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ABSTRACT

Two remarkable properties exhibited by graphene electrons are their pseudo-relativistic behavior
and their ballistic motion that mimics the propagation of electromagnetic waves in a refractive medium.
Despite heavy investigation, limitations of existing fabrication and measurement techniques have pre-
vented certain aspects of these phenomena from being thoroughly explored or realized. Two in partic-
ular are Landau level collapse and the single-mode waveguide. Observing these phenomena requires a
sharp modulation of the potential landscape of graphene as well as a probe to detect the resulting local
electronic behavior. Incorporating a carbon nanotube into a graphene heterostructure allows us to do
both simultaneously. This thesis describes the fabrication procedure of the hybrid carbon nanotube-
graphene device and explains its operational principle. We demonstrate the carbon nanotube can act
as a local probe and use it to measure the electronic properties of graphene. With an external mag-
netic field and with the carbon nanotube as an electric field generator, we perform a detailed study
of Landau level collapse and draw connections to relativistic dynamics. When the potential well in
graphene due to the carbon nanotube is made deep enough, we observe a clear signature of a single
guided mode. Lastly, we present preliminary results on Coulomb drag between a carbon nanotube
and graphene, and discuss the next steps toward reaching the goal of observing hydrodynamic behav-

ior in graphene.
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ELECTRIC TRANSPORT IN HYBRID
CARBON NANOTUBE-GRAPHENE DEVICES

UNRAVELING GRAPHENE ELECTRONS WITH A CARBON NANOTUBE




Science is beautiful when it makes simple explanations of

phenomena or connections between different observations.

Stephen Hawking

Graphene as a Rich Playground for

Condensed Matter Physics

Graphene s called “the wonder material” for many reasons.” From an application standpoint, graphene
is highly conductive, has exceptional tensile strength and at the same time is atomically thin, flexible
and transparent. Although its lack of a significant bandgap makes it less appealing as a silicon alterna-
tive, it can find many uses in other areas such as flexible displays, energy harvesting windows, clothing

fabric, water purification filters, super-capacitive batteries and lightweight robust equipment just to



name several. From a condensed matter research standpoint, it is an electronic platform that hosts a
plethora of exotic physical phenomena. First, its electronic behavior can roughly be broken into two
basic regimes: the ordinary Fermi liquid and the more unique Dirac fluid composed of an electron-
hole plasma. Under these two regimes, the charge carriers can behave as ballistic, massless, relativistic
Dirac fermions, or as a highly collective hydrodynamic fluid. Coupled with the quantum mechanical
properties such as spin and valley physics, graphene provides a highly complex electronic platform with
which plenty of physics can be studied. The myriad of behaviors is unparalleled and this richness is
made even more valuable because of its easy electronic-phase tunability. Like many of its van der Waals
material counterparts, graphene has an intrinsically low density of states and hence sensitive chemical
potential. This is due to graphene being a naturally-occurring two-dimensional (2D) material unlike
the 2D electron gas (2DEG) created in Gallium Arsenide (GaAs) heterostructures via modulation
doping. This brings us to perhaps the most important point about graphene: it can be easily isolated
and allows easy electrical access. In contrast to the GaAs days when only few had access to the luxuri-
ous 2DEG and which, even for them, only had limited experimental knobs, the advent of graphene
has enabled every condensed matter physicist to perform a variety of high level quantum mechanical
experiments. Moreover, nowadays nanofabrication facilities are readily available and nanotechnology
has advanced to an unprecedented level of sophistication— studying physics in graphene has become
mundane. But the complexity that resides in graphene is still far from being untapped completely as
we shall see shortly. Graphene research has made the science community as a whole much richer, more
capable and frankly speaking, has put us physicists into a frantic play mode.

Graphene was first physically isolated and identified in the year 2004.” As mentioned previously,
its single atomic layer structure automatically confines electrons to a plane, resulting in a low intrinsic

carrier density. This reduced carrier density means less electronic screening, and because graphene is
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Figure r.1: Illustration of the direct and reciprocal lattices of graphene, both of which have a hexagonal Bravais
lattice. (a) The direct lattice in real space. The coloring scheme shows how it can be broken down into two
sublattices. Sublattice A is colored red and sublattice B is colored blue. The yellow shaded parallelogram is the
primitive unit cell defined by the real space Bravais vectors a; and a,. The nearest neighbour vectors are given
by 81, 65 and d3. (b) The reciprocal lattice in momentum space. The gray shaded hexagon in the middle is the
first Brillouin Zone. by and by are the two reciprocal lattice vectors. The high symmetry points are labeled as
I', K, K’ and M where K and K’ are two inequivalent positions that have Dirac cones with opposite helicity.

directly exposed, its electrons are much more susceptible to external influence. This is simultaneously
abane and benefit. Itis a bane because of how sensitive it is to the unintended and ubiquitous disorder
in the substrates; it is a benefit because of how easy it is to induce user-defined external potentials. In
this thesis I will demonstrate, with the use of an individual carbon nanotube, how we can reap the
benefit and circumvent the bane by performing local measurements. More specifically, I will show
how the carbon nanotube can create and detect Landau level collapse, which is a pseudo-relativistic
phenomenon, and how it can be used as a narrow electronic waveguide to guide a single electronic
mode. In the following sections, I will briefly introduce some of the outstanding qualities of graphene

and will highlight the ones that will be extensively utilized and studied in this thesis.



1.1 THE BARE MINIMUM: SINGLE PARTICLE PICTURE IN THE T1GHT BINDING MODEL

As with most problems, it is best to start simple. In the case of electrons in graphene, we begin with
the single particle picture where we neglect any interactions that the electron can feel except for the pe-
riodic background potential emanating from the carbon lattice. This picture is commonly addressed
through the tight-binding approach which will be briefly covered in the language of second quanti-
zation. For a more complete and detailed coverage on graphene, the reader is referred to appendix
A.

Graphene (Gr) is comprised of carbon atoms arranged in a hexagonal Bravais lattice with two basis
atoms. The two basis atoms separately form two hexagonal Bravais lattice and are conventionally

referred to as sublattice A and B. The Bravais lattice vectors are:

_ \/gaa _ \/ga a
a; = 9 79 |’ ag = 9 9| (11)

where @ = |ay| = |ag| is the lattice constant of Gr and has a value of about 2.46 A. Each carbon

has three nearest neighbors, all of which are occupants of the other sublattice. These nearest-neighbor

s (o) oo (ams) o= (-ami) o

where the carbon to carbon bond length or the nearest neighbor distance, a.. = [01] = |02| = |83/,

Vectors are:

isabout 1.42A. In reciprocal space, the Brillouin Zone (BZ) is also a hexagonal Bravais lattice with the



following Bravias lattice vectors:

2 2w 27 27
by=(—,— |, by=|—,—]. I
1 (\/ga a ) 2 (\/ga a ) ( 3)
Figure 1.1b depicts the momentum space. The hexagon that is shaded in grey is the first BZ. I" is the
origin of momentum space where momentum is zero. M denotes the BZ edge and is thus a high

symmetry point. The K and K’ points are the inequivalent corners of the BZ and are described by

the following vector with respect to I':

2 27 , 2T 2T
I'K=|——,—-), TK =|——,—|. .
(\/ga 3a> <\/§a 3a> (14)
Starting from the tight-binding model for nearest neighbor hopping only, the Hamiltonian is given
by:

H=1t,Y c ,c,p+he (1s)

n,m
c;rm (€p, o) is theannihilation (creation) operator of an electron in a p,, orbital situated in the n2-th unit
cell for sublattice « = A, B;t,,, &= —2.7 to —3.1 ¢V is the nearest neighbor hopping energy; the sum-
mation over 7, m is implicitly assumed to be only for nearest neighbors; h.c. stands for the Hermitian
conjugate and this is to allow the reversed hopping process. In momentum space, the Hamiltonian

becomes:

H(k) =D o | : (1.6)

written in the basis of {c 4 (k), ¢ 5 (k) } — the respective Fourier coefficients of ¢,, ,,. Taylor expansion

of the Hamiltonian around K such that q = k — K and retaining only the linear term yields the low



energy Hamiltonian around the K valley:

H(q) = hvpo - q. (17)

Here, o are the Pauli matrices and v & ¢/300 (m/s) is the Fermi velocity. The low energy Hamilto-
nian at the K’ valley is related to the K valley through time reversal symmetry, i.e., H(q') = H"(q),
whereq’ = k—K'. In this thesis, we operate under the assumption that the two valleys are decoupled.
Focusing on the K valley hereinafter, the Hamiltonian has the following eigenvectors:

L |emital?
¥(q) = — : (18)

\@ iezeq/Q
Note these are the wavefunction coefficients. The full wavefunction is accompanied by a spatial con-
tribution given by the basis which is formed by a linear combination of p,, orbitals of sublattice A and

B. The eigenenergy is the linear dispersion:

e(q) = thvp|q], (r9)

which is isotropic around the Dirac point q = 0 and is electron-hole symmetric. The validity of
the linear dispersion coming from the low energy approximation holds up to 0.6 ¢V, well above our

experimentally accessible range.
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Figure 1.2: Illustration of the dispersion relation (¢ vs k) of graphene. (a) The bandstructure of graphene in the
first BZ. Red denotes the conduction band and blue denotes the valence band. (b) The Dirac cone, i.e., the cone
structure at the K and K’ points. Here the dispersion relation is linear and symmetric. (c) The projection of
the graphene bandstructure into the 2D momentum plane which shows the 2D Fermi surface of graphene. The
contour lines represent constant energies. The green line marks the first BZ and the black line traces through the
high symmetry points in graphene. I defines the origin of the BZ, K and K’ are any two neighboring corners
of the BZ. M is the midpoint between K and K’ along the BZ edge. (d) The dispersion relation along the black
line as seen in figure (c) which traces through the high symmetry points I', K, K’ and M.



1.2 ANALOGUE TO RELATIVISTIC PARTICLES

Shortly after Albert Einstein developed the theory of special relativity, Paul Dirac sought to recon-
cile quantum mechanics with it. The result was the Dirac equation that describes relativistic particles
with half-integer spin known as Dirac fermions. Particles that fall under this category all strictly fol-
low Lorentz transformation laws. This is a direct consequence of the Lorentz invariance of the Dirac
equation.

The low-energy Gr Hamiltonian is mathematically identical to the massless 2D Dirac equation ex-
cept the characteristic speed given by the speed of light is replaced by the Gr Fermi velocity (see equa-
tion 1.7). The associated eigenenergy is a linear dispersion (see equation 1.9) which is a signature of a
massless relativistic particle reminiscent of light. Because the mathematical treatment for the electrons
in Gr and for the relativistic massless Dirac fermions are perfectly identical, safe for the scale factor dif-
ference, electrons in Gr are expected to behave as though they were actually massless and relativistic,
i.e., in the framework where the speed of light is renormalized to the Gr Fermi velocity, Gr electrons
play the role of light. And this has big ramifications: relativistic systems are rare and largely inaccessible.
But here, Gr provides us a bench-top system with which we can simulate relativistic experiments.

The Fermi velocity renormalization has an additional perk. The characteristic interaction parame-
ter, which is a measure of how influential particles are with one another, is given by the fine-structure

constant. In vacuum it is:
2
1 e 1
dmeg he 1377

(r10)

which can be interpreted as the ratio between the potential (e? /4megr) and kinetic (pc = he/r)

energy of the particles. € is the permittivity of free space. In Gr, an effective fine-structure can be



similarly defined:

162

= ——=1. .
A6r = Lre hvp (1)

€ = €€, is the electric permittivity and €,. is the dielectric constant of the system. For typical Gr
devices, €, ~ 2.’ Here the ratio is drastically increased due to the reduction in the characteristic
speed. This means that the interaction barrier among particles is lower and that they are much more
susceptible to external influence. This allows us to access the elusive and largely uncharted highly-
correlated relativistic regime. It should be emphasized that it is merely a mathematical similarity that
connects Gr electrons with the truly relativistic particles. Gr electrons are still traveling at a measly
¢/300, which does not qualify them to be relativistic. The breakdown comes in when performing the
pseudo-Lorentz transformation where the scale factor in the time component is adjusted. This type of
transformation is nonphysical and is merely a mathematical trick that allows solving the Gr Hamilto-
nian conveniently. The correct observable result requires that we always return to the original frame
of reference after a pseudo-Lorentz boost. Despite this however, we can still bring the insight and in-
tuition developed from special relativity to describe Gr electrons and vice versa. Chapter s will report
on the phenomenon of Landau level collapse which will substantiate a clear connection between Gr

and special relativity.

1.3 EXTERNAL ELECTROSTATIC POTENTIAL

Under the influence of an external electrostatic potential, the Gr Hamiltonian becomes:

H(q) = hwpo - q + V(r), (r.r2)

I0



where V() is the external electrostatic potential and its sidewalls have a characteristic length scale:

. h’UF
lp =4 7‘VV(I‘)‘ . (r13)

This quantity defines the sharpness of the potential barrier. * In order for the low energy limit Hamil-
tonian to be valid, V' (r) must be smooth varying compared to the carbon-carbon bond length (a..),
that is:

lg > ag. (r14)

This is to avoid inter-valley scattering which allows the assumption of decoupled valleys. If the con-
dition fails, electrons in Gr will no longer be described by the 2D massless Dirac Hamiltonian, which
then renders our relativistic analogue invalid.

Under the condition that V (r) is smooth compared to a., there can exist sharp and smooth poten-
tials relative to the Fermi wavelength (Ag). For sharp potentials, [ < A, otherwise the potential
is considered smooth. In the case of decoupled valleys, \jr = 27/¢qr ~ 10 — 100 nm for typical
experimental values of e p = 0.01 — 0.4 V.

Using the carbon nanotube (CNT) as a narrow gating object while using hexagonal boron nitride
(hBN) as the variable spacer between Gr and CNT, we can truly access both sharp and smooth regimes.
We can confidently create potentials with sharpness that fall under I < Ap aswell aslp > Ap.
This is unlike lithographic gates which have at best an effective characteristic width in the high tens of
nanometers, making the sharp potential regime unreachable. In chapter 6, we will show for the first
time, due to the implementation of CN'T as an extremely narrow gate, evidence of a single electronic

guided mode in Gr.
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Figure 1.3: Landau levels of a relativistic and a non-relativistic system. (a) shows the continuous evolution of the
LLs in the integer quantum hall regime of monolayer Gr, assuming that the LLs retain their four-fold degener-
acy. The LLs show its non-linear evolution along the energy axis. Together witha N = 0 LLate = 0, the two
are the trademarks of monolayer graphene’s anomalous quantum hall effect. Gr here serves as the relativistic sys-
tem. (b) shows the quantum hall effect of a non-relativistic parabolic system, also known as the conventional
quantum hall effect. The electronic properties used are based on n-doped GaAs. The trademark of this conven-
tional quantum hall effect is the absence of a LL at e = 0 and that the LLs are closer together and are linearly
evolving.

1.4 QuaNTUM HALL EFFECT

Electrons confined in two dimensions and under the influence of a sufficiently large magnetic field
will perform complete circular trajectories called the cyclotron orbit. These orbits have a characteristic

length scale called the magnetic length:

| h 26 nm
lB - 673 == ﬁ (I.IS)

If the magnetic length becomes the dominant length scale of the system: 5 < [,,,, where [,,, is the

mean free path, electrons become localized and as a result they will exhibit discrete energy levels. To
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see this, we perform Peierls’ substitution, Aiq — II = hq + eA, and use the following definitions:

lp .
a=—(II, —lL,),
\@h( y)
l (1.16)
T _ 'B :
a' = —(II, +I1,).
\/ﬁh( y)
The low-energy Gr Hamiltonian for the K valley will then become:
) 0 a
H(q) = V2~ (117)
B al 0
The solution to this Hamiltonian is:
h’UF
err = sgn(N) 7V 2N. (1.18)
B

These discrete levels are called Landau Levels (LL). Note that there is non-trivial dependence on the
different valleys and sublattices, the details of which are addressed in appendix D. The behavior of LLs
are plotted in figure 1.3. The behavior of Gr LLs is in stark contrast to the ones from non-relativistic
or parabolic band systems such as GaAs. Because LLs are robust features that depend on the presence
of a magnetic field, they can be used as a gauge for magnetic field strength. In chapter s, we will rely

on the quantum Hall effect as a means to detect the pseudo-Lorentz invariance in Gr.

1.5 HyYDRODYNAMICS

Complex things can be made simple. Such is the case for the highly correlated electrons in Gr. Like

the N-body problem, it is an extreme challenge to analytically describe the collective behavior of many
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electrons while taking into account their interactions with each other. Typically, one has to resort to
symmetries or assume approximations in order to calculate their behavior. It turns out that under a
certain condition, macroscopic quantities that characterize a highly correlated electronic system can

be described by the classical laws of hydrodynamics. The condition is:

Tee K Tp) (1*19)

where 7., is the electron-electron (e-e) scattering time and 7,, is the momentum-relaxing scattering
time. If electrons interact with each other much more frequently than with anything else, the elec-
trons together can behave as a single entity with macroscopic properties. This condition bridges the
electrons to the constituents of classical objects like water or honey. Inside these liquids are micro-
scopic molecules that are constantly bombarding one another. The microscopic behavior is chaotic
and messy; however, over sufficiently large distance and time scale, they form one coherent object that
behaves simply and predictably. Electrons can be no different. This hydrodynamic regime has been
highly sought after in electronic systems. To date there are only a few observations of hydrodynamic

,6,7,8 . . .
>7% Byt unlike the few other systems, Gr provides a unique

behavior of electrons, including in Gr.
and novel venue for studying hydrodynamics due to its exotic physical properties, such as those de-

scribed above. One prediction is its ability to host a perfect fluid.” In chapter 7, we will show our

attempt in studying this phenomenon with a carbon nanotube.

1.6 THE SMALL BUT MiGHTY CARBON NANOTUBE

The carbon nanotube (CNT) is a rolled-up graphene (Gr) and was first discovered in 1991— over a

decade prior to the isolation of Gr. o Despite having a longer history, there is arguably more to unravel
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Figure 1.4: Graphene rolling up to be become a carbon nanotube.

still for the CN'T. Compared to Gr, it exhibits a wider range of novel physical phenomena due to its
one-dimensional (1D) nature. Electrons in the CNT are in a more confined environment which serves
to amplify the many-body effects. However, the CNT is inherently more challenging to deal with due
to its small size, high sensitivity to external perturbations and statistical acquisition of its kind. In
chapter 3 we will delve into what is meant by the statistical acquisition of CN'Ts, along with the overall
fabrication process in incorporating the CNT into our study.

Despite the CNT being a superbly interesting system to study on its own right, here instead we
focus on using it as a single electron transistor (SET). The CNT is a very small object— its size is on
the same scale as our DNA (a nanometer wide and potentially meters long). It is as close as possible to
a perfect 1D system and can be shaped to behave as an atomic-like object, i.e. point-like with discrete
energy levels, where electrons are further confined along the tubular axis. The CNT therefore natu-
rally lends itself as a SET with which we can use to sensitively probe the dynamics of nearby charge.

Moreover, the CN'T is mechanically robust and comes in many different electronic flavors, all of which
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Figure 1.5: The periodic table of carbon nanotubes. As illustrated in figure 1.4, a carbon nanotube is merely
a rolled-up graphene. There are, however, a myriad of ways to roll up the graphene and they all end up with

different properties. Shown here is a graphene lattice. To make a carbon nanotube, the origin (0, 0) is folded
upon another labeled atom. Which atom it folds on to determines the chirality index of the carbon nanotube.

can be determined a priori and be integrated as a property of a nano-scale probe. Coupled with our
ability to physically manipulate it, the CNT is an excellent choice for interacting with the nano-scale
environment and is definitely a valuable selection among the existing arsenal of local probes. The op-
eration of the CNT SET will be the basis for the majority of the work and will be covered in detail in

chapter 2.

1.7 FINAL ForREwoORD: WHY THE HYBRID CNT-GR DEVICE?

Conventional transport measurement primarily relies on fabricating electrical leads directly onto sam-
ples whereby a current (or voltage) is applied onto the material and the resulting potential drop (or

current) is measured. Doing this typically only measures the global average behavior of conducting
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carriers. If we want to study quantum materials like Gr, samples have to be pristine globally so that
the quantum mechanical behaviors aren’t hidden by disorder. This can be a big fabrication challenge.
Phenomena like fractional quantum Hall effect, Hofstadter butterfly physics or hydrodynamics, all
require extremely high mobility devices and fabricating them is not easy.

Techniques such as the scanning single electron transistor (SET) and scanning tunneling microscopy
(STM) provide an advantage because they directly probe a local area of the sample that can be much
smaller than the disorder length scale. Also, because of the locality of these techniques, both can un-
cover something that conventional transport cannot such as local density of states and the spatial pro-
file of electrochemical potential.

The carbon nanotube (CNT) is a very natural candidate for alocal probe. It’s only about nanometer
wide and it can behave like a quantum dot and so we can use it as an SET to perform sensitive charge
detection. There is a very distinct advantage for using the CNT. Because it is so small it has a very
small density of states which means that if we use it as an SET and bring it very close to a material
for probing, the CNT itself won’t screen out electron interactions, which is potentially a problem for
metallic scanning SETs. Another advantage of the CNT is it can be used as a very narrow gate. There
has been an ongoing development in trying to make electrical gates smaller; presently we are limited
by the specifications of electron beam lithographic instruments. As of now, making nanometer wide
gates that are smooth on the edges is still very challenging. But here, the CNT provides an immediate
solution. Being able to physically manipulate the CNT allows us to noninvasively place it on materials
to either perform local probing or local gating.

Gr is an obvious and interesting choice as the material under study. As mentioned in the above sec-
tions, Gr provides exotic phenomena many of which still remain to be unraveled, and at this pointitis

largely due to the limited techniques and tools we have for examining them. Conventional transport
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measurements with a wide range of measurement schemes and configurations have been performed
on Gr already. Arguably, it can be said that the transport results on a single Gr layer have more or less
become saturated. The measurement of the hybrid CNT-Gr device allows us to showcase the addi-
tional functionality of the local CNT probe by revealing something new. Gr then serves as a good first
benchmark for the utilization of the CNT local probe. The main reason though is Gr is an electronic
platform that can be instrumental in pushing different fields in physics forward. It has been called
CERN on one’s desk™ for the high energy physics opportunities it holds, has recently been shown to
exhibit the novel hydrodynamic behavior, and has been considered to be the main system for electron
optics. With the CNT, we look to further advance these respective areas in ways that conventional
transport could not.

The structure of the thesis is as follows: chapter 2 will explain the operational principle behind the
carbon nanotube local probe; chapter 3 goes into detail on how to fabricate the hybrid CNT-Gr de-
vices; chapter 4 will motivate and introduce the concepts relevant to Landau level collapse and atomic
collapse which are presented in chapter 5 and in parts of chapter 6 respectively; the majority of chap-
ter 6 will be on the single guided mode in graphene where a short introduction about electron optics
in graphene will be given. Chapter 7 will briefly introduce the concept of hydrodynamics and then
present results on Coulomb drag between CNT and Gr; chapter 8 will be on the outlook of the hybrid

CNT-Gr system and will also touch upon potential applications and additional experiments.
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There’s plenty of room at the bottom.

Richard Feynman

The Carbon Nanotube as a Local Probe

The carbon nanotube (CNT) has the structure of a graphene (Gr) sheet that is rolled up into a cylindri-
cal tube. The diameter of these tubes are typically on the order of a few nanometers and the length can
extend up to centimeters long, making them the materials with one of the highest length-to-diameter
ratios. Their aspect ratios qualify them as quasi-one-dimensional and they can be considered as single
molecules. Because the underlying lattice of the CNT is identical to Gr’s, CNT and Gr share many
properties such as exceptional mechanical strength and high mobility electrical transport. On top of
these properties, however, CN'T’s one-dimensionality gives rise to many more intriguing ones that Gr

lacks. For instance, a CNT can be either a semiconducting or metallic wire; it can be understood as a
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Unscreened Partially Screened Completely Screened

Figure 2.1: Illustration of screening. On the left there is nothing to screen the electric field from the backgate and
the CNT sees all of it. In the middle is Gr which is partially screening the electric field because of its non-zero
but small DOS. The amount screened depends on its DOS which can be tuned by doping the Gr. On the right
is a piece of bulk metal such as gold that is screening everything from the backgate.

highly correlated Luttinger liquid " or a Wigner crystal *; it can exhibit a spin-orbit effect," spin-

. 18 . ,
charge separation””"” as well as a large Zeeman-splitting effect”*°

. The most important property that
we will use is its quantum dot (QD) behavior. At low enough temperatures, the CNT will exhibit
Coulomb blockade due to the discrete nature of charge (a detailed description of CNT QD can be

found in appendix C). In this chapter, I will show how this behavior serves as the backbone of the

operational principle of the CNT probe.

2.1 UsING THE CARBON NANOTUBE TO DETECT SCREENED ELECTRIC FIELDS

Electric field screening means the damping of electric fields due to the rearragenment of mobile charge
carriers. For instance, a lone charged particle with charge g in a static background medium with dielec-

tric constant €, has the following potential:

(2.1)
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If the charged particle were instead in an environment filled with mobile charged carriers of number
density n, due to the dynamics of charge repulsion and attraction, a configuration will be reached in
which carriers with opposite charges will surround the lone charged particle. The electric field from the
charged particle will at least partially be canceled by the surrounding charges and produce a reduced

net potential. In the linear screening regime the reduced potential is:

_ 1 q —k}TFT’
o(r) = Trege, e : (2.2)

Here, kg is the Thomas-Fermi screening wavevector and is given by: ™**

Ame® On
3D
kTF = a5 (2'3)
e Ou
2me” On
2D
kTF = 877 (2"4)
e Ou
for 3D and 2D confined electrons respectively. € = ¢ge,. is the material’s permittivity. Note that

the screening length (k;Fl ) is reduced in lower dimensions. The equations tell us that the strength
of the screened electric field depends on On/0p = g(1), the density of states (DOS) at the Fermi
level, which is to say by measuring how effective a material screens an electric field, one can deduce its
DOS. Bear in mind that this is just a simple description of screening. The screening of electric field in
solid state systems is a complicated phenomenon but the general idea is still true— the screening of
electric fields contains information regarding the DOS of the material. In this thesis, the main goal is to
uncover the electronic properties of Grand one of the key quantity is the DOS, or almost equivalently,
quantum capacitance. The approach is to use the CNT as an electric field sensor to detect how the

Gr is locally screening an electric field, thereby finding the local DOS of Gr. At the same time, the

21



CNT can be used as a tunable line charge to finely modulate the electronic potential landscape of Gr.
As we shall see, the two functions together open up a whole new venue to explore within Gr and the

uncovered truths reverberate to other paradigms in the realm of physics.

2.2 CLARIFICATION: CHEMICAL POTENTIAL VS ELECTROCHEMICAL POTENTIAL

In this work, chemical potential (1) strictly refers to the doping level with respect to the charge neutral
state.” In the case of Gr, the chemical potential is in reference to its charge neutrality point (CNDP,
ak.a. the Dirac point). It is an energy level that corresponds to the number of mobile free carriers in
the system. The Fermi level (€ ), sometimes used interchangeably with chemical potential, is equal
to the chemical potential when T" = 0, which is a condition we will generally assume unless specified
otherwise. And like Gr, the chemical potential of the degenerately doped silicon backgate is also in
reference to its charge neutral state.

The electrostatic potential (e) is the energy coming strictly from electrostatics. Its role is to bend
or shift energy bands in real space because it is changing the potential energy of all the electrons at
a specific position. For example, in a double layer system, an interlayer bias creates an electrostatic
potential difference between the two layers and causes the band of one layer to become offset entirely
from the other (e.g. see figure 2.13). As one can see, a shift of an entire band relative to another will
cause the chemical potentials of the two layers to become farther apart in the global energy scale even

when there is no active doping taking place, i.e., even when the chemical potential is not moving farther

"Chemical potential is defined as O (ky)/On = . Itis the amount of work needed to add or remove an
electron from the system. It is more informative to write it as: €(IN) — e(N — 1), which is the total energy
with IV electrons minus the total energy with N — 1 electrons (ignoring electrostatic energy). This happens to
be the same as ;1. On the other hand, the doping level is defined to be the energy level of the highest occupied
state: €(kp) = p. The difference in definition is subtle; nonetheless, the quantities from the two definitions
are equal.
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away from its charge neutral state. To address this type of change, the term electrochemical potential
can be handy. Electrochemical potential (1) is defined to be the sum of the chemical potential (1)
and electrostatic potential (e¢). There is a natural need for the use of this term especially in devices
with gates and interlayer bias. However, in this thesis, the term electrochemical potential will generally
be avoided to prevent confusion. The contributions from electrostatics and chemical doping will be
pointed out separately whenever possible. There is a clear exception when dealing with CNTs where
because of convention and convenience, electrochemical potential has better usage. More details on
this will come when necessary. To see the role of electrochemical potential in CNTs, the reader is

referred to appendix C.

2.3 QUANTUM CAPACITANCE

Capacitance in the electrical sense is a measure of how easy it is to store electrical charge in a system, as

seen in the definition:

Q=CYV, (2.5)

where @ is the total electric charge (Coulombs, C), C'is the total capacitance (Farads, F) and V' is the
electrical potential or voltage (Volts, V). The larger the capacitance for a given voltage, the larger num-
ber of charges is stored in the system. This total capacitance comes from two contributions: geometric
capacitance (C') and quantum capacitance (Cgy). Geometric or classical capacitance is dictated by
the geometry and size of the system. It corresponds to the electric field between the system and its sur-
roundings and can be calculated by Maxwell’s equations from classical electrostatics. Linking back to
the general idea of capacitance, this electric field represents the force that the charges feel and translates

into the energy needed to maintain the charges in their static configuration. Quantum capacitance is
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the capacitance that accounts for the intrinsic ability of a material to hold charge, and hence is a mate-
rial dependent property— as one puts more charges into the material, inherently quantized and finite
number of energy levels have to be filled according to Pauli’s exclusion principle. This implies that if
individual energy levels are spaced far apart, charges will experience a high energy barrier to enter the
material which effectively reduces the material’s capacity to hold charge. As it turns out, this point is
completely captured by the density of states (DOS) of the material and so we can expect the quantum
capacitance to be a reflection of the DOS.

Formally, the quantum capacitance is just a re-expression of the general definition of capacitance
(equation 2..5) that highlights the energy cost of adding more electrons coming specifically from the

quantum nature of energy levels:

dQ  d(—eN)  5dN

“av - Tdlev) T au

Cq (2:6)

Here, N is the number of electrons, e is the elementary charge (—e for electrons), V' is the voltage and
p = —eV is the chemical potential that strictly comes from doping (in contrast to electrochemical
or electric potential that contain electrostatic contributions). The substitution comes from (while
purposefully neglecting any electrostatic contributions):

Vi—-VW= /h_;elw’ (2.7)

where we have set the reference voltage (V5) and chemical potential (115) to zero and V/ is the system’s
voltage and 141 is the system’s chemical potential. Since the quantum capacitance is normally reported

in terms of per unit length, area or volume, following this convention, the quantum capacitance (per
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unit length, area, or volume) is:

d
CQ = 62£
_ 62;/2 g0 1)
oo - (2.8)
7 eQdi g deg(e) + Z [O((T/N)Zm)]
—oo m=1

where n is the number density of charges, T'is temperature, g (¢) is the density of states per unit volume
and f(e) is the Fermi function. In the above sequence we have employed the Sommerfeld expansion
and ignored higher order terms at the end assuming temperature is small. Note that dn/dy is also
commonly referred to as the electronic compressibility.

Typically, quantum capacitance is not measurable because it is very large (high DOS) in bulk mate-
rials. The reason is in a measurement circuit, quantum capacitance is almost always in series with the
geometric capacitance (see for example figure 2.2) in which case the total capacitance is given by:

1 1\ ' CuCg
C = (CQ + CE) = m (2.9)

From this we can see that if Cy > Cp, then C' ~ Cp. However, when materials becomes small
such as the carbon nanotube or graphene, the DOS also becomes small, in which case, the total ca-
pacitance will have significant contributions from both the geometric and quantum capacitance. By
pin-pointing the exact contribution from the geometric capacitance, the quantum capacitance and

hence DOS of a system can be precisely extracted.
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2.4 THE SIMPLE BACKGATED GRAPHENE DEVICE EXAMINED

To eventually understand the carbon nanotube (CNT) and graphene (Gr) hybrid device that is the
core of this thesis, it is beneficial to first look at how a lone Gr behaves with a global backgate as shown
in figure 2.2.

By applying a fixed voltage to the backgate, charges (Qpg) will populate the backgate to reflect the
change in potential. These charges emanate electric field lines that go across the dielectric and will
have to terminate at the Gr plane (otherwise it will go on forever and this is not allowed because it will
take an infinite amount of energy). These electric field lines can only terminate if they attract opposite
charges to the Gr. In order to attract a charge in Gr, however, an amount of energy associated with
raising the chemical potential has to be paid. The electric field will have to weaken accordingly to ac-
commodate new charges in the Gr. Once with the weakened electric field (by a reduction in number
of charges in the backgate), the conditions for attracting charges to the Gr plane would have changed.
As one can see, this becomes a circularly dynamical system. Nature, of course, adjusts perfectly and
will settle into a stable configuration instantaneously. As for us, to calculate the quantities describ-
ing the system, one way is to solve a system of electrostatic equations iteratively and self-consistently.
Fortunately, there exists an analytical method. We begin by looking at the total energy of the system:

€ 312412 Her Hig Qo
Croal = 5 /all e dr’|E|” + /0 de egg () + /0 de egpg(€) + /0 dqVig (2.10)

€E €Q €s

The first term (€ ) comes from the electric field in between the backgate and graphene and it cor-
responds to the electrostatic energy. The second and third terms (g¢)) are due to the filling of the

bandstructures in graphene and backgate respectively that give rise to the changes in their Fermi lev-
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Figure 2.2: Graphene on a SiOy/Si substrate. The Si is degenerately doped and acts as the global backgate.
(a) shows the device from the side and overlain are the circuit elements associated with the device. V,, is the
backgate potential, Cg 50 is the geometrical capacitance of the SiO; and Cq g, is the quantum capacitance of
Gr. The capacitance is in series. The top of (b) shows the energy vs real space diagram of the device with the left
schematic showing when V;,, = 0 and the right showing when V;,, > 0. The bottom shows the circuit elements
associated with the device. When a potential is applied to the backgate with respect to Gr that is grounded, an
electric field is generated that shifts the energy bands in real space. The energy associated with this electric field
is e¢ is linked with the geometric capacitance (Cf gi0)- On top of the electric field generation, part of the energy
goes into raising the chemical potential of Gr (1i¢,) and this is linked with the quantum capacitance Cy ;. The
potential applied on the backgate dictates the entire energy scale: e|Vi,,| = |eg| + pg;-

els. Here gg(ng) is the density of states of graphene (backgate). The last term (e5) comes from the

external source, i.e. a battery connected to the backgate. Let us cast the equation into a more transpar-
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ent form and rewrite it with experimental parameters. Firstly, the geometry of the device resembles a

parallel-plate capacitor and so the geometric capacitance is given by:

A A
Cesio = €y = (2.11)

where A is the area of the graphene, d is the thickness of the silicon oxide dielectric and €, is its dielectric
constant. The electric field in the dielectric in between the backgate and Gr can be simply computed

by Gauss’s Law and is:

B = P _ Niglc]
€A e

(2.12)
where Ny, is the number of charge carriers in the backgate, [e] is the elementary charge (here the
charge type is irrelevant), and the field lines point in the direction perpendicular to the Gr plane. The
electrostatic energy of the system is then:

(Nbge)2

Eg = m (2.13)

We will hold off in evaluating the expressions for the second and third terms (€¢) for now. As for the

source term (€ g) it simply becomes:

€g = ng‘/bg = 7|€|Nbg‘/bg' (2'14)

Note the negative sign which means that for a positive backgate voltage, energy of the backgate de-
creases with respect to the electrical ground, which in turn implies the backgate’s attraction of elec-

trons since electrons want to migrate toward lower energies. To see the behavior of the Gr with an
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applied backgate voltage, we proceed to find the minimum of the total energy:

2

86total Nbge 0 </NGr /Mbg >
=0= + 5 de egg(e) + de egpo(€) | — |e|Vie- (2.15)
e =0 oot an et [ ey ) < lelVe

To evaluate the terms with density of states, we can first take a look at the term regarding the back-
gate. The density of states of the degenerately doped silicon is really large and has an effective density

1 —
of states > 10" em ™3

"— the energy levels are effectively squeezed into a single energy level.” This
means that the chemical potential is extremely insensitive to additional doping (our samples are typi-
cally doped to ~ 10*2 crn_2) and that the density of states and energy levels are basically constants and
independent of number of carriers. Because of this, the term related to the backgate, once differenti-

ated with respect to number of carriers (IVpg) would yield zero. As for the term regarding graphene,

we can substitute the following for the density of states of graphene (see equation 2..8):
ON
=== 16
gGr(E) |: 86 :|Gr? (2’1 )

or alternatively, one can plug in the actual graphene density of states (see appendix A.6). Either way,

with the additional condition of charge conservation:

Nypg + Ngr = 0, (2.17)

"The effective density of states is a quantity that describes carrier density and thus has units of am 2 It
appears as a multiplier to a distribution function when calculating the carrier density and so it can be viewed as
playing the role of density of states. This is why it is called “effective density of states” and can be interpreted
as the actual density of states. To a good approximation, the density of states can be assumed to be equal to the
effective density of states and so it would not be imprecise to say the effective density of states has the units of
m 2 /eV
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it is easy enough to see what the term becomes. Simplifying and rearranging equation 2.15 then yields:

Ny, €
_%

S (218)

E,SiO

e[ Vog =

where np, = Ny, /A and, by following convention, we have switched to reporting C; sio in units of
. 2 . .

Farads per unit area (F'/m®). Translated into words, the above just means the external voltage source

on the backgate creates an energy window (eV},) that contains the electrostatic potential energy (e¢)

and the chemical potential energy (11). To be clear, the electrostatic potential in this case is:

2

Npe€

_ _'bg
CEsio

ep (2.19)

In this thesis, eV will always be associated with potentials (hence energy windows) created by applied
external sources whereas e¢ will be reserved for the electrostatic potentials induced within the mea-
surement device.

And so now, after finally establishing the energy picture describing our measurement of a backgated
graphene device, let us calculate the expected induced carrier density in graphene with a given backgate
voltage. Let us assume the following conditions: V},, = 10V, d = 300 nm, ¢, = 4 (for SiO;), and
Gr is perfectly undoped. Using Gr’s dispersion relation: i, = hvp/7n, one can calculate through
equation 2.18 that n = 7.2950... x 10" em ™2 (note that we did not use n,, here because the sub-
scripts indicate the density induced purely by the backgate which is not appropriate). Now, ignoring
pir and simply calculating the carrier density induced through electrostatics (so Vi,g = ny,e /CE sio)
using the same parameters, one will get Npg = 7.3685... x 10 cm_2, which is only a small deviation

from when taking into account pi,.This leads us back to the central topic of quantum capacitance.
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2.5 QUANTUM CAPACITANCE REVISITED

The reason we get a smaller doping carrier concentration when taking into account pig, is that part of
the work coming from the external source is put into raising the chemical potential of Gr. It takes extra
work to add electrons when DOS is small as alluded to in sections 2.3 and 2.4. This feature pertains
to only quantum materials that have small DOS. Classical, or bulk, materials such as the degnereately
doped silicon backgate itself would not exhibit this behavior. We can then attribute the deviation
from the classical electrostatic prediction to a quantum mechanical effect and so for convenience, we

can rewrite equation 2.18 as:

1 1
Vi =mpe| —— + —— _
le] bg = Mhg® <CE,SiO + CQ,Gr) (2.20)

which is just expressing the total energy as the electrostatic potential plus something more. And it
turns out this something more is consistent with and captured by the behavior of an extra capacitor in
series as shown in equation 2.9. Such is the reason for the name: quantum capacitance. Bear in mind,
however, quantum capacitance is unlike geometric capacitance in that it is not a constant but a func-
tion of the material doping level and hence a function of external voltages. The reader is reminded to
be wary when seeing quantum capacitance represented as a circuit element— it is not a physical object
but a quantum effect within a material. Although generally quantum capacitance can be treated as
an external standalone capacitor, it must not be used naively in a device circuity as it may not mani-
fest itself as expected. There will be one scenario where the quantum capacitance needs to be treated

specially in which case a gray dotted box will be drawn around the “quantum capacitor”.
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2.6 QUANTUM CAPACITANCE OF GRAPHENE

Obrtaining the theoretical quantum capacitance is straightforward. It simply amounts to evaluating

equation 2.8 for Gr:™*

Cog=——"=5In|21+cosh—— ||, 2.21
Qe m(hop)? kgT (21

with units of F'/ m?, where i is the reduced Planck’s constant, e the elementary charge, kg the Boltz-
mann constant, Vg the Fermi velocity of Gr, and f1 the chemical potential (or Fermi energy) of Gr. In

the degenerate limit where 11 > kgT', we obtain:

2¢?
Cocr® ——= .
Q.Gr th\/E\/ﬁv (2.22)

where 7 is the carrier concentration. Here, we recover the approximated result as seen in equation 2.8:
the quantum capacitance is proportional to the DOS (see A.49). This theoretical model, however,
assumes a perfect and pristine Gr. In reality, the Gr system always contains some amount of disorder
due to charge impurities either in the substrate or within Gr itself. These will ultimately cause the for-
mation of electron-hole puddles, which are long range charge disorder that causes spatial fluctuation
in the Gr chemical potential. 226 Another type of disorder is short range atomic defects, which include
atomic vacancies and grain boundaries. Although Gr is less susceptible to long range disorder it is not
invincible. A manifestation of disorder is broadening of the Dirac peak meaning that the bandstruc-
ture of Gr gets modified. These factors hence play a role in the quantum capacitance of Gr and must
be accounted for. To analytically incorporate the information regarding disorder is tricky. The best

way to account for it is empirically by adding a phenomenological correction term and it turns out the
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following form describes the observed behavior quite well:*’

262
Coor = W\/na + Mimp> (2.23)

where ng stands for the carrier concentration caused by the gating of Gr and 7y, stands for the
intrinsic charged impurities of Gr. To give the reader some sense of how large the quantum capacitance
is for Gr, for an applied backgate voltage of V},; = 10 to 90 V on a 300 nm thick SiOy, which roughly
translates to e = 0.1t0 0.3 eV, C g, =~ 20 to 70 fF/Mm_Z. Figure 2.3 shows the Gr quantum

capacitance calculated by both equation 2.21 and 2.23. From this figure we can see that impurity and

temperature both serve to smear out the Dirac cone.

2.7  QUANTUM CAPACITANCE OF THE CARBON NANOTUBE

Having examined the lone Gr device extensively, what do we expect from the carbon nanotube (CNT)?
CNTs are even smaller than Gr, so in some sense it is even more quantum mechanical. But before we
get to the quantum capacitance of the CNT, it is worth mentioning its geometric capacitance. In our
work, the CNT is always capacitively coupled to a piece of Gr. This geometry is described by a wire
over an infinite plane and from classical electrostatics, one can calculate the geometric capacitance to

be:

2nlege,  asr  2mlege, (2.24)
= , 2.24
BT coshl (d/r) In(2d/r)

in units of F', where [ is the length of the CNT, ¢, the permittivity of free space, €, is the relative
permittivity or dielectric constant of the medium the system is in, d is the distance between the center

of the CNT and the Gr plane, and r is the radius of the CNT. To give one an idea of the magnitude
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Figure 2.3: Quantum capacitance of graphene. The red line is plotted with respect to carrier density and the
black lines are plotted with respect to energy. The line shapes change due to the energy and carrier density
nonlinear relation. The dotted black line corresponds to the ideal theoretical model that only accounts for
temperature and the full black and red lines corresponds to the semi-empirical model where impurity is used
as a phenomenological fitting parameter. Temperature and impurity have a common effect which is to smear
our the Dirac cone.The red line corresponds to 300K while the higher and lower black line corresponds to 300
and 100K respectively. The higher and lower dotted line corresponds to Gr having an intrinsic impurity level
of20 x 10° and 1 x 10%cm > impurity concentration.

of the geometric capacitance, assume that €, = 4 (for hBN, the material used for separating the CNT
from the Gr), r = 1 nm and d = 5 nm, then in capacitance per unit length, C'y, ~ 100 aF - ,umfl.
As for the quantum capacitance of CNT, following the same treatment as Gr (i.e., evaluate equation

2.8 but using CNT’s DOS), if it is metallic then:

2
M 8e _
Co.ont = hon ~ 310aF - ym ' (2.25)
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where we have used metallic CNT’s DOS (see B.16). If it is a semiconducting CNT, one can only
carry out the calculation numerically. Below we cite the semi-empirical analytical formula from the

28
reference:

SCm (2Npe™ —n(q)) (o + 2Bz, + 3yxd)
Coront = Z T [ N , (2.26)
x 2
CSCp e’y (g (2Noe™ — n(q))(a + 28z, + 3y,
Co.ont = ; kT [ I ; (2.27)
where for equation brevity we have defined the following:
251: - gg(q)
T
b (2.28)
e ke 1)
P 2kgT

Here, C S%IZT and C S%I%T are the quantum capacitances for the conduction and valence bands respec-
tively. n¢(5)(g) are the carrier densities of electrons (holes) of subband g and are given by equations
B.23 and B.24; N is the effective DOS given by equation B.2s; €,(q) is the bandgap of subband g;
a, 3,7y are the fitting parameters. q refers to the subband index starting from closest to the bandgap.
The reader is referred to appendix B.s for more information on these quantities. Figure 2.4 shows the
quantum capacitance of CNTs with different chiralities and hence diameters. From the plot we can
see that semiconducting CN'Ts with larger diameters have a smaller bandgap, also, semiconducting
CNTs have a larger quantum capacitance compared to the metallic CN'T which has a non-varying and
smaller quantum capacitance. Finally, here we see that unlike Gr, the quantum and geometric capaci-
tance of the CNT is very similar in order of magnitude and so generally when considering the overall

capacitance regarding the CN'T, one needs to account for both types of capacitances by adding them
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Figure 2.4: Quantum capacitance of the carbon nanotube. Plotted are the quantum capacitances of semicon-
ducting CN'Ts with different diameters as well as a metallic CN'T which is denoted by the dashed black line. The
CNT diameters included are: 17,20, 23, 26, 29, 32 and 35nm. Semiconducting CNTs with larger diameters
have a smaller bandgap and they also generally have larger quantum capacitances compared to metallic CN'Ts.
in series as in equation 2.9.

Thus far we have assumed that the CNT behaves as a perfect 1D object, allowing itself to retain
its 1D DOS. When temperature is low enough (e > kgT'), the CNT will behave as a quantum
dot (QD). In this thesis, however, the CNT QD falls in the classical Coulomb blockade regime where

the confinement energy is not significant compared to the charging energy (Ae ,.r ~ kT < €¢).

Roughly, for our ~ 500 nm long CNT QD devices at ~ 1.6 K, the characteristic energies roughly
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.29,30,31

are
A€ o = ?—LF ~ 600 pev,
kT =~ 200 pev, (2.29)
&2
Eo = C—OO /A~ bmeV.

For the self-capacitance we used the following:

CoontCr
Coo = 22—

~ 50 aF (2.30)
M )
Co.ont +Cg

where we assumed C'; =~ 100 aF - ,unf1 as before. In this classical Coulomb blockade regime, the
DOS is not discretized and consequently, the quantum capacitance is simply given by equation 2.25
to 2.28. The reader is referred to appendix C.4 for more information on CNT QD DOS. To be more
convincing, the experimental measurements of the CNT Coulomb diamonds in this work (see figure
C.s) also show a high level of regularity as well as an even larger charging energy (~ 20 meV). These
imply that confinement energy is negligible and substantiate that we are truly in the classical Coulomb
blockade regime.

Much like the case for Gr, figure 2.5 shows how a gated CNT QD similarly behaves. When a poten-
tial is applied to the backgate with respect to CNT that is grounded, an electric field is generated that
shifts the energy bands in real space. The energy associated with this electric field is e¢ and is linked
to the geometric capacitance (Cg gi0). The rest of the energy goes into raising the chemical potential
of CNT (pcnr) and this is linked to the quantum capacitance Cq cnt. The potential applied on
the backgate dictates the entire energy scale: ]evbg] = |e¢| + |ent]- Appendix C addresses more
in-depth the transport behavior of a QD, and the reader is referred there for more details.

All this being said, however, the quantum capacitance of the CNT is not a critical quantity when
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Figure2.5: Carbon nanotube on a SiO4/Si substrate. The Siis the global backgate. (a) shows the device from the
side and overlain are the circuit elements associated with the device. V4, is the backgate potential, Cg g0 is the
geometrical capacitance of the S$iO5 and Cq ey is the quantum capacitance of CNT. The top of (b) shows the
energy vs real space diagram of the device with the left schematic showing when V4,, = 0 and the right showing
when Vi, > 0. The bottom shows the circuit elements associated with the device. The operation principle is
the same as Gr. The only difference is the behavior of the quantum capacitance of the CNT.

determining the quantum capacitance of Gr. In the determination of the Gr quantum capacitance,
we are only concerned with tracking a constant number of electrons in the CNT QD. We do not

care about the energy level spacing or how the electrochemical potential is distributed between the

geometric and quantum capacitances. All we care about is being able to point at a CNT energy level
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and observe how it evolves with other experimental knobs. In the following section we will see how

this all works.

2.8 Locar COMPRESSIBILITY MEASUREMENT OF GRAPHENE WITH A CARBON NAN-

OTUBE

Armed with all the information regarding the different capacitances, we are now ready to evaluate the
CNT-Gr hybrid device. Asareminder to the reader, the motivation behind creating and studying this
device is to use the CNT as a probe to measure the electronic properties of Gr. Specifically, we would
like to measure the local density of states (LDOS) or quantum capacitance of Gr by using the CNT asa
single electron transistor (SET). To do this, we need to observe carefully how the CNT behaves as Gr is
changing, illustrated in figure 2.6. The CNT is separated from Gr by a thin hexagonal-Boron Nitride
(hBN). The hBN thicknesses used in this work range from 4 — 100 nm. In order to understand
how the system behaves, we need to breakdown the energetics of the system and see how different
elements are affected by one another. From section 2.4 we saw that the external voltage bias between
layers defines an energy window that encompasses all the movements of energy levels happening in
those layers. Following the same principle,” examining the Vig effect on Gr (left of figure 2.6b), we

have:

- e(‘/bg - VGr) = —MUGr — e¢SiO' (2"31)

Here we have taken into account the potential of Gr (V). Keep in mind that the ground of the
measurement is set to be the CN'T, meaning the potential of the CNT is the reference potential of the
entire system. The potential of Gr is not necessarily always zero in which case the potential difference

between the Si backgate and Gr is given by (Vi)g — Var)- @sio is given by the electric field across the
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Figure 2.6: A CNT and Gr separated by a hBN sitting on a SiO/Si substrate. (a) shows the device from the side
and overlain are the circuit elements associated with the device. V},; and Vg, are the backgate and Gr potential;
Cgsio and Cg gy are the geometrical capacitances of the SiOy and hBN; C 6, and C e are the quantum
capacitance of Gr and CNT. The capacitance are all in series. The CNT is the reference ground. (b) shows
the energy vs real space diagram of the device with the left schematic showing when V;,; > 0 and the right
showing when Vi, > 0. The bottom shows the circuit elements associated with the device. Note that Cq g, is
bounded by a gray box. When considering the total capacitance between any two layers, only one Cq ¢, should
be counted. Between V;,; and the CNT layer, there should only be one count of Cy G, not two. Separately,
between Vg, and V;,; or between Vi, and the CNT layer, both should include one instance of Cqr

SiOy layer (SiO in short). Following the same procedure shown in equations 2.11 to 2.13, by using
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Gauss’s law as well as charge conservation (Ny, + Ny + Nent = 0), the equation turns into :

o2 (nGr + nent)

+ MGr(nGr)a (2"32)

where we have now written the carrier number density dependence explicitly as this becomes an im-
portant quantity to keep track of. Examining the effect of V;, on the CNT (right of figure 2.6b), we

have:

— eVgr = —peNT — Her — €PBN- (2.33)

Once again, performing Gauss’s law we get:

2 NcNT

: (234)
CEN

eVar = pent(nent) + b (ng:) — e

Equations 2.32 and 2.34 are the core equations that contain all the measurement parameters and quan-
tities of interest. This set of equations tells us how the two knobs (V;,, and Vi,) are linked to all the
other parameters of the system. Let us now discuss the measurement. The mode of operation is to
change Gr’s electronic properties by tuning the global Si backgate, and while doing so, we constantly
monitor the conductance of the CNT and see how the CNT conductance changes. The idea is as the
backgate is changing, Gr would screen the electric field coming from the backgate differently. This is
due to Gr being a semi-metal with vanishing DOS near the charge neutrality point (CNP) and with
large DOS away from the CNP (see appendix A for the theoretical description of Gr electronic prop-
erties). As the DOS of Gr increases away from the CNP, more electric field will get screened and the

CNT will consequently become less sensitive to the backgate. This effect is demonstrated in figure 2.7.
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Figure 2.7: Coulomb blockade periodicity dependence on graphene density of states. The CNT conductance
is measured as a function of the global gate (V). In (a), the device measured is like in figure 2.5. The CNT feels
the electric field from the backgate completely and in this case the CNT behaves like a QD exhibiting regular
Coulomb blockade peaks. In (b), the device measured is like in figure 2.6 where a Gr is in between the CNT and
global gate. As the Vg is swept, the Gr gets doped and its DOS changes. On the left is when Gr is at the Dirac
point where it has small DOS and so the CNT just sees much of the electric field from the global gate. As the
gate is swept, Gr gets more doped and its DOS increases. The electric field from the gate in turn gets screened
more and the CNT becomes less sensitive to the global gate and this results in the Coulomb blockade peaks
becoming spaced farther apart.

