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Superconducting Proximity Effect in Graphene

ABSTRACT

Graphene is a popular candidate when it comes to the study of the superconductivity proximity
effect. However, experiments have mainly been focusing on the transport behavior in two-terminal
Josephson junctions. This dissertation presents unconventional transport experiments which study
aspects of the proximity effect that were previously unexplored. The first experiment investigates sys-
tematically the graphene (G) - superconductor (S) hybrid system with a controllable interfacial barrier
strength. We demonstrate how the Andreev process can be modulated by the magnetic field and the
carrier density in graphene.

The second study focuses on the multi-terminal S-G-S junction with a loop which hosts Andreev
bound states (ABS) in higher dimensions. Under specific voltage configurations, we are able to cap-
ture the elusive quartet— a state composed of four entangled electrons that is responsible for nonlocal
supercurrents. With the Josephson junction biased, the system becomes periodically driven and is
analyzed in the framework of Floquet theory. The associated dynamical energy spectrum can be mod-
ified with gate control and probed via a phase difference achieved by flux threaded through the device
loop. Altogether, we have opened up new possibilities for the manipulation of Andreev bound states,

creating a playground potentially for topological states.
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Overview

THE SUPERCONDUCTING PROXIMITY EFFECT was first observed in 1932 by R. Holm and W. Meiss-
ner’ and has remained a subject of both theoretical and experimental interest. Over the past few
decades, due to the advancement of nano-fabrication techniques, the hybrid system of superconduc-

tors and semiconductors has garnered much attention and has made big strides towards the under-



standing of the superconducting proximity effect. More recently, graphene has been the most widely
used platform for this type of study. The popularity can be attributed to the fact that graphene is
easily accessible and exhibits a wide range of physical phenomena that can interact with superconduc-
tivity. For instance, massless Dirac fermions, a highly correlated hydrodynamical liquid and composite
quasi-particles with fractional charge are some of the many novel physical phenomena that graphene
offers. A hybrid graphene (G)-superconductor (S) system then provides an opportunity to study the
interplay of superconductivity with these exotic entities and hence enables us to tap further into the
highly fascinating and complex world of superconductivity.

But perhaps most importantly is that superconducting contacts can be established on graphene
with high yield. Unlike the 2DEG predecessor, GaAs, and unlike other van der Waals material, graphene
is simply superior when it comes to the easiness and reliability of having working superconducting con-
tacts. In addition, the gate tunable carrier density and carrier types are free experimental knobs that
a hybrid G-§ device comes with and this level of control over an experiment is simply unprecedented.
Despite the intense research, much about superconductivity in hybrid G-S systems remains uncharted.
In this thesis, I will show how we use state-of-art nano-fabrication techniques along with an uncon-
ventional measurement circuitry to uncover unseen aspects of superconductivity in graphene-based
devices.

In Chapter 2, I will introduce the concept of superconducting proximity effect. Basic theoretical
models are described, in order to discuss the microscopic mechanism of a single normal (N) - super-
conductor (S) interface as well as an S-N-S sandwich structure. It provides the background knowledge

for the experiments studied in the following chapters.



In Chapter 3, we present the experimental results in the simplest type of proximity effect devices:
an NS hybrid system, in which N and S are graphene and superconducting Al, respectively. As it turns
out, one can get drastically different superconducting behaviors just from the transparency of the NS
contact. Based on this, we insert different barrier layers between graphene and Al. By using a van der
Waals material as the barrier layer, the interfaces and contact transparency can be well controlled. We
systematically investigate the properties of Andreev reflection in different regimes of the transparency
and show how the proximity effect in graphene can be modulated.

In Chapter 4, we move on from N-S interfaces to three-terminal S-N-S junctions. The successive
Andreev reflections at NS boundaries result in the formation of Andreev bound states that carry super-
current in the proximitized region. In a three-terminal junction, besides local supercurrents that come
from transmitting one Cooper pair, there may also be a phenomenon of two Cooper pairs forming
four correlated electrons that result in nonlocal supercurrents flowing synchronously among all three
superconducting leads. We explore the details of these unique entangled states, known as the quartets,
and their energy spectra that characterize the proximitized graphene.

Chapter 5 continues the quartet story. While in the previous chapter we only vary the system adia-
batically, in Chapter 5 we go beyond the adiabatic regime. As the dynamics is taken into consideration,
the energy spectra of quartet takes an unexpected turn and evolves into Floquet ladders as in a peri-
odically driven system. We compare the NS hybrid systems with topological materials and discuss the
outlook for future experiments.

Finally, the appendices include details of device fabrication, measurement setup, and in-depth math-

ematical description of the theory behind quartets.



Superconducting Proximity Effect

SUPERCONDUCTIVITY WAS DISCOVERED IN 1911 by H. Kamerlingh Onnes in Leiden as he was mea-
suring the resistivity of mercury. He found that it drops to zero below some critical temperature T,
which is the fundamental phenomenon of superconductivity. Since for a metal at low temperatures

N 2 a , 5 q
T, the resistivity hasa 7™ contribution from electron-electron scatteringand a 7" contribution from
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Figure 2.1: When a normal conductor is put in proximity contact to a superconductor, the order parameter ||
can leak into the normal region.

X

phonon scattering, the vanishing resistivity at nonzero 7" indicates that there is a new ground state be-
low T,.. Another fundamental property of superconductivity was found by W. Meissner in 1933. The
so-called Meissner effect is the repulsion of a magnetic field below T'., meaning a superconductor is a
perfect diamagnet. In 1950, the theory of superconductivity was introduced by V. L. Ginzburg and L.
Landau with the description of superconducting phase transition from the thermodynamic point of
view. They proposed there is an order parameter |¥| characterizing the superconducting state, which
is only nonzero below 7.

When a normal conductor is brought in close proximity to a superconductor, its properties can be
dramatically changed. The early knowledge about this proximity effect was understood as the leakage
of superconducting order parameter |¥| from the superconductor into the normal region as shown
in figure 2.1. Later, a microscopic understanding of the physical mechanism is developed and can be

elegantly described by the Andreev reflection. In this chapter, we will start with a brief introduction



to the BCS theory and then follow the history that leads to our current understanding of the super-

conducting proximity effect.

2.1 BARDEEN-COOPER-SCHREIFFER (BCS) THEORY

The first truly microscopic theory of superconductivity was published by ]J. Bardeen, L. N. Cooper,
and R. Schrieffer in 1957.” The key idea of the starting point in BCS theory is that there is an effec-
tive attraction for electrons near the Fermi surface due to the exchange of phonons. Cooper found
that a single pair of electrons outside the occupied Fermi sea would form a bound state, the so-called
Cooper pairs. But the whole Fermi surface would be unstable due to the creation of such a pair; unless
every electron at the the Fermi surface becomes bounded into a Cooper pair. How can one express a
many-particle wave function in which all electrons are paired with one another? For this new ground
state, Schrieffer wrote down a coherent state with operators that create and annihilate Cooper pairs
centered at R: ' (R) and ¢(R). Since it is more convenient to work in k-space, we need a uniform

translationally invariant solution. The pair creation operator can be defined by

ﬁ;c = CLTCT,]C, (2.1)



which creates a pair of electrons with opposite spins and zero total crystal momentum. Then the

coherent state many-body wave function that Schrieffer proposed can be written as

YBes) = H(Uk + UkCL,TCT_k,J,) 10), (2.2)
k

where |0) is the vacuum state without any electrons and uy,, vy, are the still-unknown complex coeffi-

cients. Normalization requires

(pesltpes) = [ [(uel® + lul?) =1, (2.3)

k

which is certainly satisfied if we demand |ug|* 4 |ug|* = 1 for all k.

The Hamiltonian can be written as

1
_ i P
H =Y &ChyCho + N > Vi Cho i € i k1 (24)
ko kk’

where the first term is just the usual kinetic energy of the electrons, and the second term is due to the
electron-electron interaction with Vi < 0 near the Fermi surface.

By using the mean-field approximation the quartic term can be decoupled:

ot
L

“<CL,TCT—k,¢>C—k',¢Ck’,T + CL,TCT—k,ﬂC—k’,ﬁk’,ﬁ B <CL,TCT—k7¢><C—k',¢ck’¢>’ (25)



We can define a parameter

1
Ak: = _N Z ka'<c—k',¢ck',T> (2.6)
kK’
and
s 1 (.
Ak: - _N Z] kal <Ck5/,TC—k/,\L>' (2‘7)
kk

Then the mean-field BCS Hamiltonian is written as

HBCS = Z §kcLockU — Z A,*;c_k,wkﬁ — Z AkcL,TCT—k,i -+ const., (2.8)
ko k k

and we have

Hpes |¥Bes) = Epes |¥Bes) (2.9)

where the ground state [1) g g) is the condensate state and Epcg is the temperature-dependent en-
ergy of the condensate. Note that since H g g contains terms in the form ¢ ¢ and c'¢!, the number
of electrons is not conserved, meaning the eigenstates of H gg do not have a fixed electron number.

Eq.2.6 is known as the BCS gap parameter. In 1959, L. P. Gor’kov demonstrated the derivation
of the Ginzburg-Landau theory from the BCS theory, and showed that the order parameter |¥| is

. 2
essentially the same as the BCS gap A, except for some constant factors. In fact, |¥|” can even be



identified as the density of Cooper pairs in the superconductor.

2.2 BocoLruBov-DE GENNES (BDG) FORMALISM

The excitations of the superconductor are broken Cooper pairs states instead of single particle states
like in a normal metal. Since the BCS theory is written in the single particle creation and annihilation
operators specified by the wave vector k and spin o, it can become very cumbersome. Based on the
BCS theory, in 1958 N. Bogoliubov developed a mathematical formulation,’ in which the concept of
coherent mixtures of particles and holes was introduced and these mixed particle-hole excited states
are known as the Bogoliubons. The operators for the Bogoliubons have been generalized by P. G. de
Gennes in order to study layered structures with pair potential that varies in space.* In this descrip-

tion, the momentum operators in k-space have been replaced by field operators in real space:

Hpyg(r) = ) (2.10)

Hy(r) = an — Ep+U(r). (2.11)
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The corresponding Schrédinger equation is

Hpaa(r)¥(r) = E¥Y(r), with ¥(r)= , (2.12)

which is called the Bogoliubov-de Gennes equation. 1. (1) and 1y, (1) are the electron-like and hole-
like wavefunctions that are coupled via the pair potential A(r). If A(r) vanishes, Eq.2.12 recovers
the usual single-particle Hamiltonian for uncorrelated electron and hole, as in the case of a normal

conductor.

QUASIPARTICLE DENSITY OF STATES

For a homogeneous superconductor, it is convenient to expand the eigenfunctions of the BdG equa-

tion (Eq.2.12) in terms of quasiparticle plane waves:

U(r) = ek (2.13)

For an isotropic s-wave pairing symmetry, the pair potential can be written as

Alr) = Aoew7 (2.14)

which has no momentum dependence with Ag > 0 and ¢ the phase of the order parameter.

I1



After some algebra, we obtain the eigenfunctions

w};{- _ Yo ik-r
Vo
’U*
_ Y0 ik-
Yy = e (2.15)
*
Ug

with eigenvalues

+E), = +\/AL +¢7 | (2.16)

where g, is the single-particle energy dispersion:

Wk
e, = —— — Ep. (2.17)

The coefficients of the BdG wavefunctions are

_ g 1 1= 8
Vg =€ 2( Ek) (2.18)

Eq.2.16 shows that for a real wavevector k, E}, is always larger than the pair potential A. In other

words, there are no quasiparticle states for energies below A, forming the superconducting gap. More



explicitly, we can find the density of states for the Bogoliubov quasiparticles N from the dispersion

NS(E):;Zd(E—Ek):]bZ@—\/A%Hi). (2.19)
k

k

For simplicity, we assume the normal state density of states IV,, is constant and equals to that at Fermi

level, Ny. Then

NS(E):/OO deN, (Ep —€) 6 E\/Ag+52>

o No/ de 6 <E —\/AS+ 52> (2.20)
2F :
——=, if [E] >4
=N E™=4o (2.21)
0, if |E| < Ag.

Note that here the excitation energy E is relative to the Fermi level, so we are counting contributions
from both electron and hole excitations to the density of states at E. It explains why from this deriva-
tion we get a factor of 2 in Ny (E) — 2Ny as Ay — 0. The quasiparticle density of states Ny is

shown in figure 2.2.
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No

Ns

Figure 2.2: Quasiparticle density of states for an s-wave superconductor. There are no quasiparticle states for
|E| < Ap. In order to add or remove a quasiparticle from the ground state, a minimum energy of 24 is
required to overcome the superconducting gap.

2.3 ANDREEV REFLECTION AT NS INTERFACE

Now that we have the H gy (r), both U(r) and A(7) are spatially described. They become useful

for studying what happens when we put a normal conductor (N) next to a superconductor (S).

2.3.1  Andreev reflection

It was already noticed from earlier experiments that the thermal resistance of superconductors in the
intermediate states (which can be viewed as a series of alternating N/S regions) are greatly larger than
the thermal resistance in both the normal and superconducting states. It implies there is a new re-

sistance mechanism that is exclusive to the intermediate states, in which the population of electrons

14



decreases as one crosses the boundary between the normal and superconducting regions. %7 However,
the nature of this type of scattering for electrons at the NS boundary was never clarified until A. F.
Andreev did so by employing the BdG equations in 1964.° The process is now widely known as the
Andreev reflection. Since single electronic states are prohibited in the superconducting quasiparticle
energy gap, an electron with energy below the gap is not allowed to enter the superconductor. The
Andreev reflection describes how the electron is coherently reflected as a hole from the NS interface
while a charge of —2e is transferred into the superconductor.

For generality, in the next section we will discuss the model developed by G. E. Blonder, M. Tin-
kham, and T. M. Klapwijk in 1982.° Same as Andreev’s approach, they use the BdG equations to de-
scribe a hybrid system, but with an arbitrary transparency of the NS interface. From the BTK model,
we can show that the Andreev reflection probability is 100% for an ideal interface. Furthermore, this
model includes the contribution of subgap conductance from Andreev reflection and is extremely

useful for experimentalists studying transport through NS junctions.

2.3.2 Blonder-Tinkham-Klapwijk (BTK) model

As shown in figure 2.3, our hybrid system has the NS interface at # = 0: normal region for x < 0 and

superconducting region for z > 0. The pair potential can be written as

A(z) = O(z)Age™, (2.22)
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Figure 2.3: Normal/superconductor hybrid system.

where O(z) is a step function such that ©(z) = 1 forz > 0and O(z) = 0 forx < 0. Age'? is the
complex order parameter in the bulk superconductor. Since the transport properties are determined
in details by the quasiparticle states produced by the interfacial scattering, a potential Hd(z) at the

NS interface is added in the one-dimensional BdAG Hamiltonian:

_%% — Ep+ Hé(x) A(z) u(z) u(z)

A*(z) PO Hx) ) \ () ()

2m §?

For a given energy, Eq.2.23 allows two electron waves and two hole waves in N region (x < 0):

. 0 .
P§ = et and wi = eHiane (2.24)
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Figure 2.4: Energy vs momentum at NS interface with different types of quasiparticle wave.

S

Similarly, there can be two electron-like and two hole-like quasiparticle waves in S region (z > 0):

U

Vi =

Vo

where

and the coefficients are

/2
o/

—ip/2
et/

ip/2
. Vg €
eFFet  and @bi =
Ug eTi/2
h
\/2m (EF +VE? - A2>
h

7

6:|:'ikhflf

(2.25)

(2.26)

(2:27)

(2.28)



Different types of quasiparticle wave are illustrated in figure 2.4, where the arrows point in the
direction of the group velocity. Note that when the momenta of electron and hole have the same sign,

they are actually waves going towards the opposite directions.

SOLVING THE SCATTERING PROBLEM

For an electron in N that is impinging the NS interface (illustrated in figure 2.5), we have:

1. an incident plane wave

2. a reflected wave consisting of an electron part due to elastic scattering and a hole part due to

interaction with the superconductor

3. a transmitted wave going into the superconductor

They can be written as

o +ig.x
d)mc - € ¢ (2'29)
0
1 , i
_ —qeT qpT
77brefl = Tee € + The e " (2-30)
0 1
g €712 tik v /2 —ikpx
¢trans = tee e +lpe e " ) (2"31)
—ip/2 —ip/2
vy € ip/ ug € ip/
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electron

N S

Figure 2.5: Scattering process at NS interface.

The wavefunctions describing the system are:

YN = Yine + 771)1"6fla inN ('73 < 0) (2.32)

Tﬁs = wtrans , inS§ (!E > 0) (2'33)

The scatteringamplitudes 7, Tpe, tee, the can be determined through the given boundary conditions.

The continuity of wavefunctions at z = 0 requires:
¥n(0) = ¥5(0). (2.34)
And in view of the §-function potential we have:
hop ! _
5= [15(0) = YN (0)] = HY(0) (3

. / . . .
with ¢g x the spatial derivatives.
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Then by working out the algebra, we find the amplitude (for convenience, 7 = ug + (ug —v3) 2%

and hence the probability of all four processes:

Phe = @e‘“" (2:36)
2 2 2 .
vy —up) (Z°+1i2)
Tee = ( 0 O)Pf (2"37)
2 2 .
ug \Jug — vy (1—1i2) .
tee = 5 e i/ (2.38)
. 2 2
1 mZ —iw/2
the = ~ € il ) (2"39)
where Z is a new dimensionless parameter defined as
H
Z = % (2.40)

IMPORTANCE OF THE PARAMETER Z

Note that for any real interface with different materials having different Fermi-momenta, there will be
an electronic mismatch. When we determine the amplitudes in Eq.2.36-2.39, it is assumed the Fermi

velocities are the same for N and S with the Andreev approximation:

E Ay <€ Ep. (2.41)

20



Andreev noticed the curious feature of hole retroreflection, i.e., momentum conservation that is
absent in normal reflection. However, without the condition Eq.2.41, the Andreev reflection is a per-
fect retroreflection only for electrons incident at the Fermi energy. When the energy is above the Fermi
energy, the incident electron (Ef + E, kp + 6k/2) and the reflected hole (Ef — E, kp — 6k/2)
have different wavelengths. The mismatch 0k = 2E/hvp is linear in energy and can be absorbed by
the adjustable Z in the BTK model.

