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Superconducting Proximity Eஸfect in Graphene

Abstract

Graphene is a popular candidate when it comes to the study of the superconductivity proximity

eஸfect. However, experiments have mainly been focusing on the transport behavior in two-terminal

Josephson junctions. This dissertation presents unconventional transport experiments which study

aspects of the proximity eஸfect that were previously unexplored. The ஹ஭rst experiment investigates sys-

tematically the graphene (G) - superconductor (S) hybrid systemwith a controllable interfacial barrier

strength. We demonstrate how the Andreev process can be modulated by the magnetic ஹ஭eld and the

carrier density in graphene.

The second study focuses on the multi-terminal S஡G஡S junction with a loop which hosts Andreev

bound states (ABS) in higher dimensions. Under speciஹ஭c voltage conஹ஭gurations, we are able to cap-

ture the elusive quartet– a state composed of four entangled electrons that is responsible for nonlocal

supercurrents. With the Josephson junction biased, the system becomes periodically driven and is

analyzed in the framework of Floquet theory. The associated dynamical energy spectrum can bemod-

iஹ஭ed with gate control and probed via a phase diஸference achieved by ஺ாux threaded through the device

loop. Altogether, we have opened up new possibilities for themanipulation of Andreev bound states,

creating a playground potentially for topological states.
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1
Overview

The superconducting proximity effect was ஹ஭rst observed in 1932 by R. Holm and W. Meiss-

ner 1 and has remained a subject of both theoretical and experimental interest. Over the past few

decades, due to the advancement of nano-fabrication techniques, the hybrid system of superconduc-

tors and semiconductors has garnered much attention and has made big strides towards the under-

2



standing of the superconducting proximity eஸfect. More recently, graphene has been the most widely

used platform for this type of study. The popularity can be attributed to the fact that graphene is

easily accessible and exhibits a wide range of physical phenomena that can interact with superconduc-

tivity. For instance,masslessDirac fermions, a highly correlated hydrodynamical liquid and composite

quasi-particles with fractional charge are some of the many novel physical phenomena that graphene

oஸfers. A hybrid graphene (G)-superconductor (S) system then provides an opportunity to study the

interplay of superconductivity with these exotic entities and hence enables us to tap further into the

highly fascinating and complex world of superconductivity.

But perhaps most importantly is that superconducting contacts can be established on graphene

withhighyield. Unlike the 2DEGpredecessor,GaAs, andunlike other vanderWaalsmaterial, graphene

is simply superiorwhen it comes to the easiness and reliability of havingworking superconducting con-

tacts. In addition, the gate tunable carrier density and carrier types are free experimental knobs that

a hybrid G஡S device comes with and this level of control over an experiment is simply unprecedented.

Despite the intense research,much about superconductivity in hybridG஡S systems remains uncharted.

In this thesis, I will show how we use state-of-art nano-fabrication techniques along with an uncon-

ventional measurement circuitry to uncover unseen aspects of superconductivity in graphene-based

devices.

In Chapter 2, I will introduce the concept of superconducting proximity eஸfect. Basic theoretical

models are described, in order to discuss the microscopic mechanism of a single normal (N) - super-

conductor (S) interface as well as an S஡N஡S sandwich structure. It provides the background knowledge

for the experiments studied in the following chapters.
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In Chapter 3, we present the experimental results in the simplest type of proximity eஸfect devices:

anNS hybrid system, inwhichN and S are graphene and superconductingAl, respectively. As it turns

out, one can get drastically diஸferent superconducting behaviors just from the transparency of the NS

contact. Based on this, we insert diஸferent barrier layers between graphene and Al. By using a van der

Waals material as the barrier layer, the interfaces and contact transparency can be well controlled. We

systematically investigate the properties of Andreev re஺ாection in diஸferent regimes of the transparency

and show how the proximity eஸfect in graphene can be modulated.

In Chapter 4, we move on from N஡S interfaces to three-terminal S஡N஡S junctions. The successive

Andreev re஺ாections atNSboundaries result in the formation ofAndreev bound states that carry super-

current in the proximitized region. In a three-terminal junction, besides local supercurrents that come

from transmitting one Cooper pair, there may also be a phenomenon of two Cooper pairs forming

four correlated electrons that result in nonlocal supercurrents ஺ாowing synchronously among all three

superconducting leads. We explore the details of these unique entangled states, known as the quartets,

and their energy spectra that characterize the proximitized graphene.

Chapter 5 continues the quartet story. While in the previous chapter we only vary the system adia-

batically, in Chapter 5 we go beyond the adiabatic regime. As the dynamics is taken into consideration,

the energy spectra of quartet takes an unexpected turn and evolves into Floquet ladders as in a peri-

odically driven system. We compare the NS hybrid systems with topological materials and discuss the

outlook for future experiments.

Finally, the appendices includedetails of device fabrication,measurement setup, and in-depthmath-

ematical description of the theory behind quartets.
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2
Superconducting Proximity Eஸfect

Superconductivity was discovered in 1911 by H. Kamerlingh Onnes in Leiden as he was mea-

suring the resistivity of mercury. He found that it drops to zero below some critical temperature Tc,

which is the fundamental phenomenon of superconductivity. Since for a metal at low temperatures

T , the resistivity has a T 2 contribution from electron-electron scattering and a T 5 contribution from
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Figure 2.1: When a normal conductor is put in proximity contact to a superconductor, the order parameter |Ψ|
can leak into the normal region.

phonon scattering, the vanishing resistivity at nonzero T indicates that there is a new ground state be-

low Tc. Another fundamental property of superconductivity was found byW.Meissner in 1933. The

so-called Meissner eஸfect is the repulsion of a magnetic ஹ஭eld below Tc, meaning a superconductor is a

perfect diamagnet. In 1950, the theory of superconductivity was introduced by V. L. Ginzburg and L.