The actual measurement, which we call compressibility measurement, is done as shown in figure
2.8. A small voltage is applied to the CNT and the resulting current is measured. The conductance is
given by the dI /dV where we operate at zero DC bias. The two measurement knobs are Vig and Vg,

Ve serves to dope the Gr. The unscreened electric field that goes through the Gr will dope the CNT,

3
and this remnant electric field is what we want to detect. Vi, serves to electrostatically energize the
Gr, i.e., increase the potential energy of the electrons in Gr. The measurement is done at 1.6K where
the CNT behaves as a QD which exhibits Coulomb blockade peaks. Each valley signifies a certain
constant number of charges in the CNT (see appendix C for details on CNT QD). Sweeping both
axes simultaneously and measuring the conductance of the CN'T, we obtain figure 2.9. The lines here

correspond to the regularly spaced Coulomb blockade peaks of the CNT QD. We see the lines follow

an S-like trajectory and this is because of the changing DOS of Gr. One can gauge the relative DOS
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Figure 2.8: The measurement scheme for the carbon nanotube-graphene hybrid device. A small AC voltage
excitation (typically 0.1 to 1mV) is applied onto the CNT and the resulting AC current is read through an
ammeter (typically through a current pre-amplifier. The CNT is the ground reference for the system. Other
biases such as the interlayer bias (V;) or backgate bias (V4,5) is applied with respect to the CN'T ground. On the
left are notes on how the device can be broken down into circuit elements. The electrostatic contribution is in
orange and the quantum mechanical contribution is in blue.

of Gr by looking at the slope of these lines. The reasoning is lines that are more perpendicular to one
of the axes are more sensitive to that axis. A line that is closely parallel to an axis would mean that the
signal has no dependence on that axis. To be more quantitative, let us start with equations 2.32 and
2.34. We will operate under the premise of keeping ncnt constant. This entails only looking at one
line in figure 2.9, since each line corresponds to a constant number of charges in the CNT. The idea
is as before: to see how a particular line behaves with respect to V;,; and Vi,. Grouping all constants

together into Const. (including ncnr), starting with equation 2.34 we have:

eVor = pigr + Const, (2.35)
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Figure 2.9: The compressibility measurement of graphene. This electronic compressibility is analogous to the
mechanical compressibility. It is a measure of how the density of electrons changes with respect to their energy
change, and this is equivalent to both density of states and quantum capacitance. The lines above correspond
to Coulomb blockade peaks and they track the same electronic state of the CNT. As the backgate (V},5) and Gr
potential (Vg,) vary, the CNT levels will move according to how sensitive they are to the screened electric field
from the backgate. The CNT level sensitivity is marked by its slope and is a reflection of the screening strength
and hence the DOS of Gr.

which is our first all-important equation. It says that lines of constant ncyr tells us directly the chem-

ical potential (or Fermi energy) of Gr. Similarly, for equation 2.32 we have:

Vig = S0 4 Vg, + Conse, (2.36)
CEsio

then by differentiating the whole equation with respect to V;, and substituting in equation 2.35 we
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obtain:

d‘/bg 62 Cl?’LGr

= + 1. (2.37)
AV, CE,Sio dpGe

With some rearrangement:

dng,  Cggsio (dvbg B 1> _ Crsio <dng> (258)

Vie, Vor) = =
gGr( bg> Gr) dﬂcr 62 dVGr 2 dVGr

(&

where gGr(ng, Vi) is the DOS of Gr as a function of Vipg- The approximation at the end is be-
cause the value one was taken out arbitrarily mainly for simplicity, but this is highly justifiable be-
cause dVy,g/dVi, > 1 always. To summarize, the important equations written in terms of reported

quantities are:

MGy = 6‘/Grv

Co.cr = CEesio (dVG

v, ) for ncn constant. (2.39)
The above set of equations is the basis for analyzing all of our compressibility measurements. Com-
pressibility measurement being the tracking of CN'T energy levels as a function of Vi, and V4. By per-
forming these calculations on figure 2.9, we obtain figure 2.10a and 2.10b, which are plots for quantum
capacitance (Cq ) and Fermi energy (¢ = p) respectively. Despite going through all the algebra to
arrive the equations, the beauty of this measurement is how it can be understood simply by examin-

ing the energetics of the system graphically. Figure 2.13 to 2.15 show in detail how the compressibility

measurements can be examined.
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Figure2.10: The extraction of quantum capacitance and Fermi energy of graphene. The extractions are based on
equation 2.39. (a) shows the extracted quantum capacitance of Gr. The fitis from equation 2.23. (b) shows the
extracted Fermi energy of Gr. The fit here assumes the linear dispersion of perfect Gr. The fit (orange lines) for
figure (a) uses an intrinsicimpurity level of o, = 1.2% 10'%m ™2 and a Fermi velocity of vp = 1.1 106m/s.
The fit for the Fermi energy (figure (b)) deviates from experimental values near the charge neutrality point and
the cause for it is most likely disorder.

2.9 EXTRACTION OF QUANTUM CAPACITANCE: METHOD OF x* TesT

Looking more closely into figure 2.10a, each blue circle is an extracted data point that reflects the slope
of the CNT levels around the same Vj,; and around Vi, = 0 in the compressibility measurement
plot (figure 2.9). The reason we say “around” is we need a finite sampling window to obtain the slope.
In principle, only two points along the line defined by constant ncy are needed, but this severely
limits the number of places we can extract slopes to just the peaks or valleys in the compressibility mea-
surement, i.e. to places with identifiable features. To extract slopes everywhere, including in between
peaks and valleys where there are no identifiable features, we assume that the profile of each sweep con-
tinuously evolves. We then define a sampling window around the point where we want to extract the
slope. This sampling window must have at least two rows of data. In this window we pick for instance
the top row of data points to be the reference. This row of data points traces out a local profile of the

compressibility measurement along the x axis (because we are looking at rows). The neighboring row

46



AV, n
AV, = gosvesssmnynenayyy
P dVy, 14V,
M d Gr I'AVG,
V. R R e ey IERRERCREEEELEELEL
2 ; dv,, 1-4V
i dVg 1AV,
dVy, 18V,

...................

——1 — dVeg_ 1:0V
: ; dV,, 2-AV,
, =

Figure 2.11: Slope extraction method. In the top picture are squares that represent individual data points taken
in a measurement. Take for instace the deep blue to be a peak and deep red to be a dip in the signal. In the top
picture there is a clear trend of the peak. Itis slanted with a slight curve. To find the slope at each local position,
we need to first define a sampling window as shown by the dotted square boxes (1 x m number of data points).
In each box we define the first row to be the reference row. The operation is to shift the neighboring row until
the shifted row matches the reference row. This shift (denoted s, tells us the  component of the slope in

the sampling window in terms of units along the x axis. To know whether the rows match best a X2 test is
performed. If we look at the region defined by red dotted box, using the top row in the box as reference, we see
that one unit of shift (s, = 1) is required to make the neighboring row match. The slope in the red dotted box
is then simply AV,,, / AV, Similarly for the yellow dotted box, the slope is AVy,, /2AV,. The values of AV,
and AV, are step sizes of the compressibility measurement.

below the reference row will also trace out the same profile but it will be slightly shifted in one direc-
tion. To extract the slope, we digitally shift the second row relative to the reference row until the two
rows match everywhere in the sampling window along the y axis. See figure 2.11 for a depiction. The
shift along the x axis required to make the two rows match is the 2 component of the slope in units
of the x axis unit. This is denoted by s,.. The y component of the slope in this sampling window is
the y unit difference between the reference row and the shifted neighboring row. The ¥y units shift

can be more general than just immediate neighbors and is denoted by s,,. In figure 2.11, the z axis unit

is AV, and the y axis unit is AV}, Because digitally data points are discretized, shifts are discretized
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movements. To calculate the actual slope inside the n x m sampling window at {4, j}, itis:

dVig
dVg,

Sy - Alig
Syt AVGr

K (2.40)
ij

]

s, and s, are the unit shifts along the x and y axes respectively and {i, j } are the indices of the position
of the sampling window. To decide when two rows are best matched after the shifts, we employ the
x” test. In the sampling window of n X 1 size (see figure 2.11) located at position {7, j }, we subtract
the elements (denoted by 2) in the same column of the two rows, square the difference, add them all

together and divide it by the sum of the squares of each element in the reference row. Mathematically

it can be expressed as:

> {z(Ang[i 0+ 5,], AV [J + sy]) — 2(AVig[i + nl, AVGrUD}

i = > 2 (AVigli + 1, AV ) B

where z(AVigli], AV, [j]) is the data point that s a function of V;,, and Vg, located at index {i, 5}
and n is the sampling window size along the x axis. We then seek to minimize the X2 quantity by
varying s,.. The s, that yields the lowest X2 will tell us the best match for shifted rows and thereby

the slope. We typically incorporate three to five signal peaks in our sampling window size.

2.10 LocaL COMPRESSIBILITY MEASUREMENT OF THE QUANTUM HALL EFFECT OF

GRAPHENE

The compressibility measurement can be extended to detect the quantum effect of Gr. With the same
measurement scheme but with the application of a magnetic field, and with the same method of data

analysis detailed above, we can extract the DOS of the Landau levels (LLs) formed in Gr. Figure 2.12
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shows the measurement and extraction results. When reading the compressibility measurement plots,
the same logic as before applies. Each kink corresponds to a change in DOS of Gr. When the CNT
level dips towards the V,, axis, it means CNT is sensitive to the backgate which means Gr DOS is
low. If CNT level plateaus with respect to V4, Gr DOS is high. What's happening here is we see the
development of LLs and each kink is associated with one level. The LLs begin to appear around 2 T,
then at 5 T we begin to see hints of degeneracy breaking. By 8T, all the low filling factors from v = 1
to 4 can be seen. For more information of the Quantum Hall effect of Gr, the reader is referred to

Appendix D. This is yet another demonstration of the capability of the CNT local probe.
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Figure 2.12: The local compressibility measurement of Quantum Hall effect in graphene. The measurement
is done the same way as detailed in figure 2.8 except with the application of a magnetic field. (a) is measured
at 9 T (b) is measured at 3 T. Compared to 0 T, the measurements show additional kinks in the CNT levels.
Because ng is the x-axis, each kink corresponds to a sudden change in Gr DOS. As it dips, Gr DOS is low; as
it plateaus, Gr DOS is high. At 3 T (figure (b)), the kinks are not as prominent compared to at 9 T (figure (a))
and this is because the LLs are not as big at lower magnetic fields. At9 T, the kinks are obvious because the LLs
are well formed. In addition to that, in between the large kinks, one can see the formation of smaller subtler
kinks. These are due to the breaking of LL degeneracy. Figure (c) is the C; extraction from 0 (lowest curve) to
9 T (highest curve) and increasing by 1 T for each offset. We can see that LLs begin to form completely by 2
T and we begin to see LL degeneracy breaking at around 5 T. At 7 T we see all filling factors from v = 1to 4
completely develop.
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I have not failed. I've just found 10,000 ways that won’t

work.

Thomas Edison

Fabrication of the Carbon Nanotube and

Graphene Hybrid Device

The experiments detailed in this thesis all involve the carbon nanotube (CNT)-graphene (Gr) hybrid
device and the realization of such a device hinges on the capability of manipulating a single well-
characterized CN'T with a high level of controllability. This particular step poses great difficulty, but
on top of that, merging it with material synthesis as well as the ensuing nanofabrication steps makes

the whole process extremely grueling. Undoubtedly, the fabrication of this hybrid device is one of
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the biggest challenges and tremendous amount of time, creativity and perseverance were put forth to
make it work. In this chapter, I will lead the reader step by step through the whole fabrication process

but will first begin with the challenge associated with CNTs.

3.1 CHALLENGES REGARDING OBTAINING A CARBON NANOTUBE

Carbon nanotubes (CNTs) come in all types and sizes that are marked by their unique chirality. A
single CN'T can be anywhere from 0.3nm to tens of nanometers in diameter, and it can be metallic or
semiconducting. There are hundreds of CNTs, each with its own unique property. The problem is up
to this date there is no reliable way to obtain a certain type of CN'T deterministically. The most popular
method of acquiring CN'Ts is through chemical vapor deposition (CVD) and with this method, or any
other method for this matter, CN'Ts are grown completely random. There are ongoing endeavors and
some successes in chiral-selective growth of CNTs, however, the grown CN'Ts are either specific to one
chirality or limited to a very small range of chirality.”>** There is still a need to deterministically obtain
any type of CNT.

In this work, knowing what CNT we are dealing with is of utmost importance. The mesoscopic
behavior of our devices are completely dependent on the nature of the CNT. To circumvent the prob-
lem that CVD CNT growth yields random CNTs, we accept this fact but we develop a method to
characterize the grown CNTs and then controllably pick out the desired CNT from the mix of ran-
domly grown CNTs. With this approach, we put ourselves into the best situation we are aware of, i.c.,
guaranteeing that we can have access to any type of CNTs. Acquiring CN'Ts with a certain property
becomes a statistic game for us. As it turns out though, the statistics is not bad at all. The remaining
challenge is that in developing this method, we need to ascertain the CNT be kept clean, long and

straight.
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3.2 THE RoAD TO DETERMINISTIC CARBON NANOTUBE SELECTION

Our carbon nanotubes (CNTs) are acquired through the popular method of chemical vapor deposi-
tion (CVD). In our synthesis, we grow suspended CNTs over a slit in a raised platform. This is to
tulfill the purpose of being able to mechanically stamp a CNT onto a target area. This raised platform
on our growth chip is shown in figure 3.1. The reason we want to grow CNTs over a slit is so that we
can perform dark field Rayleigh spectroscopy to carefully characterize the grown CNTs. This subject
will be covered in the following section (see figure 3.14 for illustration of dark field spectroscopy). As
for the reason we want to grow CNTs on a raised platform, it is to guarantee a high success rate of
stamping and transferring a CN'T onto a target area. CNTs are nanometers in size; when attempting
to transfer a CN'T, the CN'T must make sufficient physical contact with the target area. The physical
contact is what provides the Van der Waals force that attracts the CNT down to the target area. If the
target area or its vicinity has anything that is larger than the size of the CNT, there will be no hope
of the CNT ever making contact with the target area. So to improve the conditions of making con-
tact, we engineer growth chips that have a raised platform which will effectively reduce the area critical
for establishing contact. The size of this platform was picked based on several factors: 1) the platform
should be wide enough such that it can accommodate many CN'Ts— the wider the platform, the wider
the slit, the larger the number of CN'Ts that can grow over the slit, which finally means we can have a
larger selection of grown CN'Ts to choose from; 2) the platform should be small so that when it comes
to transferring CNTs, only a small area (the raised platform) needs to be flush against the target area.
If the platform becomes too big, we risk having more unwanted particulates preventing the platform
from making flush contact with the target area; 3) the height of the platform should be high enough

so that we don’t need to worry about most dirt when the growth chip comes into contact with the
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target area; 4) the height of the platform should not be too high to prevent CN'Ts from growing over
the platform (the height of the platform affects the gas flow in the reactor furnace and can have an
adverse effect on CN'T growth). These four factors had to be juggled with and through trial and error
we ended up with these parameters: slit width is 3 mm while the platform is 3.2 mm wide and 50 — 55
pm tall. Finally, regarding the length of the slit, it can range from 30 pum to over 150 um depending
on the need. If longer CNTs are needed, then we will use the longer slits. The downside of using
longer slits is that fewer CNTs will make it over the slit. Oppositely, shorter slits will yield extremely
crowded growths which will make characterization and singling out an individual CN'T more difficult.

The most popular slit length we use is 60 — 80 pzm long.

3.3 SYNTHESIS OF CARBON NANOTUBE

Chemical vapor deposition (CVD) is the most widely-used growth method and is also our method of
choice when it comes to producing carbon nanotubes (CNT); we choose this because it yields all types
of CN'Ts and because it can produce extremely long, aligned and suspended CN'Ts. In our method we
use argon as the main carrier gas. For the carbon source, we flow argon through ethanol. Hydrogen,
which acts as the process gas, is used to initiate the reaction between the hydro-carbon and the catalyst.
On top of all this, small amounts of water vapor is also injected to improve overall yield and cleanli-
ness. All together, the gaseous ingredients are flown slowly into the hot zone of the furnace where the
reactor gases meet the catalyst. During the encounter, carbon-containing gas is broken apart with the
help of the process gas. The growth then follows the root-type growth (according to our observation)
in which the CNT begins to form and extend out of the metallic nanoparticles in the catalyst. I shall
not expound the growth mechanisms (for the chemistry detail please refer to the cited reference ) but

instead simply state the guidelines formulated after the performance of many rounds of tests. Please
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(b)

(0)

Figure 3.1: The Carbon Nanotube Growth Chip. (a) and (b) are optical images of the CNT growth chip with 1
mm and 100 pm scale bars respectively. (c) are three CNT growth chips as seen by eye. In the middle of the chip
is the raised platform with a slit (not visible) on it. The dark solution below the platform is the hand-applied
catalyst. (d) shows a 3D rendering of the CN'T growth chip with CNTs growing out of the catalyst (gray patch)
and over the slit.

refer to appendix F for recipes (and see figure 3.3 for the picture of the furnace). To achieve ultra-long
single walled suspended carbon nanotubes in CVD growth, the following are important factors to

. 6
consider:’

— Carbon feedstock: ethanol has been demonstrated to cause extremely high speed and low tempera-

ture carbon nanotube growth relative to other choices such as methane gas. Shorter growth time and
lower growth temperature means less chances of catalyst to sinter (see below) as well as less opportu-

nities for unwanted amorphous carbon deposition. It also increases the yield of single walled carbon
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Outlet: Vacuum pump, Exhaust Moving Furnace Inlet: H,, Ar, EtOH, H,0,
Hygrometer

Figure 3.2: The carbon nanotube growth furnace. The furnace is composed of three sections highlighted in red.
Left: outlet for vacuum pumping to evacuate the tube furnace and for growth gas exhaust. Middle: moving
furnace for fast heating and cooling. Right: inlet that includes four mass/gas flow meters for hydrogen and
argon, two bubblers for ethanol and distilled water, and a hygrometer.

nanotubes as well as reducing amorphous carbon deposition due to its provision of OH (hydroxl) rad-

icals that absorb C (carbon) radicals.”

— Hydrocarbon flux: the carbon source comes from the ethanol in the form of hydrocarbon groups.

It is carried by the Argon flowing through the bubbler holding the ethanol. This parameter can be
changed by changing the temperature of the ethanol (icing or heating it to change the vapor pressure)
and by changing the amount of ethanol in the bubbler (more ethanol means the Argon gas will travel
longer through the ethanol, hence increasing the chances of the hydrocarbon being carried out of the
bubbler into the reactor). A high influx of hydrocarbon means denser CNT growth as well as more
bundles and amorphous carbon deposition. Too low an influx means littdle CN'T growth.

— Catalyst type, size and density: the size of the nanoparticles in the catalyst dictates the diameter of

carbon nanotubes. Large nanoparticles will cause multiwall or bundles to grow. We target catalyst
made of small nanoparticles to increase the yield of single walled and small diameter CN'Ts. The den-
sity of catalyst, if it is too high, will cause the nanoparticles in the catalyst to sinter and form bigger

nanoparticles which result in large, multiwalled or bundled CNT growth. The other effect of high
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nanoparticle density is it will prevent CNTs from growing out of the catalyst area. Carbon nanotubes
attract each other through Van der Waals interactions. If CNTs are grown too dense, the CN'Ts will
entangle and conglomerate into a forest or network of dense CN'Ts. CN'Ts that try to grow out will get
sucked back into the nanotube forest. To address all these factors, the catalyst of choice is the bimetal-
lic cobalt-molybdenum catalyst (CoMoCat) that is embedded in a mesoporous silica substrate. Cobalt
and molybdenum interacts to prevent cobalt from sintering to form larger nanoparticles whose size
dictate the diameter of carbon nanotubes. The mesoporous silica substrate that holds the CoMoCat
is a solid object that is created upon calcination. This will hold the catalyst in place and hence pre-
vents them from moving together and sinter. This achieves the same effect of guaranteeing smaller
size cobalt nanoparticles.**

— Pressure: our growth is performed at a very slight over-pressure (immeasurable with our analog pres-
sure gauge). As mentioned in the growth recipe, gas is flown into the tube furnace which is blocked
by pump oil at the exhaust. This pump oil serves to separate the exhaust which is in slight vacuum
from the tube furnace (it also acts as a gas flow indicator as it will bubble when gas is flowing through
it). A certain pressure build up is required in order for gas to flow through the pump oil. This slight
over-pressure is to ensure that gas and vapor outside the furnace do not flow into the tube furnace dur-
ing growth. The growth takes place in essentially atmospheric pressure. At the time of this writing,
the study of pressure was not heavily investigated; according to literature, however, both the structure
and yield of CNT depends on the pressure. Further improvements on our CN'T growth can possibly
be made.”

— Gas flow: High buoyancy (large Richardson number) is desired so that CNTs can stay afloat above
the substrate. When afloat, the CNTs are susceptible to the gas flow around the growth chip. Here,

laminar flow (low Reynolds number) is helpful to gently carry the CNTs in the direction of the gas
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flow. Gas flows that are on the contrary will cause the CNT to stick to the substrate surface (due to
low buoyancy) which diminishes the effect from the gas flow. And even if CNTs make it out of the
CNT forest and float above the substrate, the convective flow (due to high Reynolds number) will dis-
rupt the CN'Ts flow and cause them to bundle up prevent them from extending far from the catalyst
region.*’

— Anneal temperature and time: the highest temperature the growth is held at is 910°C for about

5mins (in the growth recipe, the timer is started the moment the furnace is moved over to the growth
chips. According to the temperature controller, it takes about 2 mins for the temperature to reach
910°C, which leaves us 5 mins of annealing time). There is an optimal annealing temperature for
particular carbon feedstocks and for particular types of CNTs. For ethanol and single-walled CNTs,
800 — 900°C is shown to be the most optimal.””* Our furnace is set to a slightly higher temperature
to account for the fact that the substrates do not get as hot as the furnace temperature. As mentioned
above, the anneal time affects the density of growth as well as whether we get single-walled or multi-
walled CNTs. 5 mins gives us the best collection of CNTs per growth.

— Ramp time: fast heating of the growth chip is performed in our CNT growth and this is done by
moving the pre-heated furnace from away the growth chips to directly over the them. Studies suggest
that CN'Ts grow via the “kite-mechanism” in which case the fast heating is beneficial because it helps
levitate the floating CN'T more by the preserving a steep thermal gradient surrounding the growth
chips. This is because in the initial stages of growth, the cool gas will not be able to thermalize with
the growth chips that are heated much faster. The temperature difference between the growth chips
and the cool gas will create convection flow that helps lift the open-end of the CN'T up while the end
touching the catalyst stays stuck to the substrate due to Van der Waals interaction. The lifted end of

the CNT is then carried by the laminar flow of the reactor gas where it will eventually lay down onto
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the surface across the slit. **

— Reactor geometry: the quartz tube of the growth furnace is chosen to be small so that less gas is con-

sumed per growth. The tube diameter of our CVD furnace is 1in. However, it is likely more beneficial
to use a larger quartz tube because more gas means higher heat capacity which means it will be harder
for the overall temperature of the gas to increase (for CN'T growth we want to keep the gas cold).

— Water flux: Injection of right amounts of water vapor into the reactor chamber has been shown
to both significantly improve yield and cleanliness. The water serves to prolong the life time of the
catalyst (by preventing them from oxidizing which is what limits the reaction time available for the
catalyst) and by reacting with the amorphous carbon to create gaseous hydrocarbon that will then
flow away. Too much water, however, will cause the etching of the carbon nanotubes which will then
44,45

decrease yield. >

— Hydrogen concentration: Hydrogen is important because it’s a catalyst activator, a catalyst reduc-

ing agent and also protects the growth environment from unwanted substances such as oxygen and
water. However, hydrogen can also etch carbon nanotubes, hence, the amount of hydrogen must be
carefully chosen. ** The above guidelines are most likely just a part of everything that actually matters.
The truth is growth mechanisms are so microscopic that at this point of time it is beyond our complete
control. Growth results will vary from setup to setup no matter how identical one tries to make them
and as any grower would say, when it comes to material synthesis nothing can ever be truly reproduced.
It would not be surprising to see that the types of gas-lines used (we use stainless steel throughout to
prevent hydrogen from escaping and water from permeating into the system and we use VCR con-
nections whenever possible to create the most leak-tight system) or the moisture level during summer
time would have an effect on the growth. The blackbox nature of growth in general makes this type

of work daunting and the one formula for success is to perform an extensive and systematic trial and
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Figure 3.3: Carbon nanotube growth mechanisms. (a) The two proposed types of carbon nanotube growths.
The picture is adapted from the work by Sinnott et al. ¥/ (b) During growth the carbon nanotube is like a kite
and gets caught by the reactor gas flow. At the same time there is an attraction towards the substrate due to van
der Waals force. A sufficient buoyancy force is required to keep the carbon nanotube afloat and continue its
growth until either the catalyst lifetime has ended or gas flow has stopped. The picture is taken from the work
by Peng et al. *

error. The recipe used for growth and one that has stood the test of time is shown in detail in appendix

F. Figure 3.4 shows examples of SEM images of the CNT growths.

3.4 OprTicAL CHARACTERIZATION OF THE CARBON NANOTUBE

One big challenge in working with an individual CNT lies in being able to identify it. The CNTs we
work with are nanometer(s) in diameter and tens of microns in length. Apart from the small size, the
optical absorption of an individual CNT is very weak (less than 0.01%). Together, it becomes hope-
less to see an individual CNT under the optical microscope in bright-field mode. Tools such as the

atomic force micoscopy (AFM) and its variants, scanning electron microscope (SEM) or transmission
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Figure 3.4: Suspended carbon nanotube growth. (a) SEM image of CNT growing over the slit of the growth
chip (scale bar: 10 zm). (b) Zoomed in SEM image on the suspended CNTs (scale bar: 10 p2m). () SEM image
of aligned CNT growing out of the catalyst (area with high density of CNT networks). (d) Optical image of
suspended CNTs that are locally metallized to make them visible under optical microscope (scale bar:50 fim).

electron microscope (TEM) are popular choices for imaging nanoscale objects. However, AFM, SEM
and TEM all have drawbacks. Troublesome preparation, slow imaging speed, restricted access whilst
imaging and sample contamination or even destruction are all legitimate. To circumvent these annoy-

ances, an alternative optical method for seeing carbon nanotubes live was developed. The basic idea

is to shine a very intense light directly onto the CNT in a scattering or dark field geometry. The light

64



that hits the CN'T will scatter in different manners and can be categorized into two obvious categories:

elastic and inelastic scattering.

3.4.1 RAMAN SPECTROSCOPY

Raman spectroscopy is a widely used and industrialized technique for the optical characterization of
materials. Itis a measure of the inelastic scattering of light due to the interaction with optical phonons
in the material. Overallitis an invaluable tool when studying CN'Ts and is most helpful when trying to
identify metallic CN'Ts from semiconducting ones. This is because the Raman signature of a metallic
CNT is very different from that of a semiconducting CN'T. However, because of the rate at which light
scatters inelastically, to obtain a substantial enough signal requires a significantly long period of time.
For a suspended CN'T, compared to the seconds (typically 1 to 3 secs) of exposure time in a Rayleigh
spectroscopy setting, many minutes (in our setup it takes over 10 mins) of exposure time is required
for the Raman spectroscopy. Adding the fact that one cannot see CN'Ts live (and hence we are unable
to determine the optimal laser focus) and the fact that we need to go through a high number of CN'Ts
for our experiments, Raman spectroscopy is an inefficient tool and is rarely used in comparison to
the high-throughput Rayleigh spectroscopy. Without going into much detail, we simply state the key
features we look out for when identifying metallic vs semiconducting CNTs. Representative CNT
raman signals are presented in figure 3.5. A comparison be the Raman and Rayleigh setup is shown in
figures 3.13 and 3.14.

One of the main Raman peaks of the CNT (the G-band) is positioned around 1590 em™ ! (the
other main Raman peak is the radial breaking mode which is largely inaccessible in our setup). This
particular peak is associated with the LO (longitudinal optical) phonons and TO (transverse optical)

phonons. LO phonons are associated with vibrations that occur along the CNT longitudinal axis,
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while TO phonons are associated with vibrations that occur circumferentially around the CNT. De-
pending on the underlying lattice and hence wavefunction of the CNT, only particular modes are
allowed and this is reflected in the detected Raman signal. The following summarizes in bullet points
the features used for spotting a metallic CN'T: %+

— Zig-zag CNT only has a LO mode

— Armchair CNT only has a TO mode

— TO peak is positioned at around 1590 cm ™'

— Single TO peak always has a FWHM (full-width-half-max) of 10 cm

— Metallic CNT: LO peak shifts below TO peak

— Metallic CNT: LO peak may broaden

3.4.2 RAYLEIGH SCATTERING

Rayleigh scattering describes the elastic scattering of light. Itis the predominant scattering mechanism
of any dipole object and accounts for over 99.99999% of scattered light. The remaining 0.00001%
of scattered light constitutes the inelastic Raman scattering. 5¢ The elastic scattering cross-section of

the CNT is given by:

72 wd?
o(w) = 2 le(w) — 11°d (31

where ¢ denotes speed of light, d the diameter of the CNT, €(w) the dielectric function of the CNT,
and w denotes the angular frequency of the incident light. If the light is polarized parallel to the lon-
gitudinal axis of the CNT, the scattered light is isotropic with respect to the azimuthal direction. If
one were using a laser of wavelength 500 nm, and assuming a measly € = 6 (¢ of a CNT is shown

to have peaks that go to € > 100), the resulting cross-section is 0 = 1.2 x 1077 pm. With a
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Figure 3.5: Raman spectra of different types of carbon nanotubes. Raman spectrum of (a) a metallic CNT,
(b) a semiconducting CNT, and (c) a CNT bundle. (d) shows the signature Raman spectrum peak of a CNT
decomposed into its two constituents: the LO (longitudinal optical) and TO (transverse optical) modes. Figure
(d) was adapted from the work by Zhang et al. ** Single-walled CN'T have defined peak(s) with low signal counts,
which is in contrast to a CN'T bundle which have a broad peak with very high signal counts.

100 W laser focused to a spot size of 1 y4m, photons are then scattered at a rate of 100 pWx1.2 x
10_7/(hc/500 nm) ~ 3 X 107 s~ 1. With an overall signal collection rate of 102, the final count
rate is on the order of 10° counts/sec— more than enough for live detection.’” And so if one were
to shine a broadband laser onto the CNT, the Rayleigh scattered light would show peaks at certain
wavelengths as shown in figure 3.6. This is due to the peaks in the CNTs’ dielectric function which is
associated with its joint density of states. By examining the details of the peaks, one can deduce the

chirality and many other properties of the CNT. This becomes a very powerful tool for CNT charac-
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Figure 3.6: Rayleigh spectra of different types of carbon nanotubes. (a) and (b) are Rayleigh spectra of metal-
lic CNTs, (c) and (d) are of semiconducting CNTs. The assigned chirality indices going from (a) to (d) are:
(33,33),(16,7),(6,5), (22, 14). The distinguishing feature of a metallic CNT is a double-split peak with the
right peak having roughly half the intensity.

terization. The details of the Rayleigh spectroscopy and the setup will be covered shortly. Let us first

take a look at how the optical transition energies arise in the following section.

3.4.3 CARBON NANOTUBE: A DiPOLE MOMENT

The CNT is nanometer in size in diameter but many microns long in length. This effectively restricts

the electron movement to one direction, making it behave as though it were a dipole. So starting
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generally, the Hamiltonian of a charged particle in an electromagnetic field is:

. 2
H = <p27iA) (3.2)

In the Coulomb gauge where we set V - A = 0, expanding and retaining only the lowest order term

as warranted by the dipole approximation due to the anisotropy of the CNT, we get:

H=Hy+ V()
2 (33)
S N
2m  m

where the first term is single particle Hamiltonian and the second term is the time dependence interac-
tion term. Substituting the ansatz A(r, t) = A ne k=t 4 c.c., where n denotes the polarization
direction, and noting that in the Coulomb gauge, E = —0A /Ot, and assuming the electric dipole
size is much smaller than the wavelength of the incident light (hence allowing us to drop the spatial

dependence), the time dependent interaction term becomes:
E
V(t) = —g(n - p) —sinwt = Vj sin wt. (3.4)
m w

By inserting the interaction term (V) into Fermi’s Golden Rule which is:

27 )
Ty = %‘<f|‘/0|2>‘25(€f—62-+hw), (3)

we get for the transition matrix element:

o (fin-pli) (.6)

_1%0
mw

{(FIVoli) =
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The rates are given by the magnitude of the transition matrix element where the initial and final states

are given by the CN'T wavefunctions. Calculation shows that the associated selection rules are: 5

always : Ak =0,
for B : AJ =0 (or Ak, =0), (7)

forE| : AJ ==£1(or Ak, = +2/d),

where E)(1) means the incident light is polarized parallel (perpendicular) to the CNT longitudinal
axis. The CNT energy subbands of index j has an angular momentum number of J = |j| (see ap-
pendix B.3), where we ignore spin since As = 0 for optical transitions. And so by choosing to polarize
the incident light to be parallel with the CNT longitudinal axis (so £/, = 0), we are restricted by the
selection rule: AJ = 0. This just means that optical transitions can only occur between subbands
defined by the same linecut associated with j, which further means transitions happen symmetrically

about the charge neutrality point as shown in figure 3.7.

3.4.4 RAYLEIGH SPECTRUM AND LINE SHAPES OF OPTICAL TRANSITIONS

Hinted in the previous section, the scattering signal given by Fermi’s Golden Rule will depend on the
joint density of states between the initial and final states. This is the easiest way to see that peaks in
the Rayleigh spectrum correspond to the transitions between the van Hove singularities. Looking
at the scattering cross-section (o (w)), we see that it depends on the dielectric function (e(w)) which
is similar to an optical absorption. However, unlike optical absorption which depends purely on the
imaginary part of the dielectric function (or electric susceptibility which is x (w) = €(w)—1),” o(w)

also obtains a contribution from the real part of €(w). Typically, the optical absorption curve is given
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Figure 3.7: Zoomed-in density of states plots of (a) a (8, 0) semiconducting zig-zag carbon nanotube and of (b)
a (8, 8) metallic armchair carbon nanotube. E1, Eyy, E3 are the first three allowed optical transitions (where
superscript M denotes the optical transitions for metallic CNT). These are the energies that are required to
excite an electron from the valence band to the conduction band while obeying the selection rule. Note that

the metallic carbon nanotube has a constant non-zero density of states around the charge neutrality point as
opposed to the vanishing density of states in the bandgap of a semiconducting nanotube.

by a symmetric Lorentzian, however, the inclusion of Re|e(w)| which has an intensity tail towards the
low energy side will cause an asymmetry in the Rayleigh peaks (see figure 3.8).°*

Distinguishing metallic CN'Ts from semiconducting ones can be quick and easy. Majority of metal-
lic CNT will exhibit a a double-split peak due to trigonal warping of the bandstructure of Gr.** Trigo-
nal warping is the warping of the energy contours of Gr and it is due to the higher order energy terms
in the Gr Hamiltonian. If trigonal warping were not present, energy contours around the Dirac point
of Gr would be perfect circles. Because the allowed linecuts for a metallic CNT are placed symmetri-
cally about the Dirac point, in this case the linecuts would yield identical subbands and hence would
yield overlapping optical transitions. As a result we would only see a single Rayleigh peak. But this
is not the case as trigonal warping exists with varying levels of strength. As one can see in figure 3.9,

the two linecuts immediately left and right of the Dirac point would yield different subbands if the
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Figure 3.8: Contributions to the asymmetry observed in the peaks in the Rayleigh spectrum. (a) The underlying
asymmetry in the peaks is due to Re|e(w)]| as shown in the inset. Figure (a) is adapted from the work by Malic
etal.’® This is in contrast to purely optical absorption which is only dependent on Im|e(w)]| and yields a sym-
metric Lorentzian instead. (b) The phonon side bands that arises due to exciton-phonon interactions further
contributes to the asymmetry in a peak. In the plot the gray dashed lines indicate the center of the phonon side
bands. This effect is more severe for semiconducting CN'Ts and mostly undetectable for metallic ones.

energy contours were warped. This then causes the optical transitions to be slightly different between
the two linecuts. By drawing out the allowed linecuts, one can see that the splitting distance between
the two peaks increases with decreasing chiral angle and diameter. Because of this, the armchair CNT
with zero chiral angle (see appendix B) will have no double split peak but a much taller single peak.
Furthermore, because of the direction of warping, the higher energy peak (Eoy = M) will roughly
be half the height of the lower energy peak (E; = M- .5 Figure 3.6a and 3.6b show examples of an
armchair and chiral metallic CNT respectively.

Another distinguishing characteristic between metallic and semiconducting CNTs is that semicon-
ducting CNTs exhibit a phonon side band that causes further asymmetry in the Rayleigh peaks (see
figure 3.8b). These features have been predicted to arise from exciton-phonon bound states that is es-
pecially strong in semiconducting species as compared to metallic ones which have reduced strength in

excitonic interactions. *° Finally, to wrap up the analysis of the Rayleigh peak line shapes, lower optical
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Figure 3.9: Demonstration of the effect of trigonal warping. The plots show the energy contours in momentum
space of Gr. The lines are the allowed linecuts for a metallic carbon nanotube. The apex of the green line is
the Dirac point of graphene. In this thesis, 2;; is used as a generic label for optical transitions. In literature, a
common label for transition energies of metallic carbon nanotubes is M;;. The plots show how the two labeling
schemes are related. (a) shows circular energy contours due to lack of trigonal warping. In this case, the £,
and E55 would yield the same optical transition energies as the associated linecuts are symmetric. (b) shows the
energy contours that gradually transform into a more triangular shape as they go farther away from the Dirac
point. In this case, I/1; and Fyy have associated linecuts that cut through a different energy contour and this
results in two slighty different optical energies. The difference between the energies depends on the severity of
the trigonal warping. Higher energies show more trigonal warping and hence one would expect a bigger energy

shift.

transitions such as /11 and Ey, generally have peaks widths that are 10 —50 meV wide, whereas higher
optical transitions like F'33 and E are typically 80 — 90 meVs wide. ° Because we typically see the
E33 and E,, transitions for semiconducting CN'Ts while we typically see the /11 and Fy, transitions
for the metallic CN'Ts, in the identification of CN'Ts, apart from the double split peak and asymmetry
considerations, we also expect peaks associated with metallic CN'Ts to be sharper. Finally, bundles
and multi-walled CNTs are quite easy to distinguish. We typically categorize any Rayleigh spectra
with four or more peaks to be associated with non-single CN'Ts. Moreover, it is shown that bundles
or multi-walls will generally include interacting CN'Ts which will exhibit an overall background in the

Rayleigh spectrum.®” Figure 3.10 show examples of the live-images and Rayleigh spectra of different
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Figure 3.10: Different carbon nanotubes seen through Rayleigh scattering. The top row shows the Rayleigh
scattered signal of different CNTs collected through the infrared camera. The bottom row shows the Rayeligh
spectra of the corresponding CNTs collected through the spectrometer. A single CNT (a) typically shows up
fainter in the live image and the spectrum is clean with one to sometimes three peaks (seeing two peaks is the
most common). A CNT bundle (b) is bright and the spectrum has many peaks that can only be fitted by using
multiple CN'Ts’ transition energies. A dirty CNT (c) has blobs all over and the image is bright. Dirty CNTs are
common if water was notintroduced during CVD growth. The spectrum of a dirty CN'T hasalarge background
signal.

types of CN'Ts.

3.5 THE RAYLEIGH SETUP

The Rayleigh setup (shown in figure 3.12) was built based on the concepts conceived by Professor Tony
Heinz.*>" He was the pioneer behind the method of seeing individual CN'Ts via Rayleigh scattering.
What we have done was adapt his Rayleigh spectroscopy setup into a system that also includes an opti-
cal microscope, transfer stage and Raman spectroscopy setup. Having all these functionalities together
gives us the ultimate tool to simultaneously characterize and physically manipulate individual CNTs.

The operational principle behind Rayleigh spectroscopy is to shine a very intense polarized broadband
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Figure 3.11: The Kataura plot and depiction of the CNT transition energies. The Kataura plot is generated
from the calculation of tight-binding theory. The parameters assumed are: ¢, = 2.9 €V (the nearest neighbor
hopping energy) and a.. = 0.144 nm (the carbon to carbon bond length).*” The black circles correspond to
type 1 semiconducting CNTs, the blue points correspond to type 2 semiconducting CNTs and the red points
correspond to metallic CNTs. These points are the transition energies of taking an electron from the valence

band to the conduction band as shown in figure 3.7. The first five optical transitions are labeled. The shaded
green area corresponds to the CN'Ts that our Rayleigh setup can see.

light onto the CN'T, and then detect the scattered light in a dark-field geometry. The scattered light of
a suspended tube is isotropic azimuthally and will exhibit peaks in intensity at wavelengths that corre-
spond to the energy difference between CNT’s von Hove singularities but with additional corrections.
In addition to the slight deviation due to the contribution from Re|e(w)| (see previous section), other
possible causes for corrections are electron-electron interactions and spin-orbit coupling due to curva-

ture effects. Up to the time of this writing, there are still ongoing efforts in describing the optical

75



transitions more accurately. So far, revised descriptions are all empirical models and here we stay away
from going into the explicit equations. The interested reader is referred to the cited references. °>***
But to illustrate the general behavior of the optical transition energies, figure 3.11 shows the energies
that are calculated theoretically from the simple tight-binding model. From this plot, we can see that
E;; o< 1/d, where d is the CNT diameter, and this is an important characteristic. But as mentioned
previously, the real values of the optical transition energies deviates slightly from the ones predicted

6
3 and

by tight-binding theory. The experimental values are tabulated in the cited online webpages,*”
these are the values that we refer to when matching CNT5’ chirality indices. For more information the
reader is asked to refer to appendix B.6.

In our setup, we use the Super K Extreme EXW-12 as our supercontinuum (or broadband or white
light) laser capable of delivering a total of 4W across the entire bandwidth of 400 to 2400 nm. The
wavelengths in the near-infrared region is critical as it turns out many of the CN'Ts scatter in that range.
The objectives used all belong to the Mitutoyo NIR Infinity Corrected series. All of the optics used
are compatible with the aforementioned bandwidth (except for the cameras). The other specifications
of the laser are irrelevant as the only feature we require is the broad bandwidth and high power. Typi-
cally, we set the power to output around 500 mW as measured in an optical power meter with silicon
detector. We estimate that the power density after the polarizer (with no further attenuation) at the
CNT is about 10 — 50 mW/pum. The spectrometer we use is the Princeton SpectraPro HRS-300 with
a PIX-400BRX camera (with a sensitivity range from 400 — 1100 nm). The infrared camera used for
the live-imaging of the CNT is the DCC3240N from Thorlabs which also only has a sensitivity range
from 400 — 1100 nm. The quantum efhiciency towards the near-infrared is boosted, however, mak-

ing it more sensitive to seeing CN'Ts scattering in that range. The incident light is directed through an

attenuator and polarizer. The laser spot size in the setup reaches down to about 5 zm. We use the 150
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Figure 3.12: The Rayleigh transfer stage setup. The setup is equipped with a broadband white light laser and
a 532 nm wavelength laser used for Rayleigh and Raman spectroscopy respectively. There is a color and near-
infrared sensitive camera used for normal optical microscopy and the live imaging of CN'Ts during Rayleigh
spectroscopy respectively. For normal optical microscopy, the white LED is used. Along with the optical com-
ponents is the motorized transfer stage capable of heating, cooling (through thermoelectric or fan cooling), and
tilt, rotation and translation in all axes. This setup is used for CNT imaging as well as 2D flakes and CNT
transfers.

g/mm grating centered around 750 nm to acquire a one-shot spectrum with the range 450 to 1050
nm (which converts to roughly 1.2 to 2.6 &V).

Figure 3.12 is the Rayleigh setup with the main components illustrated in the figure. Figures 3.13
and 3.14 show the Raman and Rayleigh configurations respectively. During the Rayleigh operation,
the signal is divided among three cameras. 50% goes to the camera of the spectrometer, 25% goes to
the infrared and color camera individually. To see the CNT live, we use the infrared camera (Thor-

labs DCC3240N) with a gain boost and together with the 50x objective. The CNT growth chips are
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Figure 3.13: The Raman spectroscopy configuration. The 532nm wavelength laser is used. The laser enters from
the back of the setup and is directed onto the sample through the objective lens. The inelastically scattered light
is detected in the reflection and brightfield geometry. A notch filter is installed in the detection line and is used to
filter out the excitation wavelength. Only wavelengths away from the excitation is detected. Raman scattering
happens at a very low rate and so collection time has to be very long.
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Figure 3.14: The Rayleigh spectroscopy configuration. The broadband white light laser is directed from under-
neath the sample in a dark field/off axis geometry. The elastically scattered light at a particular range of angle
goes into the objective lens and is fed into both the near-infrared light sensitive camera and the spectrometer
camera. One is used for the live imaging of CNTs and the other is for the collection of the Rayleigh spectrum.
Because Rayeligh scattering happens at a very high rate, immediate imaging of CNT is possible.
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loaded onto a glass slide that has a slit. This slit is aligned with the slit on the growth chip and this to-
gether creates an opening such that the incident light from the supercontinuum laser can go through.
Because the incident light is off-axis, meaning that we are in dark-field geometry mode, none of the
incident light is detected by the cameras. The default state of the cameras is dark. To aid finding a
good focal position for the growth chip slit with respect to the objective, the white LED is turned on
so that we can acquire optical imaging of the growth chip slit. Once the slit is in focus, the white LED
is turned off and the laser is directed into the slit. The laser position is also free to move in all directions
and we tune it such that the laser focal spot is at the slit. This is done by looking at the profile of the
transmitted laser beam. The transmitted laser beam will be perfectly circular and will show densest
amount of light when its focus is at the slit. Following these initial instructions, scanning the growth
chip slit across a stationary laser beam will eventually show suspended CN'Ts along the slit. Finer tun-
ing can be done on the focus of the laser and objective afterward. Figure 3.10 shows examples of the

live imaging of different types of CN'Ts.

3.6 'THE ASSEMBLY OF THE CARBON NANOTUBE-GRAPHENE HYBRID DEVICE

The purpose of the Rayleigh setup is to allow the user to see and characterize CN'Ts with live feedback,
and then to transfer a desirable CNT to a target area immediately. In the previous section I described
how we locate and characterize CN'Ts suspended along the slit in a growth chip. To be able to then
transfer the CNT onto a target area, this target area needs to be coated with a substance that can expand,
flow, conform and retract so that a suspended CNT can be grabbed away from the growth chip. This
role is fulfilled by Poly(methyl methacrylate) (PMMA). Without it the transfer of CNT will not be
possible and the reasoning is as follows: The general idea of transferring CNT is to bring the growth

chip with the suspended CNTs and the target chip into contact and hope that the van-der Waals force
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will attract the suspended CNT and grab hold onto it. But this assumes that the CNT and target
chip can be in sufficiently close such that the attraction can happen but this is unlikely due to the
local roughness of the two chips. The CNT is nanometers wide which is on the same order of typical
substrate roughness. It is unlikely that the CNT sitting on a substrate to stand out. Even for the
suspended CNT, it is very difficult for the target substrate to come close to it because the growth and
target chips away from the suspended CNT region will have a roughness that can prevent the two
chips from becoming flush against each other. Despite this, we still want the chips to be able to come
as close to a perfect contact as possible so that the following step will have the highest possible chance
of happening (see section 3.2): Once the chips are as close to each other as possible, heating the PMMA
will force it to go into the glass phase, which is a viscous liquid that will then expand and bridge the
remaining distance between the CNT and the target area. The viscous PMMA will begin to conform
around the CNT, the van-der Waals force will attract it, and then finally upon cooling it will shrink,
retract and solidify again, and in the process grabbing the CN'T away from the growth chip.

The role of PMMA can be fulfilled by many other substances (mainly any thermoplastics), how-
ever, PMMA provides an advantage and that is it is a high resolution electron beam (ebeam) resist.
This means that fine selective areas coated in PMMA can be removed and the substrate underneath
can be exposed. Being able to “open a window in the PMMA? is critical because eventually there may
be a need to get rid of the PMMA through either immersing the entire substrate into a solvent (like
Acetone) or through vacuum annealing. The lift-off of the PMMA will cause the CNT that was origi-
nally stuck onto the PMMA to be lifted and float away from the substrate. The vacuum annealing of
the PMMA will cause the CNT on it to twist and bend because the PMMA evaporates unevenly and
possibly violently. By opening a window in the PMMA and making this area the target area, during a

CNT transfer, part of the CN'T will be grabbed by the PMMA and part of the CNT will settle onto
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the exposed substrate. The part settled onto the exposed substrate will be strongly anchored down
due to the attractive van-der Waals force and this is enough to hold the entire CNT down. So despite
part of the CNT possibly floating away during liftoff, the CNT stuck to the substrate remains stuck
to the substrate. The CNT also remains completely straight inside the PMMA window regardless of

the processing afterwards.

3.6.1 CARBON NANOTUBE TRANSFER PROCEDURE

Figure 3.15 shows the whole CNT transfer process. With the target chip onto the transfer stage, we
use the Rayleigh spectroscopy to find and choose the candidate CNT along the slit in the growth chip
after which we park the CNT in place. The target chip is brought up closer to the growth chip but still
not touching. We focus onto the target chip and align the target area with the parked and stationary
CNT. Once aligned, we bring the two chips together and heat up to atleast 140°C and wait for at least
5 mins. The point here is to allow the PMMA to flow and conform around the CNT. After, we cool
the stage to at least below 90°C and then lower the stage.

The hybrid CNT-Gr device is made by first assembling the BN-encapsulated Gr stack as inspired by
the original pickup technique. ** For the devices in this thesis, because a thin hBN is typically used to
separate the Gr from the CN'T, and because thin hBN are hard to be picked up alone by Polypropylene
carbonate (PPC), we employ the inverted stacking method (see appendix F). In this method, we pick
up the layers in the inverted order so we begin by first picking up the thick hBN and attempt to flip
the entire stack at the end such that the thin hBN is facing upwards. Figure 3.16 shows the steps to the
stage where the device is ready for a CNT transfer. First, the stack is etched so that flakes or unwanted
parts on the substrate are removed. Second, Gr contacts are made (see appendix F for more details).

An in-situ contact etch and metal evaporation with a tilted rotating stage are employed for best contact.
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Figure 3.15: The transfer process of a carbon nanotube. The images from (a) to (c) show the transfer process in
chronological order. The top row are images of the transfer stage position, the middle row are graphics of the
growth chip (with a suspended CNT) and target substrate (with an array of gold electrodes and a red-purple
PMMA window), and the bottom row of (a) and (b) are the optical images as seen through the microscope
during the transfer process while that of (c) is an SEM image of the target substrate after the transfer process.
Beginning with (a), we perform Rayleigh spectroscopy to hunt for a candidate CNT and then we park the
growth chip in place and mark the CNT position as seen at the bottom image. We then focus onto the target
substrate and align the target area with the marked position of the CNT. Once the CNT and target area are
aligned, we get to (b) where we slowly bring the growth chip and target substrate into contact. The bottom
image shows the moment when the growth chip and target substrate are in contact. Upon contact, we heat the
stage up to at least 140°C such that the PMMA melts and conforms around the CNT to grab it. We wait at
least 5mins and then we proceed to (c) where we cool and slowly detach the target substrate from the growth
chip. The bottom image shows an SEM image of a CNT transferred onto an array of electrodes.
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Third, pre-made electrodes for CN'T contacts are deposited on top of the device. These electrodes are
made thin (3/7/20 nm Cr/Pd/Au) to avoid the formation of bunny ears along the evaporated metal.
Bilayer resist (see appendix F for more details) is used to further prevent bunny ears. Bunny ears are
bad for CN'T contacts as they can cut it or create a big kink on the CNT that increases contact resis-
tance. Finally, a PMMA window is opened on the target area. PMMA A4 or A6 spun at 3000 rpm
are both used with no noticeable difference. This window is typically 40 ;4m long, a little smaller than
the slit of the growth chip. This is to guarantee that the PMMA and the substrate can both touch the
suspended CNT on the growth chip. They are both important in grabbing and anchoring the CNT
down onto the substrate. With this, the device is ready for a CNT transfer by following the steps
detailed above. Figure 3.17 shows the general outline of the device fabrication. Typically without re-

moving the PMMA, the device is wirebonded and directly loaded into the cryostat for measurements.

3.6.2  Quick Tir oN CARBON NANOTUBE CONTACTS

A single-walled CNT is on the order of a nanometer in diameter which is smaller than typical grain
sizes of evaporated metals (grain size of evaporated gold (Au) is about tens to hundreds of nanometers,
whereas for chromium (Cr) and palladium-gold (Pd-Au), which are regarded as having some of the
smallest grain sizes, they are on the order of a few nanometers). As a result, wetting the CN'T with
metal becomes very difficult and thus establishing consistent transparent electrical contacts is a big
challenge. To improve the contact yield, the contact method of choice is to lay the CNT on top of pre-
made gold electrodes. Gold is used because it does not oxidize (as opposed to palladium or chromium,
a common contact metal except it oxidizes). This way, a part of the CNT is guaranteed to always be

making physical contact with some of the metal, unlike top contacts where the evaporated metal can
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Figure 3.16: The steps to making a target device for carbon nanotube transfer. (a) shows the assembled hBN-
encapsulated Gr stack. The outline shows the Gr flake. (b) shows the step after the etching of the flake and
depositing Gr contacts after an in-situ contact etch. (c) shows the CNT electrodes deposited on top of the stack.
The CNT leads and Gr are electrically isolated. (d) shows the PMMA transfer window that is 40 ym long
written on top of the target area. This device is now ready for a CNT transfer.

potentially form a hollow tunnel structure around the CN'T. Another advantage of laying down CNT
onto pre-made electrodes is that the CN'T contact area is still exposed. This allows the contact area of
the CNT to be cleaned further by current anneal. Current annealing is performed simply by sending
a large current through the CNT (can be done in ambient conditions). The typical procedure is to
slowly ramp the bias voltage while detecting the current with an ammeter. The ramp rate followed is
about 1 ;tA/min and current is usually ramped to 10 pA (the canonical current capacity of a CNT

on SiOy is about 25 pA per shellGS). The heat generated by the current is thought to be responsible
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Figure 3.17: The graphene-carbon nanotube hybrid device fabrication scheme. We first assemble a standard BN
encapsulated Gr stack. Because thin BN (4 — 10nm) is typically used at the top, the inverted stack method is
used. Once the stack sits on the substrate of choice, contacts to the Gr are made via edge contact with in-situ
etching. After, thin pre-made electrodes topped with gold is fabricated on the stack on which a CNT of choice
will be placed with the CNT transfer setup. The end product is a device where the CNT is electrically isolated

from but still in close proximity to the Gr.

for removing the nearby impurities such as polymer residues. The observation during current anneal
is that while holding the voltage bias constant, the current along the CNT will increase on its own.
CN'Ts with initial contact resistances on the order of a hundred of MOhms have been reduced to low

hundreds of kOhms.
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Everything we bear is an opinion, not a fact. Everything

we see is a perspective, not the truth.

Marcus Aurelius

Relativistic Analogue in Graphene

Near the charge neutrality point of graphene, the energy dispersion of electrons is linear and hence
light-like. This is a result of the electrons’ equation of motion being mathematically analogous to
the massless Dirac equation which effectively renders the electrons as relativistic and massless Dirac
fermions. This electronic property allows the unprecedented study of relativistic particles in a con-
densed matter system. In this chapter, the background and theoretical components of two relativistic
phenomena will be addressed. The first is the Lorentz invariance of the Dirac equation, which is the
principle behind the observation of Landau level collapse detailed in chapter 5. The second is the

atomic collapse, which is a phenomenon analogously reproduced in graphene and a brief connection
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will be shown in chapter 6.

4.1 RELATIVISTIC ELECTROMAGNETISM IN A NUTSHELL

We are all accustomed to imagining things in three spatial dimensions which is described by 3-vectors.

In this formalism the governing equations of electrodynamics— Maxwell’s equations, are written as:

v.E=" (Gauss’s law), (4.1)
€0
V-B=0 (Gauss’s law for magnetism), (4.2)
0B
VxE= o (Faraday’s law), (4.3)
OE
V x B = pyJ + Hoo (Maxwell-Ampere’s law). (4.4)

In 1905, Einstein published the theory of special relativity that embodied and unified many of the
theoretical and experimental results on light obtained by various notable scientists. In his work, Ein-
stein postulates the following:

1. The laws of nature are identical in all inertial frames of reference.

2. The speed of light ¢ is the same to all observers at rest in inertial frames of reference.

These two statements are the postulations of special relativity and a direct consequence of maintain-
ing the validity of the postulations in our physical laws is that the spatial and temporal dimensions
must be interwoven. This four dimensional space where time is merely another dimension just like
space is called spacetime. In the special case where spacetime is flat it is called Minkowski spacetime.
Generically, spacetime can be curved but one can safely assume that locally (especially here on earth)

spacetime is flat and this will be the assumption throughout the thesis.
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The validity of special relativity has been demonstrated numerous times and it is inarguable that
the world we live in is relativistic. With this thought in mind, Maxwell’s equations can possibly be
cast with a different and perhaps a more accurate perspective. Make no mistake, Maxwell’s equations
are correct as they stand but concealed in these equations is a deeper manifestation of the relativistic
reality we live in. As shown by Lorentz (and a few others), Maxwell’s equations are invariant under
the Lorentz transformation. This is to say, the equations, when Lorentz boosted to another moving
inertial frame, retain the exact same mathematical form. Looking at the equations directly, it is hard to
see this Lorentz invariance. Therefore, there is an advantage in being able to write out the equations
that immediately show Lorentz invariance, and this is simply done by writing out the equations in a
Lorentz covariant form, i.e. in terms of four-tensors. If this is possible, we say that the equations are
Lorentz invariant.

