MATLAB to make plots is outside

the scope of this thesis. Here, I will present some tips and tricks via code snippets that
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I have used in producing the figures in this dissertation. It is assumed that the reader

is already familiar with basic and intermediate level MATLAB plotting capabilities.

I.1 Legends

The default MATLAB legend shows the symbols next to black text labels for the data.

Here, I demonstrate how to remove these symbols and make the color of the text match

the data color, as well as give the legend a title:

figure;

% Plot the first dataset
h=plot(my_x_data ,my_y_data1 ,'o-','color',my_color1);
hold on;

% Turn off the legend entry
set( get( get( h, 'Annotation'), 'LegendInformation' ), '

IconDisplayStyle', 'off' );

% Generate a colored string , and plot it as a dummy invisible plot
my_display_name1=colorText('your data label here',my_color1);
line(NaN, NaN, 'Linestyle', 'none', 'Marker', 'none', 'Color', 'none'

,'DisplayName',my_display_name1);

% Repeat with second dataset
h=plot(my_x_data ,my_y_data2 ,'o-','color',my_color2);
set( get( get( h, 'Annotation'), 'LegendInformation' ), '

IconDisplayStyle', 'off' );
my_display_name2=colorText('your other data label here',my_color2);
line(NaN, NaN, 'Linestyle', 'none', 'Marker', 'none', 'Color', 'none'

,'DisplayName',my_display_name2);

% Generate the legend , set the title , and turn off the box
legend_title=' Your Legend Title'; %(use ~11 spaces)
lg=legend;
lg.Title.String=legend_title;
lg.Box='off';
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I.2 Colormaps

Colormaps are often a serious topic of debate between scientists, as each often has their

own unique preferences. I have developed a few home-made colormaps that shall satisfy

most, with good contrast on a white background, that I have used in this thesis. They

can be built with any number of colors. The colormaps can be defined and the color

extracted via this example:

number_of_colors=11;
my_colormap=sequential_colormap(number_of_colors);
my_color=my_colormap(color_index ,:);

The first colormap is a thermal colormap, useful for plotting data of different tem-

peratures:

function my_map = thermal_colormap(num_colors)
% Define a custom color list for the thermal colormap
colorList=[0 0 .2; 0 0 1; .7 0 .7; 1 0 0; 1 .5 0];

% Set the corresponding normalization values for the defined
colors

colorListNormalization=[0 .2 .5 .8 1];

% Interpolate colors linearly across the specified range to
create the colormap

my_map=interp1(colorListNormalization , colorList , linspace(0,1,
num_colors));

end

The second colormap is a sequential colormap, based on a modified version260 of

CBrewer’s spectral colormap261,262, that I further modified to make the central colors

darker. It is useful for plotting data symmetric about zero, such as electron/hole density

in graphene:

function map = sequential_colormap(n)
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% Define the base colors
baseColors = [94, 79, 162;

43, 144, 203;
58, 189, 185;
126.7, 178, 71.2;
172, 163.2, 0;
207.8, 173.1, 13.2;
247, 146, 16;
221, 68, 58;
158, 1, 66];

% Normalize to range [0, 1]
baseColors = baseColors / 255;

% Create the colormap
m = size(baseColors , 1);
x = linspace(0, 1, m);
xi = linspace(0, 1, n);
r = interp1(x, baseColors(:, 1), xi);
g = interp1(x, baseColors(:, 2), xi);
b = interp1(x, baseColors(:, 3), xi);
map = [r(:), g(:), b(:)];

end

These colormaps are demonstrated in Fig. I.1.

I.3 Exporting Figures

Vector graphics are superior to raster graphics, as they can be infinitely zoomed or

scaled and have a smaller file size. Vector figures are most reliably exported as .pdf

files; the reader may also experiment with .svg and .eps files. Surface plots have been

infamously difficult in older MATLAB versions to export as vector graphics, being ras-

terized instead. The method shown here will generally export them as vector graphics.

This is the code to export figures as vector graphics:

addr='C:\your-filepath\your-filename.pdf';
exportgraphics(gcf, addr, 'ContentType', 'vector');
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Figure I.1: (a) The thermal colormap, for 11 colors. (b) The sequential colormap, for 11
balanced colors.
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If the colors come out looking weird on a vector graphics image, such as darker than

expected, this problem can usually be solved by opening the .pdf file in Adobe Illustrator

and then saving it again from Illustrator as a .pdf file.

Sometimes, the vector graphics may still rasterize, or the file size may be too large

for complicated plots. In that case, the figure can be exported as .jpg file with a high

resolution (e.g. 1200):

addr='C:\your-filepath\your-filename.jpg';
exportgraphics(gcf, addr, 'Resolution', '1200');
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If I have seen further it is by standing on the
shoulders of Giants.

Sir Isaac Newton
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