Landau with the description of superconducting phase transition from the thermodynamic point of

view. They proposed there is an order parameter |Ψ| characterizing the superconducting state, which

is only nonzero below Tc.

When a normal conductor is brought in close proximity to a superconductor, its properties can be

dramatically changed. The early knowledge about this proximity eஸfect was understood as the leakage

of superconducting order parameter |Ψ| from the superconductor into the normal region as shown

in ஹ஭gure 2.1. Later, a microscopic understanding of the physical mechanism is developed and can be

elegantly described by the Andreev re஺ாection. In this chapter, we will start with a brief introduction
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to the BCS theory and then follow the history that leads to our current understanding of the super-

conducting proximity eஸfect.

2.1 Bardeen-Cooper-Schreiffer (BCS) Theory

The ஹ஭rst truly microscopic theory of superconductivity was published by J. Bardeen, L. N. Cooper,

and R. Schrieஸfer in 1957. 2 The key idea of the starting point in BCS theory is that there is an eஸfec-

tive attraction for electrons near the Fermi surface due to the exchange of phonons. Cooper found

that a single pair of electrons outside the occupied Fermi sea would form a bound state, the so-called

Cooper pairs. But thewhole Fermi surface would be unstable due to the creation of such a pair; unless

every electron at the the Fermi surface becomes bounded into a Cooper pair. How can one express a

many-particle wave function in which all electrons are paired with one another? For this new ground

state, Schrieஸfer wrote down a coherent state with operators that create and annihilate Cooper pairs

centered atR: ϕ†(R) and ϕ(R). Since it is more convenient to work in k-space, we need a uniform

translationally invariant solution. The pair creation operator can be deஹ஭ned by

p̂†k = c†k,↑c
†
−k, (2.1)
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which creates a pair of electrons with opposite spins and zero total crystal momentum. Then the

coherent state many-body wave function that Schrieஸfer proposed can be written as

|ψBCS⟩ =
∏

k

(uk + vkc
†
k,↑c

†
−k,↓) |0⟩ , (2.2)

where |0⟩ is the vacuum state without any electrons and uk, vk are the still-unknown complex coeஸஹ஭-

cients. Normalization requires

⟨ψBCS |ψBCS⟩ =
∏

k

(|uk|
2 + |uk|

2) = 1, (2.3)

which is certainly satisஹ஭ed if we demand |uk|
2 + |uk|

2 = 1 for all k.

The Hamiltonian can be written as

H =
∑

kσ

ξkc
†
kσckσ +

1

N

∑

kk
′
Vkk

′c†k,↑c
†
−k,↓c−k

′
,↓ck′

,↑, (2.4)

where the ஹ஭rst term is just the usual kinetic energy of the electrons, and the second term is due to the

electron-electron interaction with Vkk
′ < 0 near the Fermi surface.

By using the mean-ஹ஭eld approximation the quartic term can be decoupled:

⟨c†k,↑c
†
−k,↓c−k

′
,↓ck′

,↑⟩

≈⟨c†k,↑c
†
−k,↓⟩c−k

′
,↓ck′

,↑ + c†k,↑c
†
−k,↓⟨c−k

′
,↓ck′

,↑⟩ − ⟨c†k,↑c
†
−k,↓⟩⟨c−k

′
,↓ck′

,↑⟩. (2.5)
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We can deஹ஭ne a parameter

∆k := − 1

N

∑

kk
′
Vkk

′⟨c−k
′
,↓ck′

,↑⟩ (2.6)

and

∆∗
k = − 1

N

∑

kk
′
Vkk

′⟨c†
k
′
,↑
c†
−k

′
,↓
⟩. (2.7)

Then the mean-ஹ஭eld BCS Hamiltonian is written as

HBCS =
∑

kσ

ξkc
†
kσckσ −

∑

k

∆∗
kc−k,↓ck,↑ −

∑

k

∆kc
†
k,↑c

†
−k,↓ + const., (2.8)

and we have

HBCS |ψBCS⟩ = EBCS |ψBCS⟩ , (2.9)

where the ground state |ψBCS⟩ is the condensate state and EBCS is the temperature-dependent en-

ergy of the condensate. Note that sinceHBCS contains terms in the form c c and c†c†, the number

of electrons is not conserved, meaning the eigenstates ofHBCS do not have a ஹ஭xed electron number.

Eq.2.6 is known as the BCS gap parameter. In 1959, L. P. Gor’kov demonstrated the derivation

of the Ginzburg-Landau theory from the BCS theory, and showed that the order parameter |Ψ| is

essentially the same as the BCS gap ∆, except for some constant factors. In fact, |Ψ|2 can even be
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identiஹ஭ed as the density of Cooper pairs in the superconductor.