Quantities that are expressed in 4-vector form automatically satisfy Einstein’s postulates of relativ-
ity because by definition a 4-vector is a set of four numbers that transform according to the Lorentz
transformation. The interval defined by the 4-vector is invariant, i.c., they are the same across differ-
ent inertial frames of reference. The magnitude of the 4-vector is the interval and is called the Lorentz
invariant, or Lorentz scalar. The 4-vectors are formulated based on the foundation of the Minkowski

spacetime where space and time are treated at the same level. Below we list several relevant ones in
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. . *
their contravariant forms:

r® = (ct,r) (four-position), (4.5)
% = 1o \Y% (fe dient) (4.6)
=\ zap our-gradient), 4.

p* = <i, P (four-momentum), (4.7)

J* = (pc,J) (four-current), (4.8)
o w

k™= . k (four-wavevector), (4.9)
a_ (¢ .

A" = = A (four-potential), (4.10)

where the indices correspondence goes as: {t,x,y, 2} = {0, 1,2, 3}, which is to say, index 0 corre-
sponds to the temporal dimension and indices 1, 2, 3 are the spatial dimensions (coordinates of the
3-vector). Regarding describing electromagnetism in Minkowski spacetime, or in any model for that
matter, there is a need to express the four-potential in terms of the electromagnetic fields because fields

are the more physically enlightening quantities. Using the following fields’ relations with the poten-

"Contravariant and covariant vectors are projected onto bases that are orthnormal to one another. As a
result, a contravariant vector has coordinates (denoted by superscripts) that scale inversely to the basis’ length
while a covariant vector has coordinates (denoted by subscripts) that scale together with the basis’ length. There
is a need to distinguish contravariant and covariant 4-tensors because together they contain information about
the geometry of spacetime. In the case of curved spacetime, where the metric is no longer as simple as equation
4.21, the use of contravariant and covariant 4-tensors become critical. In this thesis, however, we will only deal
with a flat spacetime, in which case there is limited reason to use contravariant and covariant vectors except as
a bookkeeping device (which can be useful because they follow different Lorentz transformations), as well as
to follow convention in the field of relativity. Ultimately, what we want to show is that the Dirac equation
is Lorentz invariant and following convention will be important as one will see. For the mystified reader, the
vectors we usually deal with is contravariant. The covariant vector is the one that can contain extra information.
Regarding the 4-vectors, in flat spacetime, going from contravariant to covariant the spatial indices acquire a
negative sign relative to the temporal index. For more information on the application of this mathematical tool
in relativistic electrodynamics, the reader is referred to the cited reference. 66
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tials:

B=-2Y vy (410)
B=VxA, (4.12)

and writing out the fields explicitly in terms of the four-potential coordinates, one can see a symmetry
arise in the way both electric and magnetic fields can be written out. It turns out that both fields can

be encompassed in one entity which is a four-tensor conventionally called the electromagnetic field

tensor: ~ _
E, E E,
0 -= = -=
E
E o -B, B
FY% =54 — 9% A* = E ° Y (4.13)

% B, 0 -B
EZ
E B, B, 0

Another 4-tensor can be concocted to compliment the electromagnetic field tensor and this other 4-

tensor is called the dual electromagnetic field tensor:

0 B, B, B,
Ez Ey
1 5 _B:t o e
Gag = 5eapysl’” = . ‘ Ec : (4.14)
-B =z 0 Zx
Yy c c
E E
-5, & B
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which is written in covariant form and where €35 is the Levi-Civita symbol given by:

+1 if {30} is an even permutation of {1, 2, 3,4}

Capys = § —1 if {afy0} is an odd permutation of {1, 2,3, 4} > (4.15)

0 otherwise

To wrap up the discussion on 4-tensors: 4-tensors of any rank (where a 4-vector is a 4-tensor of
rank 1) all transform from an inertial frame to another according to the Lorentz transformation, i.e.,

they are all Lorentz invariant. In the contravariant case:
S = [P, 8" (4.16)

and in the covariant case:

S = (LYL )5 Sn s (417)

/ . . . . .
where S and S are any four-tensor in the lab and moving inertial frames respectively. The Lorentz

transformation matrices for a boost in the x direction are given by:

vy —2v 0 0 vy v 0 0

o |7y v 00 la vy 000
L B = ’ (L 1) 8= ) (4 18)

0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1
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where v is the speed of the moving inertial frame and the Lorentz factor is given by:

V= —, (4.19)

which should not be confused with the gamma matrices 7* and ~; (contravariant and convariant
forms) which are identified by the presence of superscripts or subscripts. Note also that it is com-
mon to define 5 = v/c but we will refrain from doing this here to avoid confusion with the Greek

letter indices. To go from contravariant to covariant, the following operation is followed:

6...
Soz,@ = Ga~9p6--- S7 ) (4'2'0)

where in the flat Minkowski spacetime (assumed in the entirety of this thesis), the metric is given by:

1 0 0 O

ap 0 -1 0 0
Jop =9 = (4.21)

0 0 -1 0

The reason behind coming up with the two electromagnetic field 4-tensors is three-fold. First, the
electromagnetic field tensor tells us how electric and magnetic fields transform from one frame to
another and here we see that the two fields are completely intermingled. When we move from frame
to frame, even when we start off with an electric field and no magnetic field in one frame, we may end
up instead with only a magnetic field and no electric field in the other. The electric and magnetic field

really is just one entity with different manifestations. To see how the fields transform, we perform the
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Lorentz transformation operation on the electromagnetic field tensor as in equation 4.16. With some
. . / . .
tedious math, for a Lorentz boost from the lab frame (.S) to the moving frame (.S") traveling at velocity

v, we have:

E| =E, E| =(E; +v xB),
, , 1 (4'22)
BH:BH7 BJ_:’}/<BJ_—CQV><E>.

For the second reason, Maxwell’s equations can now be transcribed in terms of the electromagnetic

field tensors as follows:

O, FP = 11y J”, (4.23)

9,6 =0, (4.24)

This set of two equations encompasses all four of Maxwell’s equations and here we see how Maxwell’s
equations belong in the four dimensional spacetime. The significance of this is, since Maxwell’s equa-
tions can be expressed in a covariant formulation, Maxwell’s equations must be Lorentz invariant. For
the third and final reason, the electromagnetic field tensors are used to determine the field-associated

Lorentz invariants. Using the two tensors, we arrive at the following Lorentz invariants:

2

52
FaﬂFO"B = invariant = 2 <32 — c)’ (4.25)

4
FaﬁGa’B = invariant = fEE -B. (4.26)

The first invariant tells us that if the magnetic field energy is greater than the electric field energy in one

frame, then this will hold true in all other reference frames. The same applies for the opposite case. If
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B < E/cin one frame, then B < E/c for all frames. For the case of light where the magnetic field
energy is equal to the electric field energy, the invariant is zero which means B = E/c for all frames.
The second invariant tells us that if E and B form an acute (or obtuse angle), then they will make an
acute (obtuse) angle for all frames. In the particular case of E - B = 0, not only will the fields be
perpepndicular, but one can always find a reference frame in which £/ = 0 or B = 0 depending on
B* — E*/¢* <or> 0, ie., the field will become either purely magnetic or purely electric.°® The
implications of these two Lorentz invariants will serve as the benchmark tests for verifying whether

Gr electrons fall under the relativistic category. This topic will be investigated in chapter s.

4.2 BRIEF TIMELINE LEADING UP TO THE FULL-FLEDGED RELATIVISTIC QUANTUM

THEORY

The dawn of quantum theory took place throughout the 1800’s when many opposing propositions
regarding the theory were made. Along with the propositions were discoveries that only gradually
hinted at the existence of the quantum world (or more correctly, the atomic world. The idea of quan-
tization did not exist till later). Itis the turn of the twentieth century that the majority of significant
findings occurred, allowing the quantum theory to truly take form.

In 1900, Max Planck postulated that electromagnetic energy could only be emitted in quantized
form (later termed photon) and in multiples of h— Planck’s constant. This constant put the devel-
opment of quantum theory onto a road-map and serves as the very foundation that all of quantum
theory rests upon. In the ensuing short period of time the world would see a flurry of experimental

and theoretical discoveries but it was 1924 when Louis de Broglie proposed the idea of wave-particle
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duality through his most famous equation:

A= ) (4-27)
p

that further catapulted the quantum theory into prominence. Here, A is the de Broglie wavelength, p
is momentum and h is Planck’s constant as mentioned. This equation, which states that anything that
has a momentum will also have a determinable wavelength, is arguably one of the most influential in
physics because it inspired Erwin Schrédinger to come up with one of the most important equation

in the history of man-kind— Schrédinger’s equation:

2
ihg\I/(r, t) = n

2
5 Vo+V(r,t)|¥(r,t), (4.28)

C2m

where i = h/2m is the reduced Planck’s constant, m is the mass of the particle of interest, V (r, t)
is the energy potential the particle experiences at a given position and time, and finally, ¥(r, t) is the
wavefunction— a quantity whose squared amplitude tells us directly the probability of finding the
particle at a certain position and time. This equation can be simply viewed as a restatement of energy
conservation but in the language of quantum mechanics. The left-most term yields the total energy,
the first term on the right hand side yields the kinetic energy and the last term yields the potential
energy. Published in 1926, this equation holds tremendous importance as it completely revolutionized
our understanding of the universe. Our world, as we know it, is not deterministic but probabilistic!
The equation, however, is not completely general as it only describes non-relativistic particles.
During the rise of quantum theory, Albert Einstein introduced the theory of relativity in which
one of the main takeaway points is that time is merely another physical dimension like space and they

all belong to a greater common entity called space-time. There is no reason why one dimension should
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be treated differently then any other. But if we look at Schrodinger’s equation we can see that spatial
derivatives are second order whereas the time derivative is of first. This suggested that space and time
were treated differently in the quantum theory and that some sort of reconciliation between space and
time was required.

In 1928, Paul Dirac successfully combined the concepts from the theory of relativity with the ones
from quantum theory and the result was the Dirac equation. This equation is essentially a modified
Schrédinger’s equation and is able to describe accurately the effects a particle experiences due to relativ-
ity which becomes more prominent as the particle travels closer to the speed of light. It is interesting
to note that in his attempt to find the Dirac equation, Paul Dirac simply treated the problem at hand
as a mathematical one and solved it via mathematical manipulation, much like his predecessor Erwin
Schrédinger who also arrived at his equation through mathematical trial and error. The physical in-
terpretation only came after.

The root of the Dirac equation is Einstein’s energy-momentum relation formula which was derived

in Einstein’s special theory of relativity and is given by:

g2 = p202 + m204, (4.29)

where € is the energy of the particle, m is the rest mass of the particle, cis the speed of light and p is the
momentum of the particle. By employing the concept of first quantization, which indirectly means

transforming observables into operators that can act on a wavefunction, where

€ =th—, p=—ihV, (4.30)
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we acquire the following transformed energy-momentum relation:

282\1/(1'7 t)

—n
ot?

= (= B2V +mP)U(r,b). (4.31)

This equation is known as the Klein-Gordon equation and is fundamental to the understanding of
modern quantum theory (such as quantum field theory) where the treatment of Bosons (integer spin)
is more prevalent and where this equation is more applicable. The use of this equation, when it comes
to condensed matter systems which are dominated by fermions (half spin), is rather limited however.
At the time when Paul Dirac was facing this equation, his intention was to transform the spatial and
time derivatives to first order. The reason behind this was that the Klein-Gordon equation yielded
seemingly unphysical solutions due to it being second order, i.e., it allowed negative probabilities (al-
though the interpretation behind the seemingly unphysical solutions was later on resolved by Richard
Feynman 7). His solution to transforming the equation into a first order equation (by taking square
root of both sides of the equation perfectly) was to convert the equation into a four component matrix
problem. He introduced a four-component wavefunction and 4 X 4 matrices that would allow him

to properly take the square root of the operators. The final form he arrived to was:

iha\lfé():’t) = ( —ithca -V + ,BmCQ)\I/(r, t). (4.32)
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This is the Dirac equation written out in full. The matrices he introduced were:

1. 0 0 o
/8 = ’ ’ ay = ’ ’
0 —I o, O
. '_ . ; (4.33)
0 ay 0 o,
Qg = ) a3 = )
o, 0 o, 0
where I is the 2 x 2 identity matrix and o are the Pauli matrices given by:
0 1 0 — 1 0
Op = y Oy = y 0z = . (434)
1 0 i 0 0 -1

It is sometimes more useful to cast the original Dirac equation into the Lorentz covariant form (which

implies Lorentz invariance):

(ichy"9, — me®)W(r,t) = 0. (4.35)

This is the Dirac equation in covariant form written in Einstein’s notation, meaning that there is an

implied summation over the twice-repeated index p which takes on the value of 0, 1, 2, 3 and they cor-
. . . -1 . . .

respond to the ¢, 7, y, z dimensions respectively. 9, = (¢~ 0/0t, V) is the covariant four-gradient

and v" are the 4 x 4 gamma (or Dirac) matrices. The matrices (in chiral representation and in con-
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travariant form) are as follows:

0 0 IQ 1 0 (o
Y= y Y= )
I 0 -0, 0
- - - (4.36)
9 0 ay 3 0 o,
7= Y=
—o, 0 -0, 0

Note that there are many other gamma matrices representations. The choices will work as long they

obey the following anticommutation relations:

V7Y =1 A =29 (437)

where g"” is the metric tensor and I is the 4 x 4 identity matrix. This anticommutation ensures
that the square root of the operators is possible. The eigenvector for the Dirac equation is the four

component wavefunction:

Wy p(r, 1)

g r
U(r,t) = #) , (438)

where the entries from top to bottom correspond to: particle with up spin, particle with down spin,
anti-particle with up spin, anti-particle with down spin; and the eigenvalue is simply Einstein’s energy-
momentum relation given by equation 4.29. The discovery of this equation revealed tremendous
amount of untapped information about our world at the time. Its prediction of the existence of par-

ticles and anti-particles as well as spin were hysterical notions that only proved that we knew basically
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nothing. The birth, rise, crystallization of the quantum theory and leading up to now the utilization
of it in commercial products such as the quantum computer is an amazing non-fiction. And all this is
happening in just a century. To be able to learn and now witness the development of such an abstract
field has been extremely awe-inspiring.

So far the written equations are for 3 + 1 dimensions (three spatial and one temporal). In antici-
pation of dealing with graphene, we shall move on to its 2 4- 1 dimensional and massless counterpart.

The equation becomes:

(icha"d,)(r) =0, (439)

with o, = ¢/ for p = {0,1,2} < {t,z,y} and 6y = i0,. The cigenfunction becomes a two-
component spinor with each component corresponding to particle and anti-particle (see appendix A
for details on the wavefunction and how it relates to Gr’slattice). The gamma matrices have essentially

been replaced by the Pauli matrices which follow the same anticommutation relations:

{Uua Uu} = 0,0y + 0,0, = 212 (4'40)

Like the 3D case, this anticommutation allows the square root of the operators to be taken but in
2D and like the gamma matrices, there is more than one way of designating the Pauli matrices. The
important point here is that the Dirac equation retains its Lorentz covariant form meaning that the
equation is still Lorentz invariant in 2D. In the steady-state case we are forced to relinquish the covari-

ant formulation and the time independent 2D massless Dirac equation becomes:

co -p¥(r) =ec¥(r), (4.41)
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which we can see has a Hamiltonian that is identical to Gr’s except v is replaced by ¢ (see equation
7). Here p = hq = N(q,, q,) = —ih(0;, 8y).*

The mathematical similarity here means that the equation of motion of Gr electrons is the same
as that of massless Dirac Fermions— apart from their speeds. Bear in mind that Gr electrons are still
traveling at only ~ ¢/300 which is nowhere near relativistic speeds. So more accurately speaking,
these electrons are pseudo-relativistic but this does not detract the equivalence in their observable
behaviors— and this equivalence is one of the most outstanding property of Gr and has been put
to the test in numerous occasions. One of the most significant experiments that substantiates the

pseudo-relativistic nature of Gr electrons is Klein tunneling.

4.3 KLEIN TUNNELING

A big part of this work is to study the effects of a one dimensional potential on the massless Dirac
fermions, which is analogously provided by graphene in the low energy limit. This problem can be

transcribed into the following Hamiltonian:

H = hop(o - q) + V (@), (4.42)

where o = (0, 0,) are the Pauli spin matrices and q = (g, q,) are the momenta with respect
to the Dirac point in the , y directions only (see appendix A for more information regarding Gr’s
Hamiltonian). More importantly is V'(x), the external one dimensional potential. The profile of
this potential must be considered very carefully. The above Hamiltonian is rendered inapplicable to

the massless Dirac fermions of Gr when V() is atomically sharp. This is because once the potential

* . . . .
The massless Dirac equation is more accurately known as the Weyl equation.
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becomes atomically sharp Gr is no longer blind to the two sublattices of graphene, i.e. sublattice A
and B can behave differently under the same potential. In the presence of atomically sharp potentials,
one would have to consider intervalley mixing and it will become necessary to consider the full Gr
Hamiltonian as opposed to the low energy limit and linear regime of the Hamiltonian. This will
cause us to deviate from the original problem we want to pursue.

To retain the Dirac equation of Gr we have to operate under this condition:

FL’UF
lp =4 ———— ) .
E ‘VV(I')‘ > Qg (4 43)

I is a length that defines the sharpness of the potential barrier.* V' (r) must be smooth varying com-
pared to the carbon-carbon bond length (a,).

In the following, we will briefly address the mathematical description of Klein tunneling. We will
always assume that Gr retains its linear and low energy limit Hamiltonian, hence implicitly assuming
the smoothness of the potentials with respect to the atomic length scale. This assumption can aptly
be applied to our CNT-Gr hybrid device. Our CNT is on the order of ~ 1 nm wide in diameter. The
closest separation between the CNT and Gr is 4 nm. Considering these two parameters, as one shall
see in our electrostatic simulation, the shortest span of the potential barrier side wall will roughly be
lg 2 4nm. Thisis over hundreds times larger than the carbon-carbon bonding distance (a.. ~ 1.42
A) and so we are safely in the smooth potential regime always. Under this smooth potential regime,
there exists a sharp and smooth potential relative to the Fermi wavelength. As we will see, the two

yields different behaviors.

102



Electron Picture Hole Picture

A A
€ €
AV
p ar q > — . q =
.|
; .-.. L) A
:: 4 “‘
:. “‘
.. “
.. “

(-lel.-lal.-lel.-[m[.+|v]) ~ (+[el.*|ql.+|el,+[m],+|v])

Figure 4.1: Illustrations to show the distinction between electron and hole. The left shows a valence band with
amissing electron. The dynamics of the whole valence band in the electron picture are given by all the occupied
states. The right shows a hole in a hole band. This hole describes completely the dynamics of the whole partially
filled valence band.

4.3.1 CLARIFICATION: ELECTRON vs HOLE

Whenever there is a need to address both valence and conduction bands (or excitations of electron-
hole pairs about the Fermi level), there is a natural need to use the electron and hole concept. Often
times we find ourselves confused when describing the state of a missing electron and a hole. The two
are different and below we will elucidate the difference.

Unfilled bands contribute to the overall electrical dynamics of a solid. For a valence band with
missing electrons, a.k.a. partially filled valence band, the dynamics of this particular band is given
by all the electrons occupying the band. To calculate the electrical current from this band would be
extremely inconvenient. To facilitate describing the dynamics of a partially filled valence band, we can

introduce the concept of a hole.
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Looking at figure 4.1, we have in this case a charge neutral graphene where we shall call the energy at
the chemical potential ¢ = 0. The state that the missing electron in the valence band would otherwise
occupy has these dynamic properties (stated in terms of polarity): (—|e|, —|g|, —|e], —|m]|, +|v]).
To speak in terms of holes, we need to first have a constructed hole band in mind which is created
through these relations (only valid for symmetric conduction and valence bands, which is the case for

graphene):

Ep = —Ee; (4.44)

k;, = —k, (4.45)

where the subscript i and e refers to the hole of the hole band and the missing electron of the partially
filled valence band respectively. This simply means that the hole band is an inversion of the electron
valence band in both energy and momentum space. Here, k refers to the crystal momentum with
respect to the origin of the Brillouin zone and the above relation applies to the full graphene BZ. In
forming the hole band for graphene, one will see that q = k — K (the electron crystal momentum
respect to the Dirac point) rightfully becomes —q (the hole momentum in the hole band). The re-
maining properties such as effective mass and velocity is given by the same original equations except
applied onto the hole band. Note that the number of holes corresponds to the number of missing
electrons in the partially filled band. As for the electric charge of the hole, it is positive and this is so
that the equation of motion for the hole stays consistent with the equation of motion for the partially
filled band that the hole is replacing. ®® To summarize, the dynamics of the whole valence band with
the missing electron behaves exactly as though it were a single hole particle in the hole band occupying

the state: (+|e, +|ql, +|e|, +|m|, +|v]). Care must be taken to distinguish electrons in the valence
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band and holes representing a valence band with missing electrons.” Finally, keep in mind that there
is no real particle associated with a hole. It is a quasi-particle manifested by the combined behavior of

all the electrons in a partially filled band.

4.3.2 1D KLEIN TUNNELING THROUGH DIFFERENT TYPES OF POTENTIALS

Using the equation of motion in Heisenberg’s picture, the velocity operator for graphene in the low

energy limit around the K valley is given by:

dr 1
vV = % = ﬁ[H’ I‘]
= %[hvpa -q, 1] (4.46)
= Vp0,

where o is the usual Pauli spin matrix operator which commutes with r and q is the momentum with
respect to the Dirac point and has the usual commutation relation with real space position. From this
we can see that the direction of velocity is given by graphene’s pseudo-spin and the magnitude is its
Fermi velocity (as for the K’ valley, the velocity operator is given by ™ instead). The average velocity

of a particle with momentum q is then:

v =(¥(aq)|vpo |¥(q))
(4-47)
= :|:'UFi

la|’

* . . . . . .
In general, one is better off not mixing pictures for a given band; however, in some cases such as Andreev re-

flection, there is a natural need to incorporate the idea of both electrons and holes within the same band. In this
particular case, electrons and holes are similarly defined but with respect to the Fermi level that lies inside a band.
This serves to distinguish particles above and below the Fermi level; however, in this thesis, this phenomenon is
not relevant and there is no need to worry about mixing electrons and holes in the same band.
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where positive and negative are for conduction and valence band electrons respectively. Note that this
is the same for the opposite valley. Expectedly, the semiclassical approach for calculating group velocity
(v = (1/h)0e /Ok)yields the same information though one needs to note that the semiclassical group
velocity is intended for a wavepacket whereas the Heisenberg picture describes a quantum mechanical
single particle.

Next up is to see whether the velocity, or equivalently the psuedospin, of the electron is conserved
over time as it traverses the potential barrier. In the presence of a 1D potential V' (), the time evolu-

tion of the  component velocity operator in Heisenbeg’s picture is:

dv, 1

pr ﬁ[H, Vg
- %[nvpa q+ V(x),vp0,] (4.48)
= 2v%ozqy.

To find the value of g, we note that because of translational symmetry in the y direction, we have:

dqy g

E = ﬁ[Hv Qy] = 07 (4-49)

50 @, is a constant, i.e., ¢, (t) = ¢,(0). And so if we take g, = 0, which means the incident electron
is heading perpendicular to the potential barrier, the velocity of the electron will not change— it will
penetrate through the barrier without fail. This is also referred to as conservation of pseudo-spin.
The perfect transmission at angles perpendicular to the potential barrier is a robust feature regard-
less of the potential type and is a true testament to Gr electron’s analogous behavior with relativistic
particles. Its general transmission characteristics such as the transmission angle dependence, however,

will have to be calculated differently depending on the potential barrier profile. For a sharp potential
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.. .. . . 69
where [, < A, the transmission behavior is solved following the quantum tunneling treatment.

By imposing the continuity conditions on Gr wavefunctions spatially across the junction, for a bipolar

sharp potential step we have:

9 cosbcost,
’T(0)| - Sjn2 <%> I (4-50)
2
where 0 is the incidence angle away from the normal angle and the transmission angle is:
0, = sin” ! (Vgesirﬁ) + 7. (4.51)
b —

The details of the sharp potential is inconsequential to the result. The tunneling mechanism is solely
reliant on the conservation of Gr’s pseudo spin and the existence of matching energy states after and
before the potential step. Strictly speaking, this is not a tunneling effect because there is no classically
forbidden region and there is no propagation of evanescent waves.”*
For a bipolar smooth potential step where [, 2 Ap, the scenario was treated via method of least
action.”" The transmission probability for the smooth potential is:
’T(G)F _ e—wthqi/eE _ €—7quwsir1207 (4‘52)
where in the last step we have assumed the potential drop at the barrier to be linear and goes as
¢ = elw, w being the potential drop distance. For the tunneling across a smooth potential, it is
shown that at non-head-on angles the tunneling relies on evanescent waves propagation and hence is
more in line with actual quantum tunneling. The transmission probabilities of the sharp and smooth
potentials are compared and contrasted in figure 4.2. For both sharp and smooth potentials, the trans-

mission is perfect if the angle of incidence is zero as expected. A key difference between them is that

107



for the sharp potential case, transmission is always quite large whereas for the smooth potential case,
the transmission probability dies off sharply away from normal incidence. A key takeaway point here
is smooth potentials have a true collimation effect.

For the transmission coefficient for a square potential barrier (sharp npn or pnp potential), we
follow the same treatment as the sharp bipolar potential. Imposing the continuity conditions on Gr

wavefunctions spatially across all junctions, we get in the low energy limit:

2
cos 6
T(0)° =

= , 4.
1 — cos?(q.d)sin0 (453)

where ¢\,d = —2771\/1 —2(e/Vp) + (¢/Vy)’cos’0 and | = Viyd//2mhwy = Viyd/27.”* Figure
4.3 shows a case for npn tunneling. As an electron goes from the conduction band to the valence band
in the barrier, momentum is flipped but velocity stays pointed in the same direction along x. Thisisa
result of pseudo-spin conservation. Pseudo-spin is flipped going from conduction to the valence band.
The reason velocity does not flip but momentum does is that electric current needs to be conserved
but momentum in the x direction does not. Keep in mind that this whole Klein tunneling process we
are using solely the electron picture.That is, an electron in the conduction band enters a valence band
as an electron, occupying an originally empty state. 7 Itis helpful to think of the valence band as being
empty (though of course it is not) in which case the concept of hole will become out of place. This
electron state in the valence band is then transported across the barrier with an opposite momentum
until it hits the other junction and reverts to an electron in the conduction band.

Figure 4.3b and 4.3¢ show the transmission probabilities as functions of the potential width and
density. In both cases, we see a petal shape form. This is due to Fabry-Perot resonance caused by the

constructive interferences of the waves inside the potential. The condition for a peak in transmission
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Figure 4.2: Klein Tunneling through a bipolar step potential. (a) Illustration of a sharp step potential (corre-
sponding to w = 0). (b) Illustration of a smooth step potential. (c) The transmission probability (Tz) of an
electron from the conduction band to the valence band across a step potential of varying widths (w). The step
height is set to be Vj; = 1€V and the carrier density of the incident electrons is set to be 1 x 10" em ™2 (d)
The transmission probability (T2) of an electron from the conduction band to the valence band across a sharp
(dotted lines) and smooth (solid lines) step potential that is 100 nm wide with varying incident electron carrier
densities.
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Figure 4.3: Klein Tunneling through a npn potential barrier. (a) Illustration of a sharp npn potential (in the
electron picture). (b) The transmission probability as a function of potential width with n = 8 x 107 em ™12

(¢) The transmission probability as a function of carrier density with d = 100 nm. The step heightis Vj = 1&V.
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probability is when the potential can fit the half period of the wave, so the peaks occur when:

g¢pd = 7N, (4.54)

for N being any integer. q’ is the wavevector inside the barrier and d is the barrier width (see figure
4.32). What remains to be addressed is the smooth bipolar potential barrier. It turns out the treat-
ment for this scenario is not straightforward and the transmission probabilities do not have a clean
presentable form. The general behavior, however, can be deduced by putting two smooth pn junc-
tions in sequence and finding the transmission probability across the two junctions. Due to the phase
accumulation within the barrier and the non-zero reflection probability at oblique angles, this results
in a Fabry-Perot behavior as shown theoretically and experimentally.””*

The theory of Klein tunneling will be a core part of physics in the experiment regarding electron

confinement which will be shown in chapter 6. It also has a direct connection to one of the most

well-known problems in high energy relativistic physics: atomic collapse.

4.4 Atomic COLLAPSE

The idea of an atom was first postulated in the early 1800’ by John Dalton. Fast forward a century,
constituents of the atom like the electron and nucleus of an atom were discovered and these discoveries
illuminated scientists towards a more microscopic description of the atom. The first decade of the
20" century saw a flurry of atomic theories that replaced one after another. The general picture finally
took a more settled form in Bohr’s model which was built upon the initial foundation of quantum
mechanics and described electrons as having stationary orbits around a positively charged nucleus.

Over time, with further development of quantum theory taking place, Bohr’s model became more
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refined and mature. Shortly after the rise of Dirac’s equation and its application to the atomic theory,
the atomic behavior became unprecedentedly consistent with experimental results. However, a glaring
problem also arose which initially was termed a “catastrophe”.7S It begins by simply solving Dirac’s

equation with a Coulomb (or central) potential:

(cac-p 4 Bme?) — 2| o) = o). (459

The equation describes the hydrogen-like atom with atomic number Z and the solution is:

S

(Zay
(=11 -3/ (5+2) - Zor?)’

Examining the 15 state case where n = 1 and J = 1/2 (single spin), the catastrophe was if Z, the

e = me® |1+ (4.56)

atomic number, became larger than 1/a ~ 137, where « is the fine structure constant, the energy
becomes imaginary. This behavior was not well understood and for decades theorist sought for ways
around the problem. By taking into account the finite size of the nucleus, they were able to push the
condition at which the catastrophe occurs to Z = 172 but they were unable to get rid of it com-
pletely. Eventually, after the discovery and acceptance of the existence of positrons which constituted
the Dirac continuum, a physical interpretation came for this catastrophe and the phenomenon was

. 6,
termed “atomic collapse”.””””

4.4.1  SEMICLASSICAL PICTURE OF ATOMIC COLLAPSE

Atomic collapse can be best seen through the semiclassical perspective as shown in figure 4.4. In the

non-relativistic case, the total energy of the orbiting electron is the sum of the kinetic energy (blue
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Figure 4.4: Comparison of the hydrogen atom energy in the non-relativistic and relativistic case. (a) shows
the non-relativistic case. Summing the kinetic and potential energy results in a energy profile that has a energy
minimum at g, the Bohr radius. (b) shows the relativistic regime. The kinetic energy is replaced by Einstein’s
relation and depending on the value of Z, there can either be a stable solution yielding the corrected Bohr radius
or one that tells us that the electron is more energetically stable at the nucleus. The latter behavior is the atomic
collapse.

. 2 . . .
curve) which has a 1/r“ dependence due to the zero point energy (restatement of Pauli’s exclusion
principle) and the potential energy coming from the electrostatic attraction to the nucleus which has
a —1/r dependence(orange curve). The total energy comes to the following:

72 Ze?

" dmegr (457)

This total energy has a minimum at a distance called the Bohr radius which dictates the size of the

atom and is given by:
_ dmeg K

To = 2 (4.58)
me
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Turning to the relativistic case which is much more relevant when atoms become heavier, the kinetic

term is replaced by Einstein’s relation and the energy equation becomes:

2
2 Ze

r dmeqr

(4.59)

This energy equation nets you two behaviors. If the atomic number Z is below 1/, where v is the
fine structure constant, an energy minimum exists at a finite distance away and this is the corrected
Bohr radius (see gray curve in figure 4.4), butif Z is greater than or equal to 1/, the minimum exists
at nowhere but at the center of the nucleus (yellow curve). This second behavior indicates that if the
atomic number becomes higher than ~ 137, the electrons would spiral into the nucleus and the atom
would collapse. By taking into account the finite size of the nucleus, the threshold at which atomic

collapse would happen is predicted to be when Z = 172 and this condition is termed supercriticality

76,77
2oy

4.4.2  SIGNATURES OF ATOMIC COLLAPSE

Focusing on the behavior of the 1s” state, (whose behavior can be extended to other higher energy
states) as Z increases the orbit of the electrons would begin to shrink (figure 4.4.1b and ¢). Once
the atom reaches supercriticality, the orbit size becomes on the same order as the nucleus size (~ 1.6
fm). The 15 bound state ceases to exist and this is meant by the state no longer being as localized as
before. The originally bound state mixes with the negative energy continuum states and spreads out
energetically in width to the order of I" (see figure 4.4.12). In quantum electrodynamics, the vacuum
can be interpreted as the negative energy continuum called the Dirac sea. In this nomenclature, the

vacuum now contains —2e charges hence the notion of a charged vacuum. The charged vacuum only
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Figure 4.5: Atomic Collapse theory Graphs and illustrations. (a) the single Dirac Fermion energy as a function
of the nucleus charge (Z) it is orbiting. As Z increases above the critical threshold marked by Z,, the energy
states begin to dive into the negative energy continuum one by one. (b) the wavefunction of the electron orbit
plotted for different Z. As Z goes up, the atomic size, denoted by the maximum of the wavefunction, tends
towards the size of the nucleus ~ 1.6fm. (c) plot of the maximum of the wavefunction as a function of Z,
which illustrates the rapid shrinking of atomic size. (d) the vacuum around the nucleus gets charged linearly
as Z goes above Z . (e) and (f) are pictures showing the undercritical and overcritical cases respectively. In the
overcritical case, the vacuum immediately outside the nucleus is charged and hence screens the fields from it. All
pictures are adapted from the work by Greiner et. al.”*”’
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increases in units of —2e and this is because each state is spin degenerate and can hold two charges. A
spin degenerate empty state that dives down into the negative energy continuum will also charge the
vacuum with —2e. The interpretation is as follows: as soon as an empty bound state mixes with the
negative energy continuum, electrons from the occupied continuum levels will spontaneously fill the
empty bound state and leave holes in the continuum. These holes are positively charged positrons that
get repelled by the positively charged nucleus and escape into infinity. The originally charge neutral
vacuum is now two negative charges more than neutral. With this, the vacuum charge only increases
in units of —2e. The precise increase of vacuum charge depends on which state dives into the negative
continuum. This is better shown in figure 4.4.1d. The formation of charged vacuum then serves to
screen the nucleus and so looking from away the nucleus, we would only be able to detect a maximum
nucleus charge Z,. This effectively means that in the theory of quantum electrodynamics the point
charge cannot be larger than 7. = 172. s

The signature behaviors of atomic collapse can all be deduced from the atomic solution (equation
4.56) and these are summarized in figure 4.4.1a. From the hydrogen atom solution, in the case when

Za > j,i.e. past the supercriticality threshold, the energy can be recast generically into two terms:

eg = —¢o +il. (4.60)

€0 is the position of the energy levels of the bound state and I is the imaginary component of the
solution and refers to the lifetime of the collapsed state. When the bound state dives into the nega-
tive continuum, the state does not decay away completely but maintains a resonant behavior with the
negative continuum states. This is represented by the spreading of the energy level across the contin-

uum. This spreading can be detected physically by optical absorption spectroscopy.”” The inverse of
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this energy width gives the timescale for the unstable neutral vacuum to decay into the stable charged
c. . —19 8o
vacuum. This time scale is on the order of 10 7 s.

The energy behavior of the collapsed state is:

520 ~ (2 — Z,). (4.61

This is known as the linear diving of states, i.e. states once collapsed will continuously dive down in a

linear fashion towards negative infinity. The lifetime behavior is:

L'~ (Z - Zcr)27 (4'62‘)

which is known as the quadratic scaling of lifetime.””

In attempt to observe atomic collapse, scientists have gone to particle accelerators to bombard
atoms to artificially engineer heavier atoms. To date, the heaviest atom ever created is Oganesson with
Z = 118.% This is far from supercriticality and the possibility of ever observing it seemed grim. Gr,

however, can possibly bring light to the seemingly futile prospect of observing atomic collapse.

4.5 Atomic COLLAPSE-LIKE RESONANCES IN GRAPHENE

Graphene provides particles that behave analogously with relativistic particles. This fulfills the one
main requirement for observing atomic collapse. In atomic collapse a limiting factor is the fine struc-
ture constant because it dictates the threshold of supercriticality. In vacuum o ~ 1/137. In Gr, the
effective fine structure constant is g, ~ 1. This means that the condition of Zav > 1 to reach super-

criticality becomes roughly 137 times easier to attain if atomic collapse were to happen in Gr. Theoret-
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ically, it means that if Gr carriers are subject to a Coulomb type potential with a charge Z = 1e, the
carriers would collapse into the center of this potential. The difficulty here is, how do we observe this
phenomenon in a condensed matter system? The one signature that can be probed is the resonance
in the negative energy continuum. This resonance translates to a peak in density of states in the hole
band of Gr if electrons were collapsing. An experiment along this line of thought was performed by
Wang et. al.™ In their experiment, they placed Ca ions on top of Gr. These ions acted as impurities
that they can move around with their scanning tunneling microscope (STM) tip. After moving three
Ca together, they saw that the local density of states (LDOS) around the cluster of Ca developed a

peak in the hole band. This provided the first evidence for atomic collapse-like resonances in Gr.

4.6 1D CONFINEMENT IN GRAPHENE AND ITS CONNECTION WITH ATOMIC COLLAPSE

A similar experiment can be performed in our hybrid CNT-Gr device but the initial premise is com-
pletely different. In our hybrid devices, the CNT can serve as a 1D gate and the Gr as a high mobility
2DEG whereby this hybrid system as a whole can be used to study Gr as a quantum electron optics plat-
form. The CNT can create a potential that confines electronic waves in Gr and possibly guide them
throughout the 2D plane like a nano-photonics waveguide. This is to further the progress in the field
of Gr plasmonics and will be the central topic in chapter 6. However, in the vein of Gr electrons being
analogous to relativistic and massless Dirac Fermions, we can consider the system as a means to address

the 1D atomic collapse problem. The governing equation of this hybrid system is:

(hvre - p+ Vonr ) 0(@) = eth(a). (+:63)
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Figure 4.6: Electric potential simulation of 1D wire over 2D metal. (a) wire is at 1.5V and 5 nm above metal
plane. (b) wireisat 1.75V and 7 nm above metal plane. (c) wire is at 2V and 10 nm above metal plane. Compar-
ing the potential contour in (a) to (c) we see the potential at the 2D plane becomes wider as the wire is farther
away from the 2D plane. (d) shows direct comparison of potential profiles for different physical configurations.

Here we can choose the electrostatic potential generated by the CNT to be the same as one given by

the potential created by a charged wire:

Ne? L

Vi = |
N = onLege, /a2 4 &

(4.64)

where L is the length of the CNT, NV is the number of charges in the CNT, d is the distance between
the CNT and Gr and ¢, is the dielectric constant of hBN— the spacer between CNT and Gr. Note

for the line potential we chose arbitrarily for z = L to be the reference potential (i.e. V(x = L) = 0)
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Figure 4.7: Potential depth due to carbon nanotube charging. The carbon nanotube can be charged with a
known number of charges. The plot shows a conductance of a carbon nanotube as a function of gate voltage.
Increasing the gate voltage will cause charges to pile up in the carbon nanotube one by one. Using this knob, we
can controllably tune the potential imposed on graphene. The expectation is once the CN'T becomes charged
sufficiently, graphene carriers will become confined within the potential created by the CNT.

and this is a suitable reference point because L is typically ~ 500 nm which is much greater than the
region the CNT is sensitive to as well as the region of interest. We estimate this region of sensitivity
to be on the order of the full width half maximum (FWHM) of the potential coming from the 1D
wire. Our electrostatic simulations show that the potential due to a 1D wire over 2D plane geometry
dies off quickly beyond the spacer distance (see figure 4.6). This spacer distance is given by the hBN
thickness and in our devices it typically ranges from 4 to 10 nm, which is much smaller than L. This
justifies the chosen form for the 1D potential.

The idea is to then use the CNT as a tunable charge string and as a local probe at the same time. By
gradually increasing the number of charges in the CNT, the potential in Gr created by the CNT can

become deep enough to trap electrons (as depicted in figure4.6). This may result in peaks in density
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of states that the CN'T can detect through the local compressibility measurement. The nature of this
peaks can be interpreted as atomic-collapse like resonances and below we show how this may be the

case.

4.6.1  SIMULATION OF GRAPHENE DENSITY OF STATES WITH 1D POTENTIAL

Figure 4.8 show the simulation of the Gr DOS due to the 1D potential given by equation 4.64. The
calculation is done by numerically solving equation 4.63. In the calculation, the y direction is assumed
to be translationally invariant and the problem is reduced into a 1D problem that extends along the =
axis. With this in mind, the wavefunction takes the form:

P(z) = Ce'®Y “ale) , (4.65)

up ()

where g, is the momentum along the y direction, u4(p) is the weight of the wavefunction on sub-
lattice A(B), and C' is the normalization constant. Plugging the wavefunction into 4.63 we get two

coupled equations:

Opug = ( -4 VCNT) upg + gyl g,
hUF
€
Oyup = E — Vonr |ua — gyua.
The x variable in the equations are first discretized into units of d/10. The coupled equations are
solved numerically with a boundary condition of u4(z = 200 - d) = ug(x = 200 -d) = 1.

The wavefunction is then normalized within the same boundaries. The DOS is given by |¢/(z) %, To

reflect the fact that the CNT is only sensitive to the DOS just below it, we define an effective DOS that
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is the convolution of [¢)()|* with a Gaussian function, similarly done by Peres et. al.” The 2D plots
shown in figure 4.8 are acquired by solving for all € and g, where the two are discretized into units of
hwpm/L and 7/ L respectively.

The simulation shows signatures that are reminiscent of atomic collapse. First, as the charge in
the CNT is increased, a spike-like feature begins to form on the surface of the Dirac cone. The spike
corresponds to a peak in DOS. For the case when the CNT is charged positively (positive V), the
spike forms at the top of the valence (hole) band. As the CNT charge increases further, the spike
begins to dive down towards negative energies while becoming wider. At the same time new spikes
begin to form above and dive as well. This is reminiscent of an electron collapsing into a positively
charged nucleus, after which, the electronic states form a resonance in the hole band that gets wider
and begins to dive down towawrds negative infinity with additional resonances to follow. In chapter
6, we will continue to draw connections between the signatures of atomic collapse and the behavior
of guided modes due to 1D confinement. As a concluding remark, despite the similarities that one
shall see, the hybrid CNT—Gr device only serves as a relativistic analogue that addresses the 1D atomc
collapse problem. Atomic collapse is not actually happening and the 1D atomic collapse analogy we
are drawing is highly nonphysical. It remains to be seen how closely related the behavior observed in

Gr is to the actual atomic collapse.
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Thasnoe, Oesaiime 8Cé ¢ yeAewenuem, 3mo Cmpautno
yrpamaem scusus [It &5 important to do everything with

passion, it embellishes life enormously].

Lev Landau

Landau Level Collapse

The experimental realization of graphene (Gr) and its recent improvements in electronic mobility per-
formance have provided new opportunities to explore effects that were previously inaccessible. One
such effect is Landau level collapse. The low energy properties of Gr are governed by the two dimen-
sional (2D) massless Dirac equation. Under the influence of a sufficiently strong perpendicular mag-
netic field, electrons in a 2D plane will perform complete cyclotron orbits that are localized and have
discrete energies called Landau levels (LLs). These localized orbits give rise to the signature transport
behaviors of the quantum Hall effect such as the insulating bulk and chiral edge states.

Subject to a sufficiently strong in-plane electric field, however, the quantum hall effect can become
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Figure s.1: Semiclassical and quantum mechanical description of Landau level collapse. In (a), the red dotted
and blue line orbits are the cyclotron orbits. At the condition when £ = v B, the electrons following the
red dotted orbits will become deconfined and make extended trajectories following the black line. (b) shows
the energies of the Landau levels. When B > E/v, the Landau levels behave normally (red lines) but once
B < E/vp, the Landau levels will broaden and begin to merge and become an energy continuum (gray lines).

quenched. From the semiclassical perspective, because the deconfinement effects of an in-plane elec-
tric field is in direct competition with the confining magnetic field, once the electric field overpowers
the magnetic field, the originally closed orbit will open up and the electron trajectory will become ex-
tended. Quantum mechanically, the electric field causes the broadening of LLs until the individual
levels begin to completely merge and form an energy continuum. The originally quantized LLs will
become indiscernible and this marks the onset of Landau level collapse.

Previous attempts involved the use of the two dimensional electron gas (2DEG) in Gallium Ar-
senide (GaAs) heterostructures as the testing platform. This 2DEG is typically buried about 100nm
below the surface however. To create in-plane electric field effects, local gates can be deposited on top
of the heterostructure but this meant the gates will have to be far from the 2DEG, therefore limit-

ing the strength and sharpness of the induced potential barrier. This severely diminishes the ability
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to create the necessary electric field strength to observe Landau level collapse. Gr on the other hand
is a naturally exposed 2D electronic platform. With the availability of thin hexagonal-boron nitride
(hBN) as a dielectric separating the local gate, one can create potential barriers that are much narrower
and deeper than before.

In this work, we employ the carbon nanotube (CNT) as a local gate and this even further enhances
the functionality of the Gr test device. The CNT is a 1D wire with a diameter on the order of ~
1 nm. Coupled with the use of a 4 nm thick hBN (the thinnest hBN used in this work), we can
create a potential barrier that is unprecedentedly sharp and deep. Compared to typical electron beam
patterned gates which at best is about 10 nm wide, the CNT is an order of magnitude narrower. More
importantly, the edges of the CNT is guaranteed to be smooth as opposed to gates fabricated through
metal deposition. The electric field emanating from gates with rough edges may not be homogeneous
at the nanoscale and this can complicate the phenomenon.

The main advantage of using the CNT is it can simultaneously be used as a local probe to detect
the formation and disappearance of LLs. This is an extremely useful functionality because with it we
can probe directly at the site where the electric field is strongest. In contrast, in conventional transport
measurements where current detection happens far from the locally gated region, the signature of LL
collapse may become obscured due to the spatial remoteness of the phenomenon and the analysis may

not be as precise.

5.1 CONNECTION WITH RELATIVITY

The electric field causes the broadening of the discrete Landau levels and the peak-like levels begin to
overlap until the spectrum of DOS loses its fast oscillating structure. The rate at which this happens

as the field approaches the critical field is alarmingly fast (as we shall shortly see). Effectively, it is as
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though the magnetic or electric field has suddenly vanished and transformed into the other. This is
reminiscent of the vanishing field effect due to the Lorentz invariance of the equation of motions of
relativistic particles (see equation 4.25). It is worth it to note that in non-relativistic systems where
Galilean transformations take place, the behavior is completely different. In the presence of perpen-
dicular electric and magnetic fields, a Galilean transformation can be used to eliminate the electric field
by performing a boost to a frame with velocity v = E/B in the direction perpendicular to both E
and B. It is not possible, however, to eliminate magnetic field by any Galilean transformation. The
vanishing of magnetic field is specifically a relativistic effect.

In this experiment, we will show Landau level collapse and draw a connection between this phe-
nomenon with special relativity. We will see that in the framework where we replace the role of the
speed of light ¢ with Gr’s Fermi velocity v, there exists a critical field B, = E/vp. Above this critical
field, electrons in Gr feel predominantly a magnetic field, exhibiting behaviors due to the formation of
discrete Landau levels; below this critical field, the effect from magnetic field vanishes and the electrons
become insensitive to the magnetic field.

Although Landau level collapse is not a consequence of Lorentz invariance, simply based on the
fast collapse of the levels as well as the condition at which it occurs, the resemblance to the vanishing
of magnetic field due to the Lorentz invariance of relativistic systems is uncanny and here a strikingly
fit connection can be made. This adds to the novel set of existing relativistic simulations performed

on Gr, showing that Gr can indeed be a relativistic test-bed.

5.2 LANDAU LEVELS WITH A LINEAR ELECTROSTATIC POTENTIAL

We first begin by examining theoretically the behavior of electrons in crossed electric and magnetic

fields. We will assume that the electrostatic potential imposed on Gr is linear, hence producing a ho-
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mogeneous in-plane electric field.

The Gr Hamiltonian in the presence of an external magnetic field is:
H=vpo -1, (s-1)

where IT = hq + eAand A = (A,, A, A,) for B = V x A. Choosing the magnetic field to
be perpendicular to the Gr plane (so pointing in the z direction), the eigenenergies are Landau levels
(LLs) and they are:

e (V) = sgnm)hgm, (5:2)

wherelp = /h/eB is the magneticlength and IV is the Landau level index (see appendix D for details
on the Quantum Hall effect). Consider now the Gr to be under the influence of crossed magnetic and

electric fields. The Hamiltonian is given by:
H=vpo Il +eFExz, (5.3)

Here we choose the electric field, F, to be pointing in the  direction, perpendicular to the magnetic
field. To solve this, because we know that the Hamiltonian can be written in a Lorentz covariant
form with v playing the role of light, we can copy the treatment used in relativistic kinematics (see
chapter 4 regarding background information on this topic). In Lorentz covariant form and in terms

of Einstein’s notation, Gr’s time dependent Dirac equation is:

e

— iwpho' <5’u + ihA#>¢(a:“/) =0, (5-4)
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where 1 = {0,1,2} < {t,x,y}, 0" are the Pauli matrices with oy = io,. A" = (¢p/vp, Al A2),
where ¢ is the scalar potential defined by equation 4.11.

According to the consequence of E - B = 0, which applies in our case of crossed fields, if B >
E /v then we can always boost the frame to one where E = 0. To achieve this in our scenario, from
the stationary frame (.5) we boost in the y direction (perpendicular to E) to a moving frame (S ") with
velocity v = E/B. Following the transformation rules of fields shown in equation 4.22, one will
find B/ = 0and B’ = By/1 — % where B = v/vp. The Dirac equation in the moving frame

coordinate system is then:

. e
— ivpho!' (8& + 1hA;L>1/J($W) =0. (5-5)
In the Landau gauge, where we choose A' = —B2? (in Einstein’s notation, 2t = 1), it becomes:
_ ivﬂi(a“@é + wl;B/xy)w(:U“/) = 0. (5.6)

Thisis simply the time dependent Dirac equation under a perpendicular magnetic field and the eigenen-

ergy in the moving frame is:
/ hvp 2\1
e (V) = Sgn(N)g V2N(1-p5%)1, (5-7)

which is simply the Landau level energies in the stationary frame but with a reduced magnetic field,
B'=By\/1— BQ. Note here [ 5 is the unchanged magnetic length. Working now in 2+ 1D, in the 3-
vector formalism with v replacing the role of ¢, energy is the time component of the 3-momentum

which is: p"' = (¢/vp, pl, p2). Bear in mind that all the 3-vectors in the boosted frames are not
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Figure s.2: Landau level energies with different crossed electric field strengths. Column (a) shows the Landau
level DOS as a function of B Field and energy. The LLs get squeezed more closely together as well as merge
together at a higher magnetic field for larger electric field strength. Top to bottom rows correspond to 5 =
0, 0.6, 0.8 respectively. Column (b) shows the line cuts of column (a) at different magnetic fields. Blue lines are

D.OS. (eV m ?)

cutsat 0,0.2,0.4...1 T, and orange lines are cuts at 3,6, 9 T.
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physical objects and this is due to vy having replaced c. Consequently, equation 5.7 are not the real
LL energies. The real physical energies are obtained by transforming the boosted frame results back to
the stationary frame.”* Hence, performing the Lorentz transformation on the psuedo-3-momentum,

we acquire:

h 3
ern(N) = sgn(m%;x/ﬁ(l — 8% — hupBag,, (5.8)

where (pl, p2) = h(ql, q2) = h(qy, qy), q being the Gr wavevector. Equation 5.8 shows the real
LL energies in the presence of crossed electric and magnetic fields. When the electric field vanishes,
we recover the standard LL energies. An important contrast to point out is, the LL energies of a non-
relativistic, parabolic band system in crossed magnetic and electric fields is given by:

E m[E\?
ENon-Rel,LL = (N + 1/2)hw, — hkyE 5\l (5-9)

The main difference between the two is that the Landau level spacing for Gr scales as (1 — 52)(3/ 4),
whereas, the Landau level spacing for parabolic band 2DEGS is independent of the electric field (see
figure 1.3b and simulations will show this fan diagram to be unchanging with respect to an external
homogeneous electric field). This difference is one of the key signatures that separates relativistic vs
non-relativistic systems. In Gr, as dictated by equation 5.8, an external electric field causes Landau
levels to mix and eventually merge into a continuum (see figure s5.2). With a large enough electric
field, the Landau levels will become indiscernible and this is referred to as Landau level collapse. Even
though the cause of Landau level collapse is strictly speaking not due to the vanishing of magnetic field
as a result of Lorentz invariance, the overall coarse-grained behavior is strikingly similar.

Itis important to keep in mind that the results only hold for homogeneous fields. The quantitative

results derived thus far become invalid as soon as either field becomes inhomogeneous but qualitatively
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Figure 5.3: Landau level collapse measurement scheme. (a) shows the measurement scheme which is the same as
the local compressibility measurement covered in chapter 2. The role of Vg, serves to charge the CNT. Charging
the CNT in turn modulates the electrostatic landscape in Gr. (b) and (c) are illustrations showing the effect
of V,. (b) is at a lower Vg, compared to (c) and hence creates a gentler electrostatic modulation (¢) in Gr.
Consequently, the electric field is smaller in (b). The blue dotted line shows the linear part of the potential that
is used to calculate the homogeneous in-plane electric field.

we expect the behavior to hold.

5.3 DEVICE CONFIGURATION, MEASUREMENT SCHEME AND APPROXIMATIONS

Figure 5.3 shows a cartoon of the device and the measurement scheme for detecting LL collapse. The
device used is an electrically contacted CNT placed on top of a hBN encapsulated Gr. The hBN that
separates the CN'T and Gr used ranges from 4 to 20 nm. We see the strongest effect in our 4 nm hBN
device and results presented in this chapter are based on this device unless noted otherwise. Additional
data from other devices are included in the appendix G. The fabrication of the device and quantum
capacitance extraction method is covered in detail in chapter 2 and 3. In this experiment, the Gr poten-
tial (V;,) with respect to the grounded CNT is the knob that tunes the in-plane electric field. What
happens is V, serves to charge the CNT which in turn modulates the electronic landscape in the Gr
plane. In actuality, the electric field emanating from the CNT is not uniform in the in-plane direction.
This is reflected by the non-linear potential created in Gr. This is shown through theory (see equation

5.19 and figure s5.12b) as well as simulation (see figure 4.6). However, the potential in the Gr can be ap-
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proximated to be linear with a high degree of accuracy. Comparison between the linearized potential
and the theoretical non-linear potential show to only differ by less than ImV from 0 to 2 10 nm away
from the center of the potential. This is a negligible variation given our experimental parameters. And
because we are effectively probing a very local part of the Gr (up to ~ 4 nm away from the CNT in the
Gr plane for the 4 nm hbN device), the linearized potential is a completely justifiable approximation.
Nonetheless, the linearization is only to simplify the collapse analysis. With the assumption of a lin-
ear potential, the in-plane electric field can be treated to be homogeneous in the area of interest. The
occurrence of the phenomenon does not hinge on the linearity of the potential. Relaxing the linearity
of the potential may introduce small corrections to the quantitative results but the overall qualitative

behavior should remain similar.