Obviously, in anormal conductor (A = 0), wehaveuy = 1, vy = 0; the probabilities |The|2 , |the|2

both vanish, leaving

Z2

ree)® = ek probability of normal state reflection (2.42)
1
\1Eee|2 = m ,  probability of normal state transmission. (2.43)

So now it is clear that Z can be understood as the strength of the interface barrier. For Z = 0, we
. . . 2
have a perfectly transparent interface with perfect normal state transmission |t.,|” = 1. For Z > 1,

we have an opaque interface with very low transmission.
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Figure 2.6: Sketch of Andreev reflection.

ANDREEV REFLECTION FOR AN IDEAL NS INTERFACE

In the case of perfectly transparent interface (Z = 0), the amplitude of the process having an electron

reflected as a hole becomes

e*'igo(E—sgn(E)\/ EQ—Ag) |E| > A
Vo —ip _ —ix Ao ’ 0
’r‘he = u—o e =€ g
) . 2 A2
e (BN E =R |E| < Ag
p
L2 E < _AO

X = <p+arccos(A£0>;, |E| < Aq

QD+7T, E>AO

\
22

(2.44)

(2.45)



P+

P+7/2

Phase(h—e)
P(h—e)

Figure 2.7: Energy-dependent phase and probability (P(h — e) = |7ne|?) of Andreev reflection for an ideal
interface (Z = 0).

where g, v are given in Eq.2.28.

The mostimportant property of proximity effect is phase coherence. We now can see from 1, that
the Andreev reflected hole has a phase shift x with respect to the incident electron, as illustrated in the
left panel of figure 2.7. It carries not only the information of the superconductor (via the macroscopic
phase ¢), but also of the incident electron (via the energy-dependent phase).

The right panel of figure 2.7 shows the probability of Andreev reflection as a function of the en-
ergy of the incident electron. For a transparent interface, an injected electron with energies above the
superconducting gap has finite probability (though dropping rather fast) to be transmitted into the
superconductor. But with energies below the gap, Andreev reflection must happen and it converts a

dissipative current in the normal conductor into a dissipationless supercurrent in the superconductor.
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2.3.3 Tunneling conductance through NS junction

BTK continues on to discuss the transport properties of NS junction. For a system with normal elec-

trodes (denoted by L and R), the Landauer-Biittiker expression for single channel current is

zzf/ﬂwa%mm—mw»

- 27}16 dE (1 - |Tee|2> (fL(E) — [r(E)) (2.46)

In the case of NS junction with one normal electrode and one superconducting electrode, the Andreev
reflection increases the total current by transferring a charge of 2e into the S side. So the formula

should become (at zero temperature):

%% eV
1= dB (1= e B) + Inne(B)) (247)
0

where we have set the chemical potential of the leads to be

pr=Ep+eV., up=Ep (V>0). (2.48)
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Note that the voltage V' is small such that 7., 7}, are evaluated at the Fermi energy. The conductance

through the NS junction is then

dl - 22

_dr 2 ) )
GNS - dv h (1 ‘V“ee(GV)‘ + ‘V"he(e‘/)‘ ) (2"49)
247
202 | @rrae ey < Ag
T (2.50)
2w eV > Ay,

eV+(1+2Z2)\/(eV)2—A(2) ’
If the voltage is much greater than the superconducting gap (eV' > A), we obtain the normal
conductance

22 1

—_— 5. 2.51
h 1+ 272 (2-51)

GNN =

To get a better physical intuition, let us consider a perfect interface where Z = 0. Then we have
|7"he|2 = land |7“ee|2 = 0. For the subgap regime eV’ < A, conductance through the NS junction

becomes twice of the normal conductance:

4e*
Gns = 7 =2 GnN- (252)

BTK model is useful as a guidance for finding the transparency of an NS interface from the trans-
port properties. Figure 2.8 shows the normalized conductance (G y /G v ) as a function of the bias

voltage for a few different values of the parameter Z, which represents the barrier strength. In Chapter
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Figure 2.8: Normalized conductance across the NS junction with different interface transparency Z. Top panel:
for Z=o, the interface is perfectly transparent and the conductance is doubled inside the gap compared to the
normal conductance. For Z=o0.4, there is still conductance enhancement inside the gap. Bottom panel: as Z is
increased to 2.0, the NS junction enters the tunneling regime. There is conductance suppression inside the gap.
For Z=s.0, the contact is opaque. The tunneling conductance inside the gap almost reaches zero, similar to the
scenario of probing the quasiparticle density of states in a superconductor (figure 2..2).

3 we will compare the experimental results to these subfigures and decide different interface regimes

the devices fall into.
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Figure 2.9: Formation of Andreev bound states originates from the successive Andrrev reflections at the two
NS interfaces.

2.4 ANDREEV BOUND STATES IN SNS JUNCTIONS

In the previous section we discussed one NS interface, where an excitation with energy above Fermi
level (an electron) is reflected as a hole with energy below Fermi level, and vice versa. Now let us
consider a normal conductor that is sandwiched between two superconductors, i.e., an SNS junction.
As aresult of the successive Andreev reflections from both NS interfaces, the excitation will carry out
periodic motions as shown in figure 2.9: being an electron for half of the time and a hole for the other.
Standing waves form in the normal region and lead to the quantization of the excitation energy levels.
This is the problem solved by Andreev'® in 1966 and the excitations are known as the “Andreev bound

states” (ABS).
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This quantization implies coherence between the phases of the two superconductors and hence
throughout the entire SNS junction. Just a few years earlier, in 1962, based on quantum mechanical
tunneling of electrons through a barrier layer, B. D. Josephson predicted that a zero-voltage current
can flow between two superconductors through a thin insulator, driven by the phase difference across
the junction. The is known as the DC Josephson effect, a general feature of two superconductors
that are connected by any weak link (besides an insulator as Josephson envisioned, it can also be a
normal metal or a point contact). In the early 1970s, the importance of ABS was already recognized in
connection to the DC Josephson effect in long SNS junctions” (where the junction length L is longer
than the superconducting coherence length &y = hvp/A). However, it was only till the 1990s that
these supercurrent-carrying states are demonstrated to play a central role in Josephson junctions with
point contacts and tunnel junctions.” The complete solution of scattering theory can be found in
Beenakker’s work, ™ with scattering matrices constructed for the normal region and Andreev reflection.
The determinant equation giving ABS energies is still widely used in the study of NS hybrid systems.
For our purpose, we will only focus on the case where L < &,. Now let us follow the similar steps as

in the previous section so we can find the wave functions and energy levels in a short SNS junction .

2.4.1 Scattering picture

We start with the same BdG equation (Eq.2.23) but instead of an NS interface, we now have a short

SNSjunction. It means that the normal region is thin and we consider it having infinitesimal thickness.
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The pair potential is then described as

Az) = (2.53)

Aoei(’DR, x>0

We are interested in the state below the energy gap and we already know that for £ < A, the wave

function in S has to decay exponentially and can be written as (same as 4., s in the superconductor

in Eq.2.31)
ipr /2 ipr /2
A A Yikyz
tew e T+t e , <0
—ipr/2 —ipr /2
vy e ier/ ug e ier/
Vs = (2.54)
g e1PR/2 o oiPR/2
i R —ik
R eThet gl e " >0
—ipR/2 —ipp/2
vy € ior/ ug e iR/

: . L ,L ,R ,R . .
Again, the coefficients t ., t1,, tee, T are determined from the boundary conditions at z = 0:

Us(07) = vs(0%) and - [U(0) ~ w5(0)] = Hes(0) (259

Using the Andreev approximation (£, Ay < Ep and hence k, = kj, ~ k), we find”

2 2
E:i%¢muwmjz7 (256)
1+7
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Figure 2.10: Energy of the Andreev bound states as a function of the superconducting phase across the junction.

where ¢ = ¢ — ¢ . By denoting the normal state transmission probability \tee|2 as 7 and using the

relation Eq.2.43, we arrive at the expression of Andreev levels for short junctions

Eaps = £A¢\/1 - 7sin’(p/2). (257)

Figure 2.10 shows the energy dispersion of the Andreev bound states as a function of ¢, the supercon-

ducting phase across the junction.
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2.4.2 Infinite-gap dot model

We will now turn to a quantum dot model in the infinite-gap limit. It is simple enough to be general-
ized to an n-terminal Josephson junction (n > 2), which will be discussed in the later chapters.

Consider a Josephson junction made of a normal quantum dot island connected to several super-
conducting terminals. This dot with single-level energy () is coupled to the superconductors via tun-
neling. In the infinite-gap limit, the superconducting gap is the dominant energy (much larger than
the couplings and &).

With a finite pair potential, an electron with energy € is coupled to a hole with energy —e( through
the Andreev reflection, which happens at the point contact between the normal dot island and each

superconducting contact. The Hamiltonian is given by”

€0 E %6%
i
E vie i )
i

where ;s are the superconducting phases of each terminal and ;’s are the coupling coefficients de-
scribing the tunneling of Cooper pair between the dot and the superconductors. Note that s are real
since from a microscopic point of view, the Hamiltonian gives that v is proportional to |T'|°, where

T is a single electron transfer matrix element.
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The Schrédinger equations for the wavefunction with electron and hole components (1, 1,) are

€0t + Z%‘@M% = Ev,
;

D e, — oy, = By, (259)

Solving for the eigenvalues we get the Andreev bound state energies

2 012
EABS = :l:\/go =+ } Z ’yiewl (2.60)
i
For example, a two-terminal SNS junction has ABS energies:
2 iip |2
Eaps = £\/eo + |m +12e”]" (2.61)

where ¢ is the phase difference between the two superconductors. The numerical results of a two-
terminal junction in the dot model is shown in figure 2.11.

One would notice immediately the resemblance between figure 2.10 and 2.11. When obtained from
a single channel in scattering theory (Eq.2.57), the ABS becomes E = A cos(y/2) for perfect
transmission (7 = 1). In the case of a resonant dot (¢y = 0), the symmetric contact couplings corre-
sponds to perfect transmission, and hence produce also a 47- periodic function. In the scattering case,
an infinitesimal deviation of 7 from unity would open up an Andreev gap around ¢ = 7, doubling

the periodicity. However, in the dot case, the gap forms due to both the coupling asymmetries and
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Figure 2.1: E 4pg(¢p) for perfect transmission in a resonant dot (red dotted line) and with other values of 7y

and € (black/blue lines).

the shift of &,.

Yet the biggest difference between the two models is the presence of the superconducting gap. In
the scattering case & = £Aj at ¢ = 0, the states are not really bound but exist at the edges of
the continuous quasiparticle spectrum in the superconductor. However, in the dot model, the whole
spectrum is inside the gap and will never touch the gap edges. The underlying flaw of the dot model
is exposed if the contact couplings or €5 become large compared to the gap A ; we will find the ABS
above the gap, which is obviously beyond the original assumption. The infinite-gap approximation
indeed has its limit, but is good enough for capturing low-energy physics and will provide a simple

analytic expression one can consider when the system becomes more complicated.

33



2.4.3 Supercurrent carried by ABS in short junctions

The ground-state energy of our SNS system has contributions from all excitation energies, including
the propagating quasiparticles above the superconducting gap and the Andreev bound states inside
the gap. Butlet us focus on the latter now since it is the only energy that is dependent on ¢, the phase
difference across the junction. If we vary the phase difference slowly, the energy shift per unit time is

then given by

aE = 9E(p) o (2.62)
dt Do dt’ '

which is the power dissipated at the junction (product of the current and the voltage). Due to the
global gauge invariance,” the time derivative of the superconducting phase is simply the potential of

the superconductor,

*“The global gauge invariance requires that the phase and the vector potential always come in the combi-
nation Vi — (2e/h)A. Itleads to the fundamental relation in Josephson junctions: ¢ = 27®/®, where
®, = h/2e. Using Faraday’s law we can get Eq.2.63, which is known as the 2nd Josephson relation.
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Figure 2.12: Andreev bound states that carry opposite directions of supercurrents.

Therefore, the current in the junction can be calculated from taking derivative of the energy with

respect to the phase difference:

(p) = 227
LA

Using the energy obtained from the scattering theory (Eq.2.57), we get

7 el Tsing
ABS|=) T Top, 1 . 2
— 7sin”(¢/2)
eAq Tsing
Taps|+) = ~ 55

1 — 7sin’(¢/2)

(2.64)

(2.65)

(2.66)

It is now clear that the ground state and excited state describe the two processes in figure 2.12, which

differ in the direction of electron and hole propagation, corresponding to supercurrents flowing in

opposite directions.

In the above discussions we only considered a single channel in a one-dimensional junction. For a
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multi-channel junction, we have

E = iAO\/l — 7;sin’(/2),

(2.67)

where the index i labels the transverse modes in the normal region and 7; is the individual transmission

coefhicients, which is essential in determining the current-phase relation.

For example, in a tunnel junction (7; < 1), the supercurrent reads t

eAy o TA
I(p) =1.singp, Ic:ThOZTi: QQOGN'
=1

Or in a quantum point contact (7; = 1), the supercurrent s

1(p) = Lsin(p/2) , I eAOf:T-”AOG
¥) =1 ¥ ’ c h i:11_ e N-

Here Gy is the normal state conductance, given in the Landauer formalism.

SUPERCURRENT AT FINITE TEMPERATURE

(2.68)

At zero temperature, only the ground state is occupied and the supercurrent flowing in the junction is

given by Eq.2.65. Butat finite temperature, we will have to take into account the thermal population of

the excited states (and depopulation of the ground states), determined by the Fermi-Dirac distribution

7Ljosephson made his predictions based on tunneling of electrons through an insulator barrier. Historically,
the first superconducting junctions were also SIS junctions. Eq.2.68 is known as the first Josephson relation.
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function:

1
JB) =17 exp(E/kgT)’ (2:70)
Then the supercurrent becomes
I(¢) = Ixps, ) f+(E) + Laps|—) [-(E) (2.71)
= Iaps[l —2f(E)], (2.72)

with I4ps = Isps)—) = —Iaps,+) and by definition f, (E) + f_(E) = 1. This will lead to

1 — 7sin’

A Tsinp Ay .2
I(p) = £~0 tanh( \/1—7sin (@/2)) (2.73)
2h (0/2) 2kgT

Up to this point, we have enough background information to understand the experimental studies.
In the next chapter, we will concentrate on the graphene-superconductor interface, where the BTK
model introduced earlier is going to be useful for characterizing the contact transparency. In Chapter
4 and s, multi-terminal SNS junctions are explored and the simple quantum dot model will help us

grasp the physical picture of the system.
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Magnetoresistance Plateaus

in Proximitized Graphene

GRAPHENE HAS PROVEN TO BE A GREAT PLATFORM for the study of the superconductivity proxim-

ity effect. However, despite the fact that superconducting contacts can be established on graphene
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with high yield compared to other semiconductors, the fabrication results are never perfect. Since the
contact transparency between the normal conductor and the superconductor plays a pivotal role in
the Andreev process as we discussed in Chapter 2, the resulting proximity effect can alter the properties
in the normal region in several different ways.

To better understand the different superconducting behaviors stemming from the transparency
of the contacts, we decided to take an extensive approach and study all three possible regimes that
the superconductivity proximity effect can fall into. These regimes depend on the Andreev process
probability, i.e., it depends on the transparency of the superconducting contacts, and they are called:
the tunneling, intermediate and transpartent regime.

In this chapter, we will walk the reader through the device planning and then proceed to our experi-
mental findings. As expected, we see that the proximitized graphene in the tunneling and transparent
regime show conductance suppression and conductance enhancement, respectively and the variations
would gradually flatten out as the magnetic field is increased. The intermediate regime, however, pre-
sented a surprise. Unseen in the other regimes, the proximitized graphene in the intermediate regime

showed magnetoresistance plateaus. The origin and nature of the plateaus will be discussed.

3.1 DEVICE STRUCTURE AND MEASUREMENT SETUP

The device structure that we chose to use throughout our study consists of a top superconducting

contact on graphene, which sits on top of hexagonal boron nitride (hBN) (shown in figure 3.1). In
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Al (superconductor)
barrier layer

Figure 3.1: Illustration of the device structure, top and side view. Barrier layer can be thin hBN or MoS,.

between the superconductor and graphene we can insert another layer. The role of this layer is to tune
the transparency of the interface between the superconductor and graphene. The strategy is then to
study how transport across this interface changes as we vary the transparency of the superconducting
contact. Thisis where we face the main challenge: how can we deterministically vary this transparency?
The natural solution here is to use other van der Waals materials as the barrier layer.

First and foremost, materials besides the van der Waals family should not be considered. Materials
like evaporated aluminum oxide could work in theory but in reality, the associated fabrication process
would bring about plenty of other complications such as polymer residue and graphene degradation.
Van der Waals materials on the other hand give us two distinct advantages. One is that we can fine-
tune the material thickness by a single atomic layer. The second is that these materials ensure the
interface with graphene will be atomically flat and polymer-free. Within the van der Waals family, there
exist many materials that range from insulating to semiconducting and then to completely conducting.
Among them, we chose to use two as the interfacial layer: hBN and molybdenum disulfide (MoS2).
These two materials offer bandgaps of different sizes (1.8 €V for MoS,, 6.1V for hBN) which can help

tune the contact transparency. Moreover, these materials frequently appear in large sizes, in different
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thicknesses after mechanical exfoliation (compared to other van der Waals materials) and can be in the
thin limit with just a few layers. These are important traits that allow us to fast-track the fabrication
process.