2.2 Bogoliubov-de Gennes (BdG) Formalism

The excitations of the superconductor are broken Cooper pairs states instead of single particle states

like in a normal metal. Since the BCS theory is written in the single particle creation and annihilation

operators speciஹ஭ed by the wave vector k and spin σ, it can become very cumbersome. Based on the

BCS theory, in 1958 N. Bogoliubov developed a mathematical formulation, 3 in which the concept of

coherent mixtures of particles and holes was introduced and these mixed particle-hole excited states

are known as the Bogoliubons. The operators for the Bogoliubons have been generalized by P. G. de

Gennes in order to study layered structures with pair potential that varies in space.4,5 In this descrip-

tion, the momentum operators in k-space have been replaced by ஹ஭eld operators in real space:

HBdG(r) =

⎛

⎜⎜⎝
H0(r) ∆(r)

∆∗(r) −H0(r)

⎞

⎟⎟⎠ , (2.10)

whereH0 is the free-electron Hamiltonian:

H0(r) =
p2

2m
− EF + U(r). (2.11)
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The corresponding Schrödinger equation is

HBdG(r)Ψ(r) = EΨ(r), with Ψ(r) =

⎛

⎜⎜⎝
ψe(r)

ψh(r)

⎞

⎟⎟⎠ , (2.12)

which is called the Bogoliubov-de Gennes equation. ψe(r) and ψh(r) are the electron-like and hole-

like wavefunctions that are coupled via the pair potential ∆(r). If ∆(r) vanishes, Eq.2.12 recovers

the usual single-particle Hamiltonian for uncorrelated electron and hole, as in the case of a normal

conductor.

Quasiparticle density of states

For a homogeneous superconductor, it is convenient to expand the eigenfunctions of the BdG equa-

tion (Eq.2.12) in terms of quasiparticle plane waves:

Ψ(r) =

⎛

⎜⎜⎝
uk

vk

⎞

⎟⎟⎠ eik·r (2.13)

For an isotropic s-wave pairing symmetry, the pair potential can be written as

∆(r) = ∆0e
iϕ, (2.14)

which has no momentum dependence with∆0 > 0 and ϕ the phase of the order parameter.
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Afிer some algebra, we obtain the eigenfunctions

ψ+
k =

⎛

⎜⎜⎝
u0

v0

⎞

⎟⎟⎠ eik·r

ψ−
k =

⎛

⎜⎜⎝
−v∗0

u∗0

⎞

⎟⎟⎠ eik·r (2.15)

with eigenvalues

±Ek = ±
√
∆2

0 + ε2k , (2.16)

where εk is the single-particle energy dispersion:

εk =
!2k2

2m
− EF . (2.17)

The coeஸஹ஭cients of the BdG wavefunctions are

u0 = ei
ϕ
2

√
1

2

(
1 +

ε

Ek

)

v0 = e−iϕ2

√
1

2

(
1− ε

Ek

)
. (2.18)

Eq.2.16 shows that for a real wavevector k,Ek is always larger than the pair potential∆0. In other

words, there are noquasiparticle states for energies below∆0, forming the superconducting gap. More
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explicitly, we can ஹ஭nd the density of states for the Bogoliubov quasiparticlesNs from the dispersion

Ns(E) =
1

N

∑

k

δ(E − Ek) =
1

N

∑

k

(
E −

√
∆2

0 + ε2k

)
. (2.19)

For simplicity, we assume the normal state density of statesNn is constant and equals to that at Fermi

level,N0. Then

Ns(E) =

∫ ∞

−∞
dεNn(EF − ε) δ

(
E −

√
∆2

0 + ε2
)

∼= N0

∫ ∞

−∞
dε δ

(
E −

√
∆2

0 + ε2
)

(2.20)

= N0

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2E√
E

2−∆
2
0

, if |E| > ∆0

0 , if |E| < ∆0.

(2.21)

Note that here the excitation energy E is relative to the Fermi level, so we are counting contributions

from both electron and hole excitations to the density of states at E. It explains why from this deriva-

tion we get a factor of 2 in Ns(E) → 2N0 as ∆0 → 0 . The quasiparticle density of states Ns is

shown in ஹ஭gure 2.2.
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0E

Δ0

-Δ0

N0

Figure 2.2: Quasiparticle density of states for an s-wave superconductor. There are no quasiparticle states for
|E| < ∆0. In order to add or remove a quasiparticle from the ground state, a minimum energy of 2∆0 is
required to overcome the superconducting gap.

2.3 Andreev Reflection at NS Interface

Now that we have theHBdG(r), both U(r) and∆(r) are spatially described. They become useful

for studying what happens when we put a normal conductor (N) next to a superconductor (S).

2.3.1 Andreev re஺ாection

It was already noticed from earlier experiments that the thermal resistance of superconductors in the

intermediate states (which can be viewed as a series of alternating N/S regions) are greatly larger than

the thermal resistance in both the normal and superconducting states. It implies there is a new re-

sistance mechanism that is exclusive to the intermediate states, in which the population of electrons
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decreases as one crosses the boundary between the normal and superconducting regions.6,7 However,

the nature of this type of scattering for electrons at the NS boundary was never clariஹ஭ed until A. F.

Andreev did so by employing the BdG equations in 1964. 8 The process is now widely known as the

Andreev re஺ாection. Since single electronic states are prohibited in the superconducting quasiparticle

energy gap, an electron with energy below the gap is not allowed to enter the superconductor. The

Andreev re஺ாection describes how the electron is coherently re஺ாected as a hole from the NS interface

while a charge of−2e is transferred into the superconductor.

For generality, in the next section we will discuss the model developed by G. E. Blonder, M. Tin-

kham, and T. M. Klapwijk in 1982.9 Same as Andreev’s approach, they use the BdG equations to de-

scribe a hybrid system, but with an arbitrary transparency of the NS interface. From the BTKmodel,

we can show that the Andreev re஺ாection probability is 100% for an ideal interface. Furthermore, this

model includes the contribution of subgap conductance from Andreev re஺ாection and is extremely

useful for experimentalists studying transport through NS junctions.