5.4 ELECTRIC FIELD SCREENING BY LANDAU LEVELS

A measurement that can showcase Landau level collapse is to use the CNT to probe when Landau lev-
els form and disappear. This is done similarly to the local compressibility measurement: while sweep-
ing the magnetic field B and global backgate V4,5, monitor the conductance of the CNT (dI/dV).
Doing so, at some magnetic field the Gr will be driven into the quantum Hall regime. In the quantum
Hall regime, V,, will serve to dope the Gr and cause charges to occupy different LLs. This parameter
will allow us to see the screening effect for different LLs. The conductance of the CNT will be a re-
flection of how heavily screened the electric field from the backgate is. Following the circuit schematic
shown in figure s.3a, while keeping Gr grounded initially (Vi5, = 0), we obtain the result shown in fig-
ure s.4a. Thelines formed by the conductance peaks are the Coulomb blockade peaks of the CNT. To
conceptually understand the behavior of these zig-zag lines, we follow the local compressibility analysis

method described in section 2.8: lines that go relatively more horizontally mean that the CNT is more
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insensitive to the backgate in those conditions, while lines that go relatively more vertically indicate a
greater dependence on the backgate. In the quantum Hall regime, the zig-zag behavior comes from
the chemical potential going in and out of the highly degenerate LLs. When the chemical potential
is inside a LL, the Gr is populated with a high concentration of mobile carriers which will screen very
effectively the electric field from the backgate (Ey,), causing the CN'T to be insensitive to the back-
gate changes. When the chemical potential is outside a LL, the Gr bulk is insulating which leaves Ey,,
unscreened. The zig-zag lines are hence a good indicator of when Landau levels are present. Looking
more closely at these lines, one will see that below a certain point, the lines will lose its oscillation and
just form a straight line down to zero magnetic field. The point at which this transition occurs is the
critical magnetic field B, denoted by the dotted black line. In the following section, we will discuss

the nature of this critical field.

5.4.1 ELECTRIC FIELD SCREENING AT DIFFERENT GRAPHENE DOPING LEVELS

The application of an external electric field across a system with mobile carriers will be screened. The
strength of the screening largely depends on the concentration of mobile carriers which is a function of
the material’s DOS. For a perfect metal, due to the high DOS, external electric fields will get screened
nearly perfectly. For quantum materials which have a reduced and variable DOS, electric fields will
become relatively less screened and will also see a variation in how it gets screened depending on the
material’s doping level. In chapter 2 this topic was covered in detail where we showed that as Gr is
doped with a global backgate voltage, the CNT sees a varying electric field from this backgate. This
response can be quantified through the inclusion of a quantum capacitance added in series to the
geometric capacitance of the system (see equation 2..9).

In this experiment, the CNT is responsible for the generation of electric field in the system. The
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Figure s5.4: Illustrations to explain the effect of screening by Landau levels. (a) shows the CN'T conductance as
a function of backgate (V4,) and magnetic field (B). The lines formed by the conductance peaks correspond
to Coulomb blockade peaks. The modulation of these lines is due to the screening of the Gr. To see this, we
look at a specific section demarcated by red dotted lines and this is shown in (b). The black dotted line is the
critical field line plotted using equation s.12. In (b) is one green dotted line and one orange dotted line. The
two indicate screening when Gr LLs are partially filled and completely filled respectively. (c) illustrates when
LLs are partially filled, in which case, the Gr bulk hosts conducting carriers that screen the electric field from the
backgate, thus causing the CNT conductance to be insensitive to Vy,. (d) illustrates when LLs are completely
filled, in which case, the Gr bulk is insulating and is unable to screen the electric field from the backgate because
there are limited mobile carriers. This causes the CNT to efficiently feel the electric field due to Vi,

135



resulting in-plane electric field will become screened according to the doping level of Gr. We can ac-
count for this through the model of Thomas-Fermi screening. Using equation 2.4 for Thomas-Fermi

screening wavevector and plugging in Gr’s properties we have:

qrr = 4agqr = dagV/ 7, (5.10)

where ag, is Gr’s effective fine structure constant given by equation r.11, ¢ is Gr’s wavevector with
respect to the Dirac cone and n is the carrier density of Gr. This quantity is the inverse of the screen-
ing length of an electric field due to the dielectric response of Gr. In the linear response regime, this
screening length can be incorporated into the overall electrostatics of the system by having a variable
effective distance in its geometric capacitance. This effective distance in the linear response regime is
22,85

given by:

1 _
dee = d + 5 ar, (5.1)

The dielectric response is accounted for through the Thomas-Fermi screening wavevector. Using equa-
tion 2.24 as the geometric capacitance between the CNT and Gr, and using Gauss’s law to calculate

the approximate electric field, the critical magnetic field becomes:

E  nenre cosh™ (d g /1)
B, = — = loNt€ _ oS \%a/T) .
c vp CldUF neNte Irledvy ) (5.12)

where the length of the CNT is | ~ 500 nm, the separation distance between the CNT and Gr is
d ~ 6 nm, the radius of the CNT is 7 ~ 1 nm, ag, = 0.5 and € = €€, with €, =~ 4 for our hBN
encapsulated Grdevice. ncy is the charge number in the CN'T, which can be controlled by the voltage

applied to the CNT. This serves as a fitting parameter in our analysis. The value used hereis eyt = 2.
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C' = C'(d g) is the total effective capacitance that includes contributions from both geometric and
quantum capacitance. This is done by simply replacing the distance dependence (d) with the effective
one (d.g) in the equation for geometric capacitance. It is important to note that only the capacitance
distance dependence gets modified. The d that relates the electric field with the capacitance (£ =
nenre/C'd) is the actual physical distance that does not change. All the necessary adjustments to
account for the dielectric response are taken within the capacitance term. The resulting electric field
due to this effective capacitance (C'(d.g)) is the screened electric field. With the parameters above, B,
is the dotted line plotted in figure 5.4a. We see that BB, peaks near the charge neutrality point of Gr
and this is expected because there are limited number of mobile carriers and so screening will be the
weakest there. This causes the required magnetic field to overpower the electric field to increase and
hence the peak.

Because figure s.4a is performed at V5, = 0, theoretically we should expect B, = 0 as shown in
figure 5.sb. This suggests that there are intrinsic residual charges in the CNT that is already generating
an in-plane electric field. Figure 5.5b to 5.5d show simulations of the fan diagrams with different in-
plane electric field strengths. We can see that as the electric field strength increases, the LL levels lose
their fast oscillating structures at larger magnetic fields. This result is well captured by the existence of
B.. Figure 5.6a through 5.6¢ are the experimental measurements of the fan diagrams at varying V.
We can see that the behavior similar to the simulations are well reproduced. Figure 5.6d summarizes
the evolution of the critical magnetic field near the charge neutrality point (CNP) of Gr. In the figure,

we see that as the effective V(, increases, B, also increases as expected.
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Figure 5.5: Comparing the simulated fan diagrams at different electric field strength with the experimental result.
(a) is the experimental result performed at Vi, = 0 V. (b) to (d) show the simulated fan diagrams for different
electric field strength going from none to large strengths. Plotted are values of CNT conductance as a function
of backgate (V},5) and magnetic field (B). (b) with E' = 0 V/m the Y shape structure is absent. (c) with E' =
1.25 x 10° V/m the Y shape structure appears signifying a delayed onset of Landau level formation. (d) with
E=3x10°V/mtheY shape is prominent and LLs are much smoother overall.
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Figure 5.6: Experimental comparisons of the fan diagrams at different Vi, with a 10 nm hBN device. (a) is at
Ve = 0V, (b)isat Vi, = 3V and (¢) is at Vi, = 6 V. Note that the V;, here constitutes an effective V,
because the values taken are with respect to Vg, = 2V which we saw yielded the smallest critical field values.
(d) shows the normalized DOS about the CNP for different V{;, (see main text for DOS extraction method).
At the top the effective Vi, = 0V as measured in reference to Vg, = 2 V that yielded the lowest B,.. As the
effective Vg, increases, so does the B, marked by the inflection point after the plateau. The plateau signifies
the insensitivity of Gr to an increasing B field, suggesting a non-existent B field. The dotted black line is hand
drawn to mark the approximate position of B,.
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5.4.2 SIMULATION OF CARBON NANOTUBE CONDUCTANCE

Figure 5.5 shows simulations of the conductance of a CNT on top of Gr as a function of magnetic
field (B) and backgate voltage (V},q). The general form of the CNT conductance used is given by the

Breit-Wigner formula for CNT in the strong coupling regime (see appendix C):

4¢ r.re
G=S = __ : : (5-13)
zi: h (T}, + F@z)z + (unt — 5i)2

where i represents the counter for the nanotube levels seen in the measurement, €; is the nanotube en-
ergy level, TiL( R) is the energy coupling between the ith nanotube level with the left (right) electrode,
and g is the electrochemical potential of the nanotube. To obtain the simulation, we use the con-
cept drawn from equation 2.39: each nanotube level tracks the Fermi energy of Gr, so Nt — fiG,-
We treat I and &; as fitting parameters to adjust the profile of the nanotube conductance to match
the ones seen from experiment.

To acquire the Fermi energy of Gr under the influence of a magnetic and electric field, we do not use
the analytical results from section 5.2 because the result is particular to a single electron and does not
take into account screening. Instead, we perform a more phenomenological simulation. We follow
the ordinary Gr Landau levels theory. We assume that the DOS of Gr (g, (¢)) can be decomposed

into Landau levels where each level is given by a Lorentzian:

g YN
9Gr (5-14)
al Z Tk + (e — e (N))?
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where the degeneracy of each Landau level is:

B 4eB (s.15)
g= hon’ 5-15

the Landau level energy is:

€1 = vpV2ehBN, (5.16)

and ~yy is the disorder broadening of the Nth Landau level. The DOS can be used to calculate the

carrier density through:

HGr
nee = /0 dngr(E)' (517)

The carrier density maps directly to a certain backgate voltage (V4,). Through these relations, the
Fermi energy of Gr can be calculated as a function of B and V.

To account for the effects of the in-plane eletric field, we replace the ordinary magnetic field (B)
with an effective field B,y = a(B — B,). a = /1 — (B./B)? and B, = E /v is the screened
critical field given by equation s.12. These phenomenological terms together with the Fermi energy of

Gr allows us to simulate the conductance of the nanotube as shown in figure s.s.

5.4.3 DENSITY OF STATES EXTRACTION

The density of states (DOS) shown in figure 5.6d is acquired by first tracking the evolving CN'T con-
ductance peaks. Considering only the DOS about the CNP, we track the two lines that define the Y
shape (denoted by the dotted black line). Because each conductance peak line tracks a constant car-
rier concentration level in Gr (see equation 2.39), the difference between the two lines along Vi, tells

us the carrier density increase in Gr (Ang,) needed to increase the electrochemical potential of the
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CNT by one level (for CNT to gain one extra charge). This Ang, has an associated energy to it and
this can be extracted by looking at the CNT charging energy (e) of the Coulomb diamonds associ-
ated with the conductance peak lines in the parameter space V4 vs Vi, The DOS is then given by
Ang,/ec. Figure 5.7 shows examples of these Coulomb diamonds at different magnetic fields. We
can see that £ is invariant with respect to magnetic fields. Many Coulomb diamonds were collected
over the course of the measurements and they all show that £ is unchanged with respect to different
magnetic fields. Figure G.1 shows many more of these Coulomb diamonds. It is worthwhile to point
out that the Coulomb diamonds are virtually identical at 0 T and 1 T. At 3 T the diamonds are only

slightly modified. This is another clue showing the absence of a magnetic field effect below B.,..

5.5 LocAL COMPRESSIBILITY MEASUREMENTS AT DIFFERENT MAGNETIC FIELDS

The previous type of measurements where we swept V;,; and B while fixing Vi, allowed us to see a
continuity in the magnetic field coming in and out of existence by looking at when LLs formed or
disappeared. However, extracting a concrete I3, was difficult because the boundary that divides when
LLs disappear is blurry. The local compressibility measurement performed at fixed magnetic fields
will give us better clarity in seeing the onset of Landau level collapse. The local compressibility mea-
surement scheme (tracking CNT conductance while sweeping Vi, and V) as well as the quantum
capacitance extraction method is covered in detail in chapter 2. Figure 5.8 to 5.9 show the results at dif-
ferent magnetic fields. Focusing on the extracted quantum capacitance (Cy) plot at 9 T (horizontal
lines in the compressibility plots yield peaks in quantum capacitance), we see that the Cy (or DOS) of
LLs decrease generally (from blue to red) as V, increases in magnitude. Higher LLs decrease at higher
values of 'V, and they all eventually merge together into a roughly homogeneous region (indicated by

red). This behavior can be generalized to the LLs at other magnetic fields. The only differences are
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Figure 5.7: Magnetic field dependence of the carbon nanotube quantum dot on graphene. Plotted are the
derivatives of differential conductances with respect to the global Si backgate (V5,) vs the CNT source-drain

bias (V,q). () is taken at 0 T, (b) at 1 T, (c) at 3 T, (d) at 9 T. For more magnetic field dependences, please refer
to appendix G.

that the LLs are denser together as magnetic field is lowered and the V;, required to observe the sub-
stantial diminishing of LLs’ CQ is also lower. At 3 T, the LLs are noticeably not as well resolved and
at 1T they are completely washed away (see figure 6.11 for 1 T).

Figure 5.10 shows line cuts of the Cy spaced across the full V, range and at different magnetic
fields. We can see from this figure clearly that the LLs collapses as V, increases in magnitude. More

peculiarly though is that as seen throughout the data, LLs seems to preferentially happen at top right
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Figure 5.8: Local compressibility measurement and quantum capacitance extraction at 9 T. (a) is the local com-
pressibility measurement and (b) is the quantum capacitance extraction both as functions of the backgate (V4,)
and Gr potential (V,). The dotted line denotes the N = 0 Landau level. We see the Landau levels collapse as
Vi, increases. Quantum capacitance data is cut at 150 fF/ umz for better feature clarity.

144



150

100

2 (3]
2] o
03 3
g 3
e S
50
8 0
1 150
100
a (3]
) o
03 3
g 3
e S
50
A 0
1 150
100
a (3]
0% 3
® 3
e 3
50

20 40 60

0
Vg V)

Figure 5.9: Local compressibility measurement and quantum capacitance extraction at other magnetic fields
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Figure s.10: Quantum capacitance extraction line cuts at different graphene potentials for different magnetic
fields. From top to bottom most lines are cuts taken at Vi, = 1.5,1,0.5,0... — 1.5 V respectively. (a)isat9 T,
(b)isat 7T, (c) isat 5 T, (d) is at 3 T. Each curve is displaced vertically for clarity.
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and bottom left of the measurement plots. This is best seen in lower magnetic fields presented in fig-
ure 5.9. The continuous red region in the quantum capacitance graphs (figure s.9b,d,f) qualitatively
represent the collapsed region. In the top right or bottom left, as LLs indices increase, screening be-
comes more severe due to the higher number of carriers in the Gr. This explains why LL collapse
requires greater Vg, as LL index increase. However, on the top left and bottom right of the measure-
ment plots, we would expect something similar naively but this is not the case. We simply do not see
LL collpse happening. An explanation comes from the nature of the potential. The electric field of
the potential is given by the slope of the potential profile (E = —VV = Ve/e). Then, looking at
the potential profiles of the potentials in figure s.1x (given by V' (z) denoted by the dark blue lines),
one can see that different regions in the Vg, vs 14,, map may either have potential wells or barriers and
these potentials can be either attractive or repulsive depending on the carrier type in the gated region.
A potential barrier is repulsive for electrons but attractive for holes, whereas, a potential well is attrac-
tive for electrons but repulsive for holes. Figure s.11b shows how as the Gr doping under the CNT
inverts while maintaining a potential barrier, the potential acting on the Gr carriers would suddenly
go from repulsive to attractive or vice versa. When the potential is repulsive, the electric force forces
the carrier to escape the gated region and this competes directly with the magnetic confinement that is
responsible for pinning the carrier down. In this case if the deconfining electric force overpowers the
magnetic confinement, localized cyclotron orbits will not form and LL collapse is possible. When the
potential is attractive, both electric force and the Lorentz force will pin the carrier down beneath the
gated region. No matter how big the electric field gets, cyclotron orbits when formed will never get
destroyed. Hence, LL collapse would not be possible.

As mentioned previously, screening plays a big role in LL collapse. In an attempt to quantitatively

analyze LL collpse, in the following we will investigate specifically the behavior of the NV = 0 LL. This
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Figure s.u: Junction polarity and Landau level collapse behavior explanation. (a) The hybrid CNT-Gr device
is comprised of a CNT gated region and the bulk region. These regions together constitute either the unipolar
or bipolar regime. pp'p, nn'n,pp” p, nn''n are the unipolar regime. npn and pnp are the bipolar regime. The
boxed scenarios showing the Dirac cones are colored coded to match the colored regions in the Vi, vs V4,, map.
The diagonal red dashed line tracks the CNP (DOS minimum) underneath the CNT. The arrow with the dashed
outline contains numbers that correspond to the scenarios shown in (b). (b) shows the behavior of the Gr
regions corresponding to the numbered positions in the blue arrow shown in (a). Going from right to left (1
to 5, the device exhibits LL collapse and then abruptly ceases to show LL collapse after passing the CNP (at
2). This observation can be explained by whether the carriers under study are feeling an attractive or repulsive
potential. LL collapse only occurs with repulsive potentials which compete against magnetic field confinement.
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is because the N = 0 LL presents the least amount of screening and is thus the most reliable feature
to analyze LL collapse accurately. In moving to the next section, we make a note to the reader that the
N = 0LL the collapse happens symmetrically about a reference V,. This potential reference situates

at Vg, ~ —0.2 V due to residual charge in the CNT and Gr. V5, will be adjusted to reflect the shifted

reference.

5.6 LANDAU LEVEL COLLAPSE FOR THE [N = (0 LANDAU LEVEL

Figure s.12 presents fits for the behavior of the N = 0 LL. Figure s.12a shows the DOS averaged across
the full width of the N = 0 LL along the Vig axis for B = 3,5,7,9 T. A moving average filter
along the LL was performed to reduce noise along with a detrending function that gets rid of a small
background linear slope. The experimental data is denoted by hollow circles and the solid lines are the

fits. A double sigmoid curve of the following form is used:

a
flz) = b (et0) T b= & (5.18)

This falls under the category of logistic curves. This type of curve best represents behaviors with an
activation trigger, which in our case is the onset of LL collapse. This type of curve also offers the
best flexibility in fitting steep slopes with wide peaks. Many other peak-like curves (such as Gaussians,
Lorentzians and their variations) do not provide as good a fit as equation 5.18.

Examining the curves we see that as magnetic field increases, the curve becomes wider, reflecting that
a higher electric field is required to cause LL collapse. The green-blue diamond marks the potential
value at which we consider LL collapse to have occurred. We chose the occurrence of LL collapse to

be when C, reaches 0.5 (fF/ umg) from zero. We note that the value chosen here is in some sense
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Figure s.i2: N = 0 Landau level collapse fits. (a) shows the density of states of N = 0 Landau levels for
B = 3,5,7,9 T denoted from dark to light colors respectively. The blue dotted line demarcates the onset of
the collapse. The interception of the dotted line and the LL DOS is denoted by the green-blue diamonds and
this interception defines the critical potential (V) associated with the critical electrical field at which LL collapse
occurs. The hollow circles are the filtered experimental points and the solid lines are the sigmoid (logistic curve)
fits. (b) shows the critical potentials plotted with respect to real space. The profile of the potential is based
on equation s5.19. The dotted line is the linearized potential. The shaded blue shows the section which the
linearization is based on (slope of the 1 — 5 nm section away from the center of the potential). The shaded
green represents the region in which the linearized potential approximates well (< 1 mV variation). This is
~ 14 nm about the center of the potential. (c) shows the theoretical and experimental critical field behavior.
The dashed line is according to theory. The green-blue diamonds and orange squares are the experimental points
with the solid lines being the linear fits.

arbitrary. This collapse value was chosen such that the critical field fit stays above the B, = E /vy as

seen in figure s.12c. By picking a collapse point to be at a higher value such as 1 (fF/ ,um2) from zero



would cause the critical electric field at 3 T to dip below the B, = E /v, line.

The selected critical potentials each have an associated spatial potential profile. For instance, critical
potential for 9T is at an effective V5, ~ 1.1 V. This critical potential is the potential we chose the
CNT to be at with respect to the Gr plane. Gr electrons will then feel the electrostatic forces due to
the potential of the CNT and the force felt varies spatially in the Gr plane depending on distance of
separation. According to theory, the potential energy of an electron at the Gr plane due to a 1D gate

. . . 86
of radius r at a distance h — d from the Gr plane is:

ey 2® + (h — d)?
V(.’E) = 711’1 |:g;2—|—(h—|—d)2:| P (5-19)
where
/ ¢O (5.20)

bo=—F—">
In {(2h - r)/r}
and ¢ is the voltage applied between the 1D gate and the doped Si substrate, 7 is the radius of the 1D
wire, h is the distance between the center of the wire and the surface of the Si substrate, and d is the
distance between Gr and the surface of the Si substrate. In acquiring this potential, the condition of
decoupled Dirac cones is assumed and the Gr dielectric response is neglected. Equation s.19 provides
us the spatial dependence of the potential the Gr electrons feel at a particular critical potential. These
potentials as functions of real space is plotted in figure s.12b. To account for the in-plane dielectric
response of Gr, we divided the potential by e, = 2.°
To extract the electric field, we linearize potential from equation .19 and take the negative of the
spatial derivative of it. The linearized potential is based on the linear slope of the 1 — 5 nm section as
outlined by the dashed line. More details and justification regarding the linearization of the potential

is covered in section s5.3. The electric field extracted for each critical potential is the critical electric field.
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The extracted electric field for each magnetic field is plotted in hollow orange circles in figure s.12c. The
orange line is a linear fit. We see that the extracted critical field values fall quite close to the theoretical
B, = E/ug line. The extracted E,, values sit above the theoretical line and deviates from it linearly
as B, increases. This is expected due to the screening of the N = 0 LL. As magnetic field increases,

the DOS of the every Gr LL will increase linearly and this will screen more of the electric field coming

from the CNT.

5.7 CONCLUSION

Using the carbon nanotube as a 1D wire, we were able to induce a 1D potential in graphene that
translated into an in-plane electric field. The in-plane electric field is responsible for destroying Landau
levels in graphene in the quantum Hall regime. This effect is normally particular to relativistic systems
and is rooted in the Lorentz invariance of the equation of motion of relativistic particles. In our result,
assuming the Fermi velocity of graphene replaces the role of speed of light, the extracted values for
critical field falls impressively well with the theory from relativity, that B, = E,. /vy while accounting
for screening. Although it must be stressed that graphene is not inherently a relativistic system, the
Landau level collapse behavior adds to the novel set of existing relativistic simulations and certainly

makes the case for graphene being an excellent relativistic test-bed.
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Ideas do not always come in a flash but by diligent trial-

and-error experiments that take time and thought.

Charles Kao

Single Guided Mode in Graphene

Like photons, electrons can be used as carriers of information. But even better, electrons have the
distinct advantage of squeezing into spaces smaller than the diffraction limit of light. At the same time,
electrons exhibit different types of interaction effects. All together, it is possible to realize complex
logic gates for the exchange or process of information in the nanoscale. However, there is still limited
tools to control electrons and the simple fact of guiding them in a solid, like an optical fiber for light,
is still a technological challenge. One-dimensional materials such as nanowires or carbon nanotubes
naturally provide guidance for electrons, but they cannot be transmitted without loss of information

over long distances. High mobility GaAs/AlGaAs heterostructures with engineered narrow gates '’
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or cleaved-edge over growth ™ have shown 1D modes but these require highly involved and delicate
fabrication schemes that are difficult to implement. Furthermore, the electrons gas in GaAs/AlGaAs
heterostructures are buried roughly a hundred nanometers deep from the surface, which restricts their
usefulness for plasmonics applications.

Graphene is a 2DEG that is easy to obtain and is completely exposed. It also has high mobility,
allowing electrons to be transmitted ballistically over several microns even at room temperature. *”**
Additionally, the wavelength of electrons in graphene can be tuned by changing the carrier density.
Coupled with the fact that electrons can reflect and refract analogously to electromagnetic waves, the
“true colors” of graphene naturally extends to optics. Its potential for plasmonics has generated huge
excitement and has made the ambition of creating on-chip communication systems that can interact

with light in the nanoscale within reach.”*?"%*

In pursuit of this, there is a need to develop a com-
plete electro-optical toolbox. Some of the essential tools developed include: collimators, beamsplit-
ters, filters, modulators, interferometers, lenses and multimode waveguides. 939495969798 e of the
remaining critical components that have yet to be realized is the single mode waveguide. The single
guided mode is important because, like in optical fibers, it allows the transmission of information over
long distances without loss. Multi-mode fibers have the advantage of transmitting information more
easily and in parallel but is hindered by its high loss and information distortion due to modal disper-
sion. With the realization of an isolated single guided mode in graphene, the electron-optics toolbox
becomes one step closer to completion.

One obvious method for creating guided modes is through the quantum hall effect but it is then
necessary to use a large magnetic field, especially for single to few modes,”” which becomes difficult

to be integrated into electronic devices and hence impractical for applications. On the other hand,

guided modes in zero magnetic field have been demonstrated in graphene. This was either done by
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utilizing the graphene edge or by line gates. The edge defined guided mode can be compli-
cated by intervalley scattering that is dominant at the edges and because it lacks potential tunability, it
is unclear how many modes are being guided. As for the line gate guided modes, the gates used so far
are substantially wider than the threshold for a single guided mode; furthermore, the current detec-

tion scheme is difficult to single out the existence of distinct guided modes and the overall fabrication

scheme is delicate. An isolated and reliable single guided mode have yet to be demonstrated.

6.1 OPTICAL ANALOGUE

The guiding mechanism in graphene waveguides falls into two independent categories. The first is
the optical fiber (OF) guiding and the second is the pnp (or npn) guiding (we will refer to both pnp
and npn guiding as pnp guiding for convenience). Both of these mechanisms stem from the fact that
ballistic electrons in Gr can reflect and refract like light rays in ray optics. In the following we will show

why.

6.1.1 SNELL’S LAW IN GRAPHENE

The Gr system with a 1D line gate on top exhibits translational invariance along the line gate axis. This
requires the momentum along the gate direction (which we pick to be in the y direction, see figure
6.3) to be conserved. Momentum perpendicular to the line gate (= direction), however, need not be.

From this momentum conservation reasoning, we obtain the condition:

|qfsin = [qg]sind;, (6.1)
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Figure 6.1: Snell’s law in graphene. (a) in the unipolar regime, graphene exhibits positive index of refraction.
(b) in the bipolar regime, graphene exhibits negative index of refraction where electrons refract away from the
norm in the opposite direction. Illustration is adapted from the work by Handschin et al.”

1

where q is the momentum or wavevector of Gr with respect to the Dirac point, 6 is the angle of inci-
dence measured from the norm and 0, is the angle of transmission (see figure 6.1). This condition is
analogous to Snell’s law for light and so similarly we define the index of refraction to be the momentum

of Gr (q). Consequently, the critical angle is given by:

0, =sin ' <||‘;t||). (6.2)

The critical angle defines the threshold for the incidence angle, below which will cause electrons to

transmit across the junction and above which will cause cause electrons to reflect completely at the
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junction. The critical angle hence characterizes the confinement capability of the waveguide. The
reflection or refraction behavior is restricted by one additional condition and that is the conservation
of charge number. This means that /7n = Const. = qi + q;. Figure 6.1a shows the behavior when
Gr junction is in the unipolar regime and this corresponds to a Gr junction having a positive index of
refraction. The index of refraction of the junction itself is defined to be:

sinf;

nGrjunc = sind . (63)

There exists a very unique and highly sought-after scenario and this is illustrated in figure 6.1b. When
Gr is in the bipolar regime, the junction behaves as having a negative index of refraction. The trans-
mitted electrons bend away from the norm but at a negative (opposite from positive case) angle. The
behavior of the negative index of refraction is what allows Gr to become a superlens and in this case

specifically, a Veselago lens. 97,104,98

6.1.2 GUIDING MECHANISMS

In accordance to Snell’s law, Gr electrons can become confined and hence guided in a gated region
if the index of refraction (given by q) is larger in the gated region. They are confined if the angle of
incidence towards the junction is greater than the critical angle 6. This behavior is analogous to the
guiding in optical fibers and is hence called optical fiber (OF) guiding. Transmission across a pn junc-
tion decreases exponentially with angle (see section 4.3.2), therefore, when angle of incidence is high,
electrons have a larger chance of reflecting back, thus increasing the chances of becoming confined.
This is termed pnp guiding and in this type of guiding, the smoother the potential profile, the better

the guiding capability (see figure 4.2). Figure 6.2 illustrates the two types of guiding. As shown later,
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Figure 6.2: Guided mode mechanisms. If carrier density within the gated region (n;,) is larger than density
outside (14,,), electrons reflect if the angle incidence is below 6. like in an optical fiber. This is called optical
fiber (OF) guiding. If n;, is opposite in polarity as 1, electrons also reflect if the angle incidence is below ...
This is, however, attributed to the pnp junction. The shaded blue steps correspond to different modes (M) in
the gated region, the hatched quadrants indicate the regions of pnp guiding, the orange shaded triangles indicate
the regions of OF guiding, and the green region is the disorder dominated zone. The sizes of the blue shaded
steps changes as a function of potential well depth and width. On the right shows the trajectories of electrons at
the junctions in the OF and pnp guiding cases. Note that the relative sizes for the disorder and mode regions are
arbitrarily chosen. Itis important that the mode of interest not be masked by disorder, i.e. the green zone must
not overlap the shaded blue region of interest. Illustrations are adapted from the work by Rickhaus et al.”'

the guided modes that we detect is when Gr is in the bipolar regime (see figure s.11 for junction polar-
ity reference). In this figure, it is important to take note of the relative size of the green shaded region
(disorder zone) relative to the blue shaded regions (guided modes). The goal here is to observe the
single guided mode and it is imperative that the disorder zone not overlap the M = 1 guided mode.
To ensure this, one can decrease potential width such that the blue step sizes increase (see equation

6.5 where Uy is directly tied with the width of the blue shaded steps). The effect of disorder will be
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addressed in detail in the following sections.

6.2 A SINGLE WEAKLY GUIDED MODE

The superiority of the single guided mode is due to its capability of transmitting information unhin-
dered and with high fidelity for long distances. For multi-mode waveguides, because different modes
are in close proximity to each other, scattering between modes is possible, and because different modes
travel at different velocities, carriers go from one end of a fiber to the other end at different times re-
sulting in signal distortion at the receiving end.

Recent manufactured optical fibers are mostly categorized as weakly guiding. 1059196 Thege weakly
guiding waveguides have a cladding refractive index that is only slightly smaller than the core refractive
index, in which case a large portion of the transmitted wave exists as an evanescent wave in the cladding
region. This provides an advantage because transmitted wave flows through with a wider width, al-
lowing it to diffract around any propagation-loss-inducing defects along the optical fiber. Likewise,
electrons can have a similar property and this is where Gr truly shines.

Gapped semiconducting materials such as GaAs or gapped bilayer Gr, or materials that have hard-
wall potentials such as nanoribbons and carbon nanotubes, have one common disadvantage when it
comes to electron guiding. The confinement of electrons are caused by a strict boundary condition
which limits the possibility of evanescent waves beyond the confined area. Gate-defined potentials in
Gr on the other hand do not confine electrons as much because of the conducting bulk. The wave-
function of the electron persists beyond the guided core created by the potential well. This allows the
electron wave to diffract around disorder residing within the guided core. The theorized scattering
rate in the guided core goes as v ~ ak? where ais a proportionality constant dependent on disorder

strength and potential strength, and k& = 27/\. For a realistic carrier wavelength of 100 nm (0.01
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eV), the weakly guided mode can have a mean free path as large as a few hundred of microns.'”” Such

guiding behavior is unique to the gapless Gr.

6.3 CREATING AND PROBING THE SINGLE GUIDED MODE WITH A CARBON NANOTUBE

Here we demonstrate the creation and direct probing of a single guided mode in graphene by uti-
lizing a carbon nanotube. A carbon nanotube (CNT) that is carefully placed on a hexagonal-boron
bitride (hBN) encapsulated Gr acts as a extremely narrow gate and at the same time as a single electron
transistor that can monitor the local density of states (LDOS) directly beneath it. The structure and
fabrication scheme of the hybrid CNT-Gr device is shown in chapter 3. All the data presented in this
chapter are taken on a device with 4 nm hBN as the dielectric spacer. Similar behavior was seen in two
other devices with 6 nm hBN (see appendix G for additional data). We will address the behavior in
devices with even thicker hBN towards the end of the chapter. The operational principle and method
of DOS extraction are covered in detail in chapter 2.

The essence of the gated guided mode lies in the Gr Hamiltonian subject to an external 1D electro-

static potential:

H(q) = wpo - q+ V(). (6.4)

The central question to ask is: what is the necessary V() in order to realize the single guided mode?
For a given 1D potential, there are two main parameters: the potential depth (Uy) and the potential
width (d). Figure 6.3a shows the qualitative depiction of the potential created by a charged CNT. In
our hybrid device, the depth of the potential well can be continuously adjusted by a voltage difference
applied between the nanotube and the graphene. Its width depends on the diameter of the nanotube

and the thickness of hBN between the CN'T and Gr. By usinga thin hBN (~ 4 —6 nm) as the dielectric
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Figure 6.3: Potential illustration and criterion for the single guided mode. (a) the potential caused by the charged
CNT and its defining parameters. (b) the potential trench created in the Gr plane once deep enough confines
electrons. This potential forms the electronic waveguide. (c) the criterion for the observation of a single guided
mode (shaded in yellow). The hatched region is the region where disorder dominates the potential landscape in
Gr. To reliably create a single guided mode, the potential trench must be at least an order of magnitude deeper
than the potential fluctuation caused by disorder.

spacer, potential variations can be as small as just a few nanometers, which as we shall see is critical to
the existence of an isolated single guided mode. Figure 6.3b shows an illustration of the electronic

waveguide as a result of the potential trench (shaded in blue) created in the Gr plane. Figure 6.3¢

shows the criterion to observe the single guided mode. The number of modes (M) is approximately
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Figure 6.4: Disorder potential on graphene. This disorder is usually caused by charge impurities resulting in
a disorder potential that traps puddles of electrons and holes. These are commonly called charge puddles. (a)
the distribution of energies of chemical potential fluctuations (or Dirac point energy shifts). The inset shows
the same data but also with the distribution for SiO5 shown in red. (b) topography of Gr on hBN. (c) chemical
potential modulation for Gr on SiO,. (d) chemical potential modulation for Gr on hBN. (c) and (d) share the
same colorbar. All plots are adpated from the work by Xue et al. 2

109,86,107

given by:
1 d Upd
== ) o

for M = 0,1,2... and | | denotes rounding down to nearest integer. v is the Fermi velocity of the
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Figure 6.5: Creating a potential well in charge puddles. (a) shows a randomly generated charge puddle potential
with a chemical potential fluctuation 61t = 5 meV, average puddle distance being 30 nm and the puddle distance
variance to be 5 nm. These values are taken to match the experimental findings of a realistic charge puddle in
Gr on hBN.***** The blue line can be viewed as the chemical doping level with respect to the Dirac point
(zero energy). (b) to (d) uses the same randomly generated charge puddle with their respective potential well
(Lorentzian form) at x = 0 (b) has a well width of 50 nm and depth of 10 meV, (c) has a well width of 30 nm
and depth of 20 meV, and (d) has a well width of 10 nm and depth of 70 meV. The value are chosen such that

it matches with the single mode criterion. And qualitatively by looking at the graphs one can see that only (d)
creates a noticeable enough well and this well has a depth that is an order of magnitude larger than d = 5 meV.

The realistic condition may even be stricter.
electrons and Uy, is the potential well depth. Here Uy roughly dictates the allowable wavelength of
the confined particles. The exact form is dependent on the potential profile. For a square potential for

example there is no threshold for observing the first mode and this criterion is in contrast to conven-

. . . 186 1. ..
tional nonrelativistic systems which always hosts bound modes. 199°% This relation is analogous to the

number of allowed modes in an optical fiber. The single guided mode must therefore require this ratio
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to be of the order unity or smaller. In principle this condition can be fulfilled for very wide and shal-
low potentials, but for the mode to be well defined it is necessary that the depth be much higher than
the fluctuations of chemical potential due to the disorder such as charge puddles (see figure 6.4). This
explains in particular why it is difficult to guide the electrons in very disordered diffusive graphene and
that there has been no convincing report of a single guided mode so far. For Gr encapsulated by hBN,
these fluctuations are about ~ 5 meV (at best) and to beat these fluctuations, a potential of an order
of magnitude deeper is required (see figure 6.5).* This roughly means that to create a single guided
mode, the potential will need to be at least well over 50 meV in depth and at most ~ 10 nm wide.
The electronic modes generated by such a potential are manifested as branches appearing outside of
the Gr Dirac cone (figure 6.6). These branches are similar to the dispersion relation of optical modes.
Being isolated, they are unlikely to mix with other modes and therefore constitute protected carriers
of information. These modes are formed locally, at the heart of the potential well, so that they do not
affect the overall density of states (DOS) of graphene but appear as resonances in the local state density
(LDOS). Therefore, to detect them a local probe must be used. Figure 6.6b shows the evolution of
these branches of guided modes with increasing potential well depth. The key in detecting these modes
is their von Hove singularity (VHS). Each branch will eventually develop a VHS and each branch is
associated with at least one. This VHS becomes more prominent as the potential well gets deeper. In
figure 6.6b) we can see such VHS arising. As the potential becomes stronger, the VHS will merge into
the continuum and will no longer be seen isolated, however, this does not preclude the existence of a

guided mode. The existence of a guided mode in our detection scheme is predicated on a first showing

of peak in DOS.
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Figure 6.6: Density of states of the guided modes. (a) the left panel shows the dispersion relation of the guided
modes (blue lines) which show up as branches sticking out of the continuum (gray lines); the middle panel
shows the global DOS of Gr; the right panel shows the LDOS that is immediately beneath the CNT. The local
peaks in LDOS is due to the branches of the guided modes (as can be seen in figure 4.8). Each of these guided
modes have a von Hove singularity (VHS) that contributes to the LDOS resonance. Note that these VHS can
exist inside the continuum. (b) the calculated global dispersion relation of Gr with the 1D potential. Going
from left to right, the potential induced (Ug,) are 0,45, 90, 180 meV respectively. As the potential increases,
more guided modes are allowed. The blue arrow indicates the first guided mode.
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Figure 6.7: Local compressibility measurement with a changing 1D potential given by V,. (a) the full map of
the differentiated local compressibility measurement. The dotted black box shows the plot window of figure
(b). (b) zooms in to a smaller region (black dotted box in figure (a)) to see the “kink” (one of which is marked

by a dashed line) with clarity.
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6.4 LocAL COMPRESSIBILITY MEASUREMENT OF THE SINGLE GUIDED MODE

Figure 6.7a shows the local compressibility measurement of the hybrid CNT-Gr device. V},, tunes
the global Gr carrier density and V{;, tunes the voltage difference between the CNT and Gr which
consequently tunes the potential well depth. The general expected features at low potential energy
are covered in chapter 2. We move on directly to examine the behavior at high potential energy. At
around Vg, = 0.5V, if one looks closely to the trajectories of the CNT levels, one will see a new
“kink” appearing ataround V},, = 5 V. The existence of a “kink” indicates a peak in DOS as explained
in chapter 2. This “kink” becomes bigger as V, increases. At the top limit of the map, the kink spans
over 5 V wide in Vi, This kink is a direct result of the VHS formed at the branch of a guided mode.
Figure 6.7b shows a zoomed in version of the compressibility measurement. We zoom in to the range
between Vg, = 1.2 to 1.5 V and in this plot the kinks are obvious, with one of them outlined by a
dashed black line.

Performing a quantum capacitance (C,) extraction on this compressibility measurement plot (as
detailed in chapter 2), we obtain figure 6.8a. In this figure, blue region indicates high Cq whereas red
indicates low Cq. The red region in the figure roughly tracks the C'q minimum, which tells us the
position of the Dirac peak. As we trace along the red region, from Vi, = 0 to 1.5V, we begin to see
a new blue region emerge at around Vi, = 0.5 V. As explained, this is due to the formation of the
“kink” in the compressibility measurement. Reflecting what was observed in the measurement, the C, q
of this newly formed resonance becomes higher and wider. Figure 6.8b is a tight binding numerical
simulation where a Lorentzian potential was used (see appendix A.9). The formation and evolution
of this resonance matches well with theory.

Figure 6.9a compares specific line cuts from the measurement and from theory and here we also
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Figure 6.8: Quantum capacitance extraction and the simulation. (a) shows the experimental extraction and (b)
is the numerical simulation. The red region roughly defines the Dirac peak or DOS minimum. In (a), ataround
0.5Vg, and —1V, a new blue region (peak in DOS) emerges and this corresponds to the single guided mode.
(b) is plotted with respect to actual energy as opposed V.
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Figure 6.9: Comparison between experimental and theory regarding the quantum capacitance of a single guided
mode. (a) line cuts at Vi, = 0, 0.5, 1V, which are offset by 0, 50, 100 fF/ um? respectively. Blue circles cor-
respond to experiment and black dashed line to theory. The orange arrow points to the resonance due to the
guided mode and the green arrow points to the Dirac peak. (b) the tracking of the Dirac peak (or DOS mini-
mum) and the guided mode resonance. Dashed lines are extracted from the simulation and hollow circles are
from the experiment. The yellow dashed line and blue circles corresponding to the guided mode terminate be-
cause there are no detectable resonances. (c) the full width half maximum (FWHM) of the single guided mode
resonance. The orange line is the linearly extrapolated fit of the FWHM of the resonances from the simulation.
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see that they are very well matched, matching in both position and magnitude. Figure 6.9b shows
the extracted position of the Dirac peak (minimum C,) and the position of the resonance in both
experiment and simulation. They all exhibit a linear behavior although the slope corresponding to
the guided mode seems to deviate slightly as the CNT potential increases. The lines for the guided
mode terminates suddenly for both experiment and simulation and this is because the resonance peak
has become too small to be detected. Although according to the mode creation criterion (equation
6.5) there is a threshold in potential for the first mode to appear and this threshold is around 100 meV
for our width potential (~ 4 nm) which is quite consistent with the loss of resonance detection. The
failed detection, however, does not preclude the existence of the single guided mode simply because
of the experimental and digital resolution. Figure 6.9c shows the extracted full width half maximum
(FWHM) of the resonance. The blue circles are from experiment and the orange dashed line is the
slope of the fit of the resonance’s FWHM in the simulation. The slope from experiment matches well
with the slope from theory. The linear behavior of the FWHM in the experimental range is completely

reproducible in all samples with hBN that is 6 nm or thinner.

6.5 CONNECTION WITH ATOMIC COLLAPSE

Here we make a very brief connection with atomic collapse. As shown in chapter 4, the hybrid CNT-
Gr device can be viewed as a 1D analogue for the atomic collapse problem where Gr provides the
relativistic electrons and the CN'T acts as a tunable nucleus. Itis referred to as the 1D analogue because
one can imagine viewing the system from the edge of the Gr while looking down along the CNT and
the system reduces to simple 1D problem (i.e. to assume translational invariance along the CNT). By
increasing V,, we are analogously charging the nucleus. Then in the paradigm of atomic collapse,

when the charge of the nucleus reaches supercriticality, relativistic electrons would begin to dive from
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the positive continuum (conduction band) to the negative continuum (valence band). In the case
of our device, the appearance of the resonance can be the cue for of the beginning of this dive. We
see that it roughly takes Vi, =~ 0.6 V from the CNP (situated at V5, ~ —0.2 V) for the resonance
to appear. From the charge stability diagram measurement (see figure G.4), we see that on average an
additional charge enters the CNT every AV, ~ 0.05 V, meaning that to reach supercriticality it takes
roughly ten charges for the 1D atomic collapse to happen. This here is assuming that the appearance
of the resonance is the correct cue. It has been theorized that the supercriticality point for 1D atomic
collapse is immediate, i.e., as soon as the nucleus is charged, states will begin to dive. " This would be
in clear contradiction with some theories regarding the appearance threshold of a single guided mode

. 86,111
in Gr, however.

Nonetheless, as soon as the resonance develops, the manner in which it dives
down in energy is linear as the nucleus charge increases (compare with equation 4.61 and as shown in
figure 6.9b). This is in qualitative agreement with the atomic collapse prediction. However, once the
electron states have dove down into the negative continuum they begin to obtain an energy width that
is increasing somewhat linearly as shown in figure 6.9¢, in contradiction to equation 4.62. One can
conceivably fit a parabolic curve to the peak width behavior given the large noise, however. All in all,
the hybrid CNT-Gr device shows qualitatively a behavior that maybe consistent with atomic collapse.
Keep in mind, strictly speaking the atomic collapse problem is rooted in the 3D Dirac equation with
a 3D Coulomb potential. What we have here is simply a 1D analogue toy model that possesses a
mathematical similarity with the equations for atomic collapse but not a mathematical equivalence.

The reader is left to decide for him or herself whether or not this toy model can be taken seriously as

an atomic collapse simulator.
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6.6 MULTIMODES: ABSENCE OF RESONANCES IN WIDER POTENTIALS

Figure 6.10 shows the case for a wider potential. The shown data come from a device with 30nm thick
hBN separating the CNT and Gr. Qualitatively similar behavior is seen in devices with hBN that is
10nm or thicker. Additional data for these other devices are shown in the appendix G. The simulation
is for a potential width that is 40nm wide. Figure 6.10a shows the dispersion relation of Gr underneath
the CNT when the potential is at Ug, = 0.45 eV and here we see that the branches are essentially
indistinguishable from the continuum. The modes formed all have merged into one another. So
unlike the single mode which is very well isolated in momentum and energy space, these multi-modes
can couple with one another as well as with the continuum easily, thereby making the modes not as
well guided. Figure 6.10b shows the numerically calculated € and here we do not see any resonances
developing and this is because there are no VHS coming from individual guided modes. Figure 6.10c
shows alocal compressibility measurement for the device around a high gate potential (V, = 7.25V).
The trajectories of the conductance peaks form smooth S curves which represent the Dirac point and
there are no obvious “kinks” seen elsewhere. This signifies the absence of any resonance. However, as
traced by the dark green and orange dashed lines, which are extrapolated from the sloped conductance
lines far from the Dirac point, the slopes of the lines are mismatched. In this case, the line slopes to
the left of the Dirac point (V},; & 17 V) are much flatter than the slopes to the right. Because the line
slopes are directly correlated with the Cy value, Cy with respect to the V},, will be asymmetric. This
can be seen in figure 6.10d. Figure 6.10e show line cuts from the simulation at different potential well
depths. As seen in the experiment, the C; curves become more asymmetric.

The reasoning behind this electron-hole asymmetry can be understood from a simple electrostatic

argument. For positive V,, the CNT is negatively charged in comparison which will attract positively
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Figure 6.10: In the case of a wide potential, no resonances due to guided modes are formed. (a), (b), (c) are from
simulations for a potential well width that is 40nm wide. (c) and (d) are experimental results from a device
with 30nm thick hBN in between the CNT and Gr. (a) shows the dispersion relation of the Gr underneath the
CNT. (b) plots the simulated quantum capacitance as a function of the potential well depth (Ug,) and backgate
potential (V). No resonance can be seen. (c) is a local compressibility measurement done around Vg, = 7.25
V. There are no observable “kinks”. What can be seen is the electron-hole asymmetry shown by the asymmetry
in the slopes of the conductance lines to the left and right of the Dirac point (V;,, ~ 17 V. A green dashed line
is extrapolated based on the slope to the left of the Dirac peak and an orange dashed line for the slope on the
right. The slopes about the Dirac point is clearly different. This is reflected in an asymmetry in C shown in (d).
In (d), extracted C at Vi, = 4.25,6.25, 7.25 V are plotted with an offset. Cj becomes more skewed with the
left side rising up higher as Vg, increases. (e) are linecuts from the simulation plot in (b). Here we also see the
(4 curve becoming more asymmetric as the potential well depth increases.
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charged holes and repel negatively charged electrons. This will increase the LDOS in the hole side
while decreasing the LDOS at the electron side.™ Otherwise, by looking at the formation of modes
from theory, we see that for a potential well (not barrier or hill) that is created by a negatively charged
CNT (positive Vg;,), the new modes develop and pile on the electron side (conduction band). This is
best seen in figure 6.6. These additional states contribute to an increase in DOS and hence an increase
in Cy.

The fact that we do not see resonances for wider potentials is in agreement with theory and this
is a clear indication of the formation of only multimodes, much like the previous attempted works

101,102

on guiding modes. This provides further evidence that significantly sharp potential wells are re-

quired for the realization of a single bound state.

6.7 BRIEFLY ON MAGNETIC FIELD DEPENDENCE

Figure 6.11 shows the data from the 4 nm thick hBN device under a magnetic field of 1 T. In this mag-
netic field, we still see the resonance and the general behavior seems to not have altered. We expect the
guided modes to be insensitive to the external field up until Gr enters the quantum hall regime. This s
because, as shown in the result from Landau level collapse in chapter s, Gr electrons have two distinct
regimes under the influence of crossed electric and magnetic fields. There exists a critical magnetic
field below which the Gr electrons will behave as though there was no magnetic field. Following this
shown observation, we can conclude that the guided modes should be robust if the applied magnetic

field is below the critical value.
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Figure 6.11: Compressibility measurement and extracted quantum capacitance at 1 T. (a) compressibility mea-
surement and (b) extracted quantum capacitance both at 1 T. There is no signs of quantum hall oscillations

and the guided mode resonance is still present (marked by a faint yellow line), demonstrating magnetic field
robustnessup to 1 T.

6.8 CONCLUSION

Our hybrid CNT-Gr devices with hBN as the dielectric spacer have let us fully examine the guided
mode’s dependence on potential well sharpness. In our local compressibility measurements for de-
vices with 4 to 6 nm thick hBN we were able to observe a single resonance which originates from the
existence of a single guided mode. In our devices that uses hBN thatis 10 nm or thicker we were unable
to see this resonance given the experimental limitations posed by the dielectric breakdown voltage of
hBN. From our observations we conclude that to create a single guided mode in Gr, a sharp potential
is required and this speaks to the importance of using the CNT as the potential modulator for future

applications in the field of electron optics.
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Spukbafie Fernwirkung [Spooky action at a distance .

Albert Einstein

Towards Probing Hydrodynamics via
Coulomb Drag between a Carbon

Nanotube and Graphene

Hydrodynamics is a universal description of a strongly correlated and rapidly thermalizing physical
system. As the name implies, the governing equations are readily applicable to liquids which contain

high numbers of constituents that are constantly colliding with one another, allowing the fast estab-
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Figure 7.1: Non-hydrodynamic vs hydrodynamic flow regimes in graphene. On the left, electrons flow ballisti-
cally and occasionally scatter off impurities. This is the Knudsen regime. On the right, electrons are constantly
colliding with one another and hence equilibrating in a macroscopic fluid described by the theory of hydrody-
namics. This illustration is taken from the work by Zaanen.™

lishment of local equilibrium and hence satisfying the requirement of a hydrodynamic fluid. Electrons
in matter in the right conditions can also behave exactly as a hydrodynamic fluid. The governing equa-
tions are blind to the type of constituents. So long as the particles, or molecules, or charges are highly
interacting and are able to conserve their total energy and momentum, the many-body system can be

accurately described as a single entity with macroscopic properties.

7.1 THE QUEST TO PROBE ELECTROHYDRODYNAMICS

The application of the theory of hydrodynamics to condensed matter can be traced back to 1968 when
Radii Gurzhi predicted that the resistivity of a conductor would decrease with increasing electron-
electron (ee) scattering rate due to the Poiseuille flow of electrons (as opposed to the Knudsen flow
which describes electrons as ballistic particles in a disordered medium). This was called the Gurzhi
effect.” Experimental verification of this prediction eventually came albeit slowly due to the limited

. . .. . . 6,117,8,118
systems that allowed hydrodynamics as well as the difficult conditions for it to be manifested."™"”*"
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Figure 7.2: Electronic phase diagram of graphene. The yellow area corresponds to the k1" window (thermal
smearing). In the Fermi liquid regime, graphene only consists of one type of carriers while in the Dirac fluid
regime, both electrons and holes coexist. There exists a regime where the electron-electron scattering length
is the dominant length scale. In this regime, the electron liquid in Gr behaves as a hydrodynamic fluid. Left
picture is adapted from the work by Lucas et al. ™

The advent of Gr resurrected the pursuit of hydrodynamics. In fact, Gr turned out to be an even
more exotic hydrodynamic system due to its Dirac cone bandstructure. Thus far, the main experi-
ments unveiled Gr electrons in the Fermi liquid regime as an extremely viscous liquid. > One of the
key signatures of hydrodynamics in Gr is the negative potential that develops right next to the injec-
tion site as a result of viscous entrainment of the electrons in the fluid. This is referred to as negative
vicinity resistance. In a setting with closed boundary conditions, the viscous electronic fluid would

POELERE However, since these proposed experiments all rely on per-

form whirlpools (see figure 7.3).
forming conventional transport measurements whereby inevitable stray currents are injected into the
electronic system, measuring a negative vicinity resistance or spotting whirlpools can be difficult. Fur-
thermore, electrons in the ballistic regime are also known to cause negative vicinity resistance and
distinguishing the hydrodynamic regime from the ballistic regime is not straightforward. *#*>¢*7

Finally and perhaps most critically, one of the most intriguing properties of Gr is that at its Dirac

point, Gr simultaneously hosts both electrons and holes which act as a relativistic plasma. This is
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Figure 7.3: The two scenarios when injecting current directly into graphene. (a) the hydrodynamic signature of

a viscous fluid is negative vicinity resistance. (b) when the fluid is purely ohmic, there are no vortices. (c) the

longitudinal potential difference for different viscosities. The presence of a viscous fluid will cause a sign change

along the transverse direction. The illustrations are adapted from the work by Levitov et al. ™

known as the Dirac fluid and there are many exciting predictions regarding this fluid including the
. . 1 9,128, .

existence of the perfect fluid. "**"*” However, to date no conventional transport measurements have

been able to directly probe this regime due to many associated experimental complications such as

Joule heating.

711  CARBON NANOTUBE AS THE PERTURBATION TooL TO CREATE A 1D MoVING

BouNDARY CONDITION

It has long been theorized that Coulomb drag in Gr can bring out hydrodynamics in Gr and there
are unexplained observations already in Coulomb drag measurements that may be tied with hydrody-

. 130,114,13L,132
namics, 2*"BH8

We seek to study hydrodynamics in a cleaner way and in a system more analogous
to those in fluid mechanics. One hydrodynamic scenario that we can duplicate is the 2D lid-driven

cavity. In this scenario, Gr acts as the 2D cavity hosting the electron liquid and the CN'T becomes

the 1D moving lid that serves to drive the liquid in Gr (see figure 7.4). If the CNT is placed close
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Figure 7.4: Carbon Nanotube for the creation of a 1D moving boundary condition. (a) and (b) show two
different configurations of the Coulomb drag measurement between a carbon nanotube and graphene. With
closely spaced leads (D, is on the order of a few hundred nanometers which is the characteristic length scale
of whirlpools of a hydrodynamic liquid in graphene, the device can possibly detect the spatial behavior of the
electronic fluid.

enough to the Gr, the moving electrons in the CNT can drag electrons in Gr in the same direction
via Coulomb drag. In doing this, we ensure that the driven electrons in Gr only travel in one direc-
tion and this eliminates the parasitic effects coming from stray currents that is otherwise introduced
in conventional transport measurements.