Another important reason for choosing hBN and MoS, is that among all van der Waals materials,
they have been used the most extensively since the advent of graphene and are considered the most
pristine van der Waals materials besides graphene. The growth of these materials has reached a high
level of perfection which gives us much greater confidence in their overall quality, a key consideration

in our experiments in order for the superconducting contacts to work consistently.

3.1 Vertical graphene-insulator-superconductor architecture

The van der Waals vertical structure is built by the inverted dry transfer technique (see details in Ap-
pendix A). The bottom layer is a thick, clean flake of hBN (20-40 nm), creating a uniform substrate
for graphene to minimize the disorder. On top of graphene is the barrier layer, which can be thin
(monolayer, bilayer, etc) hBN or MoSs. Unlike the usual dry transfer technique, , with the inverted
technique the top surface of the stack is never in contact with any polymer such as PPC or PC. After
the stack is assembled, the hallbar geometry is defined followed by deposition of normal leads (s/s0 nm
of Cr/Au). The device then undergoes the process of vacuum annealing at 350°C for 15-20 minutes to
remove any PMMA residue from e-beam lithography, so that we can guarantee the tunnel path from
graphene through the barrier layer to the superconductor is clean. The final step is deposition of the

superconducting contacts (5/80o nm of Ti/Al) on top of the area of interest.
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Figure 3.2: Measurement configuration of the vertical graphene/barrier/superconductor structure. The pink
region denotes the current path () from a graphene normal contact at one end to the first lead of Al. The
voltage drop across the vertical junction, Vjy g, is measured from the other end of graphene to the second lead

of AL

3.1.2  Measurement Setup

The critical temperature of Al in the devices is typically around 1 K. All the measurements were per-
formed in Hes-fridge with a base temperature of 300 mK. The main focus is the graphene region
underneath Al, where the superconducting proximity correlation is the strongest. As shown in figure
3.2, the Al contact branches out to two leads. The current is sent from a normal contact at the left end
of graphene to the first Al lead, which is grounded. Then we measure the voltage V) g between the

other end of the graphene and the second Allead. This is effectively the voltage drop across the vertical
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Figure 3.3: Gate dependence of tunneling resistance dV//dI in the transparent regime. The proximitized su-
perconducting gap can be tuned by backgate voltage, where the minimum appears at the graphene Dirac peak
(Vig = 3V).

graphene/barrier/Al structure, as marked by the dotted square in the bottom panel of figure 3.2. As
a result, we obtain the tunneling conductance (or resistance) across the vertical NS junction, which
characterizes the Andreev process in the system via the BTK model introduced in Chapter 2. With
this measurement scheme, we categorize our devices into three regimes depending on the differential

conductance profile.

3.2 TRANSPARENT REGIME: AL/GRAPHENE

As a reference point in this study, we start with a device without any barrier layer— Al is deposited

directly on top of graphene. The graphene in this type of device becomes fully proximitized due to
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the highly transparent superconducting contact.

Figure 3.3 shows the differential resistance dV'/dI as a function of current bias and backgate volt-
age. In the color plot, it is clear that there is a gap feature, in which the resistance drops to near zero
(deep blue region), signifying the presence of superconductivity. At the Dirac peak of graphene, where

Vs

g = 3 Vacross 300 nm SiO, dielectric, the superconducting gap reaches a minimum. As the carrier
density in graphene is increased , the gap becomes larger. This backgate dependence suggests that we
are measuring the induced superconducting gap in graphene, thereby eliminating doubts that we may
be measuring the bulk Al superconducting contacts instead.

In figure 3.4, we plot the differential resistance as a function of current bias and applied magnetic
field. In this figure, one can see how the induced gap (deep blue region) closes as the magnetic field
approaches a critical field H,.. In addition, there are oscillations formed outside of the gap. These
oscillations fan out from the superconducting gap and only exist in the superconducting regime (i.e.,
they also get quenched when the applied magnetic field rises above the critical field). We attribute these

. . . . 16,17,1
oscillations to Tomasch oscillations. """

8 . . . .
They arise specifically in superconductor-normal metal junc-
tions when the electron- and hole-like quasiparticles are locked into strong confinement and are forced

to interfere. The constructive interference results in the oscillations that we detect and occur at bias

Vv, = \/A2 + (nhvy/2d,)?  withn =0,1,2... (3.1)

where A is the superconducting gap, V> is the Fermi velocity in the superconductor and d, is its

thickness.
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Figure 3.4: Magnetic field dependence of the differential resistance in the transparent regime. The device has
direct Al contact on graphene. Top: at Vj,, = 0V. Bottom: at V,, = 50V. The color plots are dV/dI as a

function of current bias and magnetic field. Linecuts: dV//dI as a function of bias at different magnetic field.

8 . . .
91929 Wwhich describes quasi-

Another explanation comes from McMillan-Rowell resonance (MRR),
particle interference as well but inside the normal region (i.e., the proximitized region and in our case,

graphene). Note that in a normal material an electron and a hole cannot interfere directly.” So after

the first Andreev reflection, the incident electron is reflected as a hole and has to propagate in the nor-
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mal region before traveling back to the NS interface and undergo a second Andreev reflection. It will
be converted back into an electron and can then interfere with the incident electron. The oscillations

occur at bias

V,, = Vo + mhV{E J4dy  withm =0, 1,2... (3.2)

where Vb{V is the Fermi velocity in the normal region and d y is its thickness. One can see that in order
to have MRR, the phase coherence between the incident electron and the Andreev reflected hole has
to be preserved while the latter is traveling back and forth in the normal region.™ Therefore, the
observation of MRR implies that the superconducting correlation remains in the graphene and is a

manifestation of graphene being proximitized.

3.3 TUNNELING REGIME: AL/BN/GRAPHENE

The most common van der Waals material that is used as a barrier layer is hexagonal boron nitride
(hBN). It shares the same crystal structure and has a similar lattice constant as graphene. However, it
is a true insulator with a large energy band gap of around 6.1¢V. 2 Tt is commonly used as a dielectric
substrate that provides a flat surface for graphene and can also screen the stray electric fields from the
impurities existing on the silicon dioxide substrate. As a tunneling layer, hBN has been investigated

extensively. There are numerous studies on the transmission probability between combinations of
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Device | Tunneling area (um?) | Ry (k) | RA (kQ - um?)
A 1.6 4.2 6.7
B 2.7 2.6 7.2
C 0.75 I1.4 8.5
D 1.9 8.9 16.9

Table 3.1: Devices in the tunneling regime with different sizes of tunneling area. The RA product is consistent
with the exponential dependence of zero-bias resistance on the thickness of BN separating graphite and gold. =

graphene/graphite/gold through different hBN layers. 2% However, shockingly, there are no reports
on the tunneling of Cooper pairs between graphene and superconductor via ultra-thin hBN. In this
section, we present the experimental results in such a system and explain them from the perspective
of Andreev process.

The hBN we use is monolayer and there are four devices with different sizes of tunneling area listed
in table 3.1. The typical tunneling resistance is on the order of kOhm. The resistance area product

(RA) in our devices is consistent with those in graphite/monolayer hBN/gold devices. **

The top panel of figure 3.5 shows the magnetic field dependence of the tunneling differential con-
ductance as a function of voltage bias. When B = 0, the dI /dV profile shows the conductance at
zero bias that is 30% lower than the normal conductance measured at high bias. As the magnetic field is
increased, the variation of conductance with bias gradually decreases and eventually flattens out. The
fact that the conductance does not go to zero within the gap even at B = 0 implies the monolayer
hBN is not a completely opaque tunneling barrier for the NS junction. However, Andreev reflection

is still not the dominant process and there is extremely limited superconducting correlation inside of
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Figure 3.5: Tunneling conductance dI /dV of the device with monolayer hBN in the tunnel regime. Top panel:
as a function of voltage bias and magnetic field at V;,, = 30 V. Bottom panel: as a function of voltage bias and
backgate voltage at B = 0.
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the graphene region. This is reflected in the gate dependence measurement in the bottom panel of
figure 3.5. One finds that the measured superconducting gap belongs to Al and thus cannot be tuned
by the backgate voltage. Moreover, there are no above gap features such as the Tomasch oscillations

or McMillan-Rowell resonances that are observed in the transparent regime.

3.4 INTERMEDIATE REGIME: AL/M0S,/GRAPHENE

From the previous two experiments, we learned that in the transparent regime, even though the graphene
is proximitized, we cannot probe its properties due to the near zero resistance inside the supercon-
ducting gap. On the contrary, with monolayer hBN as the tunnel layer, the Andreev process is not
prominent enough to produce superconducting correlation in the graphene layer. As a consequence,
graphene only plays the role of probing the superconducting Al. Since the above two regimes cannot
meet our goal of investigating the proximity effect features in graphene, we need to come up with
another type of barrier that falls in between nothing and hBN.

Molybdenum disulfide (MoS5) belongs to the class of transition metal dichalcogenides (TMDCs).
The crystal structure of MoS2 takes the form of a hexagonal plane of S atoms on either side of a hexag-
onal plane of Mo atoms. While there are strong covalent bonds between the Mo and S atoms, the van
der Waals force holding the layers together is weak. Therefore, similar to graphene and hBN, MoS,
can be mechanically exfoliated, even down to a single layer (figure 3.6). Monolayer MoS, has a direct

band gap around 2.1-2.5 €V, % which is much smaller than the wide band gap of monolayer hBN. Be-
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Figure 3.6: Optical image of monolayer MoS,. Scale bar is 2 ym.

cause the transmission probability is dependent on the size of the bandgap, MoSz serves as the perfect
middle-ground between our previous two experiments. Using MoSz2, graphene has the best chance
of being proximitized while demonstrating some tunnel resistance at the barrier interface, which is

required for electronic probing.

3.4.1 Differential conductance enhancement

Using the same measurement configuration as in the previous two sections, figure 3.7 shows the tunnel-
ing differential conductance of the vertical structure Al/MoS,/graphene from two devices. Although
both devices use monolayer MoS, as the barrier layer and are fabricated with the same procedure, the

differential conductance shows different profiles. Near zero bias, the first type has a conductance dip
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Figure 3.7: Differential conductance in the intermediate regime from two devices. The two devices show dis-
tinct behavior around zero bias: Device B has a conductance suppression but Device C does not. However,
the general feature is consistent. At high bias, the normal contact resistance is 100-300 2. Inside the induced
superconducting gap, there is conductance enhancement (the black arrows).

while the second type does not. Since there is no polymer in between the van der Waals materials, we
suspect the zero-bias dip originates from a finite barrier between MoS, and Al that cannot be overcome
at extremely low bias. It may come from the PMMA residue after the ebeam lithography for defin-
ing the Al contacts. Yet the overall quality is consistent. At high bias, the normal contact resistance
is around 100-300 €). Once inside the proximity induced superconducting gap, there is a significant
enhancement compared to the conductance at high bias, indicating prevalent Andreev reflection pro-
cess between Al and graphene through MoS,.The percentage of conductance enhancement is device

dependent; typically around 10-50 %.
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Figure 3.8: Gate dependence of the tunneling resistance in the intermediate regime. Same as in the transparent
regime, the proximitized superconducting gap can be tuned by backgate voltage, where the minimum appears

at the graphene Dirac peak (V,,, = 0V/).

3.4.2  Gate dependence

Figure 3.8 shows the gate dependence of the tunneling differential conductance as a function of voltage
bias at zero magnetic field. Same as in the transparent regime, by tuning the gate voltage we can control
the size of the induced gap. Also, outside of the induced superconducting gap there are oscillations
similar to the ones seen in the proximitized graphene in the transparent regime. This implies that there
is in fact superconducting correlation in graphene despite the presence of a barrier layer. These features
along with the conductance enhancement indicate that we obtain a graphene layer proximitized by Al

through the monolayer MoSs.

52



3.5 MAGNETORESISTANCE PLATEAUS IN THE INTERMEDIATE REGIME

Now that we have shown signs of proximity effect in the graphene, we can go on to explore how the
Andreev process can be modulated and the consequences in the proximized graphene.

In both figure 3.9 and 3.10, the top panel shows the differential conductance as a function of bias
current and magnetic field while the bottom panel shows horizontal linecuts at different values of B.
The difference is that figure 3.9 is data from the first type of device: having conductance suppression
near zero bias and figure 3.10 is data from the second type of device: complete enhancement inside the
gap. From the linecuts it is clear that as B is increased, the variation in conductance gradually flattens
outand the induced gap decreases. Eventually when B is greater than the critical field, the conductance
recovers to the normal state value and the gap disappears as expected. However, we find that there is
one feature absent in the tunnel and transparent regimes that appears only in the intermediate regime:
the magnetoresistance plateaus. When the bias voltage is greater than the gap, the curves at different
values of magnetic field do not overlap with each other. Once the bias becomes smaller than the gap,
the curves converge and collapsed to only a few values. This feature is obvious in the color plot: for
field below H,. and bias inside the gap, there are several horizontal discrete “bands” along constant

magnetic field lines.
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Figure 3.9: (Device A) Tunneling differential conductance dI /dV as a function of bias and magnetic field at
Vig = 60 V. Top: color plot with current bias as the x-axis. Bottom: horizontal linecuts of the color plot with
the current bias converted into voltage bias; dI/dV as a function of voltage bias at different values of B.

54



di/dV (mS) [ e

10

9.5

®
o

di/dV (mS)

5.5 Il Il Il Il Il
-600 -400 -200 0 200 400 600

Vbias (HV)

Figure 3.10: (Device C) Tunneling differential conductance dI/dV as a function of bias and magnetic field at
Vig = 60V. Top: color plot with current bias as the x-axis. Bottom: horizontal linecuts of the color plot with
the current bias converted into voltage bias; dI/dV as a function of voltage bias at different values of B.
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Figure 3.11: Temperature dependence of the magnetic plateaus, which only exist in the superconducting states.
The width of the plateaus is not affected by the size of the superconducting gap.

The temperature dependence at zero bias is shown in figure 3.1x: the differential resistance as a
function of magnetic field and temperature. It turns out these magnetoresistance plateaus are only
developed below the critical temperature and critical field, suggesting that they are tied with the super-
conductivity. As the temperature or magnetic field is increased, overall the width of the steps remains
fixed until they disappear; the width is not affected by the size of the superconducting gap. We also
noticed there is hysteresis; as shown in figure 3.12, the blue curve is the data taken when the magnetic

field sweeps from negative to positive and the red curve is for the opposite sweeping direction.
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Figure 3.12: Sweeping magnetic field up (blue) and down (red) shows the hysteresis.

3.5.1  Collection of devices

In order to investigate these magnetoresistance plateaus, we fabricated devices in the intermediate
regime with different sizes of the tunneling area, which is also proportional to the size of proximi-
tized graphene. In table 3.2, we collect the information from devices A-D, including an optical image,
normalized resistance as a function of bias and field, tunneling area, and step width. Among the four
devices, A and B are the first type with a conductance dip (resistance peak) around zero bias; Cand D
are the second type without any suppression inside the gap. Figure 3.13 shows that both the width and

height of the plateaus are device-dependent.
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Table 3.2: Intermediate regime devices: optical image, normalized differential resistance as a function of voltage
bias and magnetic field, tunneling area, and step width. The scale bar in the optical images is 2 ptm.
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Figure 3.13: Step feature among different devices. Inset shows B,, for each device; the slope provides average
step size.

3.5.2  Step width and tunneling area

From the comparison between these devices, we find that the average width of the plateaus is deter-

mined by the overlapping area between graphene and Al. Note that usually the central step around
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zero is wider than the the rest of the steps, so it is excluded from the averaging. If we consider the
superconducting flux quantum ® = h/2e, each step corresponds to adding/removing one flux into

the system.