2.3.2 Blonder-Tinkham-Klapwijk (BTK) model

As shown in ஹ஭gure 2.3, our hybrid system has the NS interface at x = 0: normal region for x < 0 and

superconducting region for x > 0. The pair potential can be written as

∆(x) = Θ(x)∆0e
iϕ, (2.22)

15



Figure 2.3: Normal/superconductor hybrid system.

whereΘ(x) is a step function such thatΘ(x) = 1 for x ≥ 0 andΘ(x) = 0 for x < 0. ∆0e
iϕ is the

complex order parameter in the bulk superconductor. Since the transport properties are determined

in details by the quasiparticle states produced by the interfacial scattering, a potentialHδ(x) at the

NS interface is added in the one-dimensional BdGHamiltonian:

⎛

⎜⎜⎝
− !2

2m
∂
2

∂x
2 − EF +Hδ(x) ∆(x)

∆∗(x) !2
2m

∂
2

∂x
2 + EF −Hδ(x)

⎞

⎟⎟⎠

⎛

⎜⎜⎝
u(x)

v(x)

⎞

⎟⎟⎠ = E

⎛

⎜⎜⎝
u(x)

v(x)

⎞

⎟⎟⎠ . (2.23)

For a given energy, Eq.2.23 allows two electron waves and two hole waves in N region (x < 0):

ψe
± =

⎛

⎜⎜⎝
1

0

⎞

⎟⎟⎠ e±iqex and ψh
± =

⎛

⎜⎜⎝
0

1

⎞

⎟⎟⎠ e±iqhx (2.24)
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Figure 2.4: Energy vs momentum at NS interface with diஸferent types of quasiparticle wave.

Similarly, there can be two electron-like and two hole-like quasiparticle waves in S region (x > 0):

ψe
± =

⎛

⎜⎜⎝
u0 e

iϕ/2

v0 e
−iϕ/2

⎞

⎟⎟⎠ e±ikex and ψh
± =

⎛

⎜⎜⎝
v0 e

iϕ/2

u0 e
−iϕ/2

⎞

⎟⎟⎠ e±ikhx (2.25)

where

qe,h =

√
2m (EF ± E)

! (2.26)

ke,h =

√
2m

(
EF ±

√
E2 −∆2

)

! (2.27)

and the coeஸஹ஭cients are

u0 =
√
1− v20 =

√√√√√1

2

⎛

⎝1 +

√

1−
(
∆0

E

)2
⎞

⎠ (2.28)
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Diஸferent types of quasiparticle wave are illustrated in ஹ஭gure 2.4, where the arrows point in the

direction of the group velocity. Note that when themomenta of electron and hole have the same sign,

they are actually waves going towards the opposite directions.

Solving the scattering problem

For an electron in N that is impinging the NS interface (illustrated in ஹ஭gure 2.5), we have:

1. an incident plane wave

2. a re஺ாected wave consisting of an electron part due to elastic scattering and a hole part due to

interaction with the superconductor

3. a transmitted wave going into the superconductor

They can be written as

ψinc =

⎛

⎜⎜⎝
1

0

⎞

⎟⎟⎠ e+iqex (2.29)

ψrefl = ree

⎛

⎜⎜⎝
1

0

⎞

⎟⎟⎠ e−iqex + rhe

⎛

⎜⎜⎝
0

1

⎞

⎟⎟⎠ e+iqhx (2.30)

ψtrans = tee

⎛

⎜⎜⎝
u0 e

iϕ/2

v0 e
−iϕ/2

⎞

⎟⎟⎠ e+ikex + the

⎛

⎜⎜⎝
v0 e

iϕ/2

u0 e
−iϕ/2

⎞

⎟⎟⎠ e−ikhx, (2.31)
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Figure 2.5: Scattering process at NS interface.

The wavefunctions describing the system are:

ψN = ψinc + ψrefl, in N (x < 0) (2.32)

ψS = ψtrans , in S (x > 0) (2.33)

The scattering amplitudesree, rhe, tee, the canbedetermined through the givenboundary conditions.

The continuity of wavefunctions at x = 0 requires:

ψN (0) = ψS(0). (2.34)

And in view of the δ-function potential we have:

!
2m

[
ψ′
S(0) − ψ′

N (0)
]
= Hψ(0) (2.35)

with ψ′
S,N the spatial derivatives.
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Then byworking out the algebra, we ஹ஭nd the amplitude (for convenience, γ = u20+(u20−v20)Z
2)

and hence the probability of all four processes:

rhe =
u0v0
γ

e−iϕ (2.36)

ree =
(v20 − u20) (Z

2 + iZ)

γ
(2.37)

tee =
u0

√
u20 − v20 (1− iZ)

γ
e−iϕ/2 (2.38)

the =
iv0

√
u20 − v20 Z

γ
e−iϕ/2, (2.39)

whereZ is a new dimensionless parameter deஹ஭ned as

Z ≡ H

!vF
. (2.40)

Importance of the parameterZ

Note that for any real interface with diஸferentmaterials having diஸferent Fermi-momenta, there will be

an electronic mismatch. When we determine the amplitudes in Eq.2.36-2.39, it is assumed the Fermi

velocities are the same for N and S with the Andreev approximation:

E,∆0 ≪ EF . (2.41)
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Andreev noticed the curious feature of hole retrore஺ாection, i.e., momentum conservation that is

absent in normal re஺ாection. However, without the condition Eq.2.41, the Andreev re஺ாection is a per-

fect retrore஺ாection only for electrons incident at the Fermi energy. When the energy is above the Fermi

energy, the incident electron (EF + E, kF + δk/2) and the re஺ாected hole (EF − E, kF − δk/2)

have diஸferent wavelengths. The mismatch δk = 2E/!vF is linear in energy and can be absorbed by

the adjustableZ in the BTKmodel.