But Coulomb drag turns out to be an extremely complex and convoluted phenomenon on its own
right. The study of hydrodynamics has thus been put on hold and the theoretical background and
simulations has been relegated to appendix E. The rest of this chapter will focus on the complexities

regarding Coulomb drag.
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7.2 BRIEF INTRODUCTION TO COoULOMB DRAG

When two spatially separated conductors are placed in close proximity to one another, charge carriers
in one can interact with charge carriers in the other via Coulomb interaction. By driving an electric
current (y,.) in the drive (active) layer, if the interlayer Coulomb interaction is the dominating force,
charges in the drag (passive) can get dragged. Consequently, if the drag layer is left in an open circuit,
the dragged charges will pile up on one end of the layer and an ensuing potential will develop across

this drag layer. This potential is called the drag voltage (Viy,g). The drag resistance is defined to be:

(7.1)

We choose the sign of drag resistance to be negative when the two layers have the same carrier types
and positive when they have opposite carrier type. This quantity quantifies the interlayer resistance
of the double layer system, the double layer system being the two conductors. It also tells us how
interactive the particles are in the system. Particularly, any true drag signal due to Coulomb drag is
a direct consequence of interlayer electron-electron (e-e) interactions. The use of Coulomb drag in a
double layer system can then be used to either probe or drive e-e interactions specifically.

The main challenge in performing Coulomb drag measurements is to decipher whether the mea-
sured drag signal is purely due to inter-layer Coulomb interactions. Because individual layers in a
double layer system can talk to each other via other means such as capacitively, the measured drag sig-
nal can often be mistaken as other parasitic effects. In the following sections, I will lay down the basic
principles of Coulomb drag and show some of its main signatures. I will then discuss possible parasitic

signals. Finally, I will show the ongoing progress of our work regarding the Coulomb drag between
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Figure 7.5: Illustration of momentum drag. A current is driven into the drive layer. The charge carriers in the
drive layer, through electron-electron interactions, impart momentum to the carriers in the drag layer. Asa
result the carriers get dragged and a voltage develops across the drag layer. Note that electrons and holes both
receive the same momentum so a detectable signal necessarily requires an asymmetry in the electron’s and hole’s
transport properties.

graphene (Gr) and the carbon nanotube (CNT).

7.3 CouLoMB DRAG MECHANISMS

Coulomb drag has been studied extensively since the early 1990%. 77"

567 The experimental plat-
form had been GaAs quantum wells and all of the experimental findings had been explained very
successfully by momentum drag where e-e scattering mediated by Coulomb interaction transfers mo-
mentum from the drive layer to drag layer. The same type of drag measurements were performed
after the advent of Gr. The double Gr layer system proved to be a much more versatile experimental
platform because the individual layer carrier concentration can be tuned separately in addition to the
application of magnetic field and interlayer displacement field. Most importantly though is that the

separation between the two Gr layers can be much smaller than the interlayer spacing in traditional

2DEG double layer systems. This allowed the probing of the uncharted strong-coupling regime where
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(b) (c)

Figure 7.6: Momentum drag performed in a double graphene layer system by Gorbacehv et al. "* (a) shows the
drag signal with respect to drive and drag layer carrier densities. (b) shows the same drag signal except in terms
of measurement parameters: the top and bottom gate voltages. In both (a) and (b), we see the characteristic
negative drag for same doping type in the two layers and positive for opposite. The drag signal diminishes as
either carrier density goes to zero. (c) shows the line cuts for the same and opposite layer doping. In (c) we
see the anomalous positive drag signal at double charge neutral point. Momentum drag predicts the value to
vanish.

the Fermi wavelength is the same order of magnitude as the separation distance. This means that the
interlayer and intralyer interactions are roughly equally strong.

Recent measurements on Coulomb drag in the double Gr system yielded unexpected results how-
ever. At high carrier concentrations, Gr Coulomb drag could be explained well by momentum drag,
but near the double charge neutrality point (DCNP), the drag signal was anomalously high and neg-
ative. See figure 7.6 for the experimental results.” This was just one of the anomalies. In the low
temperature regime of double monolayer drag system as well as the double bilayer Gr system, there

were results that do not follow the prediction by momentum drag, ?*"#*#54*

Many of these myste-
rious findings bewildered the drag community. People have attempted to explain these new behaviors

but at the time of writing, there is no definitive explanation for the anomalous behavior. Below, I will

report the two popular mechanisms that together seem to sufficiently explain Gr Coulomb drag.
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7.3.1 MOMENTUM DRrRAG

Momentum drag is considered to be the conventional drag mechanism. The gist of it is as mentioned
before: e-e scattering mediated by Coulomb interaction transfers momentum from the drive layer to
drag layer. Let us address this phenomenon more quantitatively.

In the semiclassical Drude treatment, we can break down the transport of a bilayer system into two

coupled equations of motion:

d _

P By +vyxB) - PL - [PLP2), (72)
1 D

dp p p2 — P

dt2 = go(Eq + vy XB)—J—i( 2 1)3 (73)
T2 ™D

where subscripts {1, 2} denote the drive and drag layer respectively, ¢; = +|n;e|, —|n;e| for holes
and electrons respectively, p; = m;Vv; and B is assumed to be homogeneous across the two layers.
Ty o are the intralayer scattering times and 7, the interlayer scattering time. Noting that in a drag
measurement the drag layer is in an open circuit with no net current, so v5 = 0, then the longitudinal
drag resistivity in steady state is:

E,y my

PD = = - 5 (7-4)
en vy nynge Tp

under the premise that the bilayer system is composed of two 2D layers where n = m~? and pp -
(L/W) = Rp. The longitudinal drag resistivity is independent of magnetic field and has a sign that
depends on the doping of the two layers. In the work regarding Coulomb drag, we will take the sign
of drag resistance to be negative if layers have the same carrier type and positive if opposite. In this

treatment, all the microscopic details are encoded in the phenomenological parameter 7.
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To calculate the rate of change of momentum due to e-e scattering between drive (layer 1) and drag

(layer 2) layers, we start from the collision integral integrated over transferred momentum:

dpy _ [ _da _(, df(q)
it~ (%)
d dk dk
_/(2:)2771(1/ (271';2/(2W§2{Wk1’k1+qvk27kz—q}'

{f(kl) [1— f(ky +a)] folka)[1 — folke —q)]—

fky +a)[1— f(ky)] fo(ka —q)[1 — fo(ka)] }

Here, f is the non-equilibrium distribution function and f;) is the Fermi distribution function. q is
the interlayer momentum transfer and subscripts 1, 2 denote drive and drag layer respectively. The

transition probability is given by Fermi’s Golden Rule:

27T 2
Wi, ky+q.ks ko—q = f|V(Q)’ 0(ek, + Eky = Elytq — Ehy—q)- (7.6)

For Gr there is a phase associated to the transition probability due to the non-trivial Berry phase as
well an overall multiplier due to degeneracy (see appendix A.6). Hereinafter we will ignore these for

simplicity. The final form for rate of momentum change is unaltered regardless. The Fourier trans-

form of the unscreened interaction potential (the Coulomb potential) for carriers confined in a 2D

plane is given by:
2me” 2me® —qd
q q
V(q) = , , | (77)
2me efqd 2me
q q

The diagonal terms are the intralayer bare Coulomb potential and the off-diagonal terms are the in-

terlayer bare Coulomb potential. e is the elementary charge and d is the interlayer separation. Here
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we report the unscreened potential for simplicity. To be more accurate, the screened potential should

be used and for that the reader is referred to the cited references."*>

5" The main point here is the
exponential decay with respect to the interlayer momentum transfer and interlayer spacing. Even with

the screening correction, the exponential decay is unchanged and this dependence is what limits the

range of the interlayer momentum transfer. The maximum momentum that can be transferred is:
1

Fortunately, for van-der Waals materials, the interlayer spacing can be as thin as a couple nanometers
without the adverse effect of current leakage or tunneling. This is due to the confinement of the elec-
tron wavefunction in van-der Waals materials to a single or just a few atomic layers. The older genera-
tion of 2DEGS (2D electron gas), such as GaAs heterostructures, confined electrons in an engineered
quantum well via modulation doping. These electrons have wavefunctions that extended on the or-
der of high tens of nanometers away from the 2DEG plane. This severely limited the thinness of the
spacing between layers. With hBN, a typical thickness of 2 nm is used in which case the transferable
momentum can be about 0.5 nm ™. This is sufficient for any electron to reach any part of the Dirac
cone at all experimentally reachable gate values. For reference, the cone diameter is about 0.5 nm~!
long at 0.3 eV and the two valleys in Gr are separated by about 10 nm™ .

Looking back at equation 7.5, it tells us that rate of momentum change comes from all possible
phase space transitions given by Fermi’s Golden Rule and weighted by their probabilities. The prob-
abilities are given by the distribution functions; the delta function ensures energy conservation; the
Coulomb potential determines the momentum transfer range. To evaluate the equation, a lineariza-

tion of the non-equilibrium distribution function is performed while assuming q = mv /h. After
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the linearization, we get a very transparent form of equation for the rate of momentum transfer:

dpp _vi 1 dq (hq)2|V(q)|2/ ey /(dkz {fo( )[1—f0(k1+Q)]}

dt 2 kgT 27)2 or 92
(2r) 2 ) oy o)
{ utka) 1 = folka = ] Joler, + e, = 210 = Sy
With some additional mathematical tricks, we arrive at the generalized drag formula: ™"’
d 1 I
& — Vl |V ’ / Xl q72 ] m[XQ(qa w)] ) (7‘10)
dt 2 kBT ( s1nh hW/kBT)

We have introduced the Lindhard function (or polarization function) which represents the suscepti-

bility of the electron gas (or liquid). It is given by:

_ dk; fo(ki) — fo(ki +q)
v = [ e e 1)

The imaginary part of the Lindhard function is associated with the dissipation or absorption of in-
coming energy by the electron gas via electron-hole pair excitations. It is a measure of how interactive

the electron gas is and is given by:

Im{xi(q, )] = / (‘;‘j) [Folks) — folks + @)]o(hw — () + 20k + ). (72)

To reach equation 7.10, a very important requirement must be fulfilled and it is that the electron and
hole distribution functions must be asymmetric. Without this, the parts with distribution functions
would result in zero.” This touches on one of the most important point regarding Coulomb drag

and it is: Coulomb drag is highly sensitive to the electron-hole asymmetry in the system. This will be
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q=0

{c) (d)

o 2k 1 0 2k, 0

Figure 7.7: Electron-hole excitations for 1D and 2D systems. (a) and (b) are the 2D and 1D energy vs momen-

tum space respectively with the momenta (g) associated with electron-hole excitations labeled. (c) and (d) are
the 2D and 1D electron-hole excitation spectra respectively.

addressed again later. And as a last side note, the Berry phase and degeneracy information associated
with Gr, if taken into account, would be embedded in the polarization function.

To compute the drag resistance, we use the fact that any measurable change in momentum in the
drag layer will generate an electric field:

dp2

2 — nycEs. (7.13)

Together with equation 7.4, we get the generalized formula for drag resistivity due to momentum
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143,131,145

drag:

11 m{x1(q; w)]Im{xs(q; w)] .
(R QkBT/( )2 2’V (a)f / sinh?(hw/kpT) (714

In the low temperature regime (kg7 < hw) and only taking into account forward (small angle)

scattering, so ignoring backscattering (large angle), which is areuably a valid assumption for most times
8 S01g g gllargeang guably p

due to the exponential decay dependence, the drag resistivity simplifies to: "%

, how2C(3) (kgT)? 1 15
= 5 s 715
P16 E€F1€F2 QTFIQTF2kF1kF2d4

where ((3) ~ 1.202, gy is the Thomas-Fermi screening wavevector, € p; is the Fermi energy and k ;
is the Fermi wavevector. Equation 7.14 and 7.15 together gives us much of the information regarding
Coulomb drag. The T° dependence is if we ignored backscattering specifically. With backscatter-
ing in 2D, T? — T*In(ep/kgT) but this logarithmic temperature correction is not easily notice-

146 S, .
4 Furthermore, backscattering in Gr is suppressed due to its Berry phase and

able experimentally.
large momentum transfer is less probable so overall we expect the temperature dependence to follow
more closely with T?. This overall T* dependence has the same root as the Fermi liquid e-e scatter-
ing temperature dependence. Interlayer Coulomb drag is just another manifestation of e-e scattering
but instead of occurring in one layer, it is occurring in two layers. With this in mind, we expect the
temperature dependence to be the first signature to go if one or both layers no longer behave as a
Fermi liquid. Coulomb drag can thus be used as a probe to detect unconventional electronic regimes.
For instance, for 1D-1D drag the temperature dependence is expected to be non-monotonic, 147148,149
while for highly correlated systems such as exciton condensates the temperature dependence diverges

150,151,152,
as temperature decreases.
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Figure 7.8: Comparison between electron-hole symmetric and electron-hole asymmetric systems. Shown are
pictures depicting two different types of drag layers given momentum g. (a) shows 1D system with linear energy
bands which necessarily means electron-hole symmetry around the Fermi energy for all energy values. (b) shows
a 1D system with parabolic energy bands. Anywhere away from the charge neutrality point (where the bands
touch), there will be electron-hole asymmetry around the Fermi energy. The curvature of the energy bands is

what dictates the symmetry. A drag signal depends on the asymmetry of the system as it is required to generate

an imbalance between electron and hole quasiparticles.

The drag resistance due to momentum transfer can be summarized to depend on the following

factors:

1. phase space availability for scattering limited by k5T,

2. the interaction term V' (¢) which dictates g, given d,

3. electron-hole asymmetry expressed through the asymmetric energy dependence of DOS

and group velocity around the Fermi energy,

4. screening due to each layer’s carrier concentrations as reflected by the 1 /7 dependence,

5. in-plane density fluctuations given by Im[x(q, w)].

The importance of electron and hole asymmetry was briefly touched upon previously but looking

at the final form for momentum drag, the existence seems to be lost in writing. This goes back to the

evaluation of the imbalance in the electron distribution functions. In moving forward from equation

7.5, there is the underlying assumption that the terms with distribution functions yield non-zero val-
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ues. This can only happen if the electron and hole energy spectrum are asymmetric. This asymmetry
requirement can partially be captured by figure 7.8. Specifically shown in the figure is the response
of the drag layer. If electrons and holes were symmetric, the excited pairs of electrons and holes af-
ter a momentum gain would travel at the same velocity, resulting in a zero overall current. For the
asymmetric case, electrons and holes would travel differently which results in an overall current. This
concept is further expounded upon in the cited references, >3+ 36 435!

Under a magnetic field, it was shown that equation 7.14 can be rewritten in the following tensor
form: "’

doy do, (7.16)
PD P2 (enl) d(eng)pl’ 71

where the electron-hole symmetry can seen through the derivative of the intralayer conductivity (o7;)
with respect to its layer carrier density (n;). p; is the resistivity tensor of layer 4. This equation was also
used as an accurate explanation for magneto-drag under strong magnetic fields, 158 substantiating the
universality of equation 7.14 and the momentum drag description. For weak classical magnetic fields,
one can obtain the magnetic field dependence through the expansion of the polarization function as
well as momentum which has a B dependence. It is shown that the leading term for weak classical
magnetic fields goes as B2 Indeed experiments showed that at high doping the drag signal does
follow this B> dependence, but at the DCNP the drag signal showed an unexpected sign reversal.

e . . . . L1 158,138
Instead of a positive increase in drag signal, it becomes negative very quickly.”>"”

Up to this point,
momentum drag was able to explain very well all the physics seen at high doping but has come short

when describing the physics at the DCNP. And this brings us to our next topic: energy drag.
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7.3.2  ENERGY DRrRAG

Gr Coulomb drag exhibits an anomalous positive signal at DCNP that has a non-monotonic tempera-
ture dependence and turns negative upon application of external magnetic field. This is not captured
by momentum drag which predicts the signal to vanish at zero magnetic field at DCNP and to become
positive under a magnetic field. The energy drag mechanism was proposed to explain the anomaly.
The underlying principle behind energy drag is interlayer energy transfer. This notion is captured

well by the following coupled heat transport equation:

-V (KJ]_V(;T]_) + a((ST]_ — 6T2) + )\5T1 =-V 'qu7 (717)

_V . (IizV(STQ) + a(5T2 — 6T1) =+ )\6T2 = O (718)

Here, 07 (r) = T'(r) — Ty where T} is the lattice temperature, which is the same as the global equilib-
rium temperature, and 7} (r) is the absolute electron temperature in layer i. j; 4 is the heat current in
layer 1, the drive layer. r; is the thermal conductivity of layer ¢ and is assumed to be a scalar for simplic-
ity, A is the electron-phonon scattering rate (or electron-lattice cooling rate), a is the interlayer energy
transfer rate and can be acquired through the collision integral method as in equation 7.9, except now

we integrate over energy instead. The energy relaxation rate is:

de 27 dq
i~ h ) e =)V (a)”

/ (CQZ:;Q /(6517:)22{170(1{1) [1— folky + Q)]} (7:19)

{fo(kz) [1— fo(ky — q)] }5(5k1 + €ky — Ekyt+q — Ehy—q)-
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Like previously, with similar mathematical tricks, we get a form similar to the generalized momentum

change equation (equation 7.10) which is:

% - ;/dw(NQ(w) B Nl(w))(m)/ (;:)2 IV (q)]*Im[x; (q,w)]Im[x5(q,w)],  (7:20)
where
Ni) = o7 (
A P 7.21)

is the Bose function at temperature of layer 7. a, the interlayer energy transfer rate, is then equal to
d*e/dtdT."*® The main purpose of writing out the energy transfer equation is to show that energy
and momentum drag bear a lot of similarities, the most important one being the Coulomb interac-
tion mediated interlayer scattering. This is to distinguish energy drag from the pure thermoelectric
phenomenon. Energy drag hinges on the presence of Coulomb interaction which is what provides
a pathway for interlayer scattering. But as we shall see, the thermoelectric effect is also central to the
energy drag description.

We begin with the coupled charge and energy transport equations describing a single isolated layer: 16162

—J eL11/T eLya| |V
= ; (7.22)
Jq Lyy/T Lay | |V
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ldrive

Figure 7.9: Illustration of energy drag. An electric current is driven into the drive layer. This electric current is
accompanied with a heat current because of heat generation. The heat current causes a temperature gradient
which, through Coulomb interaction, is duplicated in the drag layer. The temperature gradient in the drag layer
in turn creates an electric field and hence a drag voltage. The drag voltage can develop in directions irrespective
of the drive current or heat current.

In this notation, we have the following quantities for the kinetic coeflicients, a.k.a., L matrix:

T
Ly = o, (7.23)
e
Lis = eQLqq, (7.24)
2
Loy =~ T7K, (7.25)

where each L element is a tensor and from these elements we can construct the following observables:

1 _

S=—Li;Li;, (7.26)
el
1 _ sT

Q= 2111214111 = o = ST, (7.27)

Ja = Qj- (7.28)
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Note that here Q is the heat per charge which we will refer to as heat hereinafter and S is the See-
beck coefficient (or thermopower), not entropy s. The Seebeck coefhicient (S), heat (Q), entropy (s),
electrical conductivity (o) and thermal conducitivity (k) are rank 2 tensors associated with the z, y
directions in a single layer. jq is the heat flux or heat currentand j is the electric current, both of which
are vectors.

Evoking Onsager reciprocity as well as assuming an isotropic layer, the off-diagonal kinetic coeffi-

cient has to obey:

L12(B) = Lo; ' (B). (7.29)

Then, because the drag layer is measured in an open circuit where j = 0, from equation 7.22 we can

solve for the resultant electric field:

v T
Ve _T
e e

1
— TLHIQLHVT (7.30)

vT
Q7

_ 1
LiiLip Vo

wherein the laststep [Q, L] = 0, because of the layer isotropy assumption. *®* What we have arrived at
up to this point is that for a single isolated layer, if there exists a temperature gradient within the layer,
an electric field will develop, and this field is not restricted to just the direction of the temperature
gradient which is why a longitudinal and transverse (Hall) drag signal can be measured. Now the
question is, how can a temperature gradient form in the drag system? A somewhat phenomenological

scenario can be used and that is through balancing the heat equation while assuming the double layer
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system has strong interlayer coupling such that individual thermal conductivities add:
(K1 + £2)VOT = DQqjy. (7.31)

D islike a sample specific form factor that determines the heat flow pattern for the double layer system,
hence characterizing both layers at the same time. Forisotropicheat flow, D = I, where I is the 2x 2
identity matrix.**"° Solving for the above will net the temperature gradient of the whole double layer
system. A more precise temperature gradient can be solved for from equations 7.17 and from this one
can acquire a relationship specifically between V675 and jq . The expression is boundary condition
specific and the procedure is detailed in the cited reference.”” What remains now is to calculate the
drag resistance. Putting equations 7.28, 7.30, 7.31 all together and evoking definition of drag resistivity,

one will find for energy drag:

_ Q.DQ,

PD = T(/il + I{2) . (732’)

The drag resistivity depends largely on the heat tensor Q. As a reminder, jq = Qj, so Q dictates the
angle relation as well as magnitude relation between the electric and heat current. Figure 7.10 shows
the behavior of () for Gr. In the most ideal case where the heat flow is isotropic the drag resistance

N 6
simplifies to:"”*

1 L

R ~ A T N X xTrxr R ~ N
DA (kg + "52)@1’ vz, P WT(ky + ky)

Ql,nyQ,xyv (7.33)

where L and W are the length and width of the system. This equation is shown to help the reader
digest roughly what to expect for the energy drag signal.

One striking behavior from the energy drag resistivity is this: for isotropic heat flow D = I, in
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Figure 7.10: The heat characteristic of graphene. The plot is taken from the work by Song et al. 102

which case, [Q1, Q2] = 0, and so pp becomes layer symmetric, i.e., swapping drive (1) and drag
(2) layers results in the same behavior; however, for anisotropic heat flow D # I, p p becomes layer
asymmetric, i.e., [Qq, DQ5] # 0 Thisis an important result with regards to drag. It hast been widely
assumed that Onsager reciprocity implies layer symmetry. This is unfounded and completely false. In
the next section, we will discuss about Onsager’s reciprocal relations and see how it extends to the drag
measurement.

Regarding the anomaly seen at the DCNP, let us first stress that energy drag as described so far does
not enforce any non-zero signal at the DCNP. In fact, based on what is described so far we would
expect the energy drag signal to also vanish near DCNP at zero magnetic field (mainly due to &. See
figure 7.11). In order to explain the anomaly both energy drag and disorder must be taken into account.
When a charge currentis applied to the drive layer, the intrinsic density inhomogeneity due to disorder

will cause a spatially varying heating or cooling pattern. This is because the current going through
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Figure 7.11: Energy drag transport characteristics. (a) is the experimental measurement of longitudinal drag in a
Gr-Gr drag system at different magnetic fields, which can be reproduced well by theory of energy drag (see cited
reference for comparison). Here we can see the drag signal becoming more negative as a function of increasing
magnetic field, which is a key signature of energy drag. (b) is the theoretical simulation of Hall (transverse) drag
in a Gr-Gr drag system at different magnetic fields. The overall magnitude increases with magnetic field. (c) and
(d) are the respective simulated color plots, plotted with respect to the layer carrier densities and at 0.6 T. All

plots are either taken or simulated at 150 K. All plots are adapted from the work by Song et al. 16

the disordered layer will not be homogeneous. Instead, the microscopic direction of the current is
dictated by the spatially varying electronic landscape. This non-uniform current is responsible for
creating a spatially varying heating or cooling pattern, resulting in a temperature pattern §7'(r). If
the thermal coupling between the drive and drag layer is strong, meaning that energy transfer rate

between layers is fast, the drag layer will then efficiently duplicate the temperature pattern in the drive
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layer: 0T y4(r) A 6Ty (1), after which, the thermoelectric effects will carry through and generate
the anomalous signal. Through the same energy drag formalism detailed above, it is shown that the

energy drag resistivity is given by:

B 1 00 aQQZ (Ona(=a)orn1 (@)

= 734
PP 2T (k1 + ko) Opy Opg 14 1q° (7:34)

where [ denotes the interlayer cooling length which can be given by the e-e scattering length and ¢ is the
momentum. Looking at figure 7.10 it is clear that the signal peaks at zero-doping since the derivative
of () is at a maximum. The most important quantity here is the correlator (d5(—q)dp;(q)). This
quantity describes how aligned the density inhomogeneity is between the drive and drag layers. The
sign of the drag signal will depend entirely on whether the density inhomogeneity is co-aligned or anti-
aligned. For a positive correlation, the energy drag signal is due to a disorder potential dominated by
charge impurities. For a negative correlation, the energy drag signal is due to strain induced charge
puddles. The anomalous drag signal at DCNP has been termed remnant drag. Based on experiments
thus far, the anomalous drag signal is likely due to charge impurities. 160

The magnetic field dependence of the energy drag resistivity is encoded in the heat tensor. To see

this simply, in the diffusive case according to Mott formula and equation 7.27, we have:

-1 oo

2
v
—(kgT)’o o (7.35)

QZB@

And so the energy drag acquires its magnetic field dependence through the conductivity tensor (o).
Figure 7.10 shows the behavior of Q. Energy drag is predicted to have a — B 2 dependence. Compared
to the momentum drag magnetic field dependence, they both scale quadratically but energy drag is

expected to have a much larger prefactor in addition to it being negative. This is the reason for the
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Figure 7.12: Comparison between momentum and energy drag at non-zero magnetic field. All plots are taken

from the work by Song et al.™”

observed anomaly in magnetic field dependence.”” Figure 7.12 compares and contrasts the magnetic
field dependence of momentum and energy drag. This will be the key identifier in determining the
drag mechanism moving forward. Figure 7.13 shows the temperature dependence of energy drag at the
DCNP. It shows a peculiar non-monotonic behavior. This is due to the competing terms among all
the factors within the equation and results in a T? at low temperature and T % ac high temperature

with the transition point A given approximately by the Dirac peak disorder broadening energy. 160
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Figure 7.13: Temperature dependence of energy drag. (a) is the total drag signal, i.e. momentum and energy
drag combined. (b) and (c) show the line cuts at same and opposite layer doping. For both of them we see
the anomalous positive signal becoming more prominent as a function of decreasing temperature. (d) is the
temperature dependence of this anomalous drag peak. All the plots are taken from the work by Song et al. 160

7.4 ONSAGER RECIPROCAL RELATIONS

In Onsager’s seminal work on the reciprocity of different thermodynamic quantities, he proved a gen-
eral and powerful set of reciprocal relations treating the symmetry in the mutual interference of two
or more irreversible processes occurring simultaneously in a system. Onsager reciprocal relations are

satisfied only when the flows (or fluxes) are expressed as a function of their respective conjugate ther-
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modynamic forces. The relations are based on the fundamental principle of time-reversal symmetry,
which is to say, “if velocities of particles are reversed simultaneously, the particles will retrace their

. . . . 6
former paths, reversing the entire succession of conﬁguratlons.”l }

If an irreversible process expressed as rates of change of a set of measurable parameters  is able to

be expressed in a linear form:

50{1'

5 ZLij7j7 (7.36)
J

where

s da;
ot Z%tha (7.37)
J

then in equilibrium, Onsager’s theorem states:
L;;j(B) = Lj;(—B). (7.38)

7y causes the deviation from equilibrium state and is called the generalized force. In equilibrium the en-
tropy s is ata extremum and hence y is about zero. The reason the process is irreversible is 5 /0t > 0.
L are the kinetic coefficients which define the state of the system and L;; is the measure of the inter-
ference of the 7 and j process. To summarize in point format, Onsager’s reciprocity only works under
the following conditions:

1) the process must be expressible in linear form and the state must be in equilibrium,

2) only the forces 7; conjugate to c; can be used and must satisty relation 7.37.
The above underlines the ultimate conditions for Onsager’s reciprocal relations to work. Many scenar-
ios described by different pairs of conjugate variables (v, y) have been individually investigated over

163,164,161,165,166

the many years. In the system regarding energy drag, the interlayer mutual interference
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involves the charge and heat currents. Onsager’s reciprocity would hold if we expressed the state of

the system as the coupled heat and particle transport equation:

—J Ly1/T Ly Vi
= ) (7.39)
Jaq Lyy/T Lyl |V7
Here, the fluxes and forces are all adequately related through equation 7.37 and Onsager’s theorem

requires Ly5(B) = Lo; (—B)." In another well investigated scenario, regarding the conduction of

electricity, if the system can be described by:

Vi Ry Ry | L
= ; (7.40)
Va Ry1 Rgo| |Io
then Ryo(B) = Ry (—B)."° In this system, the indices refer to different probes regardless of the
geometry and separation. We can draw a connection between this and momentum drag, whereby the
indices can refer to the drive and drag layers and Onsager’s reciprocity would work as expected— we
would expect layer symmetry in momentum drag measurements.

One must be wary when rendering the energy drag system in terms of the drive and drag layers.
Attempting to describe the process like momentum drag would simply coarse grain the intricate de-
tails of energy drag. To see an example, let us work with a process that includes both an electrostatic
potential and temperature gradient as the generalized forces occuring in multiple layers. Written in

terms of interlayer conductivity where now the indices denote different layers, we have:

Ji o1 o [(VV +S5VT),
= - ) (741)
J2 091 Oga| [(VV 4+ SVT),
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where S is the Seebeck coefficient assumed to be layer independent for simplicity. In this case, On-
sager reciprocity is not clear. Despite the equation being in linear form, the generalized force is now
composed of electrostatic potential and temperature gradients. The conjugate variable cannot be gen-
eralized into a single electric current. This is to say, in the above, equation 7.37 is not satisfied. In
this case, we do not expect layer symmetry to hold (i.e. 019 # 091) unless the temperature gradient
vanishes. This idea extends to the description of energy drag where both temperature and electrostat-
ics play a central role. A more careful approach must be taken to describe energy drag as there are
many more forces at play and one must not mistake the lack of layer symmetry as being a violation of
Onsager’s reciprocal relations. This notion is emphasized in the work by Song et. al.***

As the concluding remark: Onsager reciprocity predicates on being able to write the process strictly
in linear form where o and +y are conjugate variables related through equation 7.37. Regarding energy
drag, Onsager reciprocity holds, but it is not manifested in terms of layer symmetry in contrast to

momentum drag.

7.5 PARASITIC EFFECTS AND THE DRAG MEASUREMENT SCHEME

From the very beginning when Coulomb drag measurements were first performed, it was well-known
that parasitic effects can easily mask the true drag signal if the measurements were not done right. >’
One of the main parasitic effects come from capacitive coupling between the drive and drag layers. An
excitation bias in the drive layer will cause the drive layer to acquire a non-zero potential due to the
contact resistances and its intrinsic resistance. For DC measurements, this potential will electrically
gate the drag layer, creating a non-uniform electronic landscape if the layers are asymmetric like the

CNT-Gr drag devices. For AC measurements, the problem is exacerbated. An oscillating potential in

the drive layer will send an oscillating current into the drag layer through capacitive response. This
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current will cause a measurable unwanted potential drop across the drag layer due to the layer and
contact resistances. See figure 7.5 for the circuit explanation. This interlayer bias problem is often
referred to as the common mode problem.

It is undeniable that low AC techniques offer huge benefits in terms of low noise and fast measure-
ment rates. To take advantage of low AC techniques while circumventing the parasitic effects due to
capacitive coupling, people have performed the measurements using resistance bridges to manually
tune the potential of the drive and drag layer to be about the same as seen in figure 7.5. The problem
with this is as the carrier densities in the layers change, the layer resistance as well as contact resistance
change. This means that the interlayer potential difference will also change as the gates change. At
the time of this writing, potential tuning is done by manually by hand. It is unrealistic to tune con-
tinuously as the measurement is running. One may conceivably develop a feedback system that can
constantly fine tune the interlayer potential difference to be zero.

An alternative method is simply to perform slow DC measurements and this will solve the capac-
itive coupling problem. Performing DC measurements, however, creates problems of its own. Slow
measurements are subject to thermoelectric signals flowing through the measurement system and the
DC measurements are prone to slow thermal drifts that affect instruments references. And of course,
DC measurements are not immune to any noise at any frequency that AC measurements can readily
get rid of and it is particularly difficult to measure low amplitude signals.

For our drag measurements, we always start with an AC measurement but we almost always are
hindered by a large capacitive phase in our drag signal regardless of how we try to tune the interlayer
bias. This is not a surprise because the contact resistance to the CNT is at best (hundreds of kOhms)
still at least three orders of magnitude larger than Gr’s. What Gr Coulomb drag can get away with is

not the same for CN'Ts. This means that CN'T measurements are extremely prone to interlayer bias

205



(a) (b)

LAYER 2

Figure 7.14: Parasitic signal is easily detectable in a drag measurement. Measurements must be done properly to
avoid it. (a) shows the cause of a very common parasitic signal, commonly called the common-mode problem.
It arises because of the interlayer bias generated by the high contact resistance at the contacts. As a result of the
interlayer bias (V},) and parasitic capacitance (C},), the AC bias (V) will transmit an AC current (1,,) into the
drag layer which is then detected as a parasitic voltage because of the resistances in the drag layer. The picture
below shows roughly the potential profile across the device in the drive layer. As one can see, the potential at the
sample is not zero which is the cause of the interlayer bias. (b) shows the AC measurement scheme where the
resistance bridge is used to tune the interlayer potential difference and the transformer at the bias is used to create
a more symmetric type bias. Picture adapted from the work by Gramila et al. **(c) shows the DC measurement
scheme were the a floating DC current is driven into the drive layer. The reference for the drive layer was defined
by a non-current carrying ohmic contact. DC measurements are performed to prevent any capacitive cross talk
between layers. Picture adapated from the work by Hill et al.”’

effects. We then resort to performing all our measurements with extremely slow symmetric DC bias
(see figure 7.5). A typical fast sweep in bias takes 5 or more seconds. We also choose to perform DC
measurements because we can carefully analyze the I-V characteristics of each data point, which is a
detail lost in AC measurements and a mistake many people too willingly commit. By analyzing the
I-V characteristic of each bias sweep, we can carefully see whether we are in the linear response regime,
thus increasing the confidence in our measurements. To reduce noise, we do many iterations of the

same sweep and then by performing an average. The methodology is: we always start by performing

206



(a) (b)

CNT
~

AEEE. 00

O | —— T

+Vye I. @ J_;, +Vyc

Figure 7.15: Drag device measurement scheme. (a) CNT is the drive layer and Gr is the drag layer. A DC voltage
is applied symmetrically on the two ends of the CNT and the resulting current is monitored. Voltage bias is
chosen because of the high contact resistance of the CNT. (b) Gr is the drive layer and CNT is the drag layer. A
DC current is injected symmetrically on the two ends of the Gr. This is possible because of Gr’s low resistance.
The drag voltage is measured for both configurations. An ammeter to ground in the drag layer can be used to
detect any parasitic tunneling current between the drive and drag layer.

an extremely slow and high resolution DC measurement with an extremely high number of iterations
per data point. This is what we consider as our high-confidence measurement. A measurement that
typically takes an AC measurement 10 seconds, our high confidence measurement will take over half
a day. We then examine the effects of decreasing iterations and increasing bias sweep speed as well as
amplitude to see if the high confidence measurement can be reproduced. Eventually we settle on a set
of sweep parameters that optimizes speed, accuracy and resolution.

In our measurements, because of the generally small amplitude of our signal, it is tempting to drive

large currents into the device for larger signal. This, however, must be done cautiously because large
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currents can generate heating power that creates a parasitic temperature gradient in the drag layer that
causes a thermoelectric voltage. This type of signal is difficult to distinguish from the energy drag
signal which is a thermoelectric effect as well but has an origin in Coulomb interaction. As above, a
precautionary measure is taken by examining the I-V characteristics and making sure joule heating
(which shows up quadratically) does not come into play. However, even in the linear response regime
the thermoelectric signal due to heating is difficult to identify and in the following section we will
address this problem separately.

One final type of spurious signal is the mesoscopic fluctuations which seems to only occur at low
temperature. The origin of these meoscopic fluctuations is shown to be due to quantum interference
effects. Itis a behavior seen more prominently in Gr Coulomb drag. BHIE7I68109 B0k Gr Coulomb drag,
these fluctuations typically appear below ~ 50 K. In our CNT-Gr drag measurement, since the main
motivation is to investigate 1D-2D drag and with the hopes of being in the hydrodynamic regime, we
will be focusing on higher temperatures (> 100 K) to avoid the formation of CNT quantum dots so

we are safe from these mesoscopic fluctuations.

7.6 PRELIMINARY RESULTS

As a preamble we remind the reader the that the device is composed of a 1D carbon nanotube in close
proximity to a 2D graphene. This is a highly anisotropic device and if in the energy drag regime, we
would expect a highly layer asymmetric behavior.

We first focus on the temperature dependence of the longitudinal Gr drag signal by driving the
CNT as shown in figure 7.17. At high temperatures we see a very subtle bipolar behavior about the
Dirac point reminiscent to the typical drag signal. However starting at about 230 K we begin to see a

hump developing in the middle while the signal becomes larger in magnitude and more negative. Very

208



Figure 7.16: Device fabrication of the hybrid CNT-Gr drag device. (a) a Rayleigh characterized CNT is trans-
ferred onto a 1pum thick SiO5 substrate and contacted using bridge leads. Bridge leads allow for the possibility
of current annealing the contacts. (b) a hBN-Gr Stack is transferred onto the CNT with the thin hBN facing
down. Typical hBN thicknesses range from 2 to 4 nm. (c) the device is etched to have Gr contacts sticking out.
(d) metallic contacts are made onto the Gr contacts. () 80 nm thick Al, O3 is deposited via ALD and a top gate
is deposited. (f) 40 nm thick Al O3 is deposited again and the contact gates are deposited. Contact and ALD
recipes are detailed in appendix F.
quickly, the hump becomes the main feature in an overall negative signal. Figure 7.18 shows a compar-
ison between CNT drive and Gr drive signals. At 180K we see that layer reciprocity is grossly violated
although it seems that the two signals are tending towards each other by 250K suggesting that at even
higher temperatures there is a possibility of perfect layer reciprocity. The longitudinal drag results
thus far suggests that there is a thermoelectric contribution that overtakes the device measurement
due to the layer asymmetry.

The thermoelectric possibility is further substantiated if we look at the Hall drag measurement

(figure 7.17b). As a reminder, here Hall drag is equivalent to a transverse drag measurement and does

not require the application of a magnetic field (see figure 7.5) for the Hall drag measurement scheme).
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Figure 7.17: Coulomb drag in a larger hybrid CNT-Gr device. (a) is the longitudinal drag measurements while
driving the CNT at different temperatures. (b) is the hall (transverse) measurment while driving the CNT at
different temperatures. The inset shows the signal amplitude of the dips and peaks of the hall signal as a function
of temperature. The charge neutrality point for the two plots are at V,, =~ 5V.
First, the existence of a hall (transverse) signal is most likely due to the voltage developed caused by
a temperature gradient created perpendicular to the CNT. This signal increases in magnitude with
decreasing temperature, reminiscent of the energy drag behavior.

The critical question that needs to be addressed here is whether this thermoelectric-like signal is a

consequence of energy drag (where Coulomb interaction plays a central role) or simply just because

of the temperature gradient caused by the heating power of the CNT. To identify this, a measurement
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Figure 7.18: Measurements showing the violation of layer reciprocity when measuring drag in the hybrid device.
The two measurements compared are the CNT drive and Gr drive drag signal. (a) through (d) show tempera-
tures at 250, 230, 210 and 180 K respectively.

of magnetic field dependence may be enlightening.

Alook ata particular sample which was fabricated to be much smaller and with leads that are denser

and larger (figure 7.19¢), shows that the onset of energy drag mechanism can be delayed. As seen

in figure 7.19, the bipolar behavior exists from high temperatures to as low as 160 K below which

the middle hump feature, as seen in figure 7.19, begins to intrude the signal. Figure 7.20 shows the

comparison between the CNT and Gr drive signals and it shows that layer reciprocity is held well to
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Figure 7.19: Coulomb drag in a smaller hybrid CNT-Gr device. (a) is the longitudinal drag measurements while
driving the CNT at different temperatures. (b) is the Dirac peak of Gr. The shaded green region indicates the
FWHM where electron-holes coexist. (c) is the signals’ dips and peaks plotted at different temperatures. (d) is
the spatial dependence of the drag signal fitted with a decaying exponential. (e) is the small device picture.

as low as 160 K. We attribute the layer asymmetry below this temperature to energy drag such as for
the bigger device. A possibility for the delayed onset of energy drag is the reduced sample geometry
and contacts configuration. Energy drag depends on the thermoelectric effect which is driven by a
temperature gradient. If'a temperature gradient is not sustained in a device, the energy drag signal will
be small. In our small signal of size (0.7 x 2.5 um2), a large temperature gradient is harder to form

because of its small size and because the large dense contacts serve to dissipate heat efficiently which
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Figure 7.20: Measurements showing that at high temperature layer reciprocity can be followed. The two mea-
surements compared are the CN'T drive and Gr drive drag signal and this set of measurement is done in a much
smaller device compared to the set of measurements shown in figure 7.18. (a) through (d) show temperatures at

200, 170, 140 and 110 K respectively.

consequently serves to cool the device uniformly. For the devices where energy drag seems to runaway
right away even at high temperatures, the devices typically have Gr contacts (which is not as effective
as thermal sink) and are roughly 2 x 5 ,um2.

For the small device in the regime where layer reciprocity is held, we are inclined to say this is the
regime of momentum drag. Looking closely at the data, the drag signal occurs within the full width

half maximum (FWHM) of the Dirac peak as shown in figure 7.19b. This suggests that the signal is
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due to the electron-hole plasma of Gr where there is a co-existence of electrons and holes. 7.19¢ shows
the amplitude of the peak and dip of the drag signal at different temperatures. These amplitudes
corresponds to the maximum scattering rates for hole and electron doped Gr. In this measurement,
the CNT is hole-doped so the signal corresponds to either electron-hole or hole-hole drag. At high
enough temperatures where layer reciprocity is held, the drag signal is linear with temperature. This is
in contrast to the typical quadratic drag temperature dependence but this in fact qualitatively follows
the expectation of electron-electron scattering at the Dirac point irrespective of carrier type.””"”" An-
other explanation for the linear temperature dependence is phonon scattering which is expected to be
linear as well after the Bloch-Griineisen temperature. However, the coefficient of the linear tempera-
ture dependence coefficient for electron-phonon scattering is measured to be ~ 0.14Q/ K, which is
an order of magnitude larger than the measured coefficient in our drag device.”* Figure 7.19d shows
the spatial dependence of the measured longitudinal drag signal away from the CNT and an expo-
nential decay function provides a good fit. Unfortunately, either due to poor spatial resolution, poor
proximity to the CNT injection lead, or poor sample quality (although the sample mobility in this
device is u ~ 130,000 cm? /V-s), we are unable to observe the sign reversal, which is one of the main
signatures for hydrodynamics.

Drag attempts were also performed on bilayer Gr, which is expected to be in the hydrodyanmic
regime more easily due to its parabolic dispersion. Figure 7.21 shows some representative plots for
devices composed of a CNT and bilayer Gr that are well-reproduced across samples. Perhaps not to
our surprise the behavior is different from the device with monolayer Gr, given that bilayer Gr has a

132,142,139,140

record of exhibiting anomalous drag behaviors. Like the monolayer devices, the bilayer Gr

devices also have the Gr sitting on top of the the CN'T. Consequently, the top gate (V,

«g) controls purely

the Gr because the CN'T shows completely insensitivity to it due to its small size and Gr screening. The
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backgate (V4,) controls both layers densities. Figure 7.21b shows the coarse map and there are two
distinctive features. One is the bipolar behavior that follows the Dirac peak throughout (Dirac peak
position is shown in figure 7.21a). The other feature happens around the double charge neutrality
point (DCNP, where the CNT conductance dip is shown in figure 7.21c). The background bipolar
trend is possibly indicative of the thermoelectric behavior because it seems to not depend at all on the
drive layer carrier type. Not shown is that this bi-polar feature increases in amplitude with decreasing
temperature. Figure 7.21d-e are longitudinal drag measurements and figure 7.21f is a hall measurement,
both taken around the DCNP. Like any other behavior for the bilayer Gr device, we see that signal
increases with decreasing temperature. More peculiarly is the development of six distinct regions in
the drag measurements. The middle lobes develop at the region of Gr’s Dirac point and switches sign
upon crossing the charge neutrality point of the CNT. Outside of the middle lobes at the Dirac point
the drag signal changes sign. A hall measurement at the same gate ranges reveal a bipolar behavior
across the CNP of the CNT. The behaviors in general in the these drag devices are rich and complex
and at the time of writing the understanding is still limited.

Thus far we have mainly focused on the CNT drive measurements. Here we speculate that this
type of measurement is prone to be dominated by energy drag. When the CNT is driven, due to the
substantial heat current generated through the high contact resistance (on the order of 0.1 — 1 M(2),
a subsequent temperature gradient according to equation 7.31 will develop in the drag layer. On the
other hand, if Gris driven, we gently argue that a temperature gradient s less likely to be created across
the carbon nanotube. Ideally, the temperature gradient should develop perpendicular to the heat
current which is parallel with the electric current. And since the current and CNT is facing the same
direction (when we are driving Gr), the temperature gradient that should develop perpendicular to the

current direction will not be established along the CNT. Of course the temperature gradient direction
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Figure 7.21: Drag measurements on hybrid CNT-bilayer Gr devices. (a) the Dirac peak of the Gr. (b) longitudi-
nal drag measurement while driving the CNT and dragging Gr. (c) CNT conductance. (d) longitudinal drag at
100K and at (e) 150 K. (f) hall drag measurement at 150 K. The Dirac peak happens along the middle lobes in
figures (d) to (f) going from V;; ~ 4.2 t0 5.3 V from bottom to top of the plot. For the same plots, the CNT
conductance dip happens along the middle horizontal feature at V,, ~ 10 V.

(f)

is complicated by the nature of Q and D but intuitively it seems unlikely that the heat current deviate
much from the direction of the electric current. With this thought in mind, looking at the Gr drive
signals shown in figure 7.18 and 7.20, they tend to hold the bipolar behavior longer, while at the same
time, obeying the drag sign dictated by momentum drag as well as subtly decreasing in amplitude with
decreasing temperature. These trends possibly suggest that Gr drive may be better in bringing out the
momentum drag mechanism.

Finally, we entertain the idea that the components of the hybrid device do not fall under the cat-
egory of a trivial Fermi liquid. For one, the 1D CNT can be considered as a Luttinger liquid. The
drag resistance of Luttinger liquid has been investigated extensively and one of the key signatures is its

. T . :
non-monotonic temperature dependence and its diverging drag signal towards zero temperature.*’
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Similarly, Gr can be in the hydrodynamics regime in which case it is also expected to show a non-
monotonic behavior with a sharp cross-over at intermediate temperatures.”” Considering these two
highly relevant behaviors, it is not unreasonable to say the drag signal we observe could potentially be
a manifestation of the two highly-interacting states of matter.

While it is possible that all the non-trivial drag behavior, especially at low CNT densities where
screening is minimal, is due to the highly-interacting state of matter, a more concrete study of the
drag behavior will need to be done regardless. Additional experiments on semiconducting CNTs will
certainly be enlightening because its curvature in energy dispersion can give rise to a larger drag signal —
a theoretical prediction that has yet to be shown. Furthermore, with a semiconducting CNT we can
be more confident about the carrier type even at low doping thereby making the analysis of the drag
signal more certain. A thorough study on the layer density dependence should be done to see more
properly the roles of the drive and drag layers. Currently, we are hindered by the hysteretic effects of
the CNT which cause confusion in the CNT carrier type as well as its large contact resistances which
cause difficulty in performing measurements that are completely free of parasitic thermoelectric effects.
Once with an improved contact recipe for the CN'T and with definite access to the different carrier
types in CNT, along with knobs such as the magnetic field, the problem of Coulomb drag between the
CNT and Gr can certainly be tackled with clarity. And if one were to be able to isolate the directional

momentum drag effect, perhaps the goal of observing hydrodynamics will come within reach.
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Conclusion: Applications and Outlook

What we have developed in the pursuit of the hybrid carbon nanotube-graphene device is a system
that can deterministically select the right kind of carbon nanotube followed by an immediate transfer
of it to a target substrate. This serves to be a precious tool moving forward for the field of nanotech-
nology. Currently, nanofabrication has largely relied on the top-down approach in creating nanoscale
structures. In this type of process, the introduction of fabrication residue is inevitable, not to mention
the edge and surface roughness of deposited substances are impossible to smooth. The demonstration
of the physical manipulation of individual carbon nanotubes is a big step toward building nanostruc-

tures deterministically from the bottom-up approach. Because we are utilizing crystalline products
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that at the same time is one of the most microscopic objects to date, there is tremendous potential in
building even more perfect nanostructures than ever before.

However, as demonstrated in the fabrication chapter, the process is far from perfect and there re-
mains plenty to improve on. Regarding the carbon nanotube transfer, currently a polymer is still
required to actively grab the carbon nanotube from the growth chip to the target substrate. To com-
pletely throw out the use of polymers, one can make growth chips that have pairs of electrodes on the
two ends of the chips. Carbon nanotubes will grow over these electrodes (tested to be possible) and
the method of transfer would simply be running a large current between the pair of electrodes at the
two ends. The large current will cut the carbon nanotube and the carbon nanotube will fall onto the
target substrate, thereby removing the need to use a polymer as a grabbing mechanism.

On the selection of carbon nanotubes, the on-chip Rayleigh setup has proven to be extremely use-
ful. The idea behind on-chip Rayleigh is the crossed polarization method where the imaging of the
carbon nanotube relies on the fact that the dipole moment of the carbon nanotube can help transmit
light through a crossed polarizer.”* Currently the Rayleigh setup is equipped to do it but the compo-
nents will need to be improved in order for the setup to be more consistently useful. Being able to do
so will facilitate the imaging of carbon nanotubes. SEM, AFM, EFM etc. all of which are extremely
slow, inconvenient and potentially invasive, can be completely removed from the overall process.

Employing something as small as a the carbon nanotube will prove to be rewarding for many 2D
systems. For the first time, a local gate that is on the order of 2D material’s Fermi wavelength can
be used. This undoubtedly will open up many new opportunities and possibly a new paradigm of
physics. The reason for this is electronic channels have always had a hard time interacting with each
other in a controllable and precise manner. Previously metal gates were used and these objects are not

as narrow and not as smooth as a carbon nanotube. Metal gates also have a large density of states that
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serve to screen out interactions. A carbon nanotube is possibly the least invasive 1D object and using
it will finally allow electronic channels to feel each others presence more substantially.

Among the many types of narrow gating experiments, one clear direction is towards engineering
the artificial Luttinger liquid. By using the carbon nanotube as a gate to deplete the region underneath
it in a quantum hall system, one can create counter-propagating chiral edge states traveling along the
sides of the carbon nanotube. Given that the edge states can possibly interact, this fulfills the recipe
for a Luttinger liquid. If one were able to confidently engineer a Luttinger liquid, a huge rewarding
venue opens up and this is because Luttinger liquid is one of the most highly correlated systems and
also one that is studied least convincingly. Being able to engineer a Luttinger liquid will give one access
to the rich physics of this highly correlated system with a high degree of control. Its coveted property
of spin-charge separation may possibly be harnessed this way.

Recently, the flat-band physics have captivated the whole physics community.”* The flat-band was
first created in a double graphene layer system where the two layers are twisted to the so-called “magic
angle”. With it people saw a Mott insulator and superconductivity.”*”” The carbon nanotube itself
can intrinsically host flat bands as seen in the bandstructure of zig-zag carbon nanotubes (figure B.3).
Coupled with the fact that the carbon nanotube is a more correlated system than graphene, one can
expect something possibly even more exotic than what was observed. On the same topic of flatband,
the 1D guided mode in graphene is shown to have a cyclic behavior. By changing the potential of the
1D gate, one will eventually create a 1D flatband in graphene at the so-called “magic” potential.””
These 1D flatbands is a completely uncharted territory and can potentially yield extremely ground
breaking results.

It has been mentioned, and discussed many times with many theoretical suggestions in literature

all suggesting that graphene can be used as a platform to study general relativity. A big part of this
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thesis along with many of other works in literature have demonstrated its striking connection with
special relativity in flat spacetime. There is a call for efforts in trying to study general relativity in
curved spacetime. With the nanotube, local perturbations can be created in the potential landscape in
graphene electrostatically. The nanotube can also create large physical modulations of the graphene
lattice by placing the graphene on top of a large diameter carbon nanotube. From the perspective of
general relativity, these perturbations can be interpreted as the curving of a flat spacetime. Together
with the local probing capability of the carbon nanotube, one can possibly study the dynamics of
particles in these curved regions.

More directly related with the work demonstrated in this thesis, there are plenty of immediate con-
tinuation studies. Using the carbon nanotube as a local probe to measure local density of states will
certainly unveil plenty of properties that conventional transport cannot. This will especially be true
for materials that are sensitive to the destructive process of nanofabrication in which conventional
transport cannot evade. So long as the materials are quantum mechanical in that the density of states
are small and varying, the carbon nanotube will be able to pick out the slightest changes that would
otherwise be hidden in the global transport measurement. Some rewarding choices of materials to
perform local probing are the transition metal chalcogenides (TMCs) and few layer high temperature
superconductors such as Bismuth strontium calcium copper oxide (BSCCO).

For the single guided mode, there are plenty of engineering questions that need to be answered. To
list some of the essential ones: what is the actual lifetime or mean free path of the guided modes? Are
they actually ballistic over hundreds of microns? How do they survive at kinks or sharp turns along
the gated region, i.e. what is its angle of acceptance or critical angle? How can one inject and receive
information out of this guided mode? And once with these foundational questions answered, one can

actually try to integrate these guided modes into electron-optics. There is by now a very sufficient set
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of electron-optics tools that one can use. Demonstrating the on-chip optical capability on graphene
will be a huge step in the field of information processing. Simply demonstrating the transmission of
information across a graphene sheet will be extremely impactful.

As for hydrodynamics in graphene, one would first have to find more conclusive and convincing
signatures of its existence. Thus far, the hydrodynamic behavior in graphene has mostly befuddled the
physics community. Most of the preliminary results shown across the community cannot be distin-
guished from ballistic electrons. The smoking gun signature of hydrodynamics will need to be estab-
lished and the Coulomb drag in graphene may possibly be the platform for this search. But regardless
of whether hydrodynamics is the main goal or not, drag between a 1D wire and a 2D conductor is
still not at all understood. The complexity introduced by the 1D wire alone, not even considering
the complications from a Coulomb drag measurement, is overwhelming to unravel. Likely the con-
vincing way moving forward is to strip everything down to the bare minimum and study each piece
individually first.

This brings us to the final point. The carbon nanotube is simply full of wonder and surprises still
waiting to be discovered and understood. Any proclaimed correlated 1D physics is generally not eas-
ily accepted. Behaviors of any sort are generally seen with stubborn doubt and any explanation are
followed by unyielding suspicion. This is because the technology is not there. The carbon nanotube
is simply too microscopic and it really is like a blackbox. There will be need to be improvements
on nanofabrication, mainly on establishing transparent electrical contacts, in order to move forward
steadily with 1D carbon nanotube physics. As a quick digression, if superconducting contacts can
be made with high transparency, the nanotube will be great a platform for the realization of Kitaev
chains and superconducting qubits in general. With the contact hurdle tackled, carbon nanotube will

undoubtedly be a revolutionizing material. Like graphene that has now widely become the universal
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choice for 2DEG studies, the nanotube has plenty of reasons to be considered the universal 1D elec-
tronic platform. This will eventually come with urgency because the evolution of scientific studies
shows that there is a growing need to understand materials with an increasingly microscopic perspec-
tive. This is especially true nowadays when we are struggling to keep up with Moore’s law. The carbon
nanotube will inevitably draw larger attention as it is one of the most robust and microscopic semi-
conductor that occurs naturally.