3.5.3 Gate dependence of the magnetoresistance plateaus

Figure 3.14 shows the gate dependence of the plateaus from Device C. As shown in the top panel, the
graphene has Dirac peak at Vj,, = —50 V. In the bottom panel, the plateaus at different values of
backgate are compared. For clarity, the curves are shifted in the y-axis direction. At Dirac peak (green),
there is no obvious plateau developed since dV/dI as a function of B is rather noisy. As we move
away from the Dirac peak, the step feature becomes visible. Moreover, the steepness of the steps is
also gate-dependent. In figure 3.15, the relation between the height of each step and magnetic field is
analyzed. By plotting the resistance dV//dI at every step as a function of the inverse of magnetic field
(1/B), we find that the data can be well fitted with a linear equation. The magnitude of the slope
gradually decreases as the graphene is tuned to higher carrier density. The slope reveals how the tun-
neling resistance, hence the Andreev process, is modulated when a flux enters the hybrid graphene/Al

system.
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Figure 3.14: (Device C) Gate dependence of the magnetoresistance plateaus. Top panel: Graphene resistance
as a function of backgate at zero magnetic field. Dirac peak of the graphene is at V;,;, = —50 V. Dots with
different colors correspond to the gate voltage where magnetic resistances are measured in the bottom panel.
Bottom panel: plateaus at different values of backgate. There is no clear step feature when graphene is at the

charge neutrality point.
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Figure 3.15: (Device C) Scattered data points correspond to the value of each step plotted as a function of 1/ B,
which shows a linear behavior. The slope is is gate-dependent.
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3.5.4 From plateaus to oscillations

From the data of Device C, it is difficult to extract the plateau information at Dirac peak due to the
low signal/noise ratio. However, as we evaluate the other devices, we notice a peculiarity in terms of
gate dependence. Figure 3.16 shows the differential conductance dI /dV as a function of current bias
and magnetic field from Device B. Top panel is taken at V},, = 1.8 V (Dirac peak) while bottom panel
is taken at a high gate V},, = 60 V. From the two color plots, the immediate difference we see is that
only the conductance away from Dirac peak has clear plateaus, which is similar to the observation in
Device C. Now let us take a better look by plotting the linecuts at zero bias for both V,, = 1.8V
and Vj,, = 60 V. This is shown in the left panel of figure 3.17, in which the orange curve is at Dirac
peak and the blue curve is far from Dirac peak. The inset is after shifting the two curves in y-direction
so that they are in the same resistance range for clear comparison. The contrast pops out right on the
spot: while at high gate the steps are well developed, there is an oscillatory behavior at Dirac peak. This

feature is also found in Device D, as shown in the right panel of figure 3.17.
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Figure 3.16: Device B: Differential conductance as a function of current bias and magnetic field at Dirac peak
(Vg = 1.8V') and far from Dirac peak (V;,, = 60V).
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Figure 3.17: Magnetoresistance plateaus at Dirac peak (orange) and at high gate (blue) from device B and D.
The inset shows the shifted data in y-direction for clear comparison. In both devices, the plateaus at high gate
become oscillations at the charge neutrality point.
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Superconducting vortices have been directly observed in proxmitized normal regions.”” Due to the
relation between the step width and graphene/Al overlapping area, we deduce the plateau feature is
related to the transport of vortices at the interface as well as in the proximitized graphene. Although
Al is type I superconductor, which does not allow formation of quantized magnetic vorticies in the
bulk sample, mesoscopic Al islands can exhibit vortex structures in the low magnetic field regime. *>**

When the gate is tuned to be far away from the Dirac peak, the density of states in graphene is high
and it is more likely for the vortices to be transmitted into graphene. The opposite situation occurs at
the charge neutrality point. Despite the fact that the vortices may still enter the graphene layer, their
behavior can be very different when density of states is very limited in graphene. While the mechanism

behind these oscillations requires more investigation, we have demonstrated that the superconducting

features (such as vortices) can be modulated by the tunable properties in graphene.

3.6 CONCLUSION

The Andreev process probability is determined by the barrier strength separating the normal con-
ductor and the superconductor. In this chapter, we explored the fundamental proximity effect in
graphene systematically in different regimes depending on the Andreev probability. Using insulating
van der Waals materials as the tunnel barrier allows us to assemble a vertical structure with atomically
flat and clean interface between graphene and the tunnel barrier. We can control the barrier strength

by choosing materials with different sizes of band gap or different numbers of atomic layers. In the
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transparent regime we showed that when the superconducting Al is in direct contact with graphene,
the induced gap is gate tunable and there are above gap features showing the superconducting corre-
lation inside the graphene. However, the near zero resistance inside the gap prevents us from further
probing the properties of proximatized graphene. Conversely, by using monolayer hBN as the barrier
we enter the tunnel regime. The graphene is no longer proximitzied and we can only observe the su-
perconducting gap of Al without gate dependence and any above gap features. An ideal regime for
the purpose of our study is achieved by selecting monolayer MoS, as the separation layer between
graphene and Al In this intermediate regime, we find that inside the induced gap there is typically a
10-50 % enhancement of conductance, indicating the predominance of the Andreev process between
graphene and Al via MoS,. Furthermore, in the field dependence measurement there are plateaus de-
veloped in the magnetoresistance. Since the width of the plateaus is consistent with a flux quantum
in the system, we ascribe their origin to vortices. On top of that, we have discovered that as graphene
approaches the Dirac peak, these magnetoresistance plateaus transition into oscillations.

The above experimental results have demonstrated how we can obtain different probabilities of the
Andreev process by experimental control of barrier strength. With significant probability of Andreev
process there is superconducting correlation in the graphene layer, and its proximity effect properties
are determined by the magnetic field as well as the carrier density.

While in this chapter we focus on the examination of NS interface and Andreev reflection, we will
move to the SNS structure and delve into the formation of Andreev bound states in the next two chap-
ters. Systems with three or more superconducting leads that have a vast and unique set of properties

will be discussed.
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Beyond Two-Terminal SNS Junctions

As WE DISCUSSED IN CHAPTER 2, in a simple two terminal Josephson junction, successive local
Andreev reflections at the two NS interfaces produce correlated electron-hole pairs and hence the
supercurrent-carrying states, Andreev bound states (ABS), are formed in the normal region. There

has been a fast growing interest in Josephson junctions with more than two terminals as they lead
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Figure 4.1: Transfer of Cooper pair in a two-terminal Josephson junction.

. . . o . .. 31,32,33,34,35,36
to ABS in higher dimensions and topology tailoring of the ABS spectrum is envisioned, 30,3532,35,34,353

which we will discuss at the end of Chapter s.

In this chapter, we start by describing the simplest multi-terminal Josephson junction, one with
three terminals, where Andreev bound states create entangled Cooper pairs that carry a nonlocal su-
percurrent. Measurements in graphene-based devices with multi-terminal Josephson junctions is pre-

sented, along with experimental evidence of the engineering of the ABS spectrum.

4.1 ABSIN A THREE-TERMINAL JOSEPHSON JUNCTION: QUARTETS

In figure 4.1, an Andreev bound state is formed as one Cooper pair is transferred between the two
superconductors through the normal region. Figure 4.2 shows how in a three-terminal Josephson
junction two correlated Cooper pairs can be transmitted among the three superconductors and form
abound state. The rightand left superconducting leads each provide a Cooper pair that is decomposed

and cross-recombined at the center lead. The resulting two entangled Cooper pairs are given the name
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Figure 4.2: Quartet process in a three-terminal Josephson junction.

“quartet” since they consist of four correlated electrons.

4.1.1 A novel out-of-equilibrium coherent mode

The quartet process can take place when there is zero bias voltage on the junction, i.e., when all three
leads are grounded and at equilibrium (figure 4.3 top panel). When the junction is biased with differ-
ent voltages of the three leads, the quartet process can still take place under specific energy conditions,
forming a coherent mode in an out of equilibrium system.

The bottom panel of figure 4.3 is an illustration of the biased quartet process. Here, we bias the

left (S1) and right (Sy) superconducting leads with DC voltages V; and V5, respectively, and keep the
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Figure 4.3: The quartet process in the ABS picture consists of two consecutive cross-Andreev-reflections, form-
ing a new type of bound state. Top: At equilibrium. Bottom: Out of equilibrium.
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middle lead (Sy) grounded (Vj; = 0). From energy considerations, we can extract a criterion for this
process: it requires an energy of 2neV; to transfer n Cooper pairs from S} to Sy. Similarly, for m
pairs to be transferred from Sy to Sy, it takes an energy of 2meV;. In order to satisfy the energy

conservation during this process, the following condition must be fulfilled:

nVi+mVy =0, wheren,m €N (4.1)

The simplest combination of (n,m) is (1, 1), which involves transferring two Cooper pairs, the
“quartet”. Likewise, the combination of (1, 2) or (2, 1) has three entangled Cooper pairs transferred
and is called “sextet”. One can see that there are many possible processes in multi-terminal Josephson

junctions, but from now on we will focus on the quartets, for which the bias condition is

Vi=-Th=V. (42)

Note that for two coupled but separate Josephson junctions this condition is also applicable, where
two AC Josephson currents coexist with frequencies v; = 2eV)/h and vy = 2eV,/h. When
Vi = —Vj, the two frequencies synchronize and produce a subgap DC signal.”’38 However, this
“photon emission/absorption” process can be distinguished from the coherent quartet process by a
phase control measurement, which will be discussed later in this chapter.

In summary, the quartet process has two special features. The first is that it is nonlocal, and the sec-

ond is it forms a resonant state when driven out of equilibrium. The supercurrent in three-terminal
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1 and one-dimensional nanowire *°.

Josephson junctions has already been studied with diffusive meta
However, without proper phase control, it is difficult to demonstrate explicitly the quantum coher-
ence of quartets and alternative interpretations cannot be ruled out. We will now discuss the phase

space of the quartet Andreev bound states and demonstrate the existence of a resonant state thereby

eliminating other explanations for the supercurrent in the V; = —V/; bias condition.

4.1.2  Phases of quartets

When a Cooper pair is transferred from one superconducting lead to another, it acquires a phase given
by the macroscopic phase difference between the two leads, A = @9 — 1. Without magnetic field,
this phase difference is a gauge-invariant quantity which determines the physical observable (such as
supercurrent). In a three-terminal Josephson junction, there are three phases, one for each supercon-
ducting lead: ¢, (1, 9. Since only the phase differences are measurable, without loss of generality,
we choose g = 0 as reference. The two gauge-invariant phases are then ¢ and ¢s.

To meet the quartet condition, the superconducting leads need to be biased at V) = =V, =V

with Vjy = 0. Following the Josephson voltage-phase relation (see *), the phases will evolve in time:

p1(t) = ¢1(0) + 2eVi/h (43)

Pa(t) = p2(0) — 2eVt/h. (4.4)

As shown in figure 4.4, the quartet process of transferring the first Cooper pair coherently from S,
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Figure 4.4: Phases in quartet process.

to 51 and the second pair to S5 would acquire a total phase @1 + 9 — 2. We can then define it to

be the quartet phase (with ¢y = 0):

g = P1(t) + p2(t) = ¢1(0) + ¥2(0), (4.5)

which is time-independent and gauge-invariant. The Josephson-like quartet current, /. P flows among
the three terminals synchronously and can then be determined by ¢, In our model of a three-terminal

Josephson junction, this coherent quartet process satisfies:

I, = I,.sinpg, (4.6)
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where I, ge 18 the maximum value of the quartet current, i.e., the “quartet critical current”.

We can choose another canonical phase variable

©r = @1(t) — 0o(t) = ©1(0) — ©2(0) + 4eVt/h. (4.7)

One immediately sees that in contrast to the stationary quartet phase ,, ¢, is a running phase that
changes in time with a velocity 4eV/h.

Overall, going from a two-terminal to a three-terminal Josephson junction there exists a quart pro-
cess that involves a pair of Andreev bound states defined in two-dimensional manifolds spanned by
two phase variables. The phase coordinates can be chosen to be the static quartet phase ¢, and the
running phase ¢,. so that the manifolds change in time only along the latter as shown in the right panel
of figure 4.s. Note that ¢, will run at different frequencies when different bias voltages V" are applied.
Therefore, this V' becomes a control voltage, serving as a key knob in tuning how the system evolves

in time.

4.2 QUARTETS IN GRAPHENE

Recently, experiments have begun to employ multi-terminal Josephson junctions fabricated on two-
dimensional semiconductors including graphene *' and other two-dimensional electron gases (2 DEGs)

such as InAs. ** However, only the usual two-terminal Josephson supercurrent between different

75



o) s 02l

Figure 4.5: Right: two-dimensional ABS energy manifolds of a three-terminal Josephson junction. When V' #
0, the superconducting phases ¢1 and ¢, are time-dependent. Left: we may choose the canonical phase variables
4 and ;. so that the energy remains static along the former and wind in time along the latter.

pairs of contacts has been reported. There is no sign of quartets in these previous studies; a coherent
quartet transfer process in a 2D system remains elusive. In this section, we will present the quartet

supercurrent observed in our three-terminal graphene Josephson junction.

4.2.1  Device fabrication and geometry

Graphene is known to exhibit low contact resistance and weak scattering when connected to super-
conducting leads. *#***° Furthermore, we can control the number of conduction channels in the
graphene through a gate voltage. These properties of graphene make it a good platform for study-
ing the ABS in Josephson junctions. In order to minimize disorder in the devices, we use hexagonal
boron nitride (hBN) as the dielectric substrate. The graphene/hBN heterostructure is assembled with

the inverted stacking method (see Appendix A). The advantage of this method is that the surface of
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Figure 4.6: Side view of the device structure and false color SEM image of three-terminal graphene Josephson
junction with a loop for the quartet experiment. Typically the substrate hBN is chosen to be 20-40 nm thick.
The superconducting contacts are made of Ti/ Al (5/60-80 nm). In the SEM image, the purple region is mono-
layer graphene on hBN and the blue region is Al on Ti.

graphene in contact with the superconductor never comes into contact with polymers (such as PPC
or PC) except for PMMA, which is used for e-beam lithography. The final step is to e-beam evaporate
s nm of Ti followed by 60-80 nm of Al directly on top of the graphene. A side view of the device
structure is shown in the top panel of figure 4.6. This fabrication process is found to greatly increase
the yield of generating Josephson coupling among all of the superconducting leads, which is essential
for creating quartets.

The bottom panel of figure 4.6 shows the SEM image of an actual device viewed from top. In
total we have four superconducting contacts where two of them form a loop. Each channel length is

designed to be 80-90 nm to ensure a supercurrent existing among all of the superconductors.
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Figure 4.7: Two-terminal measurement setup for device characterization. Sy (the loop) is voltage biased while
Sy is grounded and 5] is left floating. The blue and red dashed lines mark the two distinct paths for supercur-
rents to go from the source to the drain. The interference between them results in a SQUID-like pattern (figure
4.9) as the magnetic field is varied.

Threading a flux through the loop grants us the phase control over the system. This allows us
to study the magnetic field dependence of the quartet process. Moreover, the flux can serve as an
additional knob for tailoring the ABS spectrum. Thus our four-terminal Josephson junction becomes
comparable to a three-terminal Josephson junction whose characteristic can be controlled by applying

a magnetic flux in the loop and this will be discussed later.

4.2.2 Two-terminal characterization measurement

We first need to characterize our three-terminal junction by looking at the two-terminal conductance.
Using a small AC excitation on top of a DC signal, we bias the loop (Sj) and ground the second
lead (S5). This AC+DC measurement scheme is shown in figure 4.7. The differential conductance
dI/dV as a function of the bias voltage and backgate voltage is presented in figure 4.8. The central

plateau/peak (the bright orange region in the color plot, traced with the white dotted line) corresponds
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Figure 4.8: Two-terminal measurement for device characterization. The differential conductance dI/dV as
a function of the bias voltage V;,, and backgate voltage V;,,. The critical current is marked by the dashed
white line. Despite the screening effect from the aluminum contacts, the carrier density in graphene and hence
the critical current is still gate tunable. The black arrows indicated V. which can be converted into the critical
current I,..

to the supercurrent flowing from S, through graphene to Sy. As shown in the white linecuts dI /dV
on top of the color plot, the two dips (indicated by the black arrows) around the zero bias peak are
+V,, that can be converted to the critical current 1 by the relation (Eq.B.13, see the measurement

details in Appendix B):

(4.8)
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where the factor 10~ * comes from the voltage divider, and R and 7 are the resistors in the circuit
that are 200 and 10 §2, respectively. For instance, at Vig = 30V, the dips are at V, = 5V and can
be translated to a critical current I, = 1.2 pA. The value of the critical current depends on the
carrier density in graphene and is tunable with the global backgate. With Ti and Al deposited on
top, the graphene is heavily doped with the Dirac peak around Vj,, = —30V, at which I, reaches
the minimum. For V};,s < V,, the junctions are current biased since there is no actual voltage drop

across the Josephson junctions. For V3;,s > V,, the junctions become truly voltage biased.

SQUID-LIKE PATTERN

In this two-terminal measurement setup, the first lead Sy is left floating. However, it is still Joseph-
son coupled to S5 and to S, forming an alternative route for the Cooper pairs to enter Sy from Sy
(the blue dashed line in figure 4.7) besides the direct path (the red dashed line). Therefore, the device
can be viewed as two Josephson junctions in parallel, which is equivalent to a DC superconducting
quantum interference device (SQUID). Figure 4.9 shows the differential conductance as a function
of bias voltage and magnetic field taken at Vj,, = 0. Top panel shows the horizontal linecuts of the
color plot. Same as in the previous measurement, V, corresponds to the critical current and oscillates
with the magnetic field. These oscillations in magnetic field have a periodicity 0 B = 145 pT, corre-
sponding to one flux quantum @ threading the loop of an enclosed area A = 14.2 um2 (including
the area increase due to London penetration depth). The SQUID-like behavior is the simultaneous

manifestation of Josephson coupling among the three superconducting leads and is indispensable for
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Figure 4.9: Two-terminal measurement for device characterization. The differential conductance dI/dV as a
function of the bias voltage V};,, and magnetic field when backgate is at zero voltage. The periodicity of the
fast oscillations with magnetic field matches threading one flux quantum in the loop. The envelope of these
fast oscillations is attributed to the central lobe of the Fraunhofer pattern. The top panel shows the horizontal
linecuts, where the dips V. can be converted into the critical current I,..

our next step: the observation of quartets.
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Figure 4.10: The simplified measurement setup for observing quartets. The loop is grounded while the po-
tentials of other two superconducting leads are controlled through the bias voltages V; and V5. A small AC
excitation is applied to the loop and the AC currents at Sy, S5 are measured.

4.2.3 Quartet measurement

The key to creating a quartet bound state lies in controlling the potential of the individual supercon-
ducting leads. Figure 4.10 is the simplified circuit for the quartet measurement setup (the complete
circuit and measurement details are included in Appendix B.2.4). The loop S is grounded (V, = 0)
as the potential of Sy, S5 are regulated by the DC bias voltages V; and V. On top of the DC bias, we
apply a small AC excitation V4 to the loop and monitor the AC currents dIy , dI5 that flow from S,
Sy, separately.