Obviously, in anormal conductor (∆0 = 0), wehaveu0 = 1, v0 = 0; theprobabilities |rhe|
2 , |the|

2

both vanish, leaving

|ree|
2 =

Z2

1 + Z2 , probability of normal state re஺ாection (2.42)

|tee|
2 =

1

1 + Z2 , probability of normal state transmission. (2.43)

So now it is clear that Z can be understood as the strength of the interface barrier. For Z = 0, we

have a perfectly transparent interface with perfect normal state transmission |tee|
2 = 1. For Z ≫ 1,

we have an opaque interface with very low transmission.
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Figure 2.6: Sketch of Andreev re஺ாection.

Andreev reflection for an ideal NS interface

In the case of perfectly transparent interface (Z = 0), the amplitude of the process having an electron

re஺ாected as a hole becomes

rhe =
v0
u0

e−iϕ = e−iχ =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

e−iϕ(E−sgn(E)
√

E
2−∆

2
0

∆0
) , |E| > ∆0

e−iϕ(E−i
√

E
2−∆

2
0

∆0
) , |E| < ∆0

(2.44)

χ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕ , E < −∆0

ϕ+ arccos
(

E
∆0

)
; , |E| < ∆0

ϕ+ π , E > ∆0

(2.45)

22



0

0.2

0.4

0.6

0.8

1

E
0 Δ0-Δ0

P(
h 

  e
)

φ+π/2

φ+π

φ

Ph
as

e(
h 

  e
)

E
0 Δ0-Δ0

Figure 2.7: Energy-dependent phase and probability (P (h → e) = |rhe|
2) of Andreev re஺ாection for an ideal

interface (Z = 0).

where u0, v0 are given in Eq.2.28.

Themost important property of proximity eஸfect is phase coherence. We now can see from rhe that

the Andreev re஺ாected hole has a phase shifிχwith respect to the incident electron, as illustrated in the

lefி panel of ஹ஭gure 2.7. It carries not only the information of the superconductor (via the macroscopic

phase ϕ), but also of the incident electron (via the energy-dependent phase).

The right panel of ஹ஭gure 2.7 shows the probability of Andreev re஺ாection as a function of the en-

ergy of the incident electron. For a transparent interface, an injected electron with energies above the

superconducting gap has ஹ஭nite probability (though dropping rather fast) to be transmitted into the

superconductor. But with energies below the gap, Andreev re஺ாection must happen and it converts a

dissipative current in the normal conductor into a dissipationless supercurrent in the superconductor.
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2.3.3 Tunneling conductance through NS junction

BTK continues on to discuss the transport properties of NS junction. For a system with normal elec-

trodes (denoted byL andR), the Landauer-Büttiker expression for single channel current is

I =
2e

h

∫
dE |tee|

2 (fL(E)− fR(E))

=
2e

h

∫
dE

(
1− |ree|

2
)
(fL(E)− fR(E)) (2.46)

In the case ofNS junctionwith one normal electrode and one superconducting electrode, theAndreev

re஺ாection increases the total current by transferring a charge of 2e into the S side. So the formula

should become (at zero temperature):

I =
2e

h

∫ eV

0
dE

(
1− |ree(E)|2 + |rhe(E)|2

)
, (2.47)

where we have set the chemical potential of the leads to be

µL = EF + eV, µR = EF (V > 0). (2.48)
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Note that the voltageV is small such that ree, rhe are evaluated at the Fermi energy. The conductance

through the NS junction is then

GNS =
dI

dV
=

2e2

h

(
1− |ree(eV )|2 + |rhe(eV )|2

)
(2.49)

=
2e2

h

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2∆
2
0

(eV )
2
+(1+2Z

2
)
2
(∆

2
0−(eV )

2
)
, eV < ∆0

2eV

eV+(1+2Z
2
)
√

(eV )
2−∆

2
0

, eV > ∆0.

(2.50)

If the voltage is much greater than the superconducting gap (eV ≫ ∆0), we obtain the normal

conductance

GNN =
2e2

h

1

1 + Z2 . (2.51)

To get a better physical intuition, let us consider a perfect interface where Z = 0. Then we have

|rhe|
2 = 1 and |ree|

2 = 0. For the subgap regime eV < ∆0, conductance through the NS junction

becomes twice of the normal conductance:

GNS =
4e2

h
= 2 GNN . (2.52)

BTK model is useful as a guidance for ஹ஭nding the transparency of an NS interface from the trans-

port properties. Figure 2.8 shows the normalized conductance (GNS/GNN ) as a function of the bias

voltage for a few diஸferent values of the parameterZ , which represents the barrier strength. InChapter
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Figure 2.8: Normalized conductance across theNS junctionwith diஸferent interface transparencyZ . Top panel:
for Z=0, the interface is perfectly transparent and the conductance is doubled inside the gap compared to the
normal conductance. ForZ=0.4, there is still conductance enhancement inside the gap. Bottom panel: asZ is
increased to 2.0, the NS junction enters the tunneling regime. There is conductance suppression inside the gap.
ForZ=5.0, the contact is opaque. The tunneling conductance inside the gap almost reaches zero, similar to the
scenario of probing the quasiparticle density of states in a superconductor (ஹ஭gure 2.2).

3 we will compare the experimental results to these subஹ஭gures and decide diஸferent interface regimes

the devices fall into.
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Figure 2.9: Formation of Andreev bound states originates from the successive Andrrev re஺ாections at the two
NS interfaces.