As a concluding remark for this thesis, what we have unraveled and seen so far is merely the surface
and glimpse of what is really hidden within the bonds between the atoms. It is certainly a space not
of vacuum but full of unworldly entities and events. Although the thesis marks the end of my time
in graduate school, my curiosity and passion for the world of mesoscopic physics will stay with me
forever. I am certainly a very proud participant in pushing the frontier of science, regardless of how
insignificant it may seem in the large scheme of things. But as we all know by now, everything is built
on small baby pieces of work. Even the likes of graphene or carbon nanotube, no matter how small
they are in our eyes, are still made of uncountable number of unfathomably small building blocks. I
cannot wait for what is in store for us to discover. Maybe after several more theses, things will come
together nicely like puzzle pieces and maybe one day it will all come together and take the whole world

aback, and then push humanity light years forward... maybe one day...

223



Epilogue: Prologue to the Appendix

I'have come across many textbooks, review works and theses but only few of the multitude I felt was all-
encompassing enough for my own taste and for the work that I do. Often times, I find myself referring
to references after references within references. My mission here is simply to create as complete a thesis
as I can, describing all the relevant basics in a way that any undergraduate physics major who has taken
the introductory physics classes can understand, and of course, without needing to refer to another
source. I will try my best to elucidate the physical meaning of the mathematics behind the derivations
whenever possible in hopes of making this an enlightening read. I will definitely avoid the thought
and phrase: “it is trivial to show”.

The later few appendices are meant for researchers in the field looking to have a consolidated library
of methods and recipes. Like what was said, throughout my graduate school career, I have found
myself just salvaging bits and pieces of information scattered here and there. Hopefully this can save
some of them some time. Finally, I am writing this for those who have always demonstrated interest
in my work. Unfortunately, I can only do this to a certain level of simplicity otherwise this thesis will
just be too lengthy and wordy than it already is. I hope I have done a reasonable job at this and that it
maybe helpful for someone in the future.

For those who wanta more rigorous and complete derivation of the electronic properties of graphene,

I highly recommend the book Graphene: Carbon in Two Dimensions by M. Katsnelson'”® as well as
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the review paper Electronic Properties of Graphene by A. H. C. Neto etal. 79 As for carbon nanotubes,
I highly recommend the book Carbon Nanotube and Graphene Device Physics by H.-S. P. Wong et

180

al.”* and the review paper Qugntum Transport in Carbon Nanotubes by E. A. Laird et al.” Much of
the background knowledge I have regarding either material are acquired from the sources mentioned
above. As for the fundamentals required to understand the advanced topics, they are all from the
book Solid State Physics by N.W. Ashcroft and N. D. Mermin."®" This book, I have read religiously,
over and over again. It was the book that first introduced me to solid state physics as an undergraduate,
the book that conditioned me as a first year graduate student, the book that prepared me for all my

qualification exams, the book that I constantly fell back to throughout graduate research and still do

as I am writing this thesis. Without further ado, let’s move onto the appendices.
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Overview of the Electronic Properties of

Graphene

In this appendix, I will give a brief overview of the electronic properties of graphene. I will mostly
follow the tight binding model in which some naive but arguably insignificant approximations are
made. Consequently, the electronic description provided here is not complete. The reader will be
notified of the approximations and hence flaws of this model. This overview is meant to only cover

the basics essential to the understanding of this thesis and I am writing this assuming readers have at

226



<

X

Figure A.1: Illustration of the direct and reciprocal lattices of graphene, both of which have a hexagonal Bravais
lattice. (a) The direct lattice in real space. The coloring scheme shows how it can be broken down into two
sublattices. Sublattice A is colored red and sublattice B is colored blue. The yellow shaded parallelogram is the
primitive unit cell defined by the real space Bravais vectors a; and a5. The nearest neighbour vectors are given
by 81, 65 and d3. (b) The reciprocal lattice in momentum space. The gray shaded hexagon in the middle is the
first Brillouin Zone. by and by are the two reciprocal lattice vectors. The high symmetry points are labeled as
I', K, K’ and M where K and K’ are two inequivalent positions that have Dirac cones with opposite helicity.

least taken an undergraduate solid state physics course. I will, however, try to elucidate the physical
meaning of the mathematics behind the derivations whenever possible in hopes of making this an

enlightening read.

A1 GRAPHENE LATTICE

Graphene is a single layer of carbon atoms arranged in a honeycomb lattice as shown in figure A.1a.
This honeycomb lattice is systematically characterized by a hexagonal Bravais lattice with a basis of
two atoms which are labeled A and B (color coded red and blue respectively). This means that atoms

A and B separately make up a hexagonal sublattice. The Bravais lattice vectors are:
3a a 3a a
a; = <272>; ag = (27—2)7 (A)
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where a = |a;| = |ag| is the Bravais lattice constant of graphene and has a value of about 2.46 A.
These Bravais lattice vectors define the primitive unit cell which is the parallelogram shaded in yellow.
Each carbon has three nearest neighbors, all of which are occupants of the other sublattice. These

nearest-neighbor vectors are:

a a a a a

6, = 707 0y = 5 &5 o] 03 = PN B
1 2 2\/§ 9 3 2\/32

3 (A.2)

where the carbon to carbon bond length or the nearest neighbour distance, a.. = [01] = |62| = |03/,
is about 1.42 A.

The reciprocal lattice is the Fourier transform of the direct lattice, taking the dimension reciprocal
of real space which is spatial frequency, more commonly known as the wavevector k— a quantity that
is directly tied with crystal momentum, given by /k. This crystal momentum is a conserved quantity
that characterizes the allowed states in an electronic system with a periodic potential. It gives informa-
tion on how electrons propagate in a crystalline material as Bloch waves. Following the culture in the
field of condensed matter physics, from hereinafter, I will refer to crystal momentum simply as mo-
mentum and will denote it as k unless noted otherwise. But behold, I would like to remind the reader
that there is a distinct difference between crystal momentum and momentum. To be brief, momen-
tum is generally applied to free electrons whereas crystal momentum is specific to electrons under the
influence of a periodic potential. Since we are almost never dealing with free electrons in condensed
matter, the usage of momentum will largely be absent and so when one speaks of momentum, it is
almost always in reference to crystal momentum. 8

There are only a finite number of unique momenta the electrons are allowed to have. These allowed

momenta are all contained within the first Brillouin Zone (BZ). This BZ is a primitive unit cell in
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momentum space, which is also called the Wigner-Seitz cell. This cell forms the basis of the recirpocal

lattice that spans the entire momentum space. The reciprocal lattice vectors are:

2 27 27 27
by = <\/§a’a>’ by = <\/§a’_a>’ (A3)
which are obtained via the reciprocity condition that fulfills the Fourier transform relation between
the directand reciprocal lattice. i Figure A.1b depicts the momentum space that electrons in graphene
live in. The hexagon that is shaded in grey is the first BZ. At the center is the origin of momentum
space where momentum is zero. This point is conventionally labelled I'. IM denotes the BZ edge
and is thus a high symmetry point. The most important points in the graphene BZ are the K and K’

points. These two points are located at the two inequivalent corners of the BZ and are described by

the following vector with respect to I':

2r 2w , 2 2
IK=({—,— |, TK = —,—]. A4
( \/ga 3a ) ( \/ga 3a ) ( )
The lowest-lying energy states of graphene with respect to the Fermi level exist here. These states form
a cone-like structure and is called the Dirac cone. All of what we study in graphene is associated with
this cone-like dispersion relation. It is given the name Dirac cone because the nature of this cone-like

disperion relation resembles that of massless relativistic fermions predicted by Paul Dirac.

There will be much to talk about regarding the Dirac cone but we will first have to see how it arises.
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A2 GRAPHENE BANDSTRUCTURE

Given the information of graphene’s direct and reciprocal lattice, we can proceed to find the disper-
sion relation or bandstructure of graphene. The popular method of obtaining the dispersion relation
is the tight-binding method. This method assumes that electrons do not interact with one another or
any other objects (such as impurities, phonons etc.) except for the energy potential from the graphene
lattice, forming the so-called Fermi gas. This method is based solely on the superposition of wave-
functions for atoms at each lattice site and requires that the overlap of these wavefunction be small
or that the wavefunction is “tightly bound” to the atom. A common name for this method is: linear
combination of atomic orbitals (LCAO).

This method poses the bare minimum treatment for describing electrons in a periodic potential.
Despite this, the results here are able to describe electrons in graphene extremely well. This is largely
due to the power of the Fermi liquid theory which states that at sufficiently low temperatures interact-
ing fermions, regardless of how strong the interaction is, can behave as a Fermi gas with a one-to-one
correspondence, i.c., all the individual properties of a Fermi gas can be mapped directly to individ-
ual properties of the Fermi liquid. For example, spin, charge and momentum of fermions in a Fermi
gas remains unchanged as interaction is turned on, while dynamical properties such as effective mass,
specific heat and spin susceptibility are renormalized to new values. 184

The above is to point out that the tight-binding model can take one very far in terms of under-
standing graphene, but of course, there are its limits and there are plenty of phenomena that the tight-
binding model fails to address, one of which is hydrodynamics, subject to intense research efforts at
the time of writing and is further detailed in the main text of this thesis. So going back to the tight-

binding model of graphene, we begin by stating the time-independent Schrédinger’s equation in the
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bra-ket notation:

H|U(k,r)) = e(k) [¥(k,r)), (Ass)

where W is the wavefunction and H is the Hamiltonian operator given by:

1> N

H= %VQwLZ[U(r—Rn) +Ur-R, —8). (A.6)

n=1

The first term represents the kinetic energy and the second term is the potential energy from the
graphene lattice, where R, = {ny,mp}en 181 + Nodg is the generalized Bravais lattice vector, N
is the number of primitive unit cells and 7 is a counter that counts all the primitive unit cells (which
are given by the coordinates {ny,n5}). The two terms in the potential energy corresponds to the
two basis atoms and d4 is the location of the sublattice B atom with respect to the sublattice A atom
within the same primitive unit cell (see figure A.1a).

As a result of the translational symmetry of a Bravais lattice, the wavefunction has to satisfy Bloch’s
theorem as shown in equation 8.6 in Ashcroft and Mermin. " What this theorem basically says is that
the wavefunction of an electron gains a phase factor associated with its momentum as it translates
throughout the crystal and this simply reflects the periodicity or translational symmetry of the crystal
lattice. Couple this idea with the fact that graphene has a basis of two atoms per lattice site (which

form the basis of sublattice A and B), the wavefunction has the following form:
[W(k,r)) = Ca(k)[Pa(k,1)) + Cp(k) [Pp(k,T)). (A7)

Here |® 4(k, 1)) and |® 5 (k, r)) each are the linear combinations of atomic orbitals of every carbon at

sublattice A and B respectively. Note here the use of two separate weights: C 4 and C'g, which are only
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functions of k and notr. This entails that the sublattices are separate entities with different energetics,
but within the same sublattice all sites are energetically equivalent. Expanding the wavefunction fully

to encompass the whole crystal lattice with N unit cells while respecting Bloch’s theorem, they become:

N
@ 4(k, 1)) = 1N > e R gr—Ry ), (A.8)
n=1
1 L
|®p(k,r)) = TN Z MR, |p(r —Rjp )), (A.9)
n=1

where ‘qb(r -R An)> and }¢(r -R Bn)> are the localized atomic orbitals of each individual carbon
situated at positions R4 and Rp , the Bravais lattice vectors for sublattice A and B. Note that
Rp =R, + 8; (seefigure Ana).

The atomic orbitals of choice can vary but we know the following: graphene is composed of carbon
with 5p2 hybridization where each carbon’s 2s orbital mixes with its own 2p, and 2p,, orbitals and
overlaps with other sp° hybridized oribtals from other carbons via o bonding, pairing up all of these
orbitals’ electrons in the process. These o bonds form the backbone of graphene’s honeycomb lattice
and the orbitals responsible for these o bonds are energetically stable. This leaves the 2p, orbitals
with unpaired valence electrons, which are then readily available to participate in the sea of electrons
also known as the conduction band. Knowing this, we can safely designate the 2p, orbital as the sole
orbital contributing to graphene’s wavefunction.

We now have all the information to derive the dispersion relation (or equivalently, the eigenener-
gies). Following the spirit of the tight binding model, we can isolate the eigenenergy, £ (k), by operat-

ing on the equation with (¥ (k, r)| as such:

(U(k,r)|H|¥(k,r)) =ek)(Pk,r)|¥k,r)), (A.xo)
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where (k) is now in relation to scalars as opposed to vectors. We are now essentially computing
the expected value for energy at each k. To continue we just insert equations A.7 through A.9 into
equation A.1o but as one can imagine the equation will get long and messy. We can circumvent this
problem if we transcribed the equations into matrix form where we choose {® 4 (k,r), ®5(k,r)} as

our basis. In this case, the wavefunction (from equation A.7) becomes a column vector:

(k) = ) (A.n)

and the Hamiltonian in this basis becomes the Hamiltonian matrix (noting that the real space param-

eter is integrated out when calculating the matrix elements):

(@a(k,r)[H [@4(k, 1)) (@a(k )| H[Pp(k,T))

H(k) =
(Pp(k,r)| H|Py(k, 1)) (Ppk,r)|H [®p(k, 1))
- (Ar2)
_ Hyq Hap _ Hya Hyp _H (o),
| Hpa Hpp Hyp Haa
and lastly, we call the following the overlap matrix:
S(k) — (Pak,T)|Py(k,T)) (Palk,1)[Pp(kT))
(@p(k,1)[Pa(k,r)) (Pp(k,1)[Pp(k 1))
- (A13)
_ Saa Sap _ Saa Sam _ st
Spa Sps|  |Sis Saa

We first note that both matrices are hermitian (because they are observables) and that the overlap be-
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tween atoms in sublattice A is identical to overlap between atoms in sublattice B, and hence the above
equalities.

The overlap matrix is a measure of how tightly bound the atomic orbitals are to their respective
atoms. If we assume that atomic orbitals are tightly bound enough that neighbouring atomic orbitals

do not overlap, then:

Slm == 5lm . (AI4)

But this is a first order approximation and in reality there is some amount of overlap. This overlap
contributes to graphene’s slight electron-hole asymmetry (as we shall later see) and this order of cor-
rection is similar to that coming from the next nearest neighbour (nnn) hopping term (which we will
cover shortly). Such corrections, however, are quite small relative to our measurement sensitivity and
when the corrections do become non-negligible, that only happens in an energy range that we can-
not typically access. So bottom line is, it is generally safe to assume that equation A.14 is true and
that electron-hole symmetry is preserved in graphene. The reader shall be notified in cases where this
assumption is not valid.

Continuing on, with the matrix reformulation, we have the following eigenvalue problem to solve:

H(k)® (k) = 2(k)S(k) ¥ (k), (Auxs)

det/H(k) — £(k)S(k)] = 0, (A.16)

which is a condition to satisfy for non-trivial solutions to exist (wavefunction not being zero). Writing
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the secular equation out explicitly and solving for the eigenenergy specifically, we have:

oy 0000 00 — 4(S44000° — [Sa5000)°) (a1 — [Hap (1))

e( 2(S44(k)* — [Sap(k)[*)

, (Aay)

with

o(k) = (2H44(k)Saa(k) — Sap(k)Hap(k) — Hap(k)Shp (k). (A.18)

Above is the dispersion relation for graphene written out in the most generic way according to the
tight binding model. Previously we mentioned that the overlap matrix contributes to electron-hole
asymmetry and if we look at the role of S 4 g then we will see why. The quantity S 45 here serves to
shift a perfectly symmetric square root function with respect to energy causing the reflection symmetry
along the energy axis to vanish. But again, this correction is very small and for the sake of elegance and
simplicity (as opposed to an otherwise messy and tedious derivation), from here onwards, we will
assume equation A.14 to be true. Looking back at the dispersion relation, we see that there are a total
of four quantities we need to determine but we just took care of two, namely Sy 4 = 1and S g = 0.
So now let’s move on to the remaining two: the Hamiltonian matrix elements. For the diagonal terms

we have:

Happ = MIATRA) (e~ Ry )| H[o(r—Ry)), (A1)

Z| =
NE
M=

1

T
3
Il

e (Ra—Ry )

ZI\IH
WE
NE

62pzélm = E2p,» (A.20)
1

T
3
Il

here we have utilized the fact that H ’gi)(r - RA1)> = &gp ’gi)(r - RA1)> where we remind the

reader that here ‘(;5(1‘ — RA1)> is the 2p, atomic orbital at position R 4, and €5, is its energy, which
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in this context is called the onsite energy. As for the off-diagonal terms:

N N
1 k- (Rp ~R, )

Hap=+) > "o (p(r =Ry )| H [6(r = Rp,)), (A1)

=1 m=1

N 3
NLZZ by (kO ikl ik (A22)
~ N e m = (e e e nn- 22

=1 n=1

In the above, we used the approximation that only nearest neighbors (nn) would contribute to a non-
zero value for the hopping (or transfer or overlap) integral, (¢(r — R A) } H ‘qﬁ(r —Rp)) ), which
means that d,,¢1 9 3 are the three vectors that connect a sublattice A atom to its three nearest neighbor-
ing sublattice B atoms (see figure r.1a). The quantity ¢,,,, is the hopping (or transfer or overlap) energy
between nearest neighbors given by the corresponding hopping (or transfer or overlap) integral. Re-
ported values for ¢, range from —2.7 eV to —3.3 V. %% Note that the energy here is negative which
reflects the attractive nature of the crystal lattice periodic potential. Here we use ¢, to accentuate that
the hopping energy is only for nearest neighbors. Another common label for the nearest neighbor
hopping energy is given by 7.

Now we can finally plug everything we know into equation A.r7 and obtain the dispersion relation

of graphene:

V3a Va
5 k‘xcos7k

y +4cos’ Tk, (A3)

e(k) = £ty \/1 + 4cos

In arriving at this formula, we have set €5, = 0 and this can be done without loss of generality or
z

accuracy. The reason is any energy reference point is arbitrary and in the convention of condensed

matter physics, the Fermi level is designated as zero energy. For graphene, the Fermi level exists at the

K and K’ points in the BZ (see figure 1.1b). This is because undoped graphene has exactly one donor

electron per atom which results in one electron per unit cell (a unit cell consisting of the two basis
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atoms). Accounting for spin degeneracy this means graphene’s energy band is intrinsically half filled,
which causes the Fermi level to rest at exactly where the valence and conduction bands touch, making
graphene a semi-metal. Figure A.2a shows the bandstructure of graphene plotted using equation A.23
and figure A.2c shows the energy contour lines of the bandstructure. Figure A.2d shows the line cut
of the bandstructure along the high symmetry points and one can see that at the K point the disper-
sion looks linear and that the conduction and valence bands touch. Note that, without going through
derivation, the valence (lower energy) band corresponds to the 7 (bonding) p, orbitals and the con-
duction (higher energy) band corresponds to the 7" (antibonding) p, orbitals. The K and K’ points
are also known as the Dirac points (for a reason that will soon be clear) and are referred to as the K
and K’ valleys. The remaining four corners of the BZ are simply part of either the K and K’ points

since they can all be joined with a reciprocal lattice vector.

A3 LINEAR DiSPERSION OF GRAPHENE: MASSLESS DIRAC FERMIONS

Let us now examine the energies around the Fermi level, the Dirac points, more closely. To do so,
first we recognize that the dispersion relation around the Dirac point is linear. Then going back to
the Hamiltonian of graphene (equation A.12), while noting that the diagonal terms are zeros leaving
only non-zero off-diagonal terms (given by equation A.2r1), we perform a Taylor expansion around the
Dirac point. For the reader’s convenience, the original Hamiltonian is rewritten down below:

0 H, 3 0 ekon
H(k) = =S| . (Ag)
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Figure A.2: Illustration of the dispersion relation (€ vs k) of graphene. (a) The bandstructure of graphene in the
first BZ. Red denotes the conduction band and blue denotes the valence band. (b) The Dirac cone, i.e., the cone
structure at the K and K’ points. Here the dispersion relation is linear and symmetric. (c) The projection of
the graphene bandstructure into the 2D momentum plane which shows the 2D Fermi surface of graphene. The
contour lines represent constant energies. The green line marks the first BZ and the black line traces through the
high symmetry points in graphene. I defines the origin of the BZ, K and K’ are any two neighboring corners
of the BZ. M is the midpoint between K and K’ along the BZ edge. (d) The dispersion relation along the black
line as seen in figure (c) which traces through the high symmetry points I', K, K’ and M.
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To ease the expansion, we define a wavevector with respect to the Dirac point as:
!/ /
g=k-K, q=k-K, (A.2s)

then, focusing only on the K point and only on positive values, the expansion of the Hamiltonian

becomes:

oT/6(,
=) oK)

4y + iqy) 0

~ V3t,a 0 Qe — Gy

4z +1qy 0

In the above sequence, we have chosen to ignore the higher order terms as well as the phase factors and
where we only address the positive solution. The higher order terms are ignored because the value is
negligible compared to the first order term in the linear regime. Higher order terms, of course, be-
come more significant as we go farther away the Dirac points. As for the phase factor, it is meaningless
and does not contribute to any observable quantities. We can easily see this by trying to compute the
eigenenergy of the above Hamiltonian where we will see that the prefactor will be absolute squared
in which case the phase factor will vanish (the eigenenergy will be shown briefly). In performing the
expansion around K, we have effectively converted the Hamiltonian basis: {® 4 (k,r), ®5(k,r)} —
{®4(a,r), ®p(a,r)} = {P4 k, Pp k}. Whatthisentails is the wavefunctions now become slowly
varying with spatial frequency q (see section A.6 for the wavefunction around the Dirac cones).
Rewriting the Hamiltonian conventionally for both K and K’ points with bases {® AK Pk}

and {® AKD P B,K'} respectively while taking into account the positive and negative solutions, we
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have:

0 q; — q
H(q) = j:F“}F ’ Y )
K2 + 1iq, 0 |
_ - (A27)
0 q/ 4 iq,
H(q) = +hop ‘ Y ,
/ . !
_qm - ILQy 0 ]

where positive and negative values correspond to the conduction and valence bands respectively which

means that the Fermi level crosses the Dirac point. The Fermi velocity is defined as:

\/gtnna’
2h

vp = ~ ¢/300 (m/s), (A.28)

with ¢ being the speed of light ~ 3 X 10® m/s. Put more simply, the Hamiltonian for a single valley

(in this case for K valley in particular as it is traditionally the one that is referenced) can be written as:

H(q) = hwpo - q, (A.29)
where o are the Pauli matrices given by:
0 1 0 —3
Op = ) Oy = ) (A30)
1 0 1 0

and where o, is intentionally left out to highlight the fact that the Hamiltonian does not (intrinsi-
cally) depend on it since q only exists in the 2D xy plane. The reader must be cautioned that the

Hamiltonian can in fact acquire a 0, term and more on this will be discussed in the next section. As
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for the Hamiltonian of the K’ valley, it is simply related to K valley through H(q') = H*(q). This
relation implies that the two valleys are linked via a time reversal operation (see section A.s). Consoli-

dating the Hamiltonian for the K, K’ valleys into an overall low energy Hamiltonian, in the basis of

{Pak: Ppx: P ks P} wehave:

H(q) = hwp : (A.31)

and the eigenenergy of the Hamiltonian in the linear regime within each valley is:

e(q) = +hplgl. (A32)

The eigenenergy as we can see is isotropic around the Dirac point, depending only on the magnitude
of q. The positive and negative values correspond to the conduction and valence bands respectively.
The graphene Hamiltonian in the linear regime (equation A.29) is a 2D analogue of the Dirac
Hamiltonian for massless fermions except with the velocity of light ¢ replaced by graphene’s Fermi
velocity vp. The similarity between the disperison relation of ultra-relativistic particles (pc > mcz)
likelight (¢ = hw = hck = pc) and that of the electrons in graphene make graphene a playground on
which one could study various quantum relativistic effects. Because of this, graphene is often coined

“CERN on one’s desk” (CERN is in reference to the Large Hadron Collider in Switzerland).”
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A.4 CORRECTIONS TO THE LINEAR DI1SPERSION: MASSIVE DiRAC FERMIONS

Focusing only on the K point, the Hamiltonian can be more fully written as:

H(q) = hwpo - q +m*vio,

* 2 .
. m vp hUF(qx - le) (A-SZ)
. * 2 ’
hp(q, +1iq,)  —m vp

where essentially a so-called “mass term” is added to the original Hamiltonian and this new Hamil-
tonian now describes the “massive” Dirac Fermions of graphene. m” is termed the global effective
mass of graphene and what this serves to reflect is the different onsite energies experienced by the two

sublattices. The eigenenergy of the “massive” Hamiltonian is:

£(q) = 1/ (wpla))? + (m*v})’, (A34)

making this closer to Einstein’s energy-momentum relation (the use of o, is required for this to work,
otherwise it will be Klein tunneling problem where electrons will be immune to the energy barrier
introduced. Klein tunneling is covered in the main chapters of this thesis). Here we can see the reason
the additional term is referred to as the mass term: it precisely behaves as the rest mass of the system.
And what this mass term does is open a bandgap at the Dirac point of graphene with a band gap energy
of:

A= Qm*v?m. (A.35)
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A.s ADDITIONAL REMARKS ON THE GRAPHENE HAMILTONIAN

A general remark on the Hamiltonian of graphene: the intrinsic full Hamiltonian is time-reversal and
inversion symmetric. In any crystal lattice, the periodic potential always forces a bandgap opening at
the high symmetry points in the BZ edges where bands cross ¢ Thereisan exception when said band
crossings are protected by symmetries such as the time reversal and inversion symmetry of graphene.
One popular saying goes as: symmetry breaking lifts degeneracy. And so, if symmetry is maintained,
degeneracies such as the Dirac point can be protected.

The effect of time-reversal is to go back in time. A negation in time sensitive quantities such as
momentum (k — —£k) and time evolution (which is always tied with an imginary unit: it — —it)
serves to backtrack in time. As for inversion, we are simply inverting the spatial coordinates (v — —,
which implies also k& — —F since real and reciprocal space directions are tied) and in graphene’s case
this amounts to simply switching sublattice A and B. These two together enforce the existence of a
gapless mode (the Dirac point at the BZ corner) in graphene. The conditions forced onto the Gr

Hamiltonian are:

H(k) = H'(-k), (A.36)

H(k) = H(-k). (A.37)

Here we stress that the conditions refer to the full Hamiltonian (implied by the usage of k instead
of q) and not the low-energy-approximation Hamiltonian. All of this information is captured in the
wealth of information provided throughout the bandstructure derivation. The moment a symmetry-

breaking term is introduced into the Hamiltonian, the above conditions will no longer hold and the
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band crossing at the Dirac cone will no longer be protected. A simple case of breaking time reversal
symmetry is the application of a magnetic field and a possible case of inversion symmetry breaking
is when we put Gr on a piece of hexagonal-Boron Nitride (hBN) with a small or no rotation angle
with respect to one another. In this case, the periodic potential coming from the hBN lattice causes a
difference in potential felt by sublattice A and B. The key here is to be able to induce a short range

potential variation that has a length scale close to the carbon to carbon distance.

A.6 GRAPHENE’S WAVEFUNCTION AROUND THE DirAcC POINT: A PSEUDO-SPIN

The graphene Hamiltonian around the Dirac points (equation A.27) can be rewritten in polar coor-

dinates as:

0 e
H(q) = hvpla| | ,
equ 0
. (A38)
/ / 0 ez@q/
H(q) = hopla| | ,
—i6 4
a 0
2 2 2 .
where [q|” = ¢; + ¢, and the angle is given by:
Oq = tan ! (qx> , (A39)
Iy

244



in which case it is easy to see that the respective eigenfunctions (which are coefficients of the wavefunc-

tions) of the Hamiltonians in the linear regime around the Dirac points in momentum space are:

) o—0a/2
¥(q) = NG 6. /2
+e'’a
_ (A.40)
i0 ;)2
¥(d)=—|
Q)= —© )
V2 L i0y1?

where the positive is for the electron states in the conduction band and negative is for the hole states
in the valence band. The bases of the two wavefunctions (which are the spatial component of the
wavefunctions) are: {® 4 g, P K } and {<I>A7K/, <I>B7K/} (given by equation A.8 and A.9 withk —
qandq respectively for K and K’ valleys). Note again that the two wavefunctions are linked via a
time reversal operation just like the Hamiltonians around the Dirac points, i.e., ¥ (q') = ¥*(q). As

for the wavefunction’s coefficients in real space representation:

ar qar
~ [ datela) @w) + [ dd (ol (o) e
0 0
1 ar ¢~ Wal? dr . 0y /2
= / dqe"?” + / dqe ™™
2 0 +eifa /2 0 j:eieq' /2

In the above steps, the states that contribute to the total wavefunction are occupied states with mo-

mentum up to K i and we have assumed the Fermi level is low enough such that the Fermi surface can
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be thought of as two separate circles. It is more useful to retain the momentum information, then the

. . . . !/ .
coefhicients of the wavefunction with a specified momentum at the K and K" valleys respectively are:

. [ —i%a/2]
‘Il(q7 I‘) = = elq-l"
2 +oifal?
- . (A.42)
q:l( / ) 1 eZ q// ’iql'r
q,r)=—F
V2 L0/

Here we see that the wavefunctions’ coefhicients are merely plane waves (with the phase information
regarding the sublattices retained), which is expected because the Gr Hamiltonian commutes with
momentum.

The structure of the wavefunction is like that of a spinor desribing an electron spin where the
two vector components are related and defined by a rotation angle which describes the spin direc-
tion. However, in graphene’s case, the two components correspond the individual sublattices (top
component refers to the A sublattice and bottom component refers to the B sublattice) and to dis-
tinguish graphene’s wavefunction from the actual spinor, it is instead called the “psuedo-spin”. The
electrons are equally distributed between sublattice A and B except that there is a relative quantum
mechanical phase difference between the sublattices. The existence of the sublattice phase difference
may have implications when in the quantum limit during the hopping between sublattices, electrons’
wavefunctions may constructively or destructively interfere. More importantly, however, is that there
exists a non-trivial Berry’s phase (or geometric phase) coming from the division of two in the phase.
This means that a full rotation in momentum space about the Dirac point will have the wavefunction

acquire a 7 phase as opposed to the expected 27 phase (and hence no phase). This Berry phase is re-
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sponsible for many outstanding transport behaviors unique to graphene. One such is the suppressed
backscattering. We can see this by using Fermi’s Golden Rule (accurate only to first order) to calculate
the rate of scattering between the initial state with momentum q; to the final state with momentum

g mediated by a long range scattering potential V (r):
27 2
Uiy = f’ (®(ay,r)|V(r) [®(q;,1)) |"0(es — &) (A.43)

The delta function is a restatement of energy conservation. The transition matrix element using

graphene’s wavefunction takes the following form:

| (@ (ay,r)| V(r) [®(a; 1)) | = [V(a; — ap)lcos(f, q,/2). (A.44)

where eqi,q is the angle between the initial and final states in momentum space with the Dirac point

!

as the origin. In the case of backscattering, 6 = T, the transition matrix element vanishes and the

q;,9f
scattering rate (equation A.43) becomes zero— backscattering is suppressed. Note that the scattering
potential must be long range for the above to be valid. Long range here means much larger than the
lattice constant of graphene, or equivalently in momentum language, ¢ < K (momentum being in-
versely proportional to real space). This makes sense since if momentum scattering is large, intervalley
187,188,189

(K and K') scattering becomes possible which renders equation A.43 invalid.

More on the wavefunction is that the electron and holes are helical because they are eigenfunctions
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Figure A.3: Illustration of the evolution of graphene pseudo-spin (specifically of the conduction bands of the K
and K’ valleys. (a) The pseudo-spin of the conduction band of the K valley rotates counter-clockwise around
the K point, corresponding to right-handed (positive) helicity. (b) The pseudo-spin of the conduction band of
the K’ valley rotates clockwise around the K’ point, corresponding to left-handed (negative) helicity.

of the helicity operator:

a

o- H‘P(q) = +¥(q), (A.45)
o ‘2—,‘\»<q’> = T9(q), (A.46)

where the eigenvalue (or helicity) is positive for electrons and negative for holes. The helicity is also in-
verted in the opposite valley. This equation tells us that the pseudo-spin of graphene is locked with its
momentum with respect to the Dirac point (see figure A.3). This helicity becomes crucial in instances

such as Klein tunneling which will be touched upon in the main chapters of the thesis.
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A7 Low-ENERGY DENSITY OF STATES

The density of states in d dimensions is given by:

-9
74

Mz

o(e —e(k (A.47)
=0

where L is the length of the system and g is the degeneracy of the system (not to be confused with
density of states which is energy dependent and will always be referred to as g(€) and not g). In the

continuum limit, i.e., Ak — dk and for d = 2, we have:

gop(e) = 4’# /000 dk 27k - 6(e — e(k)). (A.48)

To find the low energy density of states of graphene, i.e. if we only care about states near the two
Dirac cones, substitute g = 2 X 2 = 4 for the spin and valley degeneracy, and use graphene’s linear
dispersion given by equation A.31 (¢ = hvp|q|), where we make the change of k — q, we acquire

this simple expression:

2¢e

96:(€) = —5—=, (A.49)
’ﬂ'h Vg

in units of number per energy per area. The low energy density of states of graphene has a linear depen-
dence on energy, which is strikingly different from the constant density of states (QQD)parabolic(f‘:) =

m/(mh?)) for systems with a parabolic dispersion.
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A.8 EFrecTIVE MASS

Because the electrons near the Dirac point follow a linear dispersion, the effective mass cannot be
calculated by the traditional definition (m;mbolic = (0% /oK*) Y, assuming isotropic parabolic dis-
persion relation, otherwise effective mass is given by a tensor) that is only appropriate for materials
with parabolic dispersions. Instead, when people speak of the effective mass of graphene, they im-
plicitly refer to the cyclotron effective mass which is the mass deduced when measuring the material’s

cyclotron resonance frequency:

We = —%, (ASO)

where B is the applied magnetic field and m” is the cyclotron effective mass. Because the cyclotron
90

frequency is determined by the period of a closed orbit in momentum space:

__ 7 0A()
¢ eB 0e ’

(A.s1)

where A(e) is the area in momentum space bound by the closed path formed by the electron in orbit

with energy ¢, the cyclotron effective mass can be written as:

. h?OA(k) Ok

where we have taken w, = 27/7,.. Applying this to graphene’s linear dispersion (equation A.31) and

using A(k) = Tk, graphene’s effective mass near the Dirac point is simply:

« hk
mo=—. (A.s3)
VR
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Note that this is can be easily acquired by treating graphene’s dispersion relation the same as relativistic
energy:

e = pvp = hkvp, (As4)

where p = m, v and where v has replaced the role of speed of light ¢, in which case the relativistic

mass (1) is equivalent to the cyclotron effective mass.

A.9 SoURCE CODE FOR THE DISPERSION RELATION OF GRAPHENE WITH 1D POTEN-

TIAL AND MAGNETIC FIELD

Python code developed by Jean Damien Pillet for the dispersion relation of graphene with a 1D poten-
tial and magnetic field. This simulation follows the tight-binding approach. Source codes regarding
other simulations found in this thesis are all performed with Matlab and can be provided upon rea-

sonable request.

from numpy importx*

from scipy.linalg import*

from matplotlib.pyplot importx
import time

import scipy.sparse.linalg as slinalg
import scipy.sparse as sparse

import csv

no=400

kyo=arange ( —s1,51)*0.02

b=o

kappao=o.2*arange (o ,s1)*0.15%20/50
do=10

DOSlist =[]

LDOSlist=[]

EFlist=[]

MyCoeflist=[]

Energy =[]

start = time.time ()
for kappa in kappao:
Mylist=[]
Mylista =[]
MyCoefa =[]

for ky in kyo:
Coupling=—1j*(—eye (2*no,k=no+1)+(1+ky)*eye (2*no, k=no)—\
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(—eye(2*no,k=—(no+1))+(1+ky)*xeye(2*no,k=—no)))

Magnetic=—1j*b*concatenate (( concatenate (( diag(arange(no)*o),\
diag(arange(no)+r—no/2)), axis=o0),concatenate((—diag(arange (no)+r—no/2),\
diag(arange(no)*o0)), axis=0)),axis=1)

Potential=kappa*xdiag(do**2/((concatenate ((arange(no)+1,\
arange(no)+o.5)) —no/2)**2+do**2))

temp=eigh (Coupling—Magnetic+Potential)

Mylist.append(temp[o])

Mylist2 = concatenate (( Mylist2 ,temp[o]), axis=0)

MyCoefa = concatenate (( MyCoef2,dot(abs(transpose (temp [1]))**2,\
concatenate ((1/((arange(no). transpose()—no/2)**2+dox**2),\
1/((arange(no). transpose()—no/2)**2+dox**2)),axis=0))), axis=o0)

if kyxi—floor (ky*1) == o:
print (ky)

DOS=[]
Myw=o0.01

Energy.append( Mylista)
for En in arange(—400,400)%0.0025:

DOS. append (sum (1/((En—Mylist2 )x*2+Myw**2)))
DOSlist.append (DOS)

LDOS=[]
Myw=o0.01

for En in arange(—400,400)%0.0025:

LDOS. append (sum (MyCoef2 *1/(( En—Mylista )x*x2+Myw**2)))
LDOSlist.append (LDOS)

EF=[]
Myw=o0.01

for En in arange( —400,400)%0.0025:

EF.append (sum(MyCoef2 *1/ pi*arctan ((En—Mylista )/Myw)))
EFlist.append (EF)

MyCoeflist.append (MyCoef2)

print(kappa)
plot (DOS/DOS[o])
plot (LDOS/LDOS[o])
show (

plot(
show (
ylim ( —1,1)
plot(sort(Mylist))
show ()

)
EF)
)
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Overview of the Electronic Properties of

Carbon Nanotubes

The single-wall carbon nanotube (SWCNT) is a piece of graphene (Gr) rolled up into a hollow tube.
In this appendix, the electronic properties of carbon nanotube (CNT) will be derived based oft of this
idea as is conventionally done. As such, only the single particle picture will be addressed. The novel
many-body effects tied with CNTs are mentioned throughout the main text (especially the beginning

of chapter 2). The reader is referred to their citations for more information.
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B.1 BRIEFLY ABOUT THE CARBON NANOTUBE

There are a finite number of ways to roll up Gr and produce a unique SWCNT. Figure A.3 is the so-
called periodic table of CN'Ts which shows the many ways of wrapping a piece of Gr to form CNTs of
different chiralities. Chirality is a concept used to characterize and distinguish the numerous types of
SWCNT. More information on this concept will be provided later. The periodic table shown is trun-
cated. In reality it extends to chirality indices that are much higher and to values that are, theoretically
speaking, uncapped. However, based on the Kataura plot, which is a plot that experimentally relates
nanotube diameters and their bandgap energies, as well as being the most extensive record of SWCNT
data, the highest reported observable chirality index so far is (n, m) = (37, 1), while, the diameter of
the largest reported SWCNT is about 2.9995 nm with a chirality index of (33, 9)."

As suggested above, SWCNT has an extremely small diameter. Typically we expect SWCNT to
be on the order of 1nm in radius. More remarkably, the length of a SWCNT can reach up to half a
meter, making its aspect ratio of 132, 000, 000 to 1 unequalled by any other material in the world."”*
This huge anisotropy certainly qualifies carbon nanotubes in general as quasi-one-dimensional objects.
Even more importantly, its small radius confines electrons to such a degree that its energy subbands
are separated on the order of one to three electron volts (eV) (as we will see later). This is what truly
sets the carbon nanotube apart from other supposedly quasi-one-dimensional objects where typically
many energy subbands naturally contribute to electron transport. On top of this, carbon nanotube
has the inherent properties of its mother material, graphene. Among the properties, for metallic SWC-
NTs specifically (we will see later why this does not apply to semiconducting CNTs), their suppressed
backscattering due to its non-trivial Berry’s phase make them exceptional candidates for high mobility

electronics.
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B.2. CArRBON NANOTUBE LATTICE

The carbon nanotube (CNT) retains the graphene (Gr) lattice constant and primitive lattice vectors
a; and a,. (Note that in Figure B.1 the lattice shown is rotated 30° away from the lattice shown
in figure A.1a for the sake of presentation convenience. The primitive basis vectors stay unchanged.)
The additions to the geometrical parameters for CNTs due to its more complex structure are: the
chiral vector C, the translation vector T, and the chiral angle 6. The chiral vector describes how the
Gr is wrapped to become a CNT. It points from one lattice site to another one that it will connect to

upon wrapping the graphene. The vector is:

C = na; + mas,, (B.1)

where 1 and m take on positive integer values with 0 < m < n, and together they form the chirality
index (n, m), which uniquely identifies each CNT. The circumference of a CNT is simply given by
|C|. The translation vector (or unit lattice vector) defines the periodicity of the carbon nanotube

along its axis. It has the following form:

T = tla]_ + tQaz, (BZ)

for integer values of t1 and t5. For a given CNT chirality their allowed values are given by the condi-
tion:

C-T=0. (B.3)
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Figure B.1: The periodic table of carbon nanotubes. Shown is the graphene direct lattice, which is the same as
figure A.1a except it is rotated by 30°. At the top shows the graphene basis vectors which is also used as the
basis for the carbon nanotube’s chiral vector. A carbon nanotube is formed by picking an origin (in the case of
this schematic it is the blue atom in the bottom left labeled (0, 0)) and folding it to another atom in the same
sublattice (colored blue, green or red), hence creating a hollow cylindrical structure: the carbon nanotube. The
atom picked for the origin to fold to has coordinates (1, m), which defines the chirality index. C is the chiral
vector, T is the translation vector (or unit lattice vector) and 6 is the chiral angle. The bottom edge in bold
black is the zig-zag edge and the other bold black line defines the armchair edge. The chiral angle is defined
with respect to the zig-zag edge, meaning that carbon nanotubes with zig-zag edges necessarily have m = 0 and
6 = 0. Following the same line of reasoning, carbon nanotubes with armchair edges necessarily have n = m
and § = 7/6. The grey dashed line demarcates nanotube diameters of about 1nm. Finally, metallic nanotubes
are formed whenever blue atoms are chosen for folding and semiconductors are formed otherwise.

Lastly, the chiral angle defines the angle between C and a; which is just:

cos(f) = Ca _ 2n +m : (B.4)

1Cllay| 2\/n2+nm—|—m2

The wavevectors defining the Brillouin zone (BZ) of the CNT which contains all the unique crystal

momenta are given by the reciprocity condition just like how it was done for Gr. K is conventionally
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. . . . . /
used to denote the general reciprocal lattice vector but to avoid confusion with the K and K" valley
points of Gr, G (which is also commonly used) will be used instead to denote the general reciprocal lat-
tice vector. The reciprocal lattice vectors which are algebraically derived from the reciprocity relation

are:

1
GH = 7NH (mbl — nbz),
(B.s)

1
(—tyby +t1by),

GJ_:NiH

where G and G | correspond to the wavevectors pointing along and around the CNT respectively
and Ny is the number of hexagons (the Gr Wigner-Seitz cell) in a CNT unit cell:

e xT|

Ny = .
" la; x ag|

(B.6)

A more detailed description of the CNT lattice is given by chapter 4 of Carbon Nanotube and Graphene

Device Physics by H.-S. P. Wong et al.””?

B.3 DispPERSION RELATION OF CARBON NANOTUBES: QUANTIZED GRAPHENE

With all the CNT lattice information down, acquiring the dispersion relation is relatively straightfor-
ward. Once again, a carbon nanotube is a Gr wrapped into a cylinder. This means that what was
originally a 2D momentum space effectively becomes 1D because of the imposed periodic boundary
condition that exists in the newly formed azimuthal angle (in terms of cylindrical coordinates). The
newly imposed periodic boundary condition is (as a requirement for the Bloch wave traversing around
the CNT cylinder to be continuous):

k€ 1, (B.7)
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Figure B.2: The three different structural types of CN'Ts. Illustrations on the left column (a), (d) show a zig-
zag CNT with chiral index (10, 0), the middle column (b), (¢) show a chiral CNT with chiral index (10, 5),
the right column (c), (f) show an armchair CN'T with with chiral index (10, 10). (a)-(c) show the top view of
the CNTs. (d)-(f) show the slanted side view of the CN'Ts. Take note that the ends of the CNT indicate their
respective structural type. Zig-zag and armchair are terms given to describe how the CNTs terminate. Chiral
CNTs are ones that are neither zig-zag nor armchair types.)

where k| is the wavevector perpendicular to the cylindrical surface of the CNT which describes the
circumferential momentum and is forced to take on discrete values of:

2mj

ko=
1 |C|7

ij=0,1,.., Ny — 1, (B.8)

where j is an integer restricted to values that make the wavevector unique in reciprocal space. Asfor the
wavevector along the axis of the CNT, it is given by the Born-von Karman (or macroscopic periodic)

boundary condition on the Bloch wavefunctions that propagate along the axis of the CNT (of length
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L = N,.T where N, is the number of unit cells along the CNT):
et =1, (B.9)

which results in the set of wavevectors:

27l
k;” - m, lZO,].,...,NuC—]., (B.IO)

where [ is an integer restricted to values that make the wavevector to be in the first Brillouin zone (BZ).
Dueto N,,. > 1, the wavevector can be considered as a continuous variable within the CN'T BZ that

is conventionally centered symmetrically around zero:

™ s

Combining all the information above, the general reciprocal space vector (or wavevector) for a CNT

is:

G G,
k —
direm TN
I
. (B.r2)
G| 271 G

=kj— + —= ,
AT

for —m/|T| < ky < n/|T|and j = 0,1, ..., Ny — 1, where G| /|G| is the axial unit wavevector
and G /|G| | is the circumferential unit wavevector. This expression tells us the allowed momenta of
an arbitrary CNT with k| being the linear momentum and j being the discretized angular momentum

quantum number. Each value of j has a line cut that is 27r/|T| long and exists somewhere in the
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reciprocal space of graphene. Each of these line cuts corresponds to an individual 1D subband of
the CNT. Figure B.3 shows examples of the line cuts in the reciprocal space of graphene and their
corresponding energy subbands. To get these energy subbands, one simply imposes the wavevector
restriction (equation B.12) onto the dispersion relation of graphene (equation A.23). One will find
that the chirality index (n, m) defines a unique set of subbands. It is interesting to note that for
the zig-zag CNTs shown in figure B.3, the bandstructures host flat energy bands. Recently, it was
found that two layers of graphene twisted at a “magic” angle relative to one another modifies the
double layer graphene bandstructure to host flat energy bands. As a result of these flat energy bands,
graphene can demonstrate highly correlated electronic phases such as becoming a Mott insulator or a
superconductor. In light of this, zig-zag CNTs can possibly open up opportunities for exploring 1D

flat energy band physics.

B.4 METALLIC VERSUS SEMICONDUCTING CARBON NANOTUBES

A CNT with no bandgap such as the one shown in figure B.3b are metallic CN'Ts. Ones with abandgap
like the one shown in figure B.3a are semiconducting CNTs. As alluded to from the previous section,
whether the bandstructure of a CNT has a bandgap or not depends purely on the line cuts in the
reciprocal lattice of Gr— if a line cut crosses the Dirac point of Gr, the CNT is metallic, otherwise it

is semiconducting. The condition for this is straightforward:

k, = |TK|cos(0). (B.13)

(See equation A.4, B.4 and B.8 for variable definitions) This condition ensures that at least a part of

the line cut will overlap the Dirac point. Writing the equation out one will find that the equation can
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Figure B.3: Examples of zig-zag CNTs. Top: Dispersion relation. Middle: Fermi lines. Bottom: CNT end view.
Left (a) and right (b) columns correspond to (n, m) = (8,0) and (12, 0) respectively.
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Figure B.4: Examples of armchair CNTs. Top: Dispersion relation. Middle: Fermi lines. Bottom: CNT end
view. Left (a) and right (b) columns correspond to (1, m) = (8, 8) and (12, 12) respectively.
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Figure B.s: Examples of chiral CN'Ts. Top: Dispersion relation. Middle: Fermi lines. Bottom: CNT end view.
Left (a) and right (b) columns correspond to (1, m) = (8, 2) and (12, 2) respectively.

263



(@) 10 ‘ : ‘ (b)

1200 }
1000 |-

800 |

dVvidl (kQ2)
dVidl (k2

600 |

400 |

200

0 10 20 30
YV, (V) V, (V)

Figure B.6: The transport properties of a metallic and semiconducting CNT. (a) the resistance of a metallic

CNT. It shows a peak resembling the Dirac peak of Gr. (b) the resistance of a semiconducting CNT. It has a
bandgap where the CNT becomes completely insulating.

only be satisfied if and only if the following is true:

n—m=3l, [=012,.. (B.14)

for [ being any integer including 0. This is the celebrated condition for when a CNT is metallic. The
CNT is semiconducting whenever this condition is not satisfied. Looking more into this condition,
one can deduce that if there is an equal probability of obtaining each chirality in a CNT growth, then
a CNT has a 1/3 chance of being metallic and 2/3 chance of being semiconducting. The semicon-
ducting CNT can be further classified into two types: type 1 and 2. Type 1 semiconducting CNTs are
those with a chirality that satisfies mod(n — m,3) = 1 and type 2 semiconducting CNTs are when
mod(n — m,3) = 2 (one can see that metallic CN'Ts are then just type 0 CNTs). There is a need
for this type of classification because it turns out there is an underlying difference in physical behavior

between the two. This will be further discussed in section B.6.
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B.s THE DENSITY OF STATES AND OTHER IMPORTANT QUANTITIES OF CARBON NAN-

OTUBES

Starting from the general definition of density of states (equation A.4s), one can show thatin 1D, the

density of states (DOS) can be rewritten in the following way:

%
e

_9
gip(e) = .

(B.is)

€
where g is the degeneracy (again, this is not to be confused with density of states which is energy
dependentand will always be referred to as g(£) and not g) and the expression is quite self-explanatory.
Acquiring the DOS of different CN'Ts is just a matter of doing the calculation, and unfortunately,
there is no way to obtain a universal analytical expression for all CNTs. There are, however, some
approximated forms that are accepted as universal forms of DOS for the lowest energy subband(s) of

both metallic and semiconducting CN'Ts. Here we just cite the results for reference. 9% Metallic CN'TS’

first energy subband has a universal DOS that goes as:

8 8 —1 5,1
gontM(EF) = gonT = V3am, =7 ~2nm &V 7, (B.16)
0

Vp

which is also a material constant and hence given the label gent. 79 = 3.1 €V is the nearest neighbor
hopping energy, @ & 2.46 A is the Gr Bravais lattice constant and v is the Fermi velocity given by
equation A.28. The approximated universal form for the lowest subbands of semiconducting CN'Ts
are derived from zig-zag CNTs. It turns out that zig-zag CN'Ts which has a chiral index of (n, 0) are

decent representatives of CN'Ts with chiral index (n, m). And so the semiconducting CN'T5 all have
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a DOS that roughly follows:

. deNTY0 le|
gentsc(e, J) = - ) (B.17)
vh2 € — &l

where the energies at the van Hove singularities (¢,,) are given by:

] zig-zag,(m=0 ]

e (j) = 0|1 + 2cos("7ff> Zeme 0, dopl1+ 2cos<‘7§) . (B
] zig-zag,(m=0 ]

Eh2(J) = 0|1 — QCOS(];:> Zgmpn=0), Y|l — 2C05<];) ) (B.19)

with j being the subband index, a being the Gr Bravais lattice constant, and d being the CN'T diameter

given by:
. g _av n2 +nm + m2 zig-zag,(m=0) an

d —. (B.20)
T ™ T

Note that j the subband index (or angular momentum quantum number) starts at O which corre-
sponds to the firstlinecut that crosses the I' point at the center of the Gr BZ. The subband neighboring
the bandgap (or the subband closest to the BZ edge of Gr, which is the lowest energy subband) always
has the subband index of j = round(2n/3).” As for why there are two van Hove singularities, each
linecut or subband of the CN'T roughly follows a sinusoidal form with a minimum and maximum (see
any CNT bandstructure, e.g. in figure B.7 which is shown in the folded-zone scheme, one can imagine
in the repeated-zone scheme each subband will have a minimum and maximum). €,;,1 (j) refers to the
the extremum that is closer to the Fermi level (¢ = 0). This is the more relevant energy parameter
as this gives us information regarding the bandgap. Equations B.16, B.r7 and B.18 together constitute
the universal DOS for CNTs. Regarding the semiconducting CN'T DOS given by equation B.17, it is

accurate up to the bottom of the third subband.

266



Knowing the DOS allows one to calculate the carrier density:

[oe)
nscM = / de f(€)gentscm (€, 7), (B.21)
— 0o

where f(¢) is the Fermi distribution. For a metallic CNT it is straightforward. Using the sommerfeld

expansion, for a metallic CNT in the first subband we get:

Nate(h) = T9entl(€ —€p)l, (B.22)

but for the semiconducting CNT, the computation becomes grueling and must be done numerically.
Below we cite the semi-empirical analytical formula for carrier density that takes into account the first
two subbands. It has been shown that typically only up to the first two subbands are significant for

. a8
the charge transport of CN'Ts, and so the equations below are mostly sufficient: *

2 2 T
2N0€ n 25}: — €g
~ = —>= B.
2 2
2N0€ p _281: — Eg
~ = , =T ¢ B.
" ;”h@ Z P o A S T (B24)

Above are the two-subband carrier densities for electrons and holes respectively. a, 3,7 and A are
fitting parameters. The fitting parameters that yield a high accuracy are:oc = 0.88,3 = 3.57 X
10_3, v = —4.23 X 10_5, A = 0.66. These parameters will be the ones used for the simulations
in the chapter two of the main thesis. Continuing, g is the subband number (which merely serves as
a counter for the number of subbands away from the Fermi level and is not to be confused with the

actual subband index j. The subband index closest to the Fermi level is given by j = round(2n/3)"),
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€4 is the bandgap of the CNT and IV is the effective density of states given by:

2 kpT 2rksT
Ny = QCNT%( S +RpT) |27k ~ gCNT\/TFk'BTEg’ (B.2s)
4gth Eyh1 4

and where the simplification is made through the substitution: €,,; + kgT/2 ~ Eg /2and ey &

9 Tt follows that the approximated algebraic equation in the non-degenerate limit (1 < kgT)

2’}’0.
for a single subband is given by:**

Ne(h) = niei“/kBT, (B.26)

which we can see closely resembles the carrier density for 3D bulk semiconductors. Here, n; is the

intrinsic carrier density, ggis the bandgap of the CNT. The remaining important parameters of the

CNT are as follows (where we have included the all-important effective mass, m):"”

— 2g9entY0(8g + kBT ﬂ—kBTefsg/ZkBT

i g 1+ 470 g 527
g4 = 265, (J) = 2|1 + 2cos<7;j> ‘
§ 2% (B.28)
d2 ’
ot (B29)

m = —
3v0a” 270 + &4

We caution the reader to be careful with a,. and a. The former is the carbon-carbon bond length
~ 1.42 A and latter is the Gr Bravais lattice constant ~ 2.46 A. And yet again, we remind the reader
that the subband index closest to the Fermi level is given by j = round(2n/3)"”. Figure B.7 shows
some examples of the DOS of different CNTs (computed numerically though equation B.1s). The

main feature one should know is that at the bottom of the subbands where the bands flatten out the
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DOS show sudden peaks. These are the van Hove singularities (VHS). They are important as they
determine the characteristic optical absorption and emission spectra that distinguish different CN'Ts
from one another. Figure B.8 shows the zoomed-in DOS of a metallic and semi-conducting CNT.
In these plots, the first three optical transitions are marked and denoted by E;, Eoo, E33 respectively.
The nature of the optical transitions are captured by Rayleigh spectroscopy which is essential in our
characterization of CNT and is further addressed in chapter 3 of the thesis. Note that the metallic
CNT has a constant non-zero DOS within the E;; optical transition in contrast to the vanishing DOS

within the bandgap of a semiconducting tube.