Depending on the potential of each superconducting lesd, there are a few different supercurrents
that can exist in the device. They are shown in figure 4.11. Subfigures (i) - (iii) show the usual Joseph-
son supercurrent between any two superconducting leads when they are equipotential. Subfigure (iv)

shows the quartet supercurrent we are looking for. Figure 4.12 is a map of these different supercur-
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Figure 4.11: In a three-terminal Josephson junction, there are usual Josephson currents between any two leads
when they’re at the same potential as shown in (i)-(iii). The quartet process takes place under the bias condition

(V1,V2) = (V,=V).

rents: the differential conductance G; = dI;/dV - measured at Sy as a function of the two DC
bias voltages V; and V5. As labelled in this color plot: (i) the vertical bright orange region (high con-
ductance) is when V] is close to zero, in which case Josephson current between S; and .S is allowed;
(ii) the horizontal orange region originates from the supercurrent flow between S5 and Sy when V5 is
close to zero; (iii) Along the +45° diagonal line is V/; = V}, and we obtain a supercurrent between S}
and Sy; (iv) Finally, there is a much narrower orange region along the -45° diagonal line, indicated by
the red arrow. This is where the quartet bias condition, V} = —V5, is satisfied and is where the signal
of quartet supercurrent occurs. The actual voltage across the junctions are related to the applied DC

voltages V1, V5, by Eq.B.4 (See Appendix B.2.4).

33



\.

G1 (S) 0.32 0.33 0.34 0.35]
B

45 10 -5 0 5 10 15
V1 (V)

Figure 4.12: Color plot showing the differential conductance of the first terminal G (= dI; /dV ) as a func-
tion of the DC bias voltages V1 and V5. The vertical, horizontal and +4s degree signals correspond to the Joseph-
son currents drawn in figure 4.1x (i), (ii), (iii), respectively. The quartet supercurrent, illustrated in figure 4.11
(iv), is found along -45 degree line (when V; = —V%;) as pointed out with the red arrow. The width of these
signals marks the value of critical current. Note that the axes are the DC voltages applied in the circuit shown
in figure 4.10. Depending on the regime of the Josephson junctions, these DC voltages can be converted to bias

current (for V;<V,) by Eq.4.8 or bias voltage (for V; > V) by Eq.B.4.
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Figure 4.13: Color plot showing the differential conductance of the second terminal Gy (= dly/dV,c) asa
function of the DC bias voltages V; and V5. The features of Gy in figure 4.12 can also be found in this measure-
ment. However, the overall conductance is lower than G.

QUARTET SUPERCURRENT

The quartet signal is much weaker compared to the Josephson current due to the following reasons.
First of all, Josephson current between two terminals involves two Andreev reflections, which is a
4th-order process (the probability is proportional to |ry,, ]4, where |1}, | is the Andreev reflection coef-
ficient). The quartet current comes from an 8th-order process with four successive Andreev reflections

and therefore the probability is proportional to |1, I®. Secondly, the whole length of the quartet pro-
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cess is twice as long as the Josephson process, making it more vulnerable to the decay of coherence
length. Lastly, outside of the zero-bias-voltage region there are multiple Andreev reflections (MAR)
in the background, smearing out the quartet signal.

For comparison, we show the differential conductance measured at the second lead, Gy, in figure
4.13 and the similar features can be found. We notice that overall G5 is lower than G, hinting asym-

metric couplings between each pair of contacts.

4.3 QUARTETS IN THE PRESENCE OF MAGNETIC FIELD
In order to discuss the effect of magnetic field, we have to introduce the vector potential A. For a two-

terminal junction in the presence of a magnetic field, the full gauge-invariant phase difference should

include the Aharonov-Bohm phase:

5= Ap— (21/By) / A-ds, (4:9)

where @, is the flux quantum and the integral is from one superconducting lead to the other.
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Figure 4.14: Two-terminal junction with a loop. <y’ are the couplings between the superconducting contacts
and the normal island.

4.3.1  Two-terminal junction with a loop

Before diving into our three-terminal junction with a loop, it is very helpful to consider a warm-up
example of the two-terminal case with the simple dot model: a normal dot connected to two super-
conducting terminals with one of them forming a loop, as shown in figure 4.14. The phase difference
between the two terminals is . Using the infinite-gap dot model introduced in Secion 2.4.2, at each
contact we assign a parameter indicating how high the chance of tunneling between the contact and
the normal dot is; these coupling strengths are denoted as 7, Yop, and 71, respectively.

We can then construct the Andreev bound states and find the currents they carry. Depending on

the chosen gauge, the ABS energies are (for a resonant dot where ey = 0):
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+ "y()a + ’yObe@ +7 ew‘ , non-symmetric gauge
Exps(p, ®) = (4.10)

+ ‘Vanii(p/Q + 701;6@/2 + e’

, Ssymmetric gauge

For example, let us consider a symmetric loop such that g, = Yo, = 70/2. Then with the symmetric

gauge, the ABS energies become

Eaps(p, ®) ==+ ‘%67@/2 + %6@/2 + e’

=+ ’fyo cos(®/2) 4 v, €'

; (4.11)

where we get an effective coupling for the loop, which is vy cos(®/2).
More generally, the effective coupling of the loop is a complex number and the first two terms in

Eq.4.10 can be combined and written as:

0 (®) = 75e ), (4.12)
where
Yob — V0a
tan @ = —— tan(®9/2), (4.13)
Yob + Voa
/ 2 2
Y0(®) = \/ Yoa + Y0b + 2%0aYo0 cOS . (4.14)
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We then have

Eaps(p, ®) = + |90(®) + ye'le @) (4.15)

It is now obvious that as the flux ® is varied, the overall junction phase would have an additional

term a(®). We can define a gauge-invariant phase as

p=p—a(P). (4.16)

Then Eq.4.15 immediately shows that our two-terminal junction with a loop is actually equivalent
to a simple two-terminal junction (Eq.2.61). Except that now one of the contact couplings, 7 (®), is
flux-dependent. Note that in Chapter 2, we assumed 7’s are real. In fact, they can be complex when a
magnetic field is applied and time reversal symmetry is broken. In this example, the flux adds an extra

+i® /2

phase factor e to the loop «y’s. However, in the calculation this phase factor is incorporated as a

shift of the superconducting phase and we still have real 7.

4.3.2  Quartet in three-terminal junction with a loop

Now let us move on to the simple dot model for our actual device, a three-terminal Josephson junction
with aloop. As shown in figure 4.15, there are four contact couplings in total, 7y , 7, for the first two
terminals and g, Yo for the loop.

The superconducting phase of the loop is chosen to be the reference, while the other two terminals
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Figure 4.15: Three-terminal junction with a loop. 7’s are the couplings between the superconducting leads and
the normal island.

S and Sy have the phase 1 and 9, respectively. Then the ABS energies in the proximitized region

(consider a resonant dot) are written as

° . .
Eps(@1,92,®) = £ [Y0a + 00" + 116" + 70 2. (4.17)

Following the same argument carried out for a two-terminal junction with a loop, we now can
express the ABS energies in terms of the original couplings v, , 75 and the effective loop coupling o (P)

along with a gauged quartet phase

Dy = g — 20(®P). (4.18)
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Generally, Eq.4.17 can be rewritten as
Eaps(1, 09, ) = & [10(@) + 1€ Prto0)/2 4 ypelBame)/2) (4.19)

with ¢, the gauged quartet phase and ¢, the running phase introduced in Section 4.1.2.
For simplicity, let us consider again a symmetric junction where the two loop couplings are the
same, Yo, = Yop = Yo/2. By choosing a symmetric gauge, the ABS energies are

Eps(p1, 02, @) = £ ‘%6_@/2 + %6@/2 + 71ewl + 7261%

=4 ‘70 cos(®/2) + vlei@qﬂ%)/2 + 'ygei(‘zf‘p")ﬂ‘ ) (4.20)

This shows that for quartets existing in a three-terminal Josephson junction with a loop, the bound
state is formed the same way as in a three-terminal junction without a loop. The difference is that the
Hamiltonian is now responsive to the magnetic flux. As shown in figure 4.16, our device is equivalent
to a simple three-terminal junction but with one of the contact couplings tunable by the flux ®. This

provides an additional aspect to probe the system experimentally.
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Figure 4.16: Three-terminal junction with a loop is equivalent to three-terminal junction with no loop but
having one of the contact couplings dependent on ®.

4.4 ADIABATIC APPROXIMATION: EFFECTIVE ANDREEV BOUND STATE

In the beginning of this chapter, we showed that the ABS energies (¢, ;) in a quartet system
are two-dimensional manifolds (figure 4.5), of which the running phase ¢,. is winding in time with a
velocity 4eV/h. Having V' = 0" means that ¢, is changing extremely slowly. One can therefore use
the adiabatic approximation to average out the running phase and obtain an “effective” ABS energy

for the non-equilibrium three-terminal junction. In the resonant dot model for our three-terminal
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Figure 4.17: Atlow V/, ¢, has slow and smooth variation in time. By averaging over the whole period of ¢,., we
get an effective ABS (£ 4 g5) depending only on @, resembling the single junction ABS at equilibrium.

junction with a loop (Eq.4.19), the averaged energies read

<EABS(&q7 (I))>
1 4

:EO

1 4
=— [ d
47T \/0\ SOT‘

At zero flux, the effective ABS energies for quartets are the same as those of an equilibrium Joseph-

Yoa + %beiq) + ’7162'@‘#%)/2 + ’7261.(%7%)/2‘ (4.21)

dey

’76(‘13)€ia(q>) + ,ylei(ﬁzq‘i‘%)/? + ’yzei@q_WT)/z‘ ) (4.22)

son junction, depending only on a single phase variable . At non-zero magnetic field, the flux ®

comes into play via the effective coupling v)(®).

The adiabatic quartet current in the loop can then be acquired from taking derivative of (E 4 gg)

with respect to the phase of the loop, or with respect to the quartet phase ¢, /2. Taking its maximum
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value provides the adiabatic quartet critical current:

0(E
Iq,adiab = _26<a§qug> (4.23)
0(E
ch,adiab = ManZq [_26%?] . (4.24)

Ly adiab (14 for short) is the important experimental observable which reflects the landscape of
the effective ABS spectrum. Therefore, our goal is to inspect how the quartet current in the device is
modulated as other experimental knobs are tuned. For the rest of this section, we use the simple dot

model to demonstrate how the ABS energies are engineered by the contact couplings and gate voltage,

resulting in the evolution of ,.(®).

4.4.1 Engineering the effective ABS via contact couplings

To start with, we fix the first two superconducting leads to have couplings to the dot with y; = 0.1
and 75 = 0.3 (sce figure 4.18 top panel). Another condition is that the sum of the loop couplings
Yoa + Yoo = 1. By varying 7, we find that the second harmonic appears in I, as a function of ®
when the loop contacts are nearly symmetric. In the regime of strong asymmetry between 7y, and
Yobs 1gc(® = ) is found to be larger than [,,.(® = 0). If we increase the coupling of the second lead

to be much stronger than the first lead (figure 4.18 bottom panel with vy = 0.1, 75 = 0.9), then we

always find maximum I, at ® = 0.
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Figure 4.18: I,,.(®) for different combinations of contact couplings. Top: the second harmonic appears when
the loop is nearly symmetric. Bottom: strong asymmetry between the first and second lead. Maximum value of

To further see how we can extract information on the ABS spectrum from I, (®), let us consider a
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symmetric loop (the green curve with yp, = 0.45 in figure 4.18 top panel). The maximum I, occurs
around ® = 0.747m while the minimum is at ® = 7. The corresponding ABS spectra (before the
adiabatic approximation of averaging over ¢,.) are illustrated in figure 4.19. Since the critical current
is proportional to the derivative of the energy (Eq.4.23), one can see that at ® = 0.74m, the Andreev

gap is at its minimum and the intense deformation in the proximity of the closing point results in the




Energy
Energy

Figure 4.19: For a nearly symmetric loop, the contact couplings are fixed at (V1,7V2,Y0as Yob) =
(0.1,0.3,0.45,0.54). Left: ABS spectrum at ® = 0.747 generates the maximum I with the Andreev gap
closing. Right: ABS spectrum at & = 7 has minimal variation and generates minimum 7, .

large critical current. On the contrary, at ® = T, there is always a sizable Andreev gap throughout the
whole spectrum. The reduced modulation amplitude in the manifolds explains the why the critical

current is small.

4.4.2  Engineering the effective ABS via gate

In our device, another knob to tune the system is the gating of graphene. The applied gate voltage
changes the chemical potential of the graphene channel region. Also, the gate voltage can change
the density of graphene underneath Al contacts, modulating the couplings between graphene and

the superconductors. In the simple dot model, the gating effect can be incorporated by changing the
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single-level dot energy € in Eq.2.60:

2

Eaps = i\/E(Q) + | Z%‘ei%
;

For certain combinations of the contact couplingsy’s, I, (®) behaves in distinct manners for differ-
ent values of €. For example, we can fix the couplings to be (71, ¥2, Yoa: Yop) = (0.1,0.3,0.7,0.3)
and calculate the critical current I as a function of € and the flux ®. The result is shown in figure
4.20 as a color plot and its vertical linecuts at different values of £y. When we have a resonant dot
(€9 = 0), the critical current has maximum value (peak) at ® = 7. But as the dot energy is increased,
the peak starts to split into two and gradually turns into a dip (minimum) at ® = 7. The transition
I,.(®) undergoes is clearly shown in the linecuts.

qc

GATE DEPENDENCE DATA

The gating effect in the toy-model can be compared to our experimental results. At different backgate
voltages we fix the bias voltage V applied on the junction to be the same and then measure the quartet
conductance while sweeping magnetic field. Putting all the G(®) curves from measurements with
different values of backgate together (figure 4.21), we see a similar evolution to that of the dot model
(figure 4.20 bottom panel). At certain gate voltage (V;, ~ 10,30 V for example), G(®) exhibits
O/ as the dominant period. In between these gate voltages, G(®) exhibits ® /2P, periodicity. In

spite of the simplicity, the dot model still captures the essence of quartet physics and is consistent with
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I for 7¢s= (0.1, 0.3, 0.7, 0.3)
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Figure 4.20: Simulated critical current with the contact couplings fixed at (v, 72, %0a: Yob) =
(0.1,0.3,0.7,0.3). Top panel: I, as a function of the dot energy £ and the flux (®). Bottom panel: ver-
tical linecuts of the color plot, I,.(®) at different values of €. The peaks at half flux (® = 7) gradually evolve

into dips as ¢ increases.
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Figure 4.21: Measured quartet conductance (G) as a function of magnetic flux, (B - A)/®, for different
backgate voltages. B is the applied field, A is the area enclosed by the device loop and @ is the superconducting
magnetic flux quantum. G'; (®) is proportional to I,.(®), which is calculated and shown in figure 4.20. The
second harmonic appears at certain gate voltages.
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Vy=-V

Figure 4.22: Conventional three-terminal quartet process. The process is immune to disorder in the proximi-
tized region.

the experimental data. The modulated periodicity of G(®) is closely related to the appearance of

different types of quartet process involving the loop electrodes that we will discuss in the next section.

4.5 DIFFERENT TYPES OF QUARTET PROCESS

In this section, we consider spatially distributed quartet procedure in the superconducting electrodes.
As shown in figure 4.22, for a simple three-terminal junction, the entangled Cooper pairs are trans-
ferred into the grounded terminal while the Andreev reflected hole/electron will trace the time-reversed
path of its partner and form the nonlocal supercurrent. Therefore, this process is immune to disor-
der in the proximitized region. This is the type of quartet process that has already been observed

in the previous experiments with three-terminal Josephson junctions based on disordered metal and
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nanowire.””*° In our device, one of the terminals is split into two contacts to form a loop, enabling
phase control to probe the quartet state. One may wonder if any new phenomenon would rise from
this special setup. For instance, since both contacts of the loop are at the same potential, is there any
difference between them from the Cooper pairs’ perspective? In this section, we will first discuss the
conventional quartet process when there are four contacts and then present a new process that appears

exclusively in our device.

4.s.1  Conventional quartet process

Adding another contact to the grounded lead means that the two entangled Cooper pairs now have
two choices to enter the grounded terminal. The same process as in figure 4.22 can now take place
with the Cooper pairs transferred together into either contact Sy, or Sy, as illustrated in figure 4.23.

To further inspect the flux dependence of the supercurrent carried by these conventional quartets,
we consider the phase at each contact. As shown in figure 4.23, the phases between the two loop
contacts differ by the flux ®. Every time an Andreev reflection occurs, the reflected quasiparticle will
pick up the phase of the superconducting lead. In the conventional quartet process, the two Andreev
reflections both happen at the same contact, meaning there will be another factor of 2 in the phase

factor that the particles acquire:

612800 at Soa (425)

2P0t ®) 5 Sop- (4.26)
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Figure 4.23: Conventional quartet among four contacts. Either Sy, or Sy, of the loop participates the process.
At Sy, contact, the Andreev process takes place twice (the dotted line represents electron-hole conversion).

It is clear that if there is only process (1) or only process (2) in the system, the situation is the same
as having quartet in a simple three-terminal junction and hence the quartet current would not have
any flux dependence. On the other hand, if both (1) and (2) exist at the same time, the situation is no
longer trivial due to the interference between the two processes. Let us consider the adiabatic quartet

current and critical current that are defined in the previous section by Eq.4.23, 4.24:

0 <EABS((Eqa (I))>
&Téq

O (Eaps(£4:®))
3@(1

Iq,adiab = —2e

ch,adiab = Maxcﬁq —2e
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When @ = 7, atlead Sy, we have the phase factor

ei(2<P0+27T) _ 6i2900’ (4.27)

which is the same as the phase factor when ® = 0. This means that the observables such as the quartet

critical current would have the relation:

hence having a periodicity of 7 in flux.