2.4 Andreev Bound States in SNS Junctions

In the previous section we discussed one NS interface, where an excitation with energy above Fermi

level (an electron) is re஺ாected as a hole with energy below Fermi level, and vice versa. Now let us

consider a normal conductor that is sandwiched between two superconductors, i.e., an SNS junction.

As a result of the successive Andreev re஺ாections from both NS interfaces, the excitation will carry out

periodic motions as shown in ஹ஭gure 2.9: being an electron for half of the time and a hole for the other.

Standing waves form in the normal region and lead to the quantization of the excitation energy levels.

This is the problem solved byAndreev 10 in 1966 and the excitations are known as the “Andreev bound

states” (ABS).
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This quantization implies coherence between the phases of the two superconductors and hence

throughout the entire SNS junction. Just a few years earlier, in 1962, based on quantum mechanical

tunneling of electrons through a barrier layer, B. D. Josephson predicted that a zero-voltage current

can ஺ாow between two superconductors through a thin insulator, driven by the phase diஸference across

the junction. The is known as the DC Josephson eஸfect, a general feature of two superconductors

that are connected by any weak link (besides an insulator as Josephson envisioned, it can also be a

normal metal or a point contact). In the early 1970s, the importance of ABSwas already recognized in

connection to the DC Josephson eஸfect in long SNS junctions 11 (where the junction lengthL is longer

than the superconducting coherence length ξ0 = !vF /∆0). However, it was only till the 1990s that

these supercurrent-carrying states are demonstrated to play a central role in Josephson junctions with

point contacts and tunnel junctions. 12,13 The complete solution of scattering theory can be found in

Beenakker’swork, 14with scatteringmatrices constructed for thenormal region andAndreev re஺ாection.

The determinant equation giving ABS energies is still widely used in the study of NS hybrid systems.

For our purpose, we will only focus on the case where L < ξ0. Now let us follow the similar steps as

in the previous section so we can ஹ஭nd the wave functions and energy levels in a short SNS junction .

2.4.1 Scattering picture

We start with the same BdG equation (Eq.2.23) but instead of an NS interface, we now have a short

SNS junction. Itmeans that the normal region is thin andwe consider it having inஹ஭nitesimal thickness.

28



The pair potential is then described as

∆(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∆0 e
iϕL , x < 0

∆0 e
iϕR , x > 0

(2.53)

We are interested in the state below the energy gap andwe already know that forE < ∆0, thewave

function in S has to decay exponentially and can be written as (same as ψtrans in the superconductor

in Eq.2.31)

ψS =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

tLee

⎛

⎜⎜⎝
u0 e

iϕL/2

v0 e
−iϕL/2

⎞

⎟⎟⎠ e−ikex + tLhe

⎛

⎜⎜⎝
v0 e

iϕL/2

u0 e
−iϕL/2

⎞

⎟⎟⎠ e+ikhx , x < 0

tRee

⎛

⎜⎜⎝
u0 e

iϕR/2

v0 e
−iϕR/2

⎞

⎟⎟⎠ e+ikex + tRhe

⎛

⎜⎜⎝
v0 e

iϕR/2

u0 e
−iϕR/2

⎞

⎟⎟⎠ e−ikhx , x > 0

(2.54)

Again, the coeஸஹ஭cients tLee, t
L
he, t

R
ee, t

R
he are determined from the boundary conditions at x = 0:

ψS(0
−) = ψS(0

+) and
!
2m

[
ψ′
S(0)− ψ′

S(0)
]
= HψS(0) (2.55)

Using the Andreev approximation (E,∆0 ≪ EF and hence ke ≈ kh ≈ kF ), we ஹ஭nd
13

E = ±∆0

√
cos2(ϕ/2) + Z2

1 + Z2 , (2.56)
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Figure 2.10: Energy of the Andreev bound states as a function of the superconducting phase across the junction.

whereϕ = ϕR−ϕL. By denoting the normal state transmission probability |tee|
2 as τ and using the

relation Eq.2.43, we arrive at the expression of Andreev levels for short junctions

EABS = ±∆0

√
1− τ sin2(ϕ/2). (2.57)

Figure 2.10 shows the energy dispersion of the Andreev bound states as a function ofϕ, the supercon-

ducting phase across the junction.
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2.4.2 Inஹ஭nite-gap dot model

We will now turn to a quantum dot model in the inஹ஭nite-gap limit. It is simple enough to be general-

ized to an n-terminal Josephson junction (n > 2), which will be discussed in the later chapters.

Consider a Josephson junction made of a normal quantum dot island connected to several super-

conducting terminals. This dot with single-level energy ε0 is coupled to the superconductors via tun-

neling. In the inஹ஭nite-gap limit, the superconducting gap is the dominant energy (much larger than

the couplings and ε0).

With a ஹ஭nite pair potential, an electronwith energy ε0 is coupled to a holewith energy−ε0 through

the Andreev re஺ாection, which happens at the point contact between the normal dot island and each

superconducting contact. The Hamiltonian is given by 15

H =

⎛

⎜⎜⎜⎜⎝

ε0
∑

i

γie
iϕi

∑

i

γie
−iϕi −ε0

⎞

⎟⎟⎟⎟⎠
, (2.58)

where ϕi’s are the superconducting phases of each terminal and γi’s are the coupling coeஸஹ஭cients de-

scribing the tunneling of Cooper pair between the dot and the superconductors. Note that γ’s are real

since from a microscopic point of view, the Hamiltonian gives that γ is proportional to |T |2, where

T is a single electron transfer matrix element.
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The Schrödinger equations for the wavefunction with electron and hole components (ψe,ψh) are

ε0ψe +
∑

i

γie
iϕiψh = Eψe

∑

i

γie
−iϕiψe − ε0ψh = Eψh (2.59)

Solving for the eigenvalues we get the Andreev bound state energies

EABS = ±
√
ε20 +

∣∣
∑

i

γie
iϕi

∣∣2 (2.60)

For example, a two-terminal SNS junction has ABS energies:

EABS = ±
√
ε20 +

∣∣γ1 + γ2e
iϕ∣∣2, (2.61)

where ϕ is the phase diஸference between the two superconductors. The numerical results of a two-

terminal junction in the dot model is shown in ஹ஭gure 2.11.