B.6 A LITTLE FURTHER INTO THE SPECIFICS OF CARBON NANOTUBES

If we look at the Kataura plot (see figure B.8), we can see that two branches are formed for each optical
transition trend. The branches become more widely split as we go into higher optical transitions. The
two branches which belong to type 1 and 2 CNTs also alternate in their relative positions within an
optical transition trend. For example, E%l > Eh but E%2 > E§2. It turns out that type (or mod)
1 vs 2 semiconducting CNTs are expected to have drastically different optical behavior. This stems
from the fact that the transition energies exist at opposing sides of the K point in the BZ for the two
types of CN'T. And according to both theoretical calculation and experimental observation, the optical

198 m 1 . .
7% This line of thought brings us to another important

absorption is inhomogeneous around K.
observation and that is the experimental optical transitions deviate from the theoretical one predicted
by tight-binding theory. The bare-minimum theoretical prediction from the tight-binding model is:

E.. ~ 2jacc’7/0

W~ (B.30)
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Figure B.7: The bandstructures of carbon nanotubes and their corresponding density of states (DOS). The first
three Van Hove singularities of each band and their DOS are indicated by a gray dashed line. (a) A zig-zag (8, 0)
CNT. (b) A chiral metallic (8,2) CNT. (c) An armchair (8, 8) CNT.
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Figure B.8: The Kataura plot and depiction of the CNT transition energies. The Kataura plot is generated
from the calculation of tight-binding theory. The parameters assumed are: ¢, = 2.9 €V (the nearest neighbor
hopping energy) and a,, = 0.144 nm (the carbon to carbon bond length)*”. The black circles correspond to
type 1 semiconducting CNTs, the blue points correspond to type 2 semiconducting CNTs and the red points
correspond to metallic CNTs. These points are the transition energies of taking an electron from the valence

band to the conduction band as shown in figure 3.7. The first five optical transitions are labeled. The shaded
green area corresponds to the CN'Ts that our Rayleigh setup can see.

where j is an integer, which is tied with, ¢, the optical transition number, 7y is the nearest neighbor
hopping parameter, and d is the CNT diameter. When j = 1,2, 4, 5... the corresponding transition
energies are Iy 1, Flog, Fi33, ... which are the transition energies for semiconducting CN'Ts. When
. . . . M M . . .

J = 3,6..., the corresponding transition energies are 77, Fys ... which are the transition energies
for metallic CNTs. Up to the time of this writing, there are still ongoing efforts in describing the

optical transitions more accurately. The possible causes for deviation are electron interactions and
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Figure B.9: Zoomed-in density of states plots of (a) a (8, 0) semiconducting zig-zag carbon nanotube and of (b)
a (8, 8) metallic armchair carbon nanotube. Ey, Ess, E33 are the first three allowed optical transitions. These
are the energies that are required to excite an electron from the valence band to the conduction band while obey-
ing the selection rule. Note that the metallic carbon nanotube has a constant non-zero density of states around

the charge neutrality point as opposed to the vanishing density of states in the bandgap of a semiconducting
nanotube.

spin-orbit coupling due to curvature effects. So far, revised descriptions are all empirical models and
here we stay away from going into the explicit equations. The interested reader is referred to the cited
references. *”%"*

It is important to note that a metallic CNT shares the same electronic properties as Gr such as
suppressed backscattering due to its non-trivial berry phase. When a particle in a right moving state
scatters to a left moving state, the wavefunction of the left moving particle acquires a /2 phase which
destructively interferes with the incident right moving particle. This again is only because the right
and left moving branches are on the two sides of the Dirac point. This, however, does not extend to
semiconducting CNTs simply because the line cut does not run over the Dirac point, which means that

the right and left moving branches are not directly on opposite sides of the Dirac point. This results

in a phase less than 7 /2 which then leads to a non-zero backscattering probability. See figure B.6 for
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Figure B.1o: Line cuts (straight black lines) of metallic and semiconducting carbon nanotubes in the reciprocal
lattice space of graphene and around the Dirac point (zoomed in images of the contour plots from figure B.3).
The green line marks the BZ boundary and the corner is the Dirac point. (a) Line cuts of a metallic CNT where
we see the line cuts across the Dirac cone. A backscattering event will take a particle from the red colored state to
the empty state and the relative angle between the states is 7w (with the Dirac point as the reference point), which
when inserted into equation A.42 yields a vanishing scattering rate, meaning that backscattering is not possible.
(b) Line cuts of a semiconducting CNT where no lines cut across the Dirac cone. A backscattering event is
characterized by a non-m angle. The beige dotted line is drawn to help distinguish a 7 and non- angle relative
to the Dirac point. In this case, equation A.42 will yield non-zero which means there can be a backscattering
rate.

a more pictorial explanation. Due to this discrepancy, metallic CN'Ts demonstrate ballistic electron
transport which results in perfect transmission across the CN'T, in contrast to semiconducting CN'Ts

that have much higher resistance in general.
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Overview of the Electronic Transport of

Carbon Nanotube Quantum Dots

When electrons are confined into an area that is around or smaller than its Fermi wavelength (the de-
Broglie wavelength at the Fermi level, A\ = 27/k ¥ ), the electrons lose their wave-like property and
exhibit quantization effects. This makes sense because roughly speaking the electrons are unable to
complete a full period of an oscillation (strictly speaking this is not necessarily the case but what follows

still holds). Quantities like wavelength and phase, which are essential to bring out wave-interference
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effects, are no longer fit descriptions. The quantum dot is a case where electrons are confined in all
dimensions, effectively rendering it an artifical atom. These electrons form bound (or resonant, lo-
calized, stationary) states and exhibit discrete energy levels, like an atom. Such is called the quantum
confinement effect. More to this is that as a conducting object size shrinks, its capacitance with its sur-
roundings becomes smaller. As this happens, the electrons in the object become less susceptible to the
ongoings of the outside world and instead feel the presence of its neighbouring electrons much more
strongly. This results in an increased Coulomb effect which causes electrons to become much more
correlated with one another. Consequently, the electronic transport of the system is expected to be
drastically unconventional. In this appendix, we will cover the key properties as well as the signature

behaviors of a quantum dot.

C.1 CoONFINING THE ELECTRONS IN A CARBON NANOTUBE EVEN MORE

The carbon nanotube (CNT) already confines electrons to one dimension (1D) and as a result the
electronic energies are a set of 1D subbands as we saw in appedix B.3. The remaining translationally-
invariant axis, the longitudinal direction of the carbon nanotube, can also be confined in which case
the 1D energy subbands will also become discretized. The method of confinement is naturally done
through laying electrical contacts down onto the CNT. In the case where these contacts are not trans-
parent, it becomes difficult for electrons to hop in and out of the CNT. By increasing this difficulty,
the electrons eventually behave as though they are confined within the space between the contacts,
i.e. they tend to live in the CNT longer than the rate at which they enter and leave the CNT, and
this inevitably means the electrons within the CN'T will feel each other much more (a more quantita-

tive description will follow). Because the longitudinal unit wavevector follows the usual wavevector
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condition for a particle-in-a-box problem which is

Aky = 7. (C)
where L is the confinement length of the CNT, we see that as L shrinks, the discrete nature of the
wavevector becomes more apparent. Consequently, if we look at a CNT with a linear dispersion (any
metallic CNT or a degenerately doped CNT where even a semiconducting CNT recovers its linear
dispersion), the energy spectrum also becomes discretized into units of energy:

hvpm
L

Agconf = FL’UFA]{ZH = (CZ)

This is called the confinement energy which is a direct result of the longitudinal confinement of the
CNT. There are points to make here. First, this is only an approximation of the confinement energy.
In reality the confinement energy depends a lot on the type of confinement. For example, there can
be hard and soft confinement and each yields different confinement energies. The above expression
is only used to roughly find out the length of the CNT quantum dot and is best suited for hard con-
finement (ensuring the accuracy of the momentum discretization condition) and when the CNT had
alinear dispersion prior to discretization as suggested above. But even so, there are early experimental
reports that suggest under hard confinement and for linear dispersion the confinement energy goes
as Aegne & hvp /2L instead.””*”"" Second, the natural thought of a quantum dot can mislead one
to think that it has to be quasi-zero dimensional, i.e., confined and equally small in all dimensions.
This is vague. Regarding confinement there is a rough condition that certainly needs to be fulfilled
(addressed in the next section). As for the smallness— this is where the ambiguity comes in as sizes are

all relative. In literature, one would often see the term 1D quantum dot which is sometimes labeled
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semi-inappropriately as a quantum wire. Whata 1D quantum dot means s that electrons are confined
in all directions but the aspect ratio of the confined space is as though it were 1D. A CNT quantum
dot is almost always used as a 1D quantum dot. This is because the longitudinal confinement length
is hardly ever as small as its typical diameter of 1nm. And this brings us to the third point. The CNT
devices in this thesis are all longer than ~ 200nm. This gives us Ae ¢ S 1meV. As we will see very
soon, the characteristic energy in a quantum dot system is the charging energy (e) and it is typically
tens of meV which is much greater than the confinement energy. As a result, the contribution from
A€ o Is relatively insignificant in the work presented in this thesis.

Following up briefly the second point, there is a subtle distinction between a 1D quantum dot and
a quantum wire. First, a quantum dot means that the particle’s motion is quantized in all three dimen-
sions such that dk,dk,dk, — Ak, Ak, Ak, whereas a quantum wire means that it’s quantized only
in two dimensions such that dk,dk,dk, — Ak, Ak,dk,. The nuance of a 1D quantum dot is that
it is inherently a quantum wire but the electrons in the unquantized direction is confined to the ex-
tent where the discrete nature of the particles come out (we shall see how this arises in the next section).
The 1D quantum dot is simply used to highlight the anisotropy of the system yet still accounting for

the fact that the system still displays Coulomb blockade.

C.2  CoNDITIONS TO FORM AND DETECT A QUANTUM DoT

The discrete nature of the electrons (quantized packets of charge) is not so easy to observe. To see this
discrete nature is tantamount to realizing a quantum dot where charges are only allowed to move in
and out one by one. As mentioned earlier, the condition to fulfillis L S A, where L denotes sample
size. But this in reality is quite tricky to achieve. How do we maintain this condition while electrically

reading out the state of the system? Electrically accessing a quantum dot inevitably means attaching

277



Figure C.1: Schematic of a quantum dot device (single electron transistor). (a) The circuit of a quantum dot
device. Here, s, d and g correspond to source, drain and gate respectively. QD (blue island) is the quantum dot.
For mathematical convenience, indices are assigned as {QD, s, d, g} — {0, 1, 2, 3}. The resistor and capacitor in
parallel is a lumped element that represents the electrical contacts of the source and drain with the quantum dot.
(b) SEM image of a real carbon nanotube quantum dot device. It is simply a CNT with electrical leads placed
on top. The device length is L. The source and drain contacts have characteristic resistances and capacitances.
The gate for this device is a global backgate that comes from the doped Si underneath the SiO4 substrate which
the device rests on.

macroscopic sized electrical contacts to the system which will then destroy the condition one set out

to satisfy. This, as it turns out, is not necessarily the case as long as

hl' < €0, (C3)

where h is Planck’s constant, I is the electron tunneling rate between the electrical contact and the
quantum dot and £ is the charging energy of the quantum dot. The idea is that if the electrons
have a hard time leaving the quantum dot, hence having an extremely low rate of tunneling, they are
effectively considered trapped in the quantum dot. But what is considered low enough? As suggested

by equation C.3, this threshold is determined by €, the charging energy.
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C.2.1 CHARGING ENERGY

We know that the number of charges in a highly metallic object (i.e. with large density of states hence
allowing one to safely neglect the effects from quantum capacitance) is determined by its geometrical

capacitance with its surroundings through:

e V>0
Q=Nqg=CV, q= , (C.4)

—e V<0

where (@ is the total charge, V is the total number of charges, ¢ is the elementary charge, e = le] =
+1.602176634 x 10~ Cis the physical constant for an elementary charge (written in a way to stress
that it represents a positive charge value), C'is the total geometrical (or classical) capacitance between
the object of interest and its surroundings, and V' is the electric potential difference or voltage between
the object and its surroundings. Now let us consider a small conducting island that is capacitively
coupled to the outside world. Assuming that the outside world is the ground reference, the total
electrostatic energy (a type of potential energy) of the object relative to ground is simply the sum of

the energy of all the charges held at a specific potential:

Q ! !
UE:/O dq'V(q)

Q2
= %7

where we have made use of equation C.4. Here, dq' = |e|dN" and N'isa dummy variable for number

of charges. The charging energy is conventionally defined as the energy required to charge an object
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with just one elementary charge and it is:

2
e

=N

_ g e
N=1 c

~ dN

2
e

€ =—. (C.6)

n=1 C

The charging energy is an energy scale that roughly tells us how much energy is needed to overcome
the electrostatic barrier (the Coulomb repulsion from all the other existing electrons is one big factor)
in order for the new electron to become accepted in the the small conducting island. If the capacitance
between the island and its surrounding is very small, meaning that the island is in a sense very distant

from the outside world, it becomes difficult to transfer an electron in.

C.2.2 THE TiIME ScALE OF ELECTRON MOVEMENT

In a small conducting island that is coupled to the outside world as shown in figure C.1, there are the
source and drain contacts which have defining resistances and capacitances. On top of those, there is
also a backgate that is only capacitively coupled to the quantum dot. Imagine in this case if one were to
charge the quantum dot by sending one extra electron into the island, normally the time it would take
for an object to be charged continuously to a certain voltage is given by a characteristic charging time,
the 7 = RC time constant (the same time applies for discharging), where R and C' are the lumped
(the total representative) resistance and capacitance of the system respectively. However, here we are
dealing with a discrete charge where either the charge is in the quantum dot or not— there is no in
between. So more accurately, this time constant 7 represents the time frame between events which we
relabel as At. Another way of saying this in the context of a quantum dotis: At represents the average
time an electron spends idle either inside or outside the quantum dot before making a statistical action

to either switch states or stay put. Such is the constitution of quantum mechanics where microscopic
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events are probabilistic. An electron (if undisturbed) cannot deterministically be at a certain state but
is only expected to be in a certain state with some degree of uncertainty. This uncertainty is given by

the energy-time uncertainty relation:

Ae At > (C.7)

D] S

This relation states that there exists a minimum energy uncertainty Ae for a given time frame At. The
longer the time frame, the lower the energy uncertainty. In the case of a quantum dot, this time frame
is given by the RC' time constant and so substituting At = RC, we get for the minimum in energy

uncertainty:

h

A —
Fmin = 50

(C.8)

This is the energy window the electron can fall into around its expected energy value. The longer At
is, the more defined and accurate one can know about the electron’s energy. We can put this into a
more physical (classical) context: the electron spends RC' amount of time in a given state, after which,
it faces a certain probability of either moving away or staying put. If RC' is large, the electron spends
a significant amount of time localized in a state, which then enables an observer to more easily spot
said electron, hence increasing the certainty. On the other hand, if RC' is small, the electron spends
essentially no time in any given state and this translates to electrons flowing freely in and out of the
quantum dot. The electrons are never, not even for a brief moment, trapped inside it. As the observer,

we can never tell exactly if the electron is ever there. This is a reflection of high uncertainty.

C.2.3 THE RESISTANCE REQUIREMENT TO FOrRM A QuanTUM DoOT

Let us now put what we have learnt all together. To see the quantization of electron behavior coming

from the charging energy (which is the energy needed to overcome the electrostatic barrier to add
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an individual electron), the electron energy uncertainty cannot mask the charging energy (otherwise
electrons will just move randomly in and out as though there were no barrier); hence, one condition

that must be satisfied to realize a quantum dot is:

2
e h
= — A P i C.
Eo C > Emin 2RC ( 9)
This condition can be approximately rewritten in terms of a familiar physical constant:

h

R> — = Ry. (C.10)
e

Ry is the quantum of resistance which has the value of R = 25.812807557(18) k(2. We remind
the reader that this condition is qualitative (we have indiscriminately taken away a factor of 7 to arrive
at the form above but this is inconsequential due to the qualitative nature of the condition). We can
now go back to equation C.3, where we can infer I' ~ 1/7. The question of how low of a tunneling
rate is required to observe a quantum dot is now qualitatively answered (in terms of resistance): the
contact resistance to the quantum dot must be much larger than the intrinsic quantum of resistance

of a single charge carrier channel.

C.2.4 THE TEMPERATURE REQUIREMENT TO ForM A QuaNTUM DoT

If being able to discern and resolve the charging energy is what ultimately dictates whether we see single
electron behavior, then another another energy that can mask charging energy is thermal smearing.

Temperature must be low enough such that electrons cannot be thermally activated and be aided to
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overcome the charging energy. So another condition that must be fulfilled to have a quantum dot is:
kT < EC- (C.II)

C.3 CouLoMB BLOCKADE

The signature feature of a quantum dot is the Coulomb blockade which refers to individual charges
becoming blocked from going in or out of the small metallic island. The simplest model that de-
scribes this phenomenon is the constant interaction model which assumes the total energy of the sys-
tem is purely of composed of single particle energies (¢;) and the electrostatic energy of the dot (Up)
and nothing more (so we are neglecting the energy arising from other electron correlations besides
Coulomb repulsion). Written out the total energy as a function of number of particles (N) in the dot
is given by:

N
e(N) =) &+ Ug(N). (C.r2)
=1

The single particle energies are given by the quantized dispersion relation due to confinement effects
and so simplistically the difference between the single particle energies is equivalent to the confinement
energy (€; —€;_1 = A& ). For the CNT, it means that the dispersion relation (detailed in appendix
B.3) is imposed with the momentum restriction such as equation C.2. Turning to the electrostatic
energy, it will be more useful to describe the energy in terms of the experimental knobs in our device.
For an actual electronic device like the one shown in figure C.1, the source, drain and gate will each
contribute to the electrostatic potential of the dot via their respective capacitance. Looking at the

charges first:

Q=Y CiV;. (Cu13)
J
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Here we have decomposed the contributions from each electrical object labeled by subscripts {7, j} =
{0,s,d,g} < {0, 1,2, 3} which denote dot, source, drain and gate respectively. Q); is then equal to

the charge in object i. Because we are interested in the dot itself, the total charge in the dot is then:
3
Qo = CooVp + Z Co;Vj, (C14)
j=1

written in such a way to see the following step easier. To ultimately find the electrostatic potential of

the dot, we isolate Vjy:

Qo — X i—1 CoiV;

Vo= C.
0 Coo (Cxs)
Cl is called the self capacitance and because of conservation of charge, Cpy = — Z?’:l Co;- Now
following equation C.5 we can compute the electrostatic energy:
Q
Ug = /0 dQoVo(Qo)
3 (Ca6)
_ Q ng‘:l CojV;
2C0o Coo
The total energy written in terms of charge number (substituting () = Ne) is then:
N 2272 3
eN Co‘
e(N) = g; + —eN v (Cxz)
() ; 2C0o ]z:; Coo

The next quantity of interest is the electrochemical potential, which is the change in energy of the
system when adding an electron (taking into account both single particle and electrostatic energies).

Because of the discrete nature of the energy levels, this quantity is calculated through a subtraction
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between the system’s energy before and after the particle addition:

() = (V) — (N — 1)
C
=Nt oes 000 (N - > te Z C’ng (C.18)

2
= N — -
5“000( > ZO‘V

g denotes electrochemical potential (¢ denotes chemical potential). Note that this isn’t the same as
the chemical potential of a system which is typically given by the single particle energy of the highest
occupied state. The subtlety in their difference lies in the fact that the electrochemical potential ac-
counts for the electrostatic component which for a quantum dot is at the core of its description and
can not be at all neglected. If one were to only talk about the chemical potential, then the chemical
potential of the quantum dot would indeed simply be the single particle energy of the electron being
added into the system, i.e. 4 = €. But again, this quantity is practically useless when describing a
quantum dot where the electrostatic energy plays a huge role in the energetics of the system.

Above we have introduced the following quantity:

Co;
a; = — la (C'I9)
C'00

which is always a positive quantity because the self-capactiance (Cyy) is always negative. This is the
lever arm of object (typically gate) 7. The role of the lever arm is to give the effects from the different
objects a weight. The most affecting objects are the gates built in specifically as a knob to control
the number of charges in the quantum dot. Gates that are more capacitively coupled to the dot will

have a greater effect in altering the dot’s electrochemical potential. Objects like the source and drain,
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Figure C.2: The energy definitions for a quantum dot are indicated. Shown here going from left to right is the
movement of the band and change in energies as the number of electrons in the quantum dot is increased from
10 to 12. The dotted line at the bottom of the graph is at an arbitrary position used only to indicate the energy
reference of the system conventionally defined when N = 0. Going from N = 10 to N = 11, there is both
an electrostatic energy and confinement energy contribution in shifting the electrochemical potential. Going
from N = 11 to N = 12, however, the confinement energy contribution is absent because electron of the
same single-particle energy is added. There is still an overall increase in the energy of the system (i.e. the entire
energy band is shifted up) because of the electrostatic potential energy gained.
however, are not completely negligible and can also have a gating effect when they are biased to a non-
zero voltage and they must also be accounted for. They are typically what cause the asymmetry to the
Coulomb diamonds as we will see later.

Knowing the electrochemical potential of the dot, we can now understand its transport proper-
ties. The electrochemical potential is the energy change in the system as an electron is added which

directly translates to the amount of energy an electron needs in order for it to enter the dot. Because

the electrochemical potential is discretized due to the countable number of charge, we can view the
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Figure C.3: The transport mechanism of a quantum dot. (a) shows when conduction is allowed through the
quantum dot. In this case, the electrochemical potential of the quantum dot is aligned with energy window
between the source and drain electrochemical potentials. This is called the degenerate state and electrons can
flow freely across. By tuning the gate voltage, the electrochemical potential of the quantum dot will move. (b)
shows when the electrochemical potential falls outside the energy window defined by the source and drain. The
energy levels here are completely misaligned and electrons are blocked from entering the quantum dot. All the
energy levels below the source drain electrochemical potentials are filled, thereby Pauli blocking electrons, while
the next energy level higher up is beyond reach.

electrochemical potential as discrete energy levels that mimic those of an atom. See figure C.2 for pic-
torial definitions of the energies related to a quantum dot. In this figure, it shows that in each single
particle state, despite them being two fold degenerate (due to spin), to add an electron, an electrostatic
barrier needs to be overcome no matter what. The entry price here is the charging energy.

Let us first consider the case when the source drain bias is small such that eV < e’ /Coo = €6,
still assuming that temperature is also small where £T" < ¢’ /Coo = €c- Thisis so that we allow our-
selves to only consider one energy level at a time. The difference between the electrochemcial poten-
tials of the source and drain defines an energy window: |eV4| = |1 s — f1 4| This energy window
is created if we directly bias either the source and drain with V4 (see figure C.1). When the electrochem-

ical potential of the quantum dot falls within this energy window, i.e. when pip ¢ < pg(N) < pg 4
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Figure C.4: Shown are three consecutive Coulomb diamonds corresponding to N' — 1 to N 4 1 number of
charges. The lines demarcating the diamonds provide critical information on the quantum dot under study.
The information that can be deduced include: self-capacitance (Cyy ), source (and/or drain) capacitance (Cyq)),
gate capacitance (Cy), the lever arm (a,), charging energy (£..) and confinement energy (A€ yf)-

(for Vig > 0)or s > pup(N) > ppq (for Vg < 0), the energy levels are considered aligned.
Electrons from either the source and drain now have sufficient energy to enter and escape the dot and
electrons can now flow freely through the dot. This is the degenerate state of the system. However,
as soon as the electrochemical potentials of the dot and of the source drain are misaligned, done via
tuning the gate voltage, electrons from the source or drain will not be able to go into the dot. This
is because despite the electron energy in the source or drain being possibly higher, there simply is no
room in the dot to accommodate an extra electron due to Pauli’s exclusion principle. The only way is if
the energy alignment occurs again done via tuning the gate voltage. Figure C.3 shows the mechanism

regarding transport through a dot.

From the energy alignment argument, we thus expect a peak in conductance whenever the electro-
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Figure C.s5: A charge stability diagram showing CNT Coulomb diamonds. (a) The differential conductance of
the CNT plotted with respect to gate voltage and source-drain bias. (b) The second order differential conduc-
tance of the CN'T. This is done to bring out the more subtle features of plot (a). Here the Coulomb diamonds
exhibit high periodicity indicating little contribution from confinement energy. The area inside a diamond cor-
respond to Coulomb blockade where electrons are blocked. The charging energy is about 28mV. The array of
lines outside of and above the Coulomb blockade region are excitation lines. See main text for more informa-

tion.
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Figure C.6: A charge stability diagram showing CN'T Coulomb diamonds. (a) The differential conductance of
the CNT plotted with respect to gate voltage and source-drain bias. (b) The second order differential conduc-
tance of the CNT. This is done to bring out the more subtle features of plot (a). Here the Coulomb diamonds
exhibit high periodicity indicating little contribution from confinement energy. The area inside a diamond cor-
respond to Coulomb blockade where electrons are blocked. The charging energy is about 28mV. The array of
lines outside of the Coulomb blockade region are excitation lines. See main text for information.

chemical potential is aligned with the energy window defined by the source and drain. In the small
bias regime (Vg < £¢), for V4 > 0, the condition as mentioned beforeis: pip s < pp(N) < pg 4.
Because in our measurement setting we typically put the drain to be at the ground potential, we can
assume that pp 4 = 0and —eVy = g . The condition then becomes: —eVy < pp(N) < 0.

Using the expression of the electrochemical potential (equation C.18), the condition can be broken

down into:

PP SRS S PR GY
=10, e(l—a) | N Cy 2/

Q 1 62 1
Vyg>——LV + — —(N+2)].
4= Qg g+€Oés |:6N+COO( +2):|

We remind the reader that the subscript of object @ has {i} = {0,s,d, g} < {0,1,2,3}. These set
of equations (together with the ones for V4 < 0) define the conduction region in the charge stabil-

ity diagram. The charge stability diagram is the electronic transport characteristic of a quantum dot.
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The reason it is called so is charges can sit stably within the quantum dot in the right conditions and
may also become unstable (which is to say conduction happens) in other conditions. The regions in
which charges sit stably are called Coulomb diamonds (see figure C.s). Inside the diamonds are regions
where Coulomb blockade is happening. The equality of these equations define the borderlines of the

Coulomb diamonds as seen in figure C.4. Differentiation of V4 with respect to the gate parameter V,

then yields the slope:
dVy ™ G Cy
avi, l—a, Cy—C,’
% 0 (C.2r)
Vg~ oy Gy
Vg g G

where the positive defines the positive slopes and negative for the negative slopes. The tip or height of
the Coulomb diamond is where the two borderline equations meet. It is also the difference between

two sequential electrochemical potentials:
A5conf(‘]\/) (C.ZZ)

The gate value at which the conduction occurs at Vg = 0 can be derived from equation C.18. Setting
V, = V3 = 0and pup(N) = 0 (because now everything is aligned with ground) and solving for V,,

one finds the gate value at which conduction occurs for the N electron case is:

1

2
V:g(N) = e [EN + Ce'OO<N - ;)} (C.23)
g
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The length of the Coulomb diamond along the gate axis is then given by:

AEconf(]\f)
ex

+ . (C.24)

Vi(N) = V(N = 1) =~ (Aeuue(N) + 20) = o

§ eq

g g

Note that this is written in terms of voltage. Figure C.4 shows all the relevant quantities in terms of
the energy scale for the charge stability diagram. Without going into too much detail, the lines ex-
tending out of the Coulomb diamonds are the excitation lines. They correspond to the excited states
accessed within the dot. In the constant interaction picture considering only single particle energies,
these excited states come from the next single particle energy states that are now within reach given
that V4 is big enough. One can think that these lines are arising from another set of shifted Coulomb
diamonds— shifted by the confinement energy equivalent along the gate axis. Remember, the exci-
tation lines of the Nth Coulomb diamond are describing the excited states of the same N charges.
The charges are only re-configuring and no extra charges are coming in and hence no extra charging
energy needs to be paid. However, these excited states are never simply described by the single parti-
cle picture. In reality, these states are formed by the collective behavior of many electrons and so the
origins of the excited states are much more complex in nature. Figures C.s and C.6 show examples of

Coulomb diamonds in a charge stability diagram.

C.4 DENSITY OF STATES OF A CARBON NANOTUBE QUANTUM DoOT

In zero dimension (0D), the density of states (DOS) is equal to the number of states (V) per energy

level. The DOS of a carbon nanotube quantum dot (CNT QD) according to the general definition
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of DOS (equation A.47) is simply:

gp(e) =g Y (e —en), (Cas)
N=0

where g is the degeneracy (not to be confused by the DOS, g(¢)) and €y is the discretized energy
spectrum due to quantum confinement. Assuming a linear energy spectrum discretized by the hard

confinement energy (as in equation C.2) then:

hopmN
ey = ”FT” (C.26)

However, as mentioned earlier, the CNT devices used in this thesis has a very small Ae ¢ where
Agone ~ kpT < ¢ (for T' = 1K), in which case, the Dirac delta peaks of the 0D DOS will begin
to merge and we recover the 1D CNT DOS. In the linear regime which is an approximation we will

make for the CN'T QD, it becomes the same as the metallic CN'T 1D DOS:

_ 9l
 hvpr’

genTQD(€) (Ca27)

which is an intuitive expression, saying there is one state (multiplied by a degeneracy) for every unit of
confinement energy. This raises an important point which is that the CNT QD used in this thesis all
fall under the classical Coulomb blockade regime (as opposed to quantum Coulomb blockade regime)
where the confinement energy due to size quantization is insignificant compared to the charging en-
ergy. And so the quantization effects resulting in quantized energy levels are merely coming from the

Coulomb repulsion of the discrete charges.
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C.s CoNDUCTANCE OF A CARBON NANOTUBE QUANTUM DoT

The electrons in an isolated quantum dot have wavefunctions that are completely localized within the
quantum dot. But when a quantum dot is in contact with metallic reservoirs, i.e., the source and drain
electrodes, the wavefunctions of the electrons in the quantum dot will overlap with the wavefunction
of the electrons in the source and drain. The overlap is what dictates the transparency, or conduction,
across the barrier between the quantum dot and metallic reservoir. This overlap is quantified by the
energy coupling to the source and drain which given by Al'; ; and hl'y ; respectively. i denotes the
coupling to the energy level 7 of the quantum dot. Another term for overlap is hybridization or mixing

of wavefunctions. This overlap effectively causes the energy levels to spread to a width of:
h
h]‘_‘l = hFS’L + hrdl = —, <C2.8)
) ) 7—

and here 7 is the lifetime of the electrons in the quantum dot (as in equation C.3). Depending on the
lifetime of the electrons, the conduction across the quantum dot can be different.

In principle the conductance of a QD is given by the Landauer Buttikiier equation:
G = %MT. (C.29)

The conductance depends on the number of available channels or modes (M) where each channel
contributes a quantum conductance weighted by a transmission coeflicient (7). In a QD the available
channels are the discrete energy levels within the source drain bias energy window. The transmission
coefficient is what contains the dynamical details. Thermal broadening and tunnel rates at each barrier

must be taken in account and the calculation of the transmission is non-trivial. Below we report the

294



two limiting regimes.

Cs.a WEAk-CoUPLING REGIME

The weak-coupling regime is when:

i < kT < e¢. (C30)

Assuming that only a single energy level contributes to conduction, then the conductance for energy

level 4 is given by: "’

2 -1
ge 1 1 _9 ag(Vg - V:gz)
= h —_ . .
@ dkpT (Fs,i " Fd,i) “ < 2kpT (€39

The distinctive behavior of the conductance in this regime is its inverse dependence on temperature
and the broadening of the conductance peak as a function of increasing temperature. In this regime,

the transport can be describe by single electrons moving in and out sequentially of the dot.

Cs.2  STRONG-COUPLING REGIME

In the strong-coupling regime,

kpT < Kl < ¢, (C32)

in which case, the conductance is shown to follow the famous Breit-Wigner formula: =0

2 1 2
ge” [ 1 1 ) hT
G:<+ > > 5. (C33)
h A\l Ta)  ag(Vy; — V)" + (h'/2)
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The electrons in this regime is treated identically as the resonant tunneling across a double barrier
and in this regime the tunneling is no longer just a single particle event. The transport of electrons
across a level is given by the simultaneous tunneling processes of other electrons through other levels.
These levels can be virtual intermediate states. A localized charge is no longer a valid concept in this
regime. The conductance is thus irrespective of the transparency of individual energy levels (hence the
absence of subscript 7) but is a result of the inclusion of many levels. This is why g, the degeneracy
of each state, is necessarily included in the equation. The conductance is independent of temperature

and the different conductance peaks are identical as long as the strong coupling condition holds.

C.6 OTHER QUANTUM DoOT BEHAVIORS: GATE-DEFINED AND DISORDER-DEFINED

QUANTUM DOTS AS WELL AS FABRY-PEROT INTERFERENCES

One of the reasons the CNT QD is unique is it can become a QD naturally simply because of the
tunnel barriers at the contact interface. There are cases where the contact is sufficiently good that
the contacts become perfectly transparent. In this case, the CNT QD will lose its coulomb blockade
behavior and instead behave as a 1D conducting wire. A CNT QD in this case can only be made by
electrostatically gating the CNT in between the contacts. For instance, if the CNT and the contacts
are both p-doped, then the CN'T must be n-doped to create pn junctions at the contacts. These pn
junctions act as a tunnel barriers which then helps fulfill the QD formation requirement. The height
of the tunnel barrier in this case roughly depends on the bandgap and the strength of the gating. Figure
C.7 illustrates the behavior of such a QD. The bipolar side is where the QD exists. The unipolar side
is where no tunneling barrier exists and so the dot becomes a simple conducting wire.

The formation of a CNT QD can also happen because of disorder such as impurities on or near

the CNT as well as physical kinks and defects on the CNT. Because CNT is a 1D object, electrons

296



o
(=)
S

dudV (1:S)
o o
o o
w o~

0.01}

£4 : £4

\*"I | l\
!,:

Figure C.7: The top graph shows the conductance of a gated semiconducting CNT. The blue shaded area cor-
responds to the CNT being unipolar (ppp) while the red shaded area corresponds to the CNT being bipolar
(pnp). In the unipolar regime, electrons can flow freely across the CN'T without any barriers, while in the bipo-
lar regime, due to the pn junction the electrons have to go through two barriers. The pn junction interface
significantly increases the resistance and hence causes confinement of electrons in the quantum well bounded
by the pn junctions. The bottom left and right pictures show the energy diagrams of the unipolar and bipolar
regimes respectively.

are highly sensitive to anything that sits in their path. The imperfections will cause backscattering
or behave as tunnel barriers and hence form a QD. These QDs typically do not demonstrate regular
Coulomb blockade peaks because disorders are likely to cause the formation of multiple QDs in series.

These QDs will all behave differently and their transport properties get stacked electrically in series.

Figure C.8a shows an example of a disordered QD.
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Figure C.8: Other quantum dot behaviors. (a) a disordered QD which is identified by irregular Coulomb block-
ade peaks. (b) Fabry-Perot regime of a QD where the transport across the dot is governed by interference effects.
This happens when the transmission at the interface is at least close to transparent. This regime is identified by
the checker-board like features as well as high conductance that never reaches zero. (c) line cuts of (b) at zero
DC bias. The conductance is always non-zero and the conductance exhibits a wave-like oscillation rather than

sharp Coulomb blockade peaks.
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There are plenty of other QD behaviors that are not addressed and the reader is encouraged to dig
into literature. Here I will end with a brief description of a QD in the Fabry-Perot regime. This regime
is when the contact resistance is R < Ry, (in contrast to equation C.10), or equivalently hI" 2 ec.
In this regime, the rate at which electrons pass through the contacts are fast. Electrons are no longer
a localized object but instead become extended and will show wave-like properties such as construc-
tive and destructive interference.”” Since electrons cannot be pinpointed at a particular location, the
description of Coulomb repulsion coming from an island is no longer valid. This is evident when we
see that the QD never becomes blocked indicated by the absence of vanishing conductance as seen in

figure C.8c. Figure C.8b shows a measurement of a CNT QD in the Fabry-Perot regime.
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The Integer Quantum Hall Effect of

Graphene

The quantum hall effect is a phenomenon that exists specifically in two dimensions (2D). It is an
important phenomenon because of a few reasons. One, it is a macroscopic manifestation of quantum
mechanics. Systems that show this are rare and graphene (Gr) being one of the few that do. Two,
the electron edge channels are robust and topologically protected one dimensional (1D) states with

different characters. These can be used as building blocks to engineer more exotic structures or simply
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can be used as a 1D platform for 1D studies. Three, in the quantum hall regime, due to the localizing
effect of the required applied magnetic field, the kinetic energy of the charge carriers are quenched.
This means that the electrons are now no longer running wild but they stay put and are sensitive to
the presence of one another. Consequently, the dynamics of this body of electrons are revamped and
their behaviors become much more delicate. This ultimately gives rise to much more exotic electronic

phases governed by many-body physics.

D.a CrassicaL REGIME: WEAK MAGNETIC FIELDS

The force on an electron under the influence of an electric and magnetic field is given by:

F =q¢(E+v xB). (D.)

In a 2D planar geometry with electrons under a longitudinal electric field bias, the application of a
weak magnetic field perpendicular to the plane will bend the electrons trajectories. In steady state,
charges will build up along the transverse sides of the device and this gives rise to a Hall voltage that
develops in the transverse direction. If the (positive) current (attributed to holes) is going in the +x
direction (1), with the magnetic field pointing in the +z direction (B,), and if the device has length
L that charges move longitudinally along and width W which is in the transverse direction, the Hall
voltage is then:

Vi =V, = 0,B.W. (D.2)

In the spirit of Ohm’s law (V' = I R), the Hall resistance is given by:

Vy 0,B.W B
R —YH _ YDV De D.
W, —nevy,W ne (D3)
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It is interesting to note that Hall resistivity is the same as Hall resistance in 2D:

Vi E, W E
R. = -y _ Y _ = . D.
WS T Gw g, PH T P (D4

This is not the case for longitudinal resistance where R, = p,., - (L/W). The Hall coefficient is

defined as:
E 1
Ry=—%=—-—, D.
H j.B. ne (D)
where j, = I,/W = —nev, in 2D, e = |e] is the elementary charge and n is the carrier density.

Here we follow the convention for the labeling of the Hall coefhicient. Note that R is not resistance
but has units of m“/C. In fact, it is a quantity that is independent of any scattering times and hence
insensitive to friction. This coefficient is useful when determining the carrier type and density in an

electronic device. A positive Ry means hole doping and negative means electron doping.

D.2  QuaNTUM REGIME: STRONG MAGNETIC FIELDS

The behavior of the device in strong magnetic fields will exhibit quantization effects in part because
electron orbits are closed, becoming atomic-like, and the energies discretize accordingly. More specif-
ically, the Hall resistance will develop plateaus at integer (or fractional for fractional quantumm hall)
multiples of the quantum of resistance, h/ ¢®. This is the main signature of the quantum hall effect.
In order to be in such a regime, the criterion of strong magnetic field must be met and this happens
when the electrons are allowed to complete its cyclotron orbit without getting interrupted. This will
be explained more quantitatively in a later section. Let us first briefly draw the physical picture of

what’s happening.
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D.2.1 BRIEF SEMICLASSICAL DESCRIPTION

When the applied magnetic field becomes strong enough, the trajectories of the electrons will close on
itself and form closed orbits. These are called cyclotron orbits. The condition for closed orbit is given

by the Bohr-Sommerfeld quantization condition:

fgdr -p(r) = h(N + ), (D.6)

which comes from the requirement of the quantization of angular momentum. A is Planck’s constant,
the quantized unit of angular momentum; N is an integer; A is the circumference of the orbit; the y
factor is the Maslov index and has a value of 1/2 to account for the zero-point motion.*”* The center
of these orbits are guiding centers and they either drift along equipotential lines or are pinned down by
disorder in the bulk of the sample. These equipotential lines are all created by the impurities littered

across the bulk of the sample. The drift velocity is given by:

_1F><B_E><B
¢ B? B?

V4 , (D7)

which is equal for both positive and negative charges. Equipotential lines that are closed on its own,
disconnected from others, form the electron puddles. As the magnetic field is swept or when the elec-
tron density is changed, the sizes of the cyclotron orbits and the number of participating electrons
will change and this directly affects the coverage of electron puddles (localized pockets of electrons)
throughout the sample. This ultimately causes the bulk of the sample to become conducting or in-
sulating. When it is insulating, electrons are trapped inside disconnected electron puddles, unable to

leak out and jump from one place to another. When it is conducting the electrons are able to percolate
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through the sample because the electron puddles are big enough to merge, paving a way to go from
one end of the sample to the other. In the midst of the bulk transitions, at the edges of the sample the
cyclotron orbits are unable to close on itself but will instead bounce along the edge, hence creating a
skipping orbit. These skipping orbits form the 1D chiral edge states that are always carrying a current
flow in one direction. Such is the picture of what’s happening in the quantum hall regime, but one
can only go so far when attempting to model it semiclassicaly. The description becomes especially
difficult if one has to account for the quantum mechanical details of Gr (such as valley physics) or
electron-electron interactions. Landau quantization, on the other hand, can beautifully capture the
phenomenon without needing to delve into the messy microscopic details. We begin by looking at the

Gr Hamiltonian with the addition of a magnetic field.

D.2.2  SINGLE PARTICLE GRAPHENE LANDAU LEVELS

To understand the nature of the Landau levels (LL) of Gr, it is important to include both K and
K’ valleys. And so we start from equation A.31 and introduce the magnetic field via substituting
the kinetic momentum (hq) with the more appropriate canonical momentum (II) as warranted by

Hamiltonian mechanics: hq — I = hq + eA. We then acquire:

0  M,—ill, 0 0
M, +i0, 0 0 0
H(q) = Vp ) (DS)
0 0 0 L+,
0 0  I,—ill, 0
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with the basis of {® 4 x, Pp K, P 4 k> Pg K} and the corresponding eigenfunction has the form:

Yax(a)
Ypk(Q)

77@171{’ (a)

_wB,K' (CI>

where z/J( A,B),(K,K') (q) are the coefficients of the Gr wavefunction. Focusing on the K valley, writing
out the system of eigenvalue equations (while dropping out the dependencies of the eigenfunctions)

we have:

vp(Il, +dL)Y sk = e¥p K, (D.10)

vp(l, —ill)Yp k = ea k- (D.m)
Combining the two nets us two decoupled eigenvalue equations:

U%‘(Ha: - ZHy)(HI + iHy)wA,K = 52wA,K7 (D-IZ)

U%(Hx + 4L, ) (I, — il Yk = 52¢B,K- (D.13)

Note that the order of the operators must be obeyed because they do not commute. Looking specifi-

cally at the equation for 1 k, with some rearrangement and writing out the canonical momentum
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explicitly, in the Landau gauge where we choose A = (—B.y, 0, 0), and for p; = hg;, we get:

€ sz)B K — U%( eBzy + Zpy)( eBzy - ipy))wB,K
= Vp ( eBzy + Z[pyapz EBzy] +p§)d}B,K
) (D.14)
( eBzy eth +py)¢]B,K
1 € \2 D (eB ) Dy \ 2
—((= LB Sy 2 (y - Lo )
2m<<vp) te Z>¢B’K <2mjL om  \ eB, VK
where we used the commutation relations: [p,,, py] = 0 and [py, y] = —ih, and at the end we

deliberately put the right hand side of the equation into a quantum harmonic oscillator form. The
strategy for solving for the Landau level (LL) energies is to realize that the Hamiltonian with magnetic
field can be cast into the same structure as a harmonic oscillator and since the solution of the harmonic
oscillator is known, one can come up with an analogous solution for the Hamiltonian with magnetic
field. Because the quantum harmonic oscillator oscillating around ¥ has the following eigenvalue
equation:

2
<Py + 1me(y - y0)2>1/) = ﬁw(N + ;)1/2, (D.xs)
m

where [V is the quantum number which can take on integer values: 0, 1, 2.... This allows us to convert

equation D.14 into:

1 ((gLLvaBf + ehBZ> VB K = hw, <N + 1>w3 K> (D.16)

2m VR

where we have relabeled € — €11 i p for better representation. Note here that B, is the perpendic-
ular magnetic field with respect to the 2D plane and B is referring to the sublattice. A further note

here from a mathematical perspective is that we have decoupled the eigenvalue equation and now by
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solving for the independent eigenvectors, we can acquire the full set of eigenvalues. What remains

now is to solve for €1 i p. Below are the expressions for the key parameters encountered:

eB

we = —=, (D.17)
m
hg,
o= g =I5t (D.18)
€LL,K,B = sgn(N)vF\/ 2FL€B2’N’
h
= sgn(N) T /2]N] (Do)
B
= Sgn(N)th V ‘N‘7
h 26nm
lp = = , D.2o
B cB. BT (D.20)
2eB
Wp =Vp eh = (D.21)

w, is the standard 2DEG (two dimensional electron gas) cyclotron frequency (for parabolic dispersion
relations), vy defines the characteristic distance between the centers of cyclotron orbits and also tells
us the relation between momentum space and real space, €11 i p is the Landau level energy for the
B sublattice of the K valley with NV now being the Landau level index, and w is the Dirac cyclotron
frequency. Above we have introduced a new characteristic length scale, I 5, which is the magnetic
length. More will be said about this later. Unlike before, N is now a quantum number that can
take on both positive and negative integer values: ... — 1,0, 1.... This is a consequence of the 2 x 2
Hamiltonian (for a single valley) admitting two eigenvalues (one positive and one negative) for a given
N'. The positive and negative solution is now dictated by the sign of N which represents the energies
of electrons and holes respectively. The interesting case hereis N = 0— the zeroth Landau level (zLL)

whereer; = 0. Atthislevel, the LL is shared equally by both electrons and holes. This is to say: when
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the zLL is half filled, there are only holes occupying the LL; when the zLL is completely filled, it has
both electrons and holes; and when the zLL is empty, the zLL has neither holes or electrons. This is in
complete contrast to conventional band physics where filled bands are occupied by electrons, empty
bands are filled by holes and partially filled bands have both electrons and holes. The significance of
this is it gives rise to the anomalous nature of the Gr’s quantum hall effect which will be covered more
in-depth shortly.

As hinted, the zLL is more fascinating and complex compared to the higher order LLs. To see this,

let us repeat the same procedure above but for 1 4 k. Here we get:

ELLK,A = Sgﬂ(N)"UF\/QheBz(‘N’ +1)

(D.22)
= sgn(N)hwp/|N| + 1,
for N = ... — 1,0, 1.... Asone can see, the zZLL (¢7;, = 0) is absent in this case. So far what is

shown is that the Hamiltonian can be decoupled into two independent eigenvalue equations, hence
admitting two independent eigenvectors. The two sets of eigenvectors share the same eigenvalues
except for the zLL. This then means that besides the eigenvector for the zLL, all other eigenvectors of
the Hamiltonian can be the superposition of the decoupled eigenvectors with the same eigenvalue. For
the zLL, the only allowed eigenvector is a non-zero ¢ 5 g and vanishing 1 4 k (for the K valley) with
eigenvalue e1; = 0. From this, we can deduce that the nonzero LLs should be twice more degenerate
than the zLL.

Similar solutions can be derived for the K except the roles of sublattice A and B are switched.

Below we summarize the solutions regarding the Gr Hamiltonian in magnetic field. The Gr wave-
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functions are taken from the citation.*”* For the K valley:

sgn(IN) (=) n—-1(gz)

CN ia.x ¢\N|(QI)
Uy k() = —=e'" : (D.23)
VW 0
0
For the K’ valley:
0
C’N 1q, T 0
Uy k() = ——=e'" (D.24)
N, K \1z 3
’ w
\/7 ¢|N\(qgc)
_Sgn(N)(—i)¢|N\_1(qz)_

with the parameters defined as follows:

1 forN=0 0 forN =
CN = ) sgn(N) = )
% for N #0 % for N #0 (D.2s)

1
1 1L \* 1(y— qzl%)2> [(y — qzl%)]
qy) = ———— [ — | exp( — LB ) g | B
(Y, 4z) N (WZQB> XP< 2 B N,

H\ | are the Hermite polynomials and ¢y are the eigenfunctions of the harmonic oscillator. The
behavior of the electrons are just harmonic oscillators centered around gy, and their wavefunctions
are like strips localized around y, with plane waves extending towards . Because 0 < y < L, the
allowed ¢, values are: 0 < g, < Ly/lzB (from equation D.18).

Taking it all together, the wavefunction at N # 0 has non-zero amplitudes for both A and B
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Figure D.1: Landau levels of monolayer graphene as a function of magnetic field. (a) shows the continuous
evolution of the LLs in the integer quantum hall regime, assuming that the LLs retain their four-fold degeneracy,
i.e., unbroken degeneracy. The LLs show its non-linear evolution along the energy axis and this along with a
N = 0 LL are trademarks of monolayer graphene’s anomalous quantum hall effect. (b) shows the line cuts of
the LLs at different magnetic fields.

sublattice, meaning that particles are equally populated in both sublattices. However, for the N = 0
case, K valley particles only occupy the B sublattice whereas K’ valley particles only occupy the A
sublattice. This means that the valley spin (isospin) becomes equivalent as the sublattice (pseudospin).
This is a form of highly exotic electron correlation effect and as a result the zLL has triggered many

extensive studies.

D.3 Lanpau LEVEL DEGENERACY

Thus far the system has been treated asa L, = L by L, = W box. Operating under the Landau
gauge still, all the states are piled up along the y direction as described by the wavefunction in the
previous section. States are localized along i and are extended along . Due to the boundary condition,
momentum along the x is quantized into units of Ag, = 27/L,. Because 0 < y < L, in the

Landau gauge, the range for ¢, is0 < ¢, < L,/ l%g (from equation D.18). To enumerate the total
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number of states, it comes down to seeing how many states fit given the physical size of our system:

L. [L/l5 L,L B.A
Nip = gx/ dg, = g—¢ = g—2—. D.26
H 27 Jo * 2rl% P (D26)

Here g is the degeneracy of each state. For graphene g = 4 due to spin and valley degeneracies. @y is
the flux quantum, and [ 5 is the magnetic length. The equations simply reads: the number of states
in one Landau level is equal to the number of flux quanta threading through the sample surface A
(multiplied by additional degeneracies g). If there are N filled LLs, then there will be N times more

states. Below we summarize the key parameters:

h
By == 2ni%B,, (D.27)
h 26nm
B €BZ \/sz ) ( 2 )
NLL Bz
_ _'LL _ Tz D.
nrp A q)o’ (D.29)
g
9 D (6]
giL oml B (D.30)
y = (D.31)
niL

® is the quantum of flux. 27l is interpreted as the area of a cyclotron orbit. So the magnetic length
l g is roughly the size of the orbit. Each cyclotron orbit allows one quantum of flux ®. ny is the
carrier density (or equivalently the total degeneracy) of each LL, taking into account the material’s
degeneracy g. g is the DOS of each LL. v is the filling factor, which tells us how many LLs are com-
pletely filled, counting degenerate LLs as separate ones. This can be translated to mean the number

of electrons per quantum of flux. 7, is the total carrier density in the system.
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Figure D.2: Landau levels of a massive system with parabolic dispersion relation. (a) shows the continuous
evolution of the LLs in the integer quantum hall regime, assuming that the LLs have a two-fold degeneracy. In
contrast to monolayer Gr, the LLs show a linear evolution along the energy axis and has no Landau levels at
zero energy. (b) shows the line cuts of the LLs at different magnetic fields. The density of the LL is much higher
due to the cyclotron frequency. This is the prohibiting factor for observing quantum hall at high temperatures.
The parameters used for this fan diagram are based on the electron doped GaAs properties.

D.4 Reratrivistic vs NoN-RELATIVISTIC LANDAU LEVELS COMPARISON

Note that the cyclotron frequencies gives us a couple pieces of information. It tells us the rate of
orbital motion and this is the critical parameter that defines whether we are in the quantum/strong
field regime. Quantum hall effect can only be observed if the cyclotron orbit can complete and so the

following conditions must be satisfied:

weo,pT > 1, (D.32)

hwep > kgT, (D.33)

where 7 stands for any scattering times and kT is the thermal smearing that can mask quantization
effects. Twe p is the characteristic energy, defining the spacing between the quantized Landau lev-

els. It is worth noting that fww ~ 1 K, whereas fiwp ~ 1500 K. This means that quantum hall is
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not only more easily observable in Gr (or relativistic systems), it can also be observed in room tempera-
ture.“** Figures D.1and D.2 show the LLs of a relativistic system (monolayer Gr) and a non-relativistic
system (massive particle system with parabolic dispersion relation) respectively. The LLs for the non-

relativistic system assumes the electron-doped GaAs properties.

D.s QuaNTuM HALL EDGE STATES AND TRANSPORT PROPERTIES

In the incompressible state, the bulk of the quantum hall system is insulating and its transport is dic-
tated by the edge channels. First for convenience, we introduce the following ladder operators:

I ,
a=—2_(II, —ll,),
Vo (L — L)

i _ Il :
a' = —(II, + 1),
\/ﬁh( y)

At the boundary of the device a confining potential V, ¢() must be imposed to the Gr Hamilto-
nian. We choose the confinement direction to be along y to respect the translation invariance along =

assumed in our choice of Landau gauge. Focusing on a single valley we have:
H(q) = vpo - 11+ V(y)o,

B 0
= ¢va—t - ,
B lal o 0 —V(y)

whereo = (0,,0,),§ = +1, —1forK, K valleys respectively. Itis important to note that with this
shorthand notation for addressing the different valleys, to keep the equations consistent, the bases for
the K, K’ valleys become { ® AK Pk }and{® o, @, 1o} respectively. The confinement comes

BK"

in the form of a mass term in order for it to be consistent with the bandgap opening for relativistic
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particles (otherwise it will become a Klein tunneling problem where electrons are immune to the po-
tential. Same reasoning as in section A.4). We can arrive at an analytical solution if we expand the

confinement potential around y:

Vo
V() = Vi) + 52|+ (D36)
Yy Yo

and keeping only the zeroth order term. This zeroth order term corresponds to the average of the po-
tential that each harmonic oscillator (or extended strip) feels. Remember g = ljzgqx. The eigenvalues

of the Hamiltonian with V (y) = V (y,) are:*”

h'UF

2
ELLN#£0 = i\/V(y0)2 +2 () N, (D.37)

Ip

eL,N=0 = £V (yo)- (D.38)

With the potential profile at the edges, we can now compute the velocity of the charged particles for

point g in the x direction (the direction along the extended states) which is given by:

_ 10y _1aVI(g) _ 1 9V(y) (D.39)
hdg, h Oy eB, Oy ’ .

Ve (4s)
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and so the total current for a single Landau level is:

Iz = /de)‘vz(qz)

2
—e LSE Ly/lB

S d
L
- / * gy OV (%) (D-40)
27TZB 0 eBz ayO
e
= %( (L,) —V(0))
e
=——Ap.
n H
In the above we assume an electron current where A = —|e|/ L, is the line charge density. For positive

current flow, it is the reverse. The Hall voltage and Hall resistance respectively becomes:

A
Vi ==*, (D.41)
Vg  h
Ry, = TH = — = Rg. (D.42)
x e

These are the values for a single LL (with a degeneracy of one). R, is the quantum of resistance with
avalue of Ry = 25.812807557(18)kS2. The description extends to many LLs in which case each
LL contributes an additional channel (multiplied by the appropriate degeneracies). Below we write

down useful quantities mostly pertaining to Gr:

1\ &
Opy = 4<N + 2) Ea (D‘43)
2
Go=— (D.44)
Q h’ :
1
V= 4<N + 2) = 42,46, +10.... (D.4s)
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Here the factor of four in front is due to the spin and valley degeneracy: g = g,9, = 2 x 2 = 4.
Compared to the conventional Hall conductance there is a 1/2 shift in conductivity and this is due to

the Berry phase of Gr.