4.5.2 Split quartet process

The second type of process will not survive if there is disorder in the normal island, since the butterfly-
like trajectory (figure 4.24) does not retrace itself and will be averaged out. It is given the name “split
quartets” since the entangled Cooper pairs are separated into the two contacts of the grounded loop.

Following the same analysis, the phase factor of this process is

o t®) (4.29)

without a factor of 2 since each contact would only experience a single Andreev reflection. Therefore,

the quartet current has a periodicity of 27 in flux. We should note that at ® = 7, the current has
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Figure 4.24: Split quartet process among four contacts, which involves both Sy, and S, in one cycle. But at
each lead, there is only a single Andreev process (one dotted line).

the opposite sign but the same magnitude as the current at ® = 0. It implies that the critical current
measured at ® = 0 and ® = 7 would be identical because it is defined as the maximum absolute

value of the current.

4.5.3 Interference and flux dependence of 7,

Even though microscopically we can describe the difference between the conventional process and
the split quartets, experimentally we cannot distinguish them by measuring I,.(®) since the critical
current is always positive and they both will show the same periodicity of 7r. This is when interference

comes to the rescue. Interestingly, with the three quartet processes (two conventional and one split)
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happening simultaneously in the device and interfere with each other, the periodicity of the critical
current in flux becomes 27.

As shown earlier, what we measure in experiment is the differential conductance in the junction
G = dI/dV, which is proportional to the quartet critical current /.. In the previous section figure
4.21shows the gate dependence of the quartet conductance as a function of flux. While for some of the
gate voltages, the periodicity indeed is one flux quantum (with the area enclosed by the loop). Now
we know it is not as trivial or straightforward as it may seem since it implies the presence of the split
quartets. More precisely, there is interference among the conventional quartets and the split quartets.
For some gate voltages, the periodicity becomes half flux quantum, indicating the absence of the split
quartet. Since different types of quartet process depend on the coupling strength of each contact, it
makes sense that we can modulate the occurrence of these processes in the system with gate voltage.
This observation expands the richness of our three-terminal Josephson junction with a loop.

In summary, in a three-terminal Josephson junction Andreev bound states can be formed in the
context of quartet, which consists of four entangled electrons and carries nonlocal supercurrents. For
the first time, quartet is observed in a 2D system, our graphene-based multi-terminal Josephson junc-
tion. Furthermore, the device design with a loop enables phase control over the system and therefore
unveils the existence of a new type of quartet process, the split quartet. We also discussed the adiabatic
approximation that is valid when the bias voltage V' is in the 07 limit. The calculation from a simple
dot model is consistent with the gate dependence experimental data, suggesting that we can modulate
the effective Andreev bound states via backgate. In the next chapter, we will march into the finite

voltage regime, in which the running phase ¢, plays a critical role for the dynamics of the system.
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Emergence of the Floquet Spectrum

SO FAR, WE HAVE LEARNED ABOUT THE QUARTET SYSTEM, which in principle has a time-dependent
Hamiltonian due to the applied voltage bias. As shown in figure s.1, the original pair of Andreev
bound states is dynamically evolving in time along ,.. When the variation is infinitely slow, the system

is in the adiabatic regime and will always stay in the ground state without any transitions to the excited
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Figure 5.1: Time-dependent Andreev bound states for a quartet process in the adiabatic regime at fixed .
There is no transition between the two levels; the system stays in the initial state.

state. This is the regime we focused on in the previous chapter: when the control voltage V' is in the
07 limit and much smaller than the gap at any given quartet phase g> we can find the effective energy
spectrum and current near equilibrium by averaging over the running phase ¢,..

Experimentally, itis rather difficult to observe the quartet in this adiabatic regime because it is always
overshadowed by the two terminal Josephson currents, as marked in figure 5.2, which shows the V; —
Vj scan in the quartet measurement. When we move to the region where the quartet is distinguishable
from the other supercurrents, we are in the finite voltage regime and the dynamics of the running phase

must be taken into account:

o, (t) = o1 — oo +4eVi/h. (s.1)
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Figure s.2: In the V] — V5 scan of the quartet measurement, the V' = 0t region is the area enclosed by the white
dotted line. This is the region where the quartets are in the adiabatic regime, but they are also overshadowed by
the Josephson currents.

5.1 LANDAU-ZENER TRANSITION

In the dynamical Andreev bound states there are non-adiabatic effects due to the voltage V. Therefore,
it is useful to recap the Landau-Zener transition.* As shown in figure 5.3, when the spectrum is vary-
ing in time with non-zero velocity, v, transitions between the two Andreev levels may occur around
an avoided crossing (when the gap between the two Andreev levels is at minimum, i.e., the Andreev

gap Ain). If we assume the system is initially in the lower Andreev level, then the Landau-Zener

108



Ejgs A

@ (time)

Figure 5.3: Andreev bound states as a function of ¢,.(t). Landau-Zener transitions between the two states
happen at avoided crossings.

formula gives us the probability of finding the system in the upper level:

A
P= —2wd), 6 = —. .
exp (— 28), 5= (52
where v is how fast the spectrum is varying. It is proportional to the voltage V:
dE dE dp, 4eV [ dE
dt dp, dt h  \dyp,

While figure 5.3 depicts the non-adiabatic effect caused by the voltage V, it does not provide a com-
plete picture of the quartets at finite V. Since the energy spectrum is periodic in ¢,., we now have
a time-periodic problem to solve. In the next section, we will take a look at a few examples of other

periodically-driven systems before getting back to our quartet system.
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5.2 DRIVEN TWO-LEVEL SYSTEMS

A quote from J. J. Sakurai in the text book Modern Quantum Mechanics: “In fact, it is amusing to see
that as many as four Noble Prizes in physics have been awarded to those who exploited time-dependent
two-state systems of some form.””

In contrast to time-independent quantum theory, it is very rare to have exactly solvable quantum
systems that are time-dependent. In 1937, I. I. Rabi studied nuclei with 1/2-spin interacting with a cir-
cularly polarized magnetic field, ** which is a classic example of a driven two-level system. Consider an
atom in which an electron can only be in the ground state or excited state with an oscillating electro-
magnetic field applied to it. By switching to the rotating frame, the fast oscillating term in the Hamil-
tonian quickly averages out and can be neglected. This is the so-called rotating wave approximation
(RWA). One finds that when the driving frequency corresponds to an energy close to the energy gap
between the two levels, the probability of finding the atom in the ground and excited state oscillates
in time, which is known as the Rabi-oscillation.

In Chapter 2 we discussed the DC Josephson eftect and how a dissipationless supercureent can flow
through an SNS junction without any applied voltage. In the simplest weak link, when the channel

is shorter than the superconducting coherence length, a pair of Andreev bound states that carry op-

posite directions of supercurrents forms in the proximitized region. This pair of Andreev states is a

*Rabi (1994) on molecular beams and nuclear magnetic resonance; Bloch and Purcell (1952) on magnetic
field in atomic nuclei and nuclear magnetic moments; Townes, Basov, and Prochorov (1964) on masers, lasers,
and quantum optics; Kastler (1966) on optical pumping.
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realization of a two-level system with well characterized parameters.

The ground state, where only the lower Andreev level is occupied, has been probed through mea-
surements of the current-phase relation. ** It is also of great interest to probe the excited state. Via
quasiparticle tunneling spectroscopy, excitations of the excited state created by adding or removing an
electron from the lower Andreev level have been observed.’”” More recently, microwave spectroscopy
has shown coherent control of Andreev bound states with resonant excitation by microwaves. 2334

Besides probing directly the transitions between the Andreev levels, modulation of the current flow-
ing in the junction has been studied as well. Experimentally, one can control the occupation of the
supercurrent-carrying states through non-equilibrium quasiparticle injection such that the direction
of the supercurrent may even be reversed.” f Regarding ballistic transport, there are a few theoretical
investigations on how microwave irradiation can modify the equilibrium Josephson current drasti-
cally, 57

If the strength of the driving field used to induce transition is significantly smaller than the natural
transition and the frequency is close to the transition frequency, the system would go through Rabi
oscillations between the two energy eigenstates. This scenario can be well described by the rotating
wave approximation (RWA)** with sinusoidal oscillations. However, in the strong driving regime,
the dynamics becomes very complex containing several frequency components and the RWA breaks

dOWIl 59,60,61

TEven though this experiment was done with mesoscopic diffusive metal, in which the Andreev bound
states are not the natural concept to describe the supercurrent, there are still supercurrent-carrying states in
the normal metal. The total supercurrent also depends on the occupation of these states, analogous to the
occupation of Andreev bound states in a ballistic system.
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While the microwave scenario gives us some intuition about our quartet system, the periodic driv-
ing originates from the running phase ,.(f) and hence is intrinsic to the junction; the strength of
this perturbation is comparable to the energy scale of the system’s intrinsic dynamics and we are no
longer in the weak driving limit. Therefore, a different theoretical approach is needed. This is where
Floquet theory comes in. Its application provides a general framework that can be used to solve the

periodically-driven systems in all regimes.

5.3 FLOQUET THEOREM: BLocH’S THEOREM IN TIME

“When I started to think about it, I felt that the main problem was to explain how the electrons could
sneak by all the ions in a metal.... By straight Fourier analysis I found to my delight that the wave differed
from the plane wave of free electrons only by a periodic modulation.”**

This is a remark of the Swiss physicist Felix Bloch (1929) that highlights the difference between
free electrons and those in a crystal. The wave function he found, known as a Bloch wave, is used to
describe electrons in a periodic potential and can be written in the form of an exponential plane wave

multiplied by a periodic function:

Ur(r) = e* T u(r), (5.4)

where 7 is position and uy, (1) is the periodic function with the same periodicity as the crystal lattice.
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Unlike a particle in a constant potential where its momentum is conserved, for a particle in a periodic
potential the momentum is no longer well-defined. The parameter K, called quasi-momentum (or
crystal momentum), is a vector that behaves similarly to the momentum and is conserved. Due to the
periodic potential, the quasi-momentum is also periodic. Therefore, we only need to pay attention to
the first Brillouin zone, which is sufficient to describe all of the Bloch states without redundancy.

In 1883 a French mathematician, Gaston Floquet, already derived a form of solution for periodic
differential equations.” Bloch theorem is just an implementation of that solution in the condensed
matter setting. The Floquet theorem has found widespread relevance for the study of periodically-
driven quantum systems. Such systems are described by a time-periodic Hamiltonian H (t) = H (t +
T'), where T is the oscillation period. The corresponding time-dependent Shrédinger equation allows

solutions of a specific form similar to the Bloch waves:

U, () = e e (1) (5:5)

These are the Floquet states, in which @, (¢) is the Floquet mode and has the same periodicity as the
Hamiltonian. Instead of quasi-momentum, the Floquet states are labelled with quasi-energy €. One
can easily see how the time periodicity here replaces the spatial periodicity in Bloch’s theorem. This is
why the Floquet theorem is often referred to as the counterpart of Bloch’s theorem in time.

Using the Floquet ansatz (Eq.s.5) one can reduce time-dependent Schrédinger equations to an effec-
tive time-independent problem, but in an enlarged Hilbert space. The resulting number of distinct

solutions depends on the dimension of the original Hilbert space. The extra set of solutions com-
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ing from the enlarged Hilbert space does not give any additional information and describes the same
physical states. Just as in solid state physics we focus only on the first Brillouin zone, there is a “Floquet-
Brillouin zone” for the quasi-energy £y < € < g + Awy, in which all the physics of the time-periodic

system is captured. Here, wy = 27 /T is the frequency associated with the periodic driving.

5.4 FORMATION OF FLOQUET LADDERS

Now let us go back to our quartet system. Recall that in the simple dot model for a three-terminal

Josephson junction the coupling between the electron and hole states is

I'= ’7062% + e 4 e’ (5.6)

With finite V' = V| = —V%, this coupling is modified to be

I = 7€ + 7,710 + ype’?2e 0, (5.7)

where wy = 2eV/h is the Josephson frequency.
Since the original Hilbert space is two-dimensional and the wavefunction W(t) is represented by a
two-component spinor (U, (t), ¥y, (t)), by applying the Floquet theorem we get two quasi-energies

and their replicas translated by nfwwy, where n is an integer. This replicated spectrum is referred to
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as a set of ladders. Same as in the previous section, we will not go into the detailed equations now.
Interested readers can find the Floquet dot model in Appendix C. In the following subsections, we
will build up these Floquet ladders with a classical approximation first, and then consider the quan-
tum mechanics. Note that the Floquet ladders, Floquet levels, and Floquet spectrum will be used
interchangeably. Usually “levels” are used when we talk about the two rungs of the ladders in the first
Floquet-Brillouin zone, and “spectrum” is used when we talk about the Floquet energy as a function

all parameters (pg, V, @).

s.4.1 Classical ladders

Figure 5.4 (a) shows thatinthe V' = 0 limit, one can average over the the running phase to obtain the
effective time-independent Andreev bound states (£ 4 gg). This was discussed in Chapter 4. Once V'
is switched on, the Hamiltonian becomes time-periodic. By applying the Floquet theorem, the pair
of effective Andreev levels emanates into infinite replica, forming two ladders as depicted in figure 5.4
(b).

While the energies are 27 periodic in the phases of the superconducting leads o1, 9, they are 47
periodicin the running phase ¢, = 1 — 9 (Eq.4.22). Therefore, the driving frequency of the system

is the same as the Josephson frequency

wo = 2eV/h. (5.8)
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(b) Classical approximation: (c) Landau-Zener transition
(gap opening at resonances):
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Figure s.4: Formation of the Floquet ladders. (a) The adiabatic approximation gives us the effective Andreev
bound states (E 4 pg) by averaging over the running phase ¢,.. (b) As V enters the finite regime, the pair of
effective ABS, I/, and F/_ will emanate into infinite replica due to the time-periodic driving induced by the
running phase ¢,.. The driving frequency is wy = 2eV/fi and the spacing between the rungs in each ladder
is fuwg = 2eV. In the first Floquet-Brillouin zone, the classical ladders have level crossings when V' = E/en.
(c) Landau-Zener transitions between the original Andreev levels are triggered by the driving, opening Floquet
gaps at resonances. The final form of Floquet ladders is completed.

The spacing between the rungs is given by

AFE = hwy = 2€V, (5.9)

which is tunable by the control voltage V' (indeed, V' determines how fast the system is running along

¢,.). Figure 5.4 (b) shows the two unperturbed ladders (blue and red) from the classical approximation.
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s.4.2 Landau-Zener tunneling at resonances

These classical ladders have level crossings at (consider the first Floquet-Brillouin zone only):
E, =FE +2neV, wheren &N (5.10)

Ey_ denote the upper and lower effective Andreev bound states and since £, = —FE_ = F, the

resonant condition is found to be:

V =

FE
— (5.11)
en

Due to quantum correlations and the Landau-Zener transitions between the two levels discussed
in the Section 5.1, the crossings turn into avoided-crossings. The gap opening at the resonances results
in the final form of the Floquet ladders, as illustrated in figure 5.4 (c).

As we emphasized earlier, the infinite number of rungs arise from the translational symmetry in
time just as the repeated Brillouin zones arise from the translational symmetry in space. Therefore,
despite the infinite number of the energy levels, the reciprocated energies can all be reduced into the

first Floquet-Brillouin zone, where our interest lies.
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5.4.3 Construction of three-dimensional Floquet spectrum

We have explained the formation of Floquet ladders for a fixed value of control voltage V, which
determines the distance between the rungs. One can imagine that when V' is changing, we have these
ladders extended in another dimension as the spacing between the rungs is altered. If figure 5.4 (b)
is the “front view” (as a function of quartet phase) of the classical ladders, then the “sideview” (as a
function of V') is shown in figure s.s. Because of the resonant condition (Eq.s.11), one can see clearly
the linear periodic resonances when the Floquet energies are plotted as a function of 1/V, as shown
in the bottom panel of figure s.s.

Let us not forget that in our device we have an additional parameter, the flux ® threaded through
theloop. Aswe discussed at the end of the previous chapter, varying the flux ® results in a modification
of the effective Andreev bound states, which are the building blocks of our Floquet ladders. Therefore,
when we apply a different magnetic field, a new set of Floquet manifolds will be generated.

With all the tuning parameters in the quartet mode when it is set out-of-equilibrium, we possess a
three-dimensional Floquet spectrum Epyyqyet (94, V, @) that can be dynamically controlled. In the

next section, we will demonstrate how the Floquet spectrum can be experimentally probed.
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Figure s.5: Calculated classical Floquet ladders along V' when the quartet phase ¢, is chosen to be .1 (without
the consideration of Landau-Zener (LZ) transition). Blue and red denote that the origins of the replica are the
lower (£/_) and upper (£, ) effective Andreev levels, respectively. The crossing points are where the resonances
are. Top: as a function of V. Bottom: as a function of 1/V.
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Figure 5.6: Measured quartet conductance Gy as a function of the control voltage V', which is proportional to

I,.(V). Alocal minimum at V™" is observed and is crucial for the probing of the Floquet spectrum.

5.5 PROBING THE FLOQUET SPECTRUM

In our experiment, we have two knobs that can directly tune the Floquet spectrum. The first is the
bias voltage V', which controls the driving frequency and hence the spacing between the rungs in the
Floquet ladders. The second is the flux ® threaded through the device loop. It changes the effective
loop coupling v)(®) and hence the effective Andreev bound states, which are the building blocks of

the Floquet ladders.

s.5.1  Evolution of Floquet levels along V'

Figure 5.6 shows the quartet conductance Gy (= d1;/dV 4 ) we measure in experiment, as a function

of the control voltage V. A local minimum around V' = 5.8 11V is observed. This dip is crucial in
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probing the Floquet spectrum since it indicates where an avoided crossing is. In this subsection we will

lay out the connection between the Floquet spectrum in theory and the experimental measurement.