One would notice immediately the resemblance between ஹ஭gure 2.10 and 2.11. When obtained from

a single channel in scattering theory (Eq.2.57), the ABS becomes E = ±∆0 cos(ϕ/2) for perfect

transmission (τ = 1). In the case of a resonant dot (ε0 = 0), the symmetric contact couplings corre-

sponds to perfect transmission, and hence produce also a 4π- periodic function. In the scattering case,

an inஹ஭nitesimal deviation of τ from unity would open up an Andreev gap around ϕ = π, doubling

the periodicity. However, in the dot case, the gap forms due to both the coupling asymmetries and
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Figure 2.11: EABS(ϕ) for perfect transmission in a resonant dot (red dotted line) and with other values of γ
and ε0 (black/blue lines).

the shifி of ε0.

Yet the biggest diஸference between the two models is the presence of the superconducting gap. In

the scattering case E = ±∆0 at ϕ = 0, the states are not really bound but exist at the edges of

the continuous quasiparticle spectrum in the superconductor. However, in the dot model, the whole

spectrum is inside the gap and will never touch the gap edges. The underlying ஺ாaw of the dot model

is exposed if the contact couplings or ε0 become large compared to the gap∆0 ; we will ஹ஭nd the ABS

above the gap, which is obviously beyond the original assumption. The inஹ஭nite-gap approximation

indeed has its limit, but is good enough for capturing low-energy physics and will provide a simple

analytic expression one can consider when the system becomes more complicated.
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2.4.3 Supercurrent carried by ABS in short junctions

The ground-state energy of our SNS system has contributions from all excitation energies, including

the propagating quasiparticles above the superconducting gap and the Andreev bound states inside

the gap. But let us focus on the latter now since it is the only energy that is dependent onϕ, the phase

diஸference across the junction. If we vary the phase diஸference slowly, the energy shifி per unit time is

then given by

dE

dt
=
∂E(ϕ)

∂ϕ

dϕ

dt
, (2.62)

which is the power dissipated at the junction (product of the current and the voltage). Due to the

global gauge invariance,* the time derivative of the superconducting phase is simply the potential of

the superconductor,

dϕ

dt
=

2eV

! (2.63)

*The global gauge invariance requires that the phase and the vector potential always come in the combi-
nation∇ϕ − (2e/!)A. It leads to the fundamental relation in Josephson junctions: ϕ = 2πΦ/Φ0, where
Φ0 ≡ h/2e. Using Faraday’s law we can get Eq.2.63, which is known as the 2nd Josephson relation.
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Figure 2.12: Andreev bound states that carry opposite directions of supercurrents.

Therefore, the current in the junction can be calculated from taking derivative of the energy with

respect to the phase diஸference:

I(ϕ) =
2e

!
dE

dϕ
(2.64)

Using the energy obtained from the scattering theory (Eq.2.57), we get

IABS,|−⟩ =
e∆0

2!
τ sinϕ√

1− τ sin2(ϕ/2)
(2.65)

IABS,|+⟩ = −e∆0

2!
τ sinϕ√

1− τ sin2(ϕ/2)
(2.66)

It is now clear that the ground state and excited state describe the two processes in ஹ஭gure 2.12, which

diஸfer in the direction of electron and hole propagation, corresponding to supercurrents ஺ாowing in

opposite directions.

In the above discussions we only considered a single channel in a one-dimensional junction. For a
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multi-channel junction, we have

E = ±∆0

√
1− τi sin

2(ϕ/2), (2.67)

where the index i labels the transversemodes in the normal region and τi is the individual transmission

coeஸஹ஭cients, which is essential in determining the current-phase relation.

For example, in a tunnel junction (τi ≪ 1), the supercurrent reads †

I(ϕ) = Ic sinϕ , Ic =
e∆0

2!

N∑

i=1

τi =
π∆0

2e
GN . (2.68)

Or in a quantum point contact (τi = 1), the supercurrent is

I(ϕ) = Ic sin(ϕ/2) , Ic =
e∆0

!

N∑

i=1

τi =
π∆0

e
GN . (2.69)

HereGN is the normal state conductance, given in the Landauer formalism.

Supercurrent at finite temperature

At zero temperature, only the ground state is occupied and the supercurrent ஺ாowing in the junction is

givenbyEq.2.65. But at ஹ஭nite temperature, wewill have to take into account the thermal populationof

the excited states (anddepopulation of the ground states), determinedby the Fermi-Dirac distribution

†Josephsonmade his predictions based on tunneling of electrons through an insulator barrier. Historically,
the ஹ஭rst superconducting junctions were also SIS junctions. Eq.2.68 is known as the ஹ஭rst Josephson relation.
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function:

f(E) =
1

1 + exp(E/kBT )
. (2.70)

Then the supercurrent becomes

I(ϕ) = IABS,|+⟩f+(E) + IABS,|−⟩f−(E) (2.71)

= IABS [1− 2f(E)], (2.72)

with IABS = IABS,|−⟩ = −IABS,|+⟩ and by deஹ஭nition f+(E) + f−(E) = 1. This will lead to

I(ϕ) =
e∆0

2!
τ sinϕ√

1− τ sin2(ϕ/2)
tanh

(
∆0

2kBT

√
1− τ sin2(ϕ/2)

)
(2.73)

Up to this point, we have enough background information to understand the experimental studies.