D.6 BEerRRrRY PHASE AND GRAPHENE’S UNCONVENTIONAL FILLING FACTORS

Berry phase is the additional phase that the wavefunction acquires while traversing a full orbit in mo-
mentum space. Itis a consequence of the wave property of quantum mechanical objects and it cannot
be captured by the semiclassical method. Gr is peculiar partly for its non-trivial Berry phase. Typical
wavefunctions would acquire a full 27 phase when making a full orbit but not Gr. Detailed in A.6,
Gr acquires instead a 7 phase and one can trace that this to Gr’s lattice. We won’t go into the details
about Berry phase and here we will simply acknowledge its value for Gr. For the experimental and
theoretical details on Berry phase, the reader is referred to the cited references. 206,187

To see how this factors into Gr’s anomalous quantum hall, we start with Bohr-Sommerfeld’s quan-
tization condition (equation D.6) which was written in terms of angular momentum, and write it

in terms of phase by dividing through with h. Along with Peierl’s substitution to account for the

magnetic field (p — p + eA) we get:

fdr-k+€7{dr-A+FB:27r(N+fy). (D.46)
c hJe

An extra I' g phase was added to account for the Berry phase acquired when integrating a full circle.
I'p = m for Gr. The first term is the Bloch phase (or de-Broglie phase). The second term is the

Aharonov-Bohm phase. All these phases must add up to be equal to the phase required for construc-
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Figure D.3: Measurement of Quantum Hall Effect in graphene. Plotis adapted from the work by Zhang etal.
The four terminal longitudinal resistance measurement (R, colored orange) goes to zero when Landau Levels
are filled and becomes non-zero once a Landau level becomes partially filled. It becomes zero because when
Landau levels are filled, edge states carry the conducting charges across the sample and these states are ballistic
and do not drop in potential until equilibrated with the source or drain. The zeros in R, thus indicate the
tull filling of Landau levels. The sequence is called the filling factor where each factor refers to the number of
Landau levels filled. At the zeros in R, R, will be a plateau. This is because when all Landau levels are
filled, the bulk is insulating, i.e. charges are localized. Consequently, there cannot be any charge movement
transversely and hence there cannot be any change in potential drop.

tive interference such that an orbit can exist. From semiclassical quantum mechanics we know:

hk = —e(v x B), (D.47)

hk = —e(r x B) + const.. (D.48)

Plugging equation D.48 into D.46 and making use of Stoke’s theorem where V x A = B, we get:

2
B-]{dr-r—/dS-Bzﬂh(N—l-v—’yB)
c s e
20 — & = Oy(N + v — vp) (D-49)

Q= Oy(N +v—1p)

317



where S is the orbit area and & = h/e is the quantum of flux. 5 = I'g /27 is the contribution
from Berry phase. For Gr, yg = 1/2. Dividing throughout by B, we would get the equation in terms

of area in real space. Converting that into momentum space by using equation D.48, we get:

2neB
2reB N=5=2 for Gr
mhiy = (N +9 = 95)—— = : (D-50)
(N+1) 27}?3 for parabolic bands

Remember, 7 = 1/2 is due to the zero point motion. yg = 1/2 for Gr and v = 0 for parabolic
bands that has no Berry phase. From here we can see how this affects the filling factor. The conditions
above dictate the positions of LLs. For Gr there exists one at the origin of the Dirac cone (k = 0)
whereas for materials with zero Berry phase it starts away from the origin (k # 0). The quantity N
is the Landau level index as seen throughout the appendix. As a result of the Berry phase, it becomes
1/2 shifted down and coincidentally to the Dirac point. This ultimately prevents the condition of full

filling of LLs at zero energy and hence the filling factor cannot be zero for Gr.

D.7 BrierLy oN HicHLY CORRELATED PHASES

The quantum hall effect is a very fascinating phenomenon. It is mainly so because in the quantum
hall regime, the quantizing magnetic field serves to quench the kinetic energy of the electrons. This
can be seen by the fact that LLs are flat (kinetic energy is a direct consequence of dispersing bands
because they are responsible for giving particles a velocity). The quenching of kinetic energy means
particles’ behavior are completely dominated by its potential energy which come from electric and
magnetic fields. The integer quantum hall effect described in this section is a single particle picture

of the quantum hall effect. What we see is that the magnetic field is localizing the electrons, but not
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Figure D.4: This is a simplistic semiclassical picture of the quantum hall effect. Here the cyclotron orbits make
up the insulating bulk. They are drawn to be pinned down in a regular pattern but this is not necessarily the
case in reality. Not drawn are impurities and their associated equipotentials throughout the bulk. The cyclotron
orbit motion is superimposed on a drift trajectory determined by the drift velocity. This drifting trajectory is
along equipotential lines. Also not drawn is the tilt of the LLs with respect to real space. The existence of a Hall
voltage necessarily means the existence of an electric field which serves to shift energy levels with respect to real
space. Also notindicated precisely is the chemical potential line. The chemical potential can only change in value
at the insulating (or equivalently, gapped or incompressible) regions of the sample. This is because conducting
channels (also known as compressible stripes) behave like a perfect metal. Perfect metals can only have a constant
potential hence the chemical potential must be constant within the conducting channels. Finally, this picture
is a semiclassical interpretation. Electrons do not have traceable trajectories but have a probability cloud. This
picture refers to when v = 2, which means two orbiting electrons per flux quantum. The probability of the
electrons positions can be plotted using the wavefunctions from equation D.23. As described in the main text,
the zLL has contributions from the two valleys. The behavior of the LLs for each valley are opposite and hence
the different bending direction at the edges. The bending is due to the confinement potential. Not shown are
the degeneracies of the LLs.
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completely. If magnetic fields go even higher, the kinetic energy can be completely quenched. The
chaotic and unregulated motions of the electrons will be gone and electrons will establish ordered
phases due to electron-electron interactions. In this regime, the physics becomes purely a many-body
problem and many exotic phenomena can appear such as the fractional quantum hall effect. Much of
the work in this thesis falls onto the single-particle regime. It will definitely be interesting to bring the

experiments described here to this many-body regime.
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The Hydrodynamic Description of

Electrons in Graphene

Hydrodynamics, as the name suggests, is a theory that models the dynamics of water. But, as a matter
of fact, water is only one of many types of liquid that the theory can aptly describe. It turns out that
liquids in general are all very similar to one another. For instance, water and honey are both liquids
in that they deform continuously. So long as we ignore the constituents of said liquids, they are both

just something “flowy” except one flows more quickly than the other. Hydrodynamics is blind to the
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atoms or molecules that make up these entities. Instead, it coarse grains all the microscopic mecha-
nisms into several macroscopic properties described by a universal set of macroscopic laws fitted with
phenomenological parameters. The only underlying assumption of this theory is that the object of
interest is continuous in real space. This then begs the question: what does it mean to be continuous?

In this chapter we shall see what the requirements are.

E1 InTrRODUCTION TO HYDRODYNAMICS IN GRAPHENE

Let us first lay out explicitly the definitions of variables and nomenclatures.

n = N/Volume = number density [m ]

p = mn = mass density [kg - m™]

p = mnv = pv = momentum density or mass flux [kg - m % s

p = 1 = dynamic viscosity [kg - m s

v = p1/ p = kinematic viscosity m?- s

¢ = —VE = electric potential [V] (Ex)

P = —ne¢ = pressure [ - m "]
J = nv = particle number current density [ m
Re = |v|L/v = p|v|L/pu = Reynold’s number

. -1
Yp = 1/7, = momentum relaxation rate [s "]

D, = ,/vT, = vorticity diffusion length

322,



where NV is the number of particles, e = 1.602... x 10_19(C) is the elementary charge, m is mass
(kg), E is the electric field (V/m) and v is velocity (m/s). Note that even though we are working in a
so-called 2D system, the natural units of the observable quantities are measured and reported in 3D.
The foundation of fluid dynamics is based on two governing equations and they are: the conti-
nuity and momentum equation (better known as the Navier-Stokes equation). These two equations
form the basis of fluid dynamics because they embody completely the fundamental physical principles

of fluid flow problems. The following are the two respective equations:

0
a—i + V- (pv) =0, (E2)

where we suppressed the explicit variable dependencies to avoid obscuring the equations. All kine-
matic variables (P, v) as well as mass density (p) are functions of temperature (T), density (n), posi-
tion (r) and time (). The continuity equation (equation E.2) is a restatement of conservation of mass
globally while the Navier Stokes equation (equation E.3) is the application of Newton’s second law
on a fluid element. It states that the velocity of a fluid element can change in response to convection
(—(v - V)v), spatial variation in pressure (—V P/ p), viscous drag force (I/VQV), and other external

forces (f = F /m, force per unit mass, which is the acceleration of the fluid element).

*Hydrodynamics is a subset of fluid dynamics which is a branch of fluid mechanics that falls under the
big umbrella of continuum physics. Hydrodynamics deals specifically with liquids in motion, in contrast to
aerodyanmics, which deals with gases in motion, but both are part of fluid dynamics. Dynamics, the study
of the causation of motion, is one of three branches of mechanics, the other two being statics and kinematics.
Statics is concerned with an object’s stationary properties and kinematics is about the properties of a moving
object irrespective of why the object was set in motion (this is where the subtle distinction between dynamics
and kinematics lies. Dynamics focuses on the interactions, such as force, that can cause things to move). And
finally, continuum physics encompasses the study of anything that is continuous, ignoring intentionally the
discrete nature of reality.
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To describe fluid flow in graphene (Gr), we first note its Reynold’s number:

(V-V)V oo IVIL (10°m-s71) - (10™%m)
——5— ~ Re =

=10 < 10°, E.4
AV v (0.1m*-s71) E4)

where we used Gr’s Fermi velocity (vg) for its characteristic velocity and assumed the characteristic
device length to be on the order of a micron. The value for kinematic viscosity was taken from the
cited references where the value was both calculated theoretically and measured experimentally **””.
The Reynold’s number is a characterization of the relative strength between the inertial force and the
viscous force. If the viscous force dominates such as in the case for Gr, the fluid low would be laminar.
The threshold of 10% is approximately the order of magnitude at which turbulence begins to set in.
The low Re for Gr means that we can safely ignore the convective term, hence allowing us to linearize
the Naiver-Stokes equation (by setting (v - V)v = 0). Additionally, we make two extra assump-
tions and they are: sample is isothermal and the fluid is incompressible. The two assumptions are
reasonable— the small size of the device is unlikely to be subject to large temperature variation and
the equilibrium electron density is dictated electrostatically by the global gates. These two assump-
tions allow us to say that the kinematic variables are not a function of density or temperature (i.c.,
P = P(r)and v = v(r)) and that mass density is constant (p =constant). Finally, to account for

the possible presence of momentum relaxing scattering events, we have f = —~,,v. And so putting

everything together, in steady-state transport, the governing equations can be simplified to:

lVP(I‘) = uVv(r) — Ypv(r). (E.6)
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By multiplying both equations by the number density (n) and rearranging terms, we can rewrite the

equations in terms of quantities that are more experimentally relevant:
\& J(I‘) =0, (E7)

ZV6(r) + DyV7I(r) = I(r). (E8)

. . o= 2 .

where J(r) is the particle number current density (s~ -m™ ~) and not the charge current density
-1 -2 2 . . .

(C:s™ - m ") and where 0 = ne”7,/m is the Drude conductivity. Note that in the absence of

viscosity, equation E.6 reduces to the local version of Ohm’s Law:
eJ(r) = oE(r). (E.9)

In the case of 2D flow in the 2y plane, we can follow a very common methodology in the field of

hydrodynamics and introduce the following transformation:

I

Y = oy’ YT Ty

(E.10)

v, _ 00y
oy Oz’

(= (E.ux)

where 1) = 1)(z, y) is the stream function and { = {(x, y) is the vorticity. The new set of functions
is merely another way to capture the velocity profile in 2D while maintaining the condition imposed
by the continuity equation. Expressing the equations in terms of the stream function and vorticity

will significantly simplify and decouple the system of equations. To see this, let us return to using the
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kinematic variables and rewrite equations E.s and E.6 in terms of their x, y components:

ov v,
x — E.
8x 8y O? ( IZ)
10P 821)3; 82%
por a2 T gz ) (E)
10P 0% 0%
say = (Gt 5) e (Ex0)

We differentiate equation E.13 with respect to y and differentiate equation E.14 with respect to x. Sub-
tracting them and writing the equation in terms of the stream function and vorticity will yield equa-
tion E.1s. Likewise, we differentiate equation E.13 with respect to = and differentiate equation E.14
with respect to y. Adding them and writing the equation in terms of the stream function and vortic-
ity will yield equation E.16.

V=g, (E.xs)
V2P =0. (E.16)

The final equation that completes the full set of equations for the three variables (¢, ¢, P) comes from

combining equation E.1o and E.1x to get:

Vi) = . (E.x7)

Equations E.1s, E.16, E.17 encompasses all the information regarding the dynamics of the system. As
expected, 7, the momentum relaxing contribution, is in direct competition with v, the kinematic
viscosity.

To the next most important detail— boundary conditions. The tangential component of the
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Figure E.1: Boundary conditions for a system with a moving edge (indicated by red arrow). A is the step size in
the simulation. The shown equations correspond to the conditions for their associated edges.

boundary condition can by summarized generically by:

ol — UIU = lbg—:l, (E.18)

where 1 is the unit vector normal to the boundary, v" is the fluid velocity tangential to the boundary
that we are trying to determine, Ull;l is the fluid velocity along and at the boundary and [;, is the char-
acteristic slip length. If we assume the no-slip boundary condition, l;, = 0, we get the obvious result:
ol = vy, and this will be the ongoing assumption. The perpendicular component of the boundary
condition at a wall boundary will be Ud‘ = 0. This can safely be assumed if we expect all the fluid
elements to be contained within the hard boundaries.

Armed with all the necessary equations and information regarding boundary conditions, we can

simulate grapehen electrons being dragged by moving electrons in a carbon nanotube (as shown in
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figure 7.4a). This is completely analogous to the driven-lid cavity problem except here we have a mo-
mentum relaxation term. Below we summarize the boundary conditions pertaining to the system

shown in figure E.1

Static Boundary (no slip and no perpendicular flow) : v'bl = 0,05 =0

oY
—>¢]b:0,— :Uy’b:(),
b

(E.19)

Oz 5Tyb_

The exact boundary conditions applied to the simulation are acquired by the Taylor expansion of the
streamline function. Focusing on the bottom edge of the system shown in figure E.r and using the

information we already have, we get:

o A? 9%y
x = ¥y + A— 5 A 2
w v w Y 6y €,y 2 8y2 €,y

2 a2

~0+0+A767@§ (E20)
2 oy zy

A2
=3¢

For the moving edge, the first derivative of the streamline function is retained and given by a fixed veloc-
ity. The method of finite difference was performed to solve equations E.1s and E.17 while accounting
for the aforementioned boundary conditions. The simulations are shown in figure E.2.

According to the simulations of a graphene with a 1D moving boundary condition, unlike the cur-
rent injection in graphene, vortices will always be formed whether the electron liquid is hydrodynamic
or not. The vortex size, however, does depend on the viscosity strength. As implied by equation E.1s,
kinematic viscosity () and the momentum relaxing scattering time (7 = 1/7,,) is in direct competi-

tion. The vortex diffusion length (D,, = /v'7T) is a good quantity that characterizes the prominence
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Figure E.2: The hydrodynamic simulation of the electronic liquid in graphene with a moving boundary condi-
tion. (a) to (c) show the different simulations based on the equations E.15 and E.r7. v is the kinematic viscosity
and 7 is the momentum-relaxing scattering time (giving rise to the Ohmic contribution). Vortices are formed
regardless of the strength of viscosity and Ohmic contributions. The size of the vortex does change, however.
The larger the viscosity, the larger the vortex. v and 7 are directly competing against each other. D, = /vT is
the vorticity diffusion length and characterizes the prominence of hydrodynamics.

of hydrodynamics. According to the simulations, when hydrodynamics become more prominent, i.c.
when D, 2 30 nm, we would expect a sign change along the transverse spatial direction of the drag

device, much like the signature from the direct current injection method. We can take this to be an

indication of the existence of a hydrodynamic liquid.
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E2 Tuae HypropYNAMIC WINDOW IN MONOLAYER GRAPHENE

The one criterion for any system to behave as a hydrodynamic fluid is that constituents must collide
amongst themselves fast enough such that a thermal equilibrium is established locally in a space that
is much larger than the characteristic size of the individual constituents as well as the sizes of their
events (such as the mean free path, i.e. distance between a collision). This renders the motion of
the constituents redundant in describing the global system’s behavior. Instead, the system can be de-
scribed well by a macroscopic thermally averaged quantity known as thermodynamic variables. Such
quantities relevant to our study are: density, temperature and velocity. The three quantities form the
complete set of variables in our equation of state.

Said in a different way, to create a hydrodynamic fluid, electrons cannot lose significant amount of
energy or momentum to foreign entities such as phonons and impurities. Compactly the condition
for hydrodynamics is:

Tee < Tp (E.ZI)

where 7, is the electron-electron scattering time and 7,, is the scattering time associated with any
momentum-relaxing events. The two main types of collision that contribute to 7, are: 7, _, (electron-

phonon scattering, albeit being possibly quasi-elastic but still inelastic in nature), 7, electron-

—imp (
impurity scattering, albeit if impurity is large and heavy enough the scattering can be elastic and mo-

mentum conserving). In Gr, there exists a temperature window where the hydrodynamic condition

is held. In the following, we will summarize the information regarding the different scattering rates.
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Figure E.3: Summary of scattering rates in graphene extracted from the works by Ho et al. 208209 " (3) and (b)

show the window (red) where e-e scattering dominates for mono and bilayer Gr respectively. (c) and (d) con-
trasts the hydrodynamic window opening for disordered (on SiO5) and clean (on hBN) charge neutral Gr re-
spectively. (e) and (f) show the e — ph and e — e scattering rates respectively (total is given by solid lines where
blue and red are for mono and bilayer Gr respectively) at different carrier densities. From these plots we see that
hydrodynamics is expected above 150K in clean Gr and is more prominent closer to CNP.
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E21 ScaTTERING RATES COMPARISON

The momentum relaxing scattering time associated with e-imp scattering is a value typically acquired
experimentally through the assumption of the Drude model:

h
7—e—imp = UV, (E'ZZ)
EVEp

where p is the mobility of the sample. The associated length is taken to to be the same as the mean
free path. The e-e scattering time varies depending whether Gr is near or away from the Dirac point.

Its behavior is given by: "

100K €
Tee = 0.1 ps T (1, &), (E.23)

. o - - . -1
where the higher value inside the parenthesis is taken. This is to say that e-e scattering scales as T’

when in the Dirac fluid regime as opposed to the T~ in the Fermi liquid regime (see figure 7.2). The

e-ph scattering time scales as: 7

T forT <0.1Ts¢
Te—ph X ) (E'2'4)

T' forT > 01Tsq
where Tz = 1000 K is the Bloch-Griineisen temperature. The behavior of the phonon scattering
tells us that it only becomes appreciable at high enough temperature. The rough temperature where
phonons become experimentally appreciable for a hBN encapuslated Gr device is usually assumed to

be about 0.17pg ~ 100 K."**° Below we very roughly summarize the order of magnitudes of what

to expect for the different scattering mechanisms:
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u =10k u = 50k 1 = 100k
Te—imp 0.1ps 0.5 ps 1 ps
le—imp | 100nm 500 nm 1 pm
T=10K | T=100K | T=200K
Tee 1ps 0.1ps 0.05 ps
loe 1 pum 100 nm 50 nm
Te—ph 1ns 10 ps 1 ps
le—ph 10 mm 10 pm 1pm

This table is only meant as a qualitative guide. Figure E.3 shows the theoretical calculation of the
different scattering rates. Looking at the different scattering rates, the hydrodynamic window opens

up at around 150 K.

E3 FroM SEMICLASSICAL ELECTRON TRANSPORT TO HYDRODYNAMICS

We start from the celebrated and intuitive Boltzmann equation which comes from the time derivative
of the first order expansion of the non-equilibrium distribution function f(r, k, t):

of __ of 105 of

ot~ Var  hok ot (E25)

where f = f(r,k,t), F = F(r) is the external force, v. = 0e(k)/0(hk) is mean velocity (group
velocity in the semiclassical sense) and where we have added the collision term at the end. Under the
relaxation time approximation:

6f(r7k7t) _ fO(rvk) — f(rv k7t)
ot (k) ’

(E.26)

col
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where fj is the Fermi function which represents the distribution at thermal equilibrium:

1
Jolr:X) = e Rt 1 (E27)

The approximation states that the particles emerging from a collision will tend toward the thermal
equilibrium distribution setting. Under this assumption 7(r, k) characterizes the time in which the
system returns to its equilibrium configuration. We can easily see this when no external force is applied

in which case the solution to the Boltzmann equation is simply (for F = 0):

Frkt) = f(r.k,t=0)e TN 4 £ (r k). (E.28)

Going from the Boltzmann equation to the Navier Stokes equation, a couple underlying notions
are assumed. The first is that the system is no longer quantum mechanical, meaning that we would
have to forgo the Fermi statistics and assume the classical Maxwell-Boltzmann statistics instead. Dis-

tribution functions are now given by the Maxwell-Boltzmann distribution:

m 3/2 e
f = (W) 47'("[)26 2kpT (E2.9)

The second is along the same lines as the first and that is the nature of the system is no longer discrete
but considered a continuum. This means the discrete quantum number that represents momentum,
k, is no longer fit. Instead, a more macroscopic and continuous quantity is assumed. Generally p =
mv = hk where p is continuous.

The connection between the Boltzmann equation and hydrodynamics is straightforward in con-

cept. If we take the Boltzmann equation, multiply it by some generic quantity that depends on the
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same phase space, which we call A(r, k), and then integrate over all momentum (p = hk) we would

get:

) ) 10 3 of
B ACK) = +v-—+F-=— |f= [ &®(hk) A(r,k) == E.
Jawn awi (G eve g = [dem Ak o)
where functions introduced earlier have the same dependencies as before. The motivation behind this
is to create an equation that describes how this observable quantity A flows or changes in time and
space while at the same time eliminate the momentum dependence. Because the number density of
particles is given by:

nte,t) = [ ) fe k1), ()
and the momentum-averaged quantity is defined to be:

1
n(r,t)

(A(r,t)) = / d*(hk) A(r, k) f(r, k, 1), (E.32)

equation E.30 can be rewritten into (with the use of integration by parts):

0 0 0A 10A 3 of
§<HA> + e (nvA) — n<v . ('9I'> - n<F : hc?k> = /d (hk) AE

where A = A(r, t) now. The above equation is the so-called master equation which is the key to ob-

; (E.33)

col

taining the governing equations of hydrodynamics. If we consider the collisionless case (0 f /Ot|.o; =

0), setting A = 1 will return the continuity equation (equation E.2). In the same collisionless scenario,
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if we set A = hk = mv, we get the momentum-averaged Boltzmann equation which is:

%(mn(v)) + % -mn(vv) — (nF) =0, for% N =0, (E34)

where vv = v @ v = vv' is the dyadic (or outer) product that results in a second rank tensor. We

expand the second term using this relation:

(0vov) = (v = (v))(v = (v)))
= (vv) = (v(v)) = ((V)v) + ((v)}{V))

(E35)
= (vv) = (v)(v) = (v){v) + (v)(v)
= (vv) = (v)(v),
hence turning the collisionless momentum-averaged Boltzmann equation into:
0 0 B af
5PV + o ((V)(V) +(dvev)) — (nF) =0, for - = 0. (E36)

Let us introduce conventional definitions associated with hydrodynamics. The stress tensor is defined
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as:

o= —p(dviv)
Oxe Ty Tzz
T Tyr Tyy Tyz
Tox Tay OZZ
[ 1 [ ] (E37)
P 0 0 Ope + P Tay Tz
=- +
0o P 0 Tya Oyy + P Tyz
0 0O P Tow Ty 0,, +P
Hydrostatic Deviatoric
= —P13 + T
written in the {r} = {x,y,z} = {x1,X5,x3} basis where o;; is the normal stress component

and 7;; is the shear stress component. The first index of a component refers to the normal of the
surface of the fluid element the stress is applied onto and the second index refers to the direction of
the stress. Pressure (or hydrostatic stress) is defined to be the mean isotropic component of the stress
that is normal and pointing inwards into the fluid element:

1
P = —g(am + oy + O.2)s (E.38)

where the diagonal stress component is given by:
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and the shear stresses are:

o= 4 20

iy . E.

Thus far we have retained (...) to show that the quantity being dealt with is the momentum-
averaged quantity (given by equation E.32). This momentum-average will now be assumed for the
kinematic variables when dealing with hydrodynamics and for convenience, the (...) will be dropped.
A is the second viscosity or bulk viscosity. It is a viscosity associated with the change in volume of the
liquid. Substituting the definition of stress tensor in terms of pressure and shear stress, we get:

0
a(pv)%—p(v'V)V—I—p(v'V)v—i-VP—V-T—nF:0. (E.41)

If we assume that we are dealing with an incompressible fluid, which means that A = 0and V-v = 0,

2 .
then V - 7 = 1V"v, and the equation becomes:

1
‘Z;’ =—(v-V)v - ;VP + Vv + f, forg{ =0, (E.42)

col

where v = 1/ p and F /m. This is the incompressible Navier-Stokes equation in the absence of mo-
mentum non-conserving collisions (same as equation E.3). The point of this section is to show that
Navier Stokes is nothing but a special case of the Boltzmann equation. Specifically, it is the Boltzmann
equation with the additional condition that momentum is conserved— electrons obeying semiclassi-

cal transport can be aptly described by hydrodynamics.
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Fabrication and Synthesis Recipes

A big part of this work is device fabrication and material synthesis. Throughout my journey in grad-
uate school, many different recipes have been concocted and optimized. Below, I will write all the
recipes that have been essential to this thesis in hopes of creating a consolidated library for students’

and researchers’ reference.
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Figure F.x: The pick up steps for assembling an hBN encapsulated graphene Gr stack. (a) shows a hBN picked
up by PPC. The pick up was done at 60°C (b) shows a Gr picked up subsequently by the hBN on PPC. Note
the amount of bubbles spread throughout the Gr. The pick up was done at 60°C (c) shows the hBN-Gr stack
put on top of another hBN on a substrate. Note now the bubbles in the Gr region are all gone. This is done by
pushing the bubbles out and is automatically done by putting down the stack slowly at 90 — 110°C.

F.1 PoryMERs

The handling of quantum materials (also called Van der Waals materials) have been done by polymers.
Polymers can be transparent, soft, adhesive and almost residue-free. They can also create adiabatic,
smooth and controllable movements upon heating and cooling. These are important properties that

allow us to deal with quantum materials.

F11 PoLyPROPYLENE CARBONATE AND THE FLAKE TRANSFER/P1ck Upr RECIPE

Polypropylene carbonate (PPC) is the go-to polymer for picking up anything of interest. It has a glass
transition temperature when between 25 to 45 °C. Above 45°C, PPC begins to melt and becomes
more liquid-like. The transition from glass to liquid is smooth. We do our pick-ups at 60°C in the
Rayleigh transfer stage. At this temperature PPC is soft/liquid-like enough to not cause any mechan-
ical stress on the flakes and at the same time adhesive enough to pick up the flakes. When putting
down flakes or when bubbles need to be pushed out in a stack, flakes are approached onto the target

area at 90°C to 110°C (see figure F.1). This method has reliably given us large area bubble free stacks.
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When putting materials down by melting the PPC and delaminating the PPC completely from the
transfer slide, we heat up the PPC to at least 120°C (many times up to 140°C). PPC is prepared with
the following recipe:

— 15gof PPC

— 100 ml of anisol

— dissolve PPC into anisol by mixing them in a closed bottle with a magnetic stirrer

— heat to 165°C on the hot plate and stir at rpm overnight

Note that anisol evaporates at above 154°C. Heating the hot plate to 165°C means that the anisol
will be close to evaporating as the anisol does not truly reach the hot plate temperature. Some anisol
will inevitably evaporate in which case the closed bottle will prevent the anisol from escaping. After
the heating, the dissolved PPC is filtered with a 0.2 pum PTFE filter. When spin coating PPC onto a
substrate, the substrate is oxygen (O5) plasma cleaned to ensure that PPC can delaminate cleanly and
smoothly. The spin coat rate varies from 1000 to 6000 rpm depending on application (with 2min
post-bake). 2000 rpm is the most frequently used and yields roughly about a micron thick PPC. The
thickness of PPC will change depending on the concentration of PPC in the anisol (which will change

over time) during the time of spinning.

F.i2 INVERTED STACKING

Thin hBN (~ 10 nm or thinner) is very difficult to be picked up by PPC. To make devices with thin
hBN on top, we first pick up the thick bottom hBN and pick up the thin hBN last. Thin hBN can be
picked up easily by other flakes on PPC. The procedure is to then remove the entire PPC film from
the PDMS transfer slide (see section below). This is done simply by peeling off the 3M scotch tape the

PPC was sticking onto initially (it is wise to create a non-sticky handle in the 3M scotch tape prior).

341



Figure F.2: The inverted stack method. (a), (b), (c) are the bottom hBN, Gr, top thin BN respectively. (d) shows
the bottom hBN and Gr being picked up first. Note the bubbles in the Gr region. (e) shows the top hBN being
picked up last. In this step, bubble pushing was performed, hence the disappearance of the bubbles. (f) shows

the stack that is put on a substrate and annealed. Note how the stack is now inverted with respect to the flakes’
original orientation.

The PPC film can be kept intact with extremely high success rate during the peeling process. The key
is to make sure the PPC film is warm and not cold. Immediately after any transfer where the PPC film
is typically heated up to 90°C is enough. Otherwise, if the PPC has gone cold, it can be warmed to
60°C. Once it is peeled, the PPC is transferred directly onto the target substrate. The substrate is then
carefully heated up to 120°C where the PPC will then settle smoothly onits own. Figure F.3 compares

the put down procedure of the regular stacking and inverted stacking methods.

F.13 POLYDIMETHYLSILOXANE AND THE TRANSFER SLIDE

Polydimethylsiloxane (PDMS) is a soft and transparent polymer used as a moldable gel to support ei-

ther PPC films or to hold on to chips while transferring. The recipe for it is as follows:

342



Figure F.3: Regular vs inverted stacking put down comparison. (a) shows what the put down looks like for
regular stacking where the stack is put right-side up and the PPC is de-laminated onto the substrate. (b) shows
what the put down looks like for the inverted stacking method. In this method, the entire PPC with the flakes is
peeled oftf completely from the PDMS transfer slide. Itis then directly transferred onto the substrate and heated
to 120°C slowly until it settles naturally. Here you can see the entire PPC film on the substrate.

—1 g Sylgard 184 silicone elastomer base

—10 g Sylgard 184 silicone curing agent

—stir the above two until extremely well-mixed (else the PDMS will be non-uniform in adhesiveness)
—pour the mixed gel into a glass petri dish and place in a vacuum dessicator for 30mins to get rid of
the bubbles (doing it longer will cause the gel to slowly solidify into PDMS)

—heat the gel in a glass petri dish in an oven at 160°C for two hours

The amount of PDMS mentioned above is typically used to fill three Petri dishes that are 47mm wide
in diameter. The transfer slide consists of a glass slide on top of which is the PDMS and then a trans-
parent scotch tape taped over it to anchor the PDMS down. The transparent scotch tape also serves
to delaminate PPC more controllably (PPC does not delaminate from PDMS well). The PPC that is
spun on a chip, a 3M scotch tape with a window is put and stuck on top of it. If the chip with PPC

was originally clean (or was treated with oxygen plasma), by peeling the 3M scotch tape off, the PPC
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will come off with it. There will be now a free-standing PPC film in the window of the 3M scotch tape.
This PPC can be gently heated by hovering it on top of a hot plate to smooth out wrinkles. The free-
standing PPC is then directly put on top of the PDMS and transparent scotch tape. This completes

the transfer slide.

F.» FErecTrRON BEAM LITHOGRAPHY RECIPES

The electron beam writer of choice is the Raith 150 e-beam lithography system with which 20 — 30
keV acceleration voltage is used. The lower voltage is used when a larger undercut is needed. For fine
features, we use 10 um aperture size on single layer PMMA 950K A6 resist spun at 3000 rpm and
heated at 180°C for 2 mins and written with a dose of 470 — 500 uC/ cm?. Thisis a slight overdose
to avoid liftoft problems. This recipe at 30 keV allows us to achieve a resolution of having 100 nm
wide and 10 um long lines that are spaced 150 nm apart over 10 x 10 MmQ large area. We typically
use the same recipe for etch masks. This etch mask can sustain up to 10 mins of our BN etch recipe
(see contact recipe section below). Coarse features are more susceptible to liftoff problems and so we
use a bilayer resist that consists of co-polymer PMMA-MAA) EL6 as the bottom layer and typically
PMMA 495K A4 for the top layer. Both layers are spun at 3000 rpm and heated at 180°C for 2
mins. Due to the higher sensitivity of the co-polymer, this gives us a significant enough undercut to
avoid liftoff problems. A typical dose for coarse features is 420 — 450 uC/ cm”. Finally, for ebeam
writes associated with top contacts that do not include in-situ etching such as top contacts for carbon
nanotubes, a dose of 600 C/ cm? on the single layer PMMA 950K A6 recipe is used. Note that the
parameters mentioned is just a rough guideline. Parameters used will depend on the specific situation
where we factor into write size, ebeam proximity effect and write time. The developer used is made

of a IPA:H,O mixture mixed with a 3 : 1 ratio and cooled to 4°C. This developer is used because it
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helps prevents cracks formed in the PMMA on BN upon development. The developer IPA/MIBK

often created cracks at the sharp corners of features.

F.3 MEeTAL EvaAPORATION AND EDGE CONTACT RECIPES

The safe thickness of metal that can be deposited with the above resist recipes is about 120 nm. The
measured thickness of the above single and bilayer resist recipes is about 350 to 400 nm. A safe metal
deposition thickness to avoid liftoff problems is supposedly 1/3 of the resist thickness. For all our
edge contact recipes, we evaporate with a rotating and 15° tilted stage. Typically 5, 15, 60 nm of Cr,
Pd, Au is thermally evaporated sequentially at 0.2, 0.3, 1 A/s. Cr is used as a sticking layer on SiOs.
Cr also has one of the finest grain sizes among evaporated metals, making them ideal for contacting
individual atoms. Pd is used because it is strong. On atomically flat and smooth surfaces such as hBN,
Cr does not act as a sticking layer as there are no oxygen dangling bonds for it to bond to. Pd instead
is used to provide a strong infrastructure so that the metal leads (such as Au which is very soft) on top
of the atomically flat surface do not bend and shift around. Au is used as a capping layer to provide
a soft protection surface for wirebonding. For edge contacts, we perform an etch immediately before
the evaporation. To etch hBN and Gr, we use a combination of CHF3, O and Ar gases to perform a
dry RIE (reactive ion etch). The etch recipe name is akc_etch_BN. The time of etch depends on how
thick the stack is. Typically 2 + 1 mins is sufficient for a thorough etch. Initially we thought high
RF power and low ICP power s critical for the success of edge contact as high RF power and low ICP
power increases the anisotropy (directionality) of the etch. We would want to create a 45° edge profile
for maximal contact chance during evaporation. But with some experimenting, the success window
for edge contact is large. The above values are in some sense quite arbitrary. It is important to note

that the etching of PMMA with anything that contains Fluorine will create a very insoluble Fluoride
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polymer layer. This layer cannot be removed by solvents like Acetone or Chloroform. It becomes a
danger as the Fluoride polymer can settle over the device. To circumvent this, after the Fluoride etch,
a brief 30 secs Oy plasma etch (akc_GentleO2Clean) is performed to get rid of this Fluoride polymer
layer. All etches are done with the STS ICP RIE system. The etch recipes are detailed in the etch recipe

section.

F.4 Atomic LAYER DEPOSITION RECIPES

Atomiclayer deposition (ALD) can be tricky on thick atomically flat flakes. This is because ALD relies
on the existence of dangling bonds for the precursors to react and attach to. If no dangling bonds exist,
which is the case of atomically flat flakes, the precursors will just get pumped away during the ALD
process. To address this issue, a seeding layer is deposited first. This is done by performinga cold ALD
step. Cold here means below the boiling temperature of water. This is so that when water is deposited,
it won’t evaporate easily and be pumped away but instead, would linger on the cold surface of the flake
long enough so that it can grab hold the precursors introduced in the subsequent step. The ALD
processes are done with the Cambridge Nanotech/Ultratech Savannah. For the cold ALD of Al;Og,
the stage temperature is set to 80°C, the pulse time for both HyO and TMA (Trimethylaluminum, the
aluminum precursor) are both 0.015 sec with a pump time of 20 sec after each pulse. The deposition
rateis roughly 1 A/s and 100 cycles results in approximately 10 nm which is sufficient for the seed layer.
After this a hot ALD is performed to create a higher quality film. The stage is heated to 250°C and
the pulse time for both HyO and TMA are still 0.015 sec but with a subsequent pump time of 10 sec.
For HfO, deposition, depositions are performed exclusively at 80°C with a pulse time of 0.3 sec for
TEMAH (Tetrakis(dimethylamino)hafnium, the hatnium precursor) and 0.015 sec for HyO, with a

subsequent pump time of 20 sec. This results in a growth rate of about 0.9 A/s. Cold deposition is
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tested to be superior than hot deposition comparing both breakdown fields and dielectric constants.
The dielectric constants for Al;O3 and HfO4 with the above recipes are: €50 ~ 9 and eypo ~ 15

with a breakdown field of about 0.3 — 0.5 V/nm for both.

F.41 SUBSTRATES AND MECHANICAL EXFOLIATION

500 pem thick Phosphorous doped (P-doped, with resistivity 0.001 — 0.005 €2-cm) Silicon (Si) wafers
that are thermally coated with 285 nm Silicon Dioxide (SiO5), termed Si/SiOy wafers and bought
from Nova Electronics Materials, are typically used as substrates where Van der Waals crystals are me-
chanically exfoliated onto. These wafers are chosen because the degenerately doped Si can be used as
a electrical backgate needed to tune the chemical potential of the sample. The 285 nm SiO, is chosen
because it yields the highest optical contrast for mono-layer graphene ( 7% per layer) which allows for
easy identification when scanning for isolated graphene flakes. When identifying hexagonal-Boron
Nitride (h-BN) that are below few layers thick, 90 nm-thick-SiOq coated Si wafers are used instead
because this yields the highest optical contrast for these few-layered h-BN ( 2% per layer, right at the
borderline of our naked eye detection ability). For some of our devices, 1 yzm thick SiO5 may be used
to reduce the risk of gate leaks during wiring bonding and/or to reduce capacitance with the global Si

backgate. Mechanical exfoliation is performed with the 3M scotch tape.

Fs CarBoN NANOTUBE GROWTH CHIP FABRICATION RECIPE

—Target slit size: 50 — 80 um by 3 mm
—Growth chip dimensions: 9 mm by 9 mm
—Front platform: 350 or 380 pum long, 3200 pm wide, 50 — 55 um height

SiN Wafer from University Wafer:
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—100 mm wafer

—Type N, Phosphorus Dopant

—1 — 10 Q-cm Resistivity

—500 pm thick Si

—100 nm LPCVD Low-Stress SiN, coated and polished both sides

Back Window:

0.) Optional: Dehydrate wafer (bake wafer at 115°C for 5 mins)

1.) HDMS pre-coat, 3000 rpm, 30 secs, 115°C 1 min bake

2.) §1822, 3000 rpm, 45 — 60 secs, 115°C 1 min bake

3.) OL-10 write: 160 dose (recipe: S1822, not $1822 3krpm), 405 nm laser (design: BackWindowFi-
nal, use BackWindowSmallFinal for 20 — 50 um wide slits)

4.) CD-26, 2 min develop with agitation, rinse in H,O

5.) Coat wafer edge with $1822. Bake on Tex wipe (to keep hot plate clean) at 115°C for 1 min

6.) RIE-8 etch (be sure to use vacuum oil for heat dissipation!): Oy clean (akc_DeepO2Clean for at
least 5 mins), SiN etch (akc_etch_SiN for 3 mins), Gentle Oy clean (akc_DeepO2Clean for 2 mins)
7.) Soak wafer in Acetone ( for an hour, at 70°C if resist is stubborn)

8.) Si wet etch: soak in KOH solution (Sigma Aldrich, 417661, 45 wt. % in HyO) for 17 — 19 hrs.
500 ml, 150°C in hot plate (corresponds to about 70 — 80°C solution), 100 rpm stirring, windows
facing up and start with KOH solution at room temperature. Rinse in HyO after. Remember to
check about every 20 mins when nearing 17 hrs. When starting when solution has reached 70 —80°C
(usually because of etching right after another etch), it takes about 14 — 16 hrs. Check every 20 mins
after 10 hours.

Front Platform:
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9.) Thermal tape the back side of wafer (to allow spinning of the wafer without breaking it). Make
sure there is minimal bubbles and no creases

10.) HDMS pre-coat, 3000 rpm, 30 secs, 115°C 1 min bake

11.) AZ4620, 3000 rpm, 45 — 60 secs, 115°C 10 min bake

12.) OL-10 write: 200 dose (recipe: AZ4620) (design: FrontPlatformWithMarksSmallFinal_Rev
if slit width is smaller than 80 um, FrontPlatformWithMarksFinal_Rev if slit width is smaller than
150 pm), use the slit in the center bottom left and right growth chips for alignment. The middle of
the slitis at (z,y) = (—4500, —4500), (4500, —4500) respectively.

13.) AZ400K:H5O at 1 : 4, 10 min develop with agitation, rinse in HyO

14.) RIE-8 etch (be sure to use vacuum oil for heat dissipation!): Oy clean (akc_DeepO2Clean for at
least 5 mins), SiN etch (akc_etch_SiN for 3 mins)

15.) RIE-10 etch (be sure to use vacuum oil for heat dissipation! This oil here is important! The wafer
will crack into pieces if not enough oil is applied): dry deep Si etch (ake_Si_etch, 30 loops for 52 pum)
16.) Oy clean in RIE-8 (akc DeepO2Clean for 2 mins)

17.) AZ-100 Remover, and or Acetone/IPA clean

18.) Piranha clean (H5SO,4:H5 05 at 3:1) for >20 mins. Absolutely have to make sure resist residue is
gone

19.) RIE-8 etch (be sure to use vacuum oil for heat dissipation!): Oy clean (akc_DeepO2Clean for
atleast 5 mins), Oy clean the wafer (akc_DeepO2Clean for at 2 mins), SiN etch (akc_etch_SiN for 3
mins)

20.) Deposit SiO5 on to wafer. CVD-11 TEOS SiOs, 30 mins (for highest SiO5 quality, preferred) or
CVD-10 Wet/Dry Oxidation SiOs, 1 hr Wet 1100°C (lower quality)

The design files are available upon reasonable request. The etch recipes are detailed in the following
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section.

F.6 ErcH RECIPES

Reactive ion etching (RIE) is an ion plasma etch done primarily in RIE-8 (refers to STS ICP RIE by
Surface Technology Systems). Deep anisotropic Si etch for a vertical profile where a Bosch process is
implemented are all done in RIE-10 (refers to SPTS Rapier DRIE by SPTS Technologies). The deep
Si etch is specific to CNT growth chips. Below are the recipes for the respective recipe names:

— akc_etch_ BN:

10 mTorr base pressure, 2 sccm O, 10 scem CHF3, 10 scem Ar, 13.56 MHz Coil: 30 W (ICP power),
13.56 MHz Platen: 10 W (RF power), 20°C stage temperature

— akc_GentleO2Clean:

10 mTorr base pressure, 10 scem Oy, 13.56 MHz Coil: 30 W (ICP power), 13.56 MHz Platen: 10 W
(RF power), 20°C stage temperature, 30 secs etch time

— akc_DeepO2Clean:

35 mTorr base pressure, 45 sccm O, 13.56 MHz Coil: 800 W (ICP power), 13.56 MHz Platen: 50
W (RF power), 20°C stage temperature

— akc_etch_SiN:

3 mTorr base pressure, 6 sccm Ar, 2 sccm CFy, 50 scem CHF3, 13.56 MHz Coil: 600 W (ICP power),
13.56 MHz Platen: 125 W (RF power), 20°C stage temperature

— akc_Si_etch:

General parameters: 15 mtorr He back pressure, 150 Hz frequency, 10°C stage temperature

step 1: 55 mtorr base pressure, 300 sccm Ar, 100 scem O, 100 scem CyFg, 1 scem SFg, 1 sec process

time, Platen power: 0 W (RF power), Source power: 2500 W (coil power)
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step 2: 60 mtorr base pressure, 1 sccm Oy, 350 sccm C4Fg, 1 scem SFg, 1.7 sec process time, Platen
power: 0 W (RF power), Source power: 2500 W (coil power)

step 3: 30 mtorr base pressure, 1 scem O, 1 scem Cy4Fg, 300 scem SFg, 1.7 sec process time, Platen
power: 210 W (RF power), Source power: 2500 W (coil power)

step 4: 60 mtorr base pressure, 1 scem O, 1 scem CyFg, 660 scem SFg, 12 sec process time, Platen
power: 40 W (RF power), Source power: 3000 W (coil power)

Repeat step 1 to 4 for 30 times.

F.7 CArRBON NANOTUBE GROWTH CATALYST RECIPE: COMOCAT

TEOS (Tetraethyl othosilicate) + Pluronic® F-127 + Co(Ac), + (MoAcy )5 A typical growth catalyst
is to deposit solid nanoparticles (such as Co or Fe) onto the growth chip but this requires ebeam evapo-
ration and patterning. Another common growth catalyst is to swipe solution (such as FeCl5) onto the
growth chip and reduce the catalyst to its pure metal form through H, (reducing agent) anneal. Our
catalyst is different and is advantageous for a few reasons. Our catalyst is a Co-Mo bi-metallic catalyst
and comes in the form of liquid or gel and hence can be applied directly to the growth chip without
evaporating a solid precursor. Because of the existence of Mo, the Co-Mo interaction inhibits the Co
sintering that typically occurs at the high temperature required for CNT growth. When Co sinters,
Co combine to form clusters or large Co particles and produces less desirable form of CNT(bundles or
MWCNT). Because Co sintering is limited in our catalyst, Co clusters are small (i.e. <2 nm), SWCNT
are more likely formed. Our catalyst is based on the CoMoCAT technique prepared by the sol-gel
method (as opposed to the original impregnation method). The sol-gel method is more advantageous
because it ofters a higher surface area, narrower pore size distribution, higher support thermal stability

than impregnated catalysts and higher resistance to metal particle sintering.
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Chemicals required:

— TEOS(Tetraethyl orthosilicate) (from Aldrich, catalog # 86578)

— Pluronic®-Fr27 (from Sigma, catalog # P2443)

— Cobalt(II) Acetate Tetrahydrate 984-% (from Aldrich, catalog # 40, 302 — 4)

— Molybdenum Acetate Dimer 98% (from Sigma, catalog # 232076)

— 0.1M HCI (made in Harvard CNS)

— Ethyl Alcohol, Pure, 200 Proof, ACS Reagent, > 99.5% (from Sigma Aldrich)

Catalyst Preparation:

— Catalyst preparation: 1.04 g tetraethyl orthosilicate (TEOS), 6.3 mL ethanol, 0.5 mL 0.1M HCI
was mixed by stirring and heated at 70 degree Celsius for 1 hr to make solution A.

— 4.5 g pluronic F-127, 99 mg cobalt acetate tetrahydrate and 66 mg molybdenum acetate was mixed
with 50 g EtOH by sonication for 1 hr to make solution B.

— Mix 5.5 g of solution B with all of solution A to get a transparent solution C. Age solution C at
room temperature for 2 weeks, which would turn into a gel. Use toothpick to apply this gel onto chips
for growth of SWN'T. Solution B and C should appear pink and faint pink respectively.

— Solution B can also be used directly as a more concentrated and liquid form of catalyst.

F.8 CarBoN NaANOTUBE GROWTH PROCEDURE

General parameters:
— Ar (Ulera High Purity 5.0 Grade): 200 sccm
— Hj (Ultra High Purity 5.0 Grade): 200 sccm

— Ar through EtOH bubbler (Pure, 200 Proof, ACS Reagent, >99.5%): 100 sccm

— Growth temperature (as shown on furnace temperature controller): 910°C
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Figure F.4: The carbon nanotube growth furnace. The furnace is composed of three sections highlighted in red.
Left: outlet for vacuum pumping to evacuate the tube furnace and for growth gas exhaust. Middle: moving
furnace for fast heating and cooling. Right: inlet that includes four mass/gas flow meters for hydrogen and
argon, two bubblers for ethanol and distilled water, and a hygrometer.

— Growth period: 5 — 10 min

Notes:

— Arand Hj tanks should be changed before reaching 500 psi

— To reduce amorphous carbon buildup, bake the quartz tube in air for an hour at 1000°C after a
couple uses

— Close and open valves such that pressure is not built up in closed sections

— Recommended to change quartz tube after every 6 — 8 uses

— Recommended to always be flushing the furnace with Ar at about 80 sccm even when not in use
Fast heating and cooling method:

1.) Wear gloves, respect the furnace and keep it clean.

2.) Sonicate catalyst (Co Mo mix) for at least 10 mins (DO NOT HEAT THE CATALYST!)
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3.) Apply catalyst onto growth chip using a new stick with fresh surface

4.) Check gas valves and pressure gauges in the gas cabinet and wetlab manifold. Make sure gases can
be readily delivered to the furnace

5.) Valves (u), (v), (w) and (x) should be closed. If Ar was left flowing, then close valve (y) first then
close valve (w) to pressurize the gas line with Ar. Alternatively, Ar can be left flowing in which case
valve (y) and (w) is left opened.

6.) Remove connection at the inlet and outlet flange. Using the clean PTFE rod (rod must be non-
metallic because metal particles left in the tube act as growth catalyst. Make sure rod is clean, if i’s
not, wipe it down with ethanol or IPA), push the quartz boat out of the tube. Use a clean petri dish
(ethanol or IPA cleaned) to hold onto the quartz boat. Use clean (non-metallic) tweezers to hold onto
the quartz boat.

7.) Put the growth chips onto the clean quartz boat while sitting on the clean petri dish (be sure the
boat does not come in contact to the table, gloves or other foreign surfaces.

8.) Push the quartz boat back into the quartz tube using the PTFE rod (make sure PTFE is clean, if
it’s not, wipe it down with ethanol or IPA). Push it to the growth chip position.

9.) With the inlet and outlet flange still removed such that the tube is open, burn the growth chips in
air at 400°C for 30 mins. This is to burn out the polymer/hydrocarbons.

10.) If valves (w) and (y) are not open, open them now so that Ar is flowing.

11.) Replace the inlet and outlet flanges connection to begin flowing Ar into the furnace. Check the
exhaust bubbler to see if the vacuum oil is bubbling. If it is not, there is a pinch somewhere.

12.) Set the furnace temperature to zero and move furnace back to pre-anneal position. You can open
the furnace to let it cool faster.

13.) Once at room temperature, first close the exhaust valve. Check if vacuum pump is on, if it’s not
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then switch it on. Open the vacuum valve very gently and slowly. If the vacuum valve is opened too
fast, the growth chips will move out of place. Finally, close the Ar gas flow by closing valve (w). Pump
down the furnace for at least 30 mins to remove residue gases. Exhaust valve must be closed first before
pumping else the oil at the exhaust bubbler will be sucked into the tube furnace.

14.) After pumping for 30 mins, open valve (w) to introduce Ar gas flow first. Then close the vacuum
valve. Read the pressure gauge. Wait till pressure is above 1atm=0psig. Then open exhaust valve gen-
tly and slowly. If exhaust valve is opened too fast the bubbler will bubble very aggressively.

15.) Open valves (x) to introduce Hy. Then open valve (v), (u) and then valve (v’), (u’) to flow Ar
through EtOH and water respectively. Doing in this order pressurizes the bubbler and prevents back-
flow of gas into the bubbler.

16.) The furnace should be in the pre-anneal position. Heat up the furnace to 1000°C. This will take
approximately 18mins.

17.) Fast move the furnace to the growth position and then set the temperature of the furnace to
910°C. The temperature reading of the furnace will reach around 840°C.

18.) Grow for desired amount of time (recommended time is 7 mins for single walled CN'T with good
spacing between CNT). Timing begins the moment the furnace is moved over to the growth position.
19.) After 7 mins, turn off valve (v), (u) then valve (v’), (u’). Valves (w), (x), (y) remain open.

20.) Move furnace away to pre-anneal position and then turn the temperature of furnace to zero.

21.) When the furnace temperature reading is around 400°C (approximately 45mins), you can safely
open the furnace to make it cool faster.

22..) Close valve (x) to stop Hy flow.

23.) When the furnace is cool enough (below 100°C, takes about 30 mins more. Note that PTFE does

not sustain above 250°C) you can close valve (y) then close valve (w). Alternatively, let Ar flow at 80
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scem.

24.) Open inlet and outlet flanges and push samples out with PTFE rod (make sure PTFE is clean, if
not, wipe it down with ethanol or IPA). Remember to keep quartz boat clean.

25.) Return the furnace back to it default configuration, i.e. quartz boat is back inside the furnace,
inlet and outlet is closed with their respective flanges with either 80 sccm Ar gas flowing or no gas

flowing at all and that the area is clean. Switch oft the scroll pump to prolong tip seal lifetime.

F.8.1 FURNACE CLEANING

Over time because of outside contamination or carbon buildup due to growths, the quartz tube and
quartz boat will become dirty. The quartz tube or boat glowing orange red when heated to high
temperatures is a sign that they are dirty and needs to be cleaned. To clean the quartz tube or boat,
heat the quartz tube and boat in air at 1000°C for over 6 hours. This is to burn out the carbon built
up in the tube or boat due to the many growth cycles. If dirt is stubborn and does not go away after
annealing (because it is not carbon and is not burnt away with oxygen), the quartz tube or boat must
be replaced with a new one.

The PTFE rod will easily become dirty and so it should be wiped down with ethanol or IPA. Note
that using IPA as opposed to ethanol may introduce more semiconducting tubes relative to metallic

tubes as suggested by literature.

F.9 Janis

The electrical connection to and within the cryostat can be viewed as a recipe. The grounding and
wiring are all done very carefully and requires much planning. The wiring of the probe uses quad-

twist phospher bronze wires. The wires are all sufficiently long to allow the wires (and hence electrons)
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Figure F.6: Grounding of Janis.

to thermalize to base temperature (1.6 K). The wires are wound in clockwise and counter clockwise
equal number of times along the probe to limit electromagnetic flux noise. GPIB cables are equipped

with ferrite cores to reduce electromagnetic noise. Racks are separated physically and electrically into
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VTI (Variational Temperature Insert) + Magnet (NbTi)

Magnet Thermometer
Carbon Resistor

Figure F.7: Variational temperature insert (VTT) and magnet

dirty (high power instruments not directly measuring the device) and clean (sensitive instruments used
to measure and excite the device) racks. The instruments in the clean rack are all decoupled from
everything else by the isolation transformer and is grounded only to the clean ground. GPIB isolators

are avoided as they are measured to give a lot of noise. Instead, USB isolators are used.

358



G

Additional Supporting Data
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Figure G.12: Carbon nanotube conductance as a function of B field and graphene potential. The oscillations

correspond to the Landau levels in graphene. Graphene density is fixed for each sweep.
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Figure G.13: Local compressibility measurements of (a) 70 nm and (b) 100 nm thick BN devices. No signs of

resonances.
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