Figure 5.7 (a) shows how the Floquet levels as a function of ¢, evolve as the voltage V' is tuned and

(b) shows the corresponding calculated quartet current 1. ¢

*

q 1s where I, has its maximum value, i.e.,

the quartet critical current /.. The color code blue and red represent populated and empty levels, re-

spectively. Note that the levels originate from the two effective Andreev levels that carry supercurrents

of opposite directions. Four regions of V" are discussed:

@

(1)

(I1I)

When 2eV is smaller than the Andreev gap A,,,;,, there is no coupling between the two levels

and the quartet current is the same as that near equilibrium.

As 2eV exceeds A,,;,,, Floquet gaps open near resonances. The hybridization between the
levels and mixing of states result in a drop in the net current, which further affect the value of

@Z and I ,.

With even larger voltage V' = V™, the resonances take place at the original @, denting the

peak in . The quartet critical current I, thereby reaches a minimum.

When 2eV is increased to be greater than the largest gap between the two levels, there is no
more hybridization. Both the levels and the current recover to the case near equilibrium. In
this stage, the two levels may look like the Andreev bound states in a ferromagnetic Josephson
m-junction. But remember only two rungs of the ladders are shown in the figure. The full set
of ladders is composed of infinite rungs and therefore stage (IV) is actually the same as stage
(I); it is not a -junction.
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Figure 5.7: (a)(b) Evolution of the Floquet levels and quartet current as functions of ¢, at different values of V.
I: When V is small such that 2eV < A,;,,, the two levels are not yet coupled. The lower level is fully occupied
(blue) while the upper level is empty (red). The maximum quartet critical current occurs at g, = @; II: When
2eV exceeds the Andreev gap A,,;,,, the two levels start to hybridize. Due to Landau-Zener transitions, gaps
open at the level crossings. At these avoided crossings, both hybridized levels are populated (blue-red gradient).
Since the upper and lower levels carry quartet supercurrents of opposite directions, the mixing of states causes
strong modulation of the quartet current-phase relation, resulting in the shift of @, and decrease in I,,.. III:
As V is increased to V", the modulation of I,(@,) is even stronger and I, reaches a minimum. IV: When
2eV is greater than the largest gap between the two levels, there is no longer resonant coupling and the near
equilibrium situation is resumed. (c) The quartet critical current I, has a local minimum at V()1 qcina
large range of V' can have multiple minima. (e) The minima of /. in (d) correspond to the avoided crossings
(indicated by the black arrows) in the Floquet ladders along V.
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By collecting the maximum values of the quartet current at each V, one can see how the quartet
critical current I, changes as a function of V' in figure 5.7 (c). In fact, in a large range of V, there
can be multiple minima in [, as shown in (d). Figure 5.7 (e) shows the Floquet ladders plotted as a
function of V. The avoided crossings (indicated by the black arrows) in the ladders correspond to the
dips in I.. Therefore, the observation of a local minimum in the quartet conductance measured as
a function of V' (figure 5.6) not only shows where an avoided crossing in the Floquet spectrum is, its

vicinity also reflects the evolution of the ladders.

5.5.2  Flux dependence of the Floquet spectrum

What we see in figure 5.6 and figure 5.7 is only an avoided crossing and the ladder evolution along V/
at a specific value of flux. Now let us tune this second knob, ®. Figure 5.8 demonstrates that as the
flux is varied, the position of the avoided crossing (V') shifts accordingly. After ® is changed by one
flux quantum, V™ returns to the original value.

Figure 5.9 shows the 2D color plot of the measured quartet conductance G as a function of V and
magnetic field. While the zig-zag pattern illustrates how V™ shifts upon changing the flux, one can
also look at this data from another perspective: how Gy (®), which is proportional to I,,.(®), evolves

as a function of V.
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Figure 5.8: Quartet conductance as a function of V' at different values of flux. The black and red dots labelled
with I, IL, III, IV correspond to the different architecture of the Floquet ladders as depicted in figure 5.7. The
red dot V¥, where the avoided crossing in the Floquet spectrum is, shifts as the flux is varied. After increasing
the flux by one flux quantum, V™ returns to its original position.
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Figure s.9: Color plot of quartet conductance as a function of V' and magnetic field. The zig-zag pattern is due
to the sifting of avoided crossing (V*) as the flux is varied, showing how the Floquet spectrum is tuned by the
magnetic field.
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Figure s.10: Quartet conductance as a function of flux at different values of 'V, which is another perspective
to understand how the Floquet spectrum can be modulated. When the bias voltage V' is around 5.5 1V, the
conductance have minima at zero and integer values of flux. As V increases, these minima gradually evolve into
maxima, suggesting the system at zero flux is moving away from an avoided crossing.
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This perspective is shown by vertical linecuts of the 2D plot, as plotted in figure s.10. Starting
from the bottom of the figure, when V' is around 5.5 4V, there is conductance minima at zero and
integer values of flux. As V' increases, the driving frequency increases and these minima gradually
develop into maxima. In between, they go through a stage in which there is the second harmonic
in the quartet conductance. This is similar to in the adiabatic limit we discussed in Section 4.5; the
Floquet quartet process can also be modulated by V' via controlling the interference between split
quartets and conventional quartets.

In conclusion, under the specific voltage configuration V; = —V5 = V, the quartet Andreev
bound states is created. As V/ is increased above the 07 limit, the running phase ¢, serves as an in-
trinsic driving field that is time-periodic. In the framework of Floquet theory, we show how the three-
dimensional Floquet spectrum is established as a function of the quartet phase ¢, the control voltage
V and the flux ® threaded through the device loop. More importantly, this Floquet spectrum can be
experimentally probed and modulated via V' and ®. In the last section, we will discuss how this type
of device provides a potential platform for engineering an Andreev spectrum that may exhibit exotic

topological states.

5.6 OuTLOOK: A PLATFORM FOR EXPLORING ToPOLOGY

As mentioned earlier, multi-terminal Josephson junctions have gained growing attention in recent

years. This attention is tied to the quest for topological quantum phases and the fact that materi-
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als with intrinsic topological properties are rare in nature. So far, much of the progress in the search
for topological materials has relied on combining different materials in order to obtain the required
band structure and the quality of these crystals is demanding. Therefore, alternative routes have been
proposed to create artificial topological materials, even in non-electronic systems such as in ultra-cold
atoms. Recently, several theoretical studies have shown that in superconducting systems the three-

. . 132533,34535,36
dimensional Andreev bound states can host Weyl nodes, 0?3353

analogous to those in a Weyl
semimetal. ®* This opens up a new realm of study for artificial topological materials.
In this section, the parallel between band theory and superconductivity is addressed followed by

several examples of how we may explore the topology of Andreev bound states in future experiments

with multi-terminal Josephson junctions.

5.6.1  Superconductivity and band theory

One can draw an analogy between superconductivity and band theory. Figure s.1x shows the band
structure of a 2D graphene in the tight-binding model and the ABS spectrum of a three-terminal
Josephson junction; there is a striking similarity with the crystal momenta k,, k,, corresponding to
the superconducting phases (1, ¢9. This can be generalized to an n-terminal Josephson junction
with (n — 1) independent superconducting phases. The junction energy spectrum is thus in (n — 1)
dimensions. As these 27-periodic superconducting phases play the role of crystal momenta, the ABS
spectrum becomes the analogue of the electronic dispersion of a crystal with (n — 1) dimensions. In

other words, one can create an artificial crystal with arbitrary dimensions, depending on the number
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Figure s.11: The band structure of a 2D material, e.g.graphene (left) and Andreev bound state spectrum of a
three-terminal Josephson junction (right) are the analogues of each other with the crystal momenta k; and su-

perconducting phases ; are playing the same role.

of superconducting leads in the device. A more detailed parallel between band theory and supercon-

ductivity is in Table 5.1.

5.6.2  Weyl nodes in three-dimensional ABS spectrum

In Chapter 2 we showed that Andreev bound states of a two-terminal Josephson junction can only
have zero energy if the transmission coefficient is unity (7 = 1) and at ¢ = . Therefore, in practice
there is always a finite gap in the spectrum. But the story is different for an n-terminal junction (n > 2).
For example in a four-terminal Josephson junction or in our device (a three terminal junction with a
loop) there are three independent phase variables. Depending on the details of the Josephson junction
such as the scattering matrix in the normal region and the contact transparency to the superconducting

leads, the ABS spectrum can be engineered to host zero-energy states, i.c., the Weyl singularities. With
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Band theory Superconductivity

n-dimensional crystal (n+1)-terminal Josephson junction
(27 /a)-periodic wave-vector k; 27-periodic superconducting phase ¢;
position in real space (z,, ) number of Cooper pairs transmitted (N)

Transferring Cooper pairs between normal

Hopping between neighboring sites region and superconducting leads

Electric field dk/dt = —eF Josephson relation dy/dt = 2eV /R

Table s.1: Analogy between band theory and superconductivity. o

additional degree of freedom in the superconducting phases, one can sweep through the spectrum
and tune the system to the topologically nontrivial phase.” In figure 5.12 we show that for a certain
combination of the contact couplings s in the simple dot model (introduced in section 2.4.2), the
gapped spectrum E(¢7, 5) can be tuned to a gapless one as the third phase 3 is adjusted.

The Chern number C'5 of the ABS levels can be computed by integrating the Berry curvature B
over the phases ¢y 9. As Sy is biased with a very small voltage compared to the superconducting gap,

eV, < A, the current flowing into Sy is

Opy  2eV,
[(t)=——=——2¢e —= B here—= = . .
1(1) € 12, where ot 7 (5.12)

The first term is just the adiabatic current, and the second term is the first-order correction in the
phase velocity governed by the Berry curvature. When the two terminals Sy, S5 are biased with in-
commensurate voltages V7, V5, the two phases sweep uniformly the effective Brillouin zone of the

ABS spectrum. Therefore, the adiabatic current is averaged to zero and the Berry curvature is replaced
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Figure s.12: In a simple dot model for four-terminal Josephson junction, the gapped ABS spectrum at o3 = 0
becomes gapless at 3 = 7 with a given set of contact couplings. The zero-energy states are the Weyl singulari-

ties, analogous to the Weyl nodes in the band structure of Weyl semimetals.
by its averaged value. The DC current becomes linear in the voltage

4¢*V.
2 (5.13)

I = —
! h

Cho.

Since I and V; are connected through the transconductance Gy 9, it can then be defined by the Chern
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number:*

4¢*

G12 = —7012- (5-14)

Eq.s.14 suggests that the nonlocal transconductance is expected to be quantized in the topological
regime in the presence of Weyl points. Experimentally an ABS spectrum with Weyl singularities may
be realized through precise gate control at each superconducting contact so that fine tuning of v’s is
possible. The challenge lies in the small subgap voltages required for the measurements. Nevertheless,
a multi-terminal Josephson junction is another type of system that can host topological states and is

more accessible since one does not need topologically-nontrivial materials.

5.6.3 Floquet topological insulators

In the quartet measurement, we are already out of the adiabatic regime. Therefore, to think beyond
our current experiment, we may turn our attention to the topology of driven systems. It has been
suggested that robust topological phenomena may be generated by dynamical engineering. For ex-
ample, the Bloch bands in atomic or electronic systems can be manipulated with periodic driving. *°
By choosing the appropriate driving frequency and amplitude, topological phases can be induced in

67,68,6 . o .
7°%% This band engineering is similar to the construction of Floquet

topologically trivial systems.
ladders in our system as shown in figure 5.13: when the photon energy of the driving field exceeds

the band gap, there is resonant coupling at certain crystal momentum between the valence band and
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Figure 5.13: Left: in a solid, the valence band (blue) and conduction band (red) are resonantly coupled when the
photon energy Aw of the driving field exceeds the band gap. Right: gaps open at the resonances, forming the
Floquet bands.

the conduction band. The driving field induces a Rabi-like splitting between the two bands, thereby
opening a Floquet gap. The main challenge for progress in this direction is stabilizing a stationary state
in such an non-equilibrium system. Recently, theoretical studies have investigated how to accomplish
this task in the presence of a dissipative environment, 7° which is also encouraging for the realization
of a Floquet topological state in biased multi-terminal Josephson junctions with more sophisticated

device design and measurement.
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Device Fabrication

In this appendix, the simple stamp preparation and the inverted stacking method that I used for all the
devices in this thesis are described. Regarding the general transfer technique, the details and recipes

can be found in the theses of my fellow lab mates who are the true masters of stacking. 772
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A.1  STAMP PREPARATION

The stamp we use is based on polypropylene carbonate (PPC), which has a glass transition temperature
between 25 and 45°C. When PPC is heated to above 45°C, it begins to melt, becoming liquid-like.
Typically, we contact the flake with PPC at 60°C and then cool down to 30°C to pick up the flake
from the SiO4 substrate.

The structure of the stamp used for transfer is shown in figure A.1. On a glass slide, we first put a
cube of homemade polydimethylsiloxane (PDMS). The purpose is to create a moldable gel to support
the PPC film. The 3M scotch tape is used to secure the PPC film on top of the gel and glass slide. The
side view shows that the PPC film form a dome shape, which makes it easier to control the contact
area between PPC and the substrate so that only the target flake would be picked up. The tape is also

important for the inverted stacking technique, which is introduced in the next section.

A.2 INVERTED STACKING

In the standard stacking technique, we pick up the flakes one by one starting from the top layer and
the last step is to drop the stack onto the bottom layer. However, an ultra thin flake, monolayer hBN
or MoS, for instance, is very difficult to be picked up by PPC. Even if the thin flake is picked up, it is

difficult to align in the next step since it is transparent and almost invisible on PPC. Another scenario
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3M scoth tape

glass slide

Figure A.1: PPC stamp. The PPC film forms a dome shape due to the PDMS underneath it, making it easy to
pick up the target flake.

where the standard technique is not ideal is if we need a very clean top surface. This is why the devices
in this thesis were all done with the so-called inverted stacking technique.

We start by picking up the bottom layer (thick hBN), then monolayer graphene, and (if needed) the
top monolayer hBN/MoS,. Afterwards come the key steps of inverted stacking are shown in figure
A.2. (a)(b): with steady hands, we peel off the scotch tape from the glass slide along with the PPC film
holding the van der Waals stack. (c): then we drop the PPC film on a new and clean SiO, substrate with
the stack facing up. By heating the substrate slowly to 120°C, the PPC film will melt on the substrate
and will easily detach from the scotch tape. (d): we will end up with the stack on the melting PPC on
the substrate. The final step is to put the substrate into the vacuum chamber and anneal at 350°C for
15-20 minutes, which is sufficient to get rid of all the PPC. This leaves the stack sitting directly on the

substate, with a clean top surface that has never been in contact with PPC.
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Figure A.2: Inverted stacking: (a)(b) peel off the PPC film along with the van der Waals stack from the glass
slide using the 3M scotch tape. (c) put the PPC film down on a clean, new SiOy substrate and heat slowly to
120°C. (d) at 120°C, it is easy to detach the scotch tape from the melting PPC, leaving the stack on PPC on the
substrate. The final step is to vacuum anneal the substrate.
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Measurements

This appendix discusses the details of measurements in a three-terminal Josephson junction, including

current bias/voltage bias method, as well as the circuit for quartet detection.
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Figure B.i: Three-terminal Josephson junction measurement with the dual current source. The leads Sy, S5
each are biased with a small AC excitation current d/=20 nA and a DC bias I},;,, ; ( = 1, 2) up to 3 pA while
the loop Sy is grounded. The differential voltage drop across the two junctions are measured: dV; for S — Sy,
and dV5 for Sy — Sgp.

B.r CURRENT BiAs MEASUREMENT IN A THREE-TERMINAL JUNCTION

In Chapter 4, we presented the quartet data with the dual voltage bias measurement. In this section,
we discuss the data from the dual current source measurement and why voltage biasing is favored,
even crucial for detecting the quartet. It is then followed by the details of the dual voltage source
measurement we performed in the quartet experiment.

As shown in figure B.1, in the three-terminal Josephson junction the current bias method contains

two current sources, each having a small AC excitation current d/=20 nA and a DC bias I3, ; (1 =
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1,2) up to 3 itA. They are injected into the device from leads Sy and S5, respectively while the loop
Sy is grounded. The two lock-in amplifiers are set to non-commensurate frequencies at 87 Hz and
113 Hz in order to measure the differential voltages dV between S — Sy and dV; between Sy — Sy,
respectively.

Figure B.2 shows the data acquired from the dual current source measurement. Left panel (a): the
differential resistance dV/ /dI as a function of the two bias currents Ij;q5 1 and Ij;qs 2. One can see
clearly that there are the usual Josephson currents flowing between any pair of contacts: (i) Sy — S}
(ii) S — S9 and (iii) S; — S5. However, there is no sign of other supercurrent. In order to create
the bound state for quartet, one needs to fix the potential of the three terminals to be (V, -V, 0).
Therefore, we need to convert the bias currents to bias voltages to locate where Viqs 1 = —Viigs 2
is. In principle, with dV/dI (Iy;,), one can obtain dV'/dI(V};,) via integration. However, we now
have two current sources and the 2D integration is not trivial in this case. Instead, we use digital
multimeters to measure directly the DC voltage drop across the junctions for V3,5 1 and V4 2. The
differential resistance dV; /dI is plotted as a function of the two DC bias voltages in figure B.2 (b).
Despite the noise, the Josephson currents (i)(ii)(iii) can still be observed after the conversion. But
there is no no hint of quartet current along Vy;q5 1 = —Vpigs 2. Since the quartet current is rather
small compared to the Josephson current, it is extremely difficult to extract the quartet signal from

such a voltage bias plot from a current bias measurement.
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Figure B.2: Three-terminal Josephson junction measured with the dual current source method. a: differential

resistance dV /dI as a function of the two bias currents. b: the two axes are bias voltages measured with digital
multimeters.
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B.2

B2

VOLTAGE B1As MEASUREMENT IN A THREE-TERMINAL JUNCTION

Voltage bias measurement for an ideal junction

Let us start with an ideal Josephson junction with V' — I curve that is shown in figure B.3. The red

sinusoidal symbol represents the AC excitation dV'.

Blue dots: when Vj;,s = 0, the radical change in current between I = I, and I = —1I_ can

be detected, resulting in a value proportional to 21, in the measured d /dV:

dl Al
— =—— x2-1. (B.x)
dvily. o AV

Red dot: as Vj;,, is increased to a small positive value V,, but smaller than Vi, there is no

variation in the current and hence dI = 0. This is the point that reflects where I, is; therefore

we call it V..

Purple dot: when V¢ is increased to the switching voltage Vi, there is a change in I because

the junction is switching to its normal state, therefore dI /dV is no longer zero.

4. Green dots: finally, as V. is even larger than Vi, dI /dV shows the normal state conductance.
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Figure B.3: Voltage bias measurement for an ideal Josephson junction. The red sinusoidal symbol represents
the AC excitation dV'. At zero bias (the blue dots), the radical change from —1. to I, results in the measured
dI/dV proportional to 21... At the red dot, there is no variation in current, corresponding to dI/dV = 0.
With even larger bias (green dots), the value of dI /dV reflects the normal state conductance of the junction.
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Figure B.4: (a) Two-terminal voltage bias circuit. (b) an ideal V' — I curve. (c) V' — I curve of the quartet
junction in our circuit. The red sinusoidal symbol represents the AC excitation dV'. Aslong as the excitation is
chosen correctly, we are still able to detect the abrupt change at I = I, on top of the slope.

B.2.2 V' — I curve of the junction in quartet circuit

Let us consider a two-terminal Josephson junction for now and the voltage bias measurements scheme

is shown in figure B.4 (a). This is also the circuit used for characterizing our three-terminal Josephson
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junction (with one of the terminals floating). Due the resistance of RC' filter, R, we effectively

have a junction (in the red box) with resistance

RJJ+2'RR0, (BZ)

where R ; ; is the Josephson junction resistance and R;; = 0 for I < I.. Therefore, as opposed to
the standard V' — I curve in figure B.4 (b), we have a slope when V};,s < Vj as shown in figure B.4

(c). Aslong as the AC excitation (the red sinusoidal symbol)

dV > 2Vp = 21, - 2Rpe, (B3)

we are able to detect the abrupt change at I = I on top of the slope.

B.2.3  Comparison between current bias and voltage bias

In figure B.s, current bias (a)(b) and voltage bias (c)(d) measurements are compared. In the current
bias measurement, as shown in subfigure (a), the red sinusoidal symbol represents the AC excitation
dI. Atzero current bias, one would not detect any variation in voltage, resulting in zero dV" and hence
zero dV/dI when Iy, < I.. (In this example, due to some small wire resistance, dV/dI does not go
to zero completely). As Iy, is increased to where I, is, the AC excitation will detect the steep change
in I — V curve that corresponds to a sharp peak in dV'/d1.

For the voltage bias case, the Josephson supercurrent is probed indirectly through the shape of
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Figure B.s: Comparison between current (a)(b) and voltage (c)(d) bias measurement. The blue dots detect the
variationat ] = I inboth cases. In the voltage bias scheme, the red dots are before the junction becomes normal
and can be considered as the detection of ... The purple dots are when the junction is when the junction just
turns into normal.

the conductance, following the four points in Vj,;,s we went through in the previous section. In the
subfigure (c), the V' — I curve is shown, which is the same as in figure B.4 (c). Similar concept is
implemented, where the red sinusoidal symbol represents the AC excitation dV'. The difference from

current bias is now even at zero voltage bias, the small AC excitation can sense the drastic change in

V —Icurveat] = I and I = —I. The corresponding differential conductance dI/dV/, the blue
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dot in subfigure (d), is proportional to 21, as discussed earlier.

In summary, the height of the conductance peak at zero voltage bias reflects the magnitude of the
critical current I... The actual value of I, can be deduced from the width of the peak; more precisely,
the dip at V.. Note that in the voltage bias scheme, the Josephson junction is current biased when
Viias < Ve. Once Vi, exceeds V., the junction will become truly voltage biased. We will have an

explicit sample in the next section.

B.2.4 Voltage bias measurement for quartet detection

Figure B.6 is the circuit of the dual voltage source setup used for the detection of quartets. Under-
standing how the circuit works is non-trivial and therefore warrants a detailed explanation. To best

describe how it works, we can decompose the circuit into four parts.

1. DC bias voltages at S7 and S,

The leads Sy and Sy are biased with DC voltages V; and V5 through a voltage divider and an RC
filter. In our measurements, V; (7=1, 2) goes up to 15 V. The voltage divider divides the voltage by 10!
and reduces the bias voltage to a maximum of 1.5 mV. This reduced voltage is then fed through two
RC filters and the junctions of interest. Therefore, the actual voltage applied on each junction Sy — 5;
is given by:

_ Ry,
RJJ+2'RRO+T

Viiasi = Vi - 107 (B.4)
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Figure B.6: Rpcac and 1 are the components of voltage divider for the DC/AC bias voltages. Rpc is the
resistance of the RC filter. The red path goes from potential dV; to the ground, and along the way there are
four resistances: Rrc, Ry, Rpo,andr.

2. AC excitation applied to the loop

The loop of the device remains grounded at all times but on top of this DC ground, we apply a
small AC excitation (V1) in the range of 0.25-0.3 V. Like the other leads, this lead also has a voltage
divider followed by an RC filter. The voltage divider for the loop divides the AC excitation by 10°
(not 104) and we denote the actual excitation for the junction to be

_ Ry,
RJ(]—FQ'RRc—FT’

dV =Vae-107° (B.s)
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3. AC current flowing from S} and S,
In order to detect the quartet current, we measure the conductance at the biased leads Sy and 5.
As shown in the circuit, we use lock-in amplifier to measure the potential dV; and dV,. The AC

currents flowing from Sy and S5 are then given by

dI; = dV;/r, wherei=1,2. (B.6)

Therefore, the conductance at each lead is

dI,/dV = dV;/(r - dV), (B7)

where 7 is chosen to be 10 €2 in the experiment and dV is the actual AC excitation applied on the

junction given in Eq.B.s.

4. Actual DC voltage applied on the junction

To estimate the actual DC voltage applied on the junction, let us take a look at an example when
Vo=15V, which s sufficient to switch Sy from superconducting state to normal state. We then measure
dV from the lock-in amplifier as a function of DC bias V7, as shown in figure B.7. The peak near zero
bias is the signal from Josephson current between S and S;. As explained in the previous section, the
red dot (V,=1.95 V) can be used to calculate I, and the purple dot (V; =2.85 V) is where the normal

state is switched on.
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x10° Josephson signal

Figure B.7: The measured voltage dV; as a function of V; taken at Vo= 15 V. The peak near zero bias comes
from the Josephson signal between S; and Sy. The red dotis at V,=1.95 V and the purple dotis at V = 2.85 V.

Based on the bias regime, we can estimate the actual applied voltage in two ways. When we are
outside of the supercurrent regime (for example, at V;=15 V), our junction becomes normal and the
normal resistance R ;;(I > 1) is around 8o €2, based on the current bias measurement. Then the

actual DC voltage applied on the junction is (Eq.B.4):

_ R
Vi . =V,-10"*. JJ
bias,1 1 RJJ+2'RRC+T
_ 80
—15-107%. — > — 250 uV. B.8
80 + 400 + 10 H (B.8)

And the voltage V; (the purple dot) = 2.85 V converts to V jyncrion=46 £V, which is comparable to
the value one finds in the current bias measurement.

The other regime is where Vy;,s < V. and R;; becomes zero. For the junction there is an AC



current defined as

dv dv
Lo = = (B.9)
A9 Row  2-Rpo+r
3 uv
= ——— =~ T7TnA B.
3200510 (B.10)
and a DC current defined as
Vi dVv
Ipc = = (B.xx)
be Rtotal 2 RRC’ +r
= L (B.r2)
2-200+ 10

This effectively is the same as the current bias measurement scheme. So we can estimate our critical

current from V, (the red dot):

I,=V,-107%/(2 - Rpe +7) (B.13)

= 1.95-10"%/410 = 0.47 pA,

which is also consistent with the current bias data.
Another way to estimate the voltage applied on the junction is through calculation from the circuit.

The conductance measured at S is:

' Ry,
RJJ+2'RRC+T

dI,/dV =dVy/(r-dV) =dVy/(r - Vac -107° ). (Bui4)
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Figure B.8: After conversion, the Josephson signal is plotted as a function of the voltage applied on the junction
vaias, 1

One can then obtain R since R is the inverse of dI; /dV. By plugging R ; ; into Eq.B.4

Ry

Vi, . =V,-107%. 7
bias,l = "1 Ry;+2-Rpo+r

we can estimate the actual voltage applied across the junction. Figure B.8 shows the Josephson signal
after conversion, as a function of V44 1. In the next section we will discuss how to read our quartet

signal from the Josephson perspective in the voltage bias measurement.
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Figure B.g: The quartet signal as a function of V};,, 1. The width is about 28 11V, which corresponds to a
quartet critical current [, ~ 8.4 nA.

B.3  QUARTET SUPERCURRENT

In our experiment, based on a generalization of the RSJ] model, the quartet current (non-equilibrium)
can be mapped onto a standard Josephson current (near equilibrium). ** Therefore, the width of the
quartet signal measures the order of magnitude of the quartet Josephson energy £, and quartet critical

current I .. Figure B.g shows the quartet signal as a function of V3,4 1. According to

hi
E,~ —< ~ 28 peV, (B.1s)
2e

the quartet critical current I, in our experiment is estimated to be ~ 8.4 nA. Note that same as in the
Josephson case we showed earlier, the height of the quartet conductance peak is proportional to 27,

and serves as an important observable in the quartet experiment.
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Floquet Formalism

This appendix discusses the application of Floquet theory on how to deal with a time-periodic prob-

lem and a toy-model for the quartet system is given.
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C.i FLOQUET THEOREM

Given a quantum system and a periodic Hamiltonian H (t + T = H(t), the Schrédinger equation

takes the form (h = 1):

iU (t) = H(t)W(t), (C.x)

where W(t) = %—‘f The Floquet theorem states that there exists a set of pseudo-energies €, and

periodic functions @, (t + T') = ®,,(t) such that the solutions are:

U, (1) = e =t (). (C2)

The function ®, (t) obeys the Schrédinger equation:
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with wy = 27/T and H (t) are operators in the physical Hilbert space. This yields the secular equa-

tion for the wavefunctions ®,,.:

(nWO - €a>(I)noc + Z Hn—mq)ma =0. (CS)

This shows that the solution of Eq.C.1 amounts to find the eigenvalues and eigenvectors for a static
Hamiltonian in an extended space, product of the original Hilbert space for H(t) by an infinite di-

mension space spanned by the integers n. The effective Floquet Hamiltonian Hpyis given by:

‘FIFl,nm = ﬁn—m + nwoOpm . (C.6)

Notice that the Floquet energies €, are defined up to a translation by pw with arbitrary p. Therefore,

one will seek the solution in the reduced “Floquet-Brillouin zone”, 0 < ¢ < €, + wy.

C.2 FroQuet THEORY OF THE DoT Toy-MODEL

For a single level dot model, the physical Hilbert space is two-dimensional. Consider electron and hole

states, the Hamiltonian takes the form
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H(t) = eg(did, — d} dy,) + (Cdidy, + h.c.), (C7)

. o it o
where T' = 7.e"7¢ + v, %€ 4 ye'Fre” "0

" when the superconducting leads are biased at
(V,—=V,0) and wy = 2eV is the Josephson frequency.

The original Hilbert space has two dimensions and the wavefunction W (t) is represented by a two-
component spinor (¥, (t), ¥y (t)). For V' = 0, the diagonalization of the static Hamiltonian is

trivial and gives the two symmetric Andreev bound states with wave function ¥ () as we showed

in Chapter 2:

Eaps+(@ape) = L. (C.3)

Applying the Floquet approach in the electron-hole basis yields the solution with

\Ijna(t) = (\Ijn,ea(t)v lI’n,hoe(t)):

(”WO - ga)q)n,ea + ’Ycewcq)n,ha =+ ’Yaewaa (I)nJrl,ha + ’Ybeupb (I)nfl,ha =0 (C9)

(nwo - Ea)q)n,ha + ’Yceiupcq)n,ea + Vaeiupa (I)n—l,ea + ’Ybeiupb <I>n—|—1,ecy = 0. (C'IO)

and only two values of the quasi-energies €, are retained.
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The Flouget Hamiltonian corresponds to a matrix in the enlarged Hilbert space but can be trun-

cated. For example, if the order of the truncation is 2 we have (for a resonant dot £g = 0):

—2wy e 0 e 0 0 0 0 0 0
ve e —2wy e 0 0 0 0 0 0 0
0 1WeP —wy e 0 v.ete 0 0 0 0
e 0 e e —wy e 0 0 0 0 0
) 0 0 0 e ?? 0 €' 0 vaete 0 0
Hp = '
0 0 e e 0 e e 0 e PP 0 0 0
0 0 0 0 0 %™ wy e 0 e’
0 0 0 0 e e 0 ve ey e 0
0 0 0 0 0 0 0 e 2wy e
0 0 0 0 0 0 e @0 oy e 2w,
(Cx)

Using this dot model, figure C.r shows the Floquet energies plotted as a function of the quartet

phase for different values of V.
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Figure C.1: Calculated Floquet levels using the dot toy-model. The energies are plotted as a function of the
quartet phase for different values of V.
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Quartet in Loop-biased Measurement

This appendix contains the data acquired from the quartet measurement with loop-biased configura-
tion. The circuit is shown in figure D.1. It is basically the same as the loop-grounded measurement
in Chapter 4, except that now the loop is biased with a DC voltage with S; grounded. While we
do not have the complete explanation for this set of the data, it may be a useful reference for future

experiments investigating on the nature of quartet.
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Figure D.1: Circuit of quartet measurement when the loop is biased.

Figure D.2 shows the differential conductance as the DC voltage biases V5 and Vj;. The quartet
critical current is rather large compared to that in the loop-grounded measurement. Also, the conduc-
tance between the two biased leads are more asymmetric, while the loop-grounded data shows decent
symmetry. The loop in general has a higher conductance. It is understandable since the loop terminal

has a contact area on graphene more than twice of the other two terminals.
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Figure D.2: V5-V{ scan with the loop-biased configuration
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In the magnetic field dependence data we notice two features. Figure D.3 shows the large range of
magnetic field scan and figure D.4 top panel is the zoom-in scan with —0.9 < B < 0.4 mT. All the
data are taken by sweeping Vj; when V; is fixed at -10 V. First of all, as shown in the bottom panel of
figure D.4, we compare the behavior of the conductance at the two terminals Gy and G as a function
of B. On the left, we fix V[; = V4= -10 V, which is the Josephson current along the +45° line. We find
that the conductance at the two biased terminals are anti-parallel: when Gy is large, G5 is small, and
vice versa. This makes sense since Gy and G5 are the supercurrents flowing in the opposite directions
between S and Sy. On the other hand, the quartet signal has parallel behavior between Gy and G'5;
they increase or decrease synchronously as a function of magnetic field. It manifests the essence of the
quartet: it is a supercurrent that flow from the grounded terminal simultaneously to the other two
terminals that are biased at (+V, —V).

The second feature is period doubling of the quartet current compared to the usual Josephson cur-
rent. This can be seen in the color plots. Figure D.s further shows the linecuts taken at three different
value of V), corresponding to the quartet current (Vy = —V5;), and two Josephson currentsat V) = 0,
Vo = Va. The curves are shifted in y-direction for clarity. While the oscillations of Josephson current
has a period of 6 B =158 1T, which is comparable to what we see in the loop-grounded case (145 1 T),
the oscillations of quartet has a period of § B =315 ;#T. Considering the area enclosed by the device
loop should be the same for both quartet and Josephson currents, it implies that the flux quantum
in the quartet case is h/e instead of h/2e. This is quite counterintuitive and remains a mystery to be

solved in the future.
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Figure D.3: Conductance as a function of V() and magnetic field with the loop-biased configuration. Top panel:
G measured at Sy. Bottom panel: Gy measured at the loop Sj.

164



B (mT)

-10 -5 0 5
Vo (V)
10 ‘ ‘ AntiTparaI[eI Jogephsqn curlrent ‘ ‘ 1.03

1.025 1
1.02 1
1.015 4

(0] (O]

3 3

2 S 1.0 ]

g E

5 5 1.005 4

P4 P4

-04 -03 -0.2 -0.1

L L L L 0.985

01 02 03 04 -04 -03 -0.2 -01

01 02 03 04

0 0
B (mT) B (mT)

Figure D.4: Anti-parallel Josephson currents compared to parallel quartet currents at the two biased terminals.
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Figure D.5: Conductance as a function of magnetic field for comparison between quartet current (Vy = —V53)

and Josephson currents (Vy = 0, V; = V5). The quartet current has a period of 315 T, which is twice of the
period of the Josephson currents.
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