In the next chapter, we will concentrate on the graphene-superconductor interface, where the BTK

model introduced earlier is going to be useful for characterizing the contact transparency. In Chapter

4 and 5, multi-terminal SNS junctions are explored and the simple quantum dot model will help us

grasp the physical picture of the system.
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3
Magnetoresistance Plateaus

in Proximitized Graphene

Graphene has proven to be a great platform for the study of the superconductivity proxim-

ity eஸfect. However, despite the fact that superconducting contacts can be established on graphene

38



with high yield compared to other semiconductors, the fabrication results are never perfect. Since the

contact transparency between the normal conductor and the superconductor plays a pivotal role in

theAndreev process aswe discussed inChapter 2, the resulting proximity eஸfect can alter the properties

in the normal region in several diஸferent ways.

To better understand the diஸferent superconducting behaviors stemming from the transparency

of the contacts, we decided to take an extensive approach and study all three possible regimes that

the superconductivity proximity eஸfect can fall into. These regimes depend on the Andreev process

probability, i.e., it depends on the transparency of the superconducting contacts, and they are called:

the tunneling, intermediate and transpartent regime.

In this chapter, wewill walk the reader through the device planning and then proceed to our experi-

mental ஹ஭ndings. As expected, we see that the proximitized graphene in the tunneling and transparent

regime show conductance suppression and conductance enhancement, respectively and the variations

would gradually ஺ாatten out as the magnetic ஹ஭eld is increased. The intermediate regime, however, pre-

sented a surprise. Unseen in the other regimes, the proximitized graphene in the intermediate regime

showed magnetoresistance plateaus. The origin and nature of the plateaus will be discussed.

3.1 Device Structure andMeasurement Setup

The device structure that we chose to use throughout our study consists of a top superconducting

contact on graphene, which sits on top of hexagonal boron nitride (hBN) (shown in ஹ஭gure 3.1). In
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Figure 3.1: Illustration of the device structure, top and side view. Barrier layer can be thin hBN orMoS2.

between the superconductor and graphenewe can insert another layer. The role of this layer is to tune

the transparency of the interface between the superconductor and graphene. The strategy is then to

study how transport across this interface changes as we vary the transparency of the superconducting

contact. This iswherewe face themain challenge: howcanwedeterministically vary this transparency?

The natural solution here is to use other van der Waals materials as the barrier layer.

First and foremost, materials besides the van der Waals family should not be considered. Materials

like evaporated aluminum oxide could work in theory but in reality, the associated fabrication process

would bring about plenty of other complications such as polymer residue and graphene degradation.

Van der Waals materials on the other hand give us two distinct advantages. One is that we can ஹ஭ne-

tune the material thickness by a single atomic layer. The second is that these materials ensure the

interfacewith graphenewill be atomically ஺ாat andpolymer-free. Within the vanderWaals family, there

existmanymaterials that range from insulating to semiconducting and then to completely conducting.

Among them, we chose to use two as the interfacial layer: hBN and molybdenum disulஹ஭de (MoS2).

These twomaterials oஸfer bandgaps of diஸferent sizes (1.8 eV forMoS2, 6.1 eV for hBN) which can help

tune the contact transparency. Moreover, these materials frequently appear in large sizes, in diஸferent
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thicknesses afிer mechanical exfoliation (compared to other van derWaals materials) and can be in the

thin limit with just a few layers. These are important traits that allow us to fast-track the fabrication

process.

Another important reason for choosing hBN andMoS2 is that among all van der Waals materials,

they have been used the most extensively since the advent of graphene and are considered the most

pristine van der Waals materials besides graphene. The growth of these materials has reached a high

level of perfection which gives us much greater conஹ஭dence in their overall quality, a key consideration

in our experiments in order for the superconducting contacts to work consistently.

3.1.1 Vertical graphene-insulator-superconductor architecture

The van der Waals vertical structure is built by the inverted dry transfer technique (see details in Ap-

pendix A). The bottom layer is a thick, clean ஺ாake of hBN (20-40 nm), creating a uniform substrate

for graphene to minimize the disorder. On top of graphene is the barrier layer, which can be thin

(monolayer, bilayer, etc) hBN or MoS2. Unlike the usual dry transfer technique, , with the inverted

technique the top surface of the stack is never in contact with any polymer such as PPC or PC. Afிer

the stack is assembled, the hallbar geometry is deஹ஭ned followed by deposition of normal leads (5/50 nm

of Cr/Au). The device then undergoes the process of vacuum annealing at 350◦C for 15-20 minutes to

remove any PMMA residue from e-beam lithography, so that we can guarantee the tunnel path from

graphene through the barrier layer to the superconductor is clean. The ஹ஭nal step is deposition of the

superconducting contacts (5/80 nm of Ti/Al) on top of the area of interest.
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I

VNS

I VNS

Figure 3.2: Measurement conஹ஭guration of the vertical graphene/barrier/superconductor structure. The pink
region denotes the current path (I) from a graphene normal contact at one end to the ஹ஭rst lead of Al. The
voltage drop across the vertical junction, VNS , is measured from the other end of graphene to the second lead
of Al.

3.1.2 Measurement Setup

The critical temperature of Al in the devices is typically around 1 K. All the measurements were per-

formed in He3-fridge with a base temperature of 300 mK. The main focus is the graphene region

underneath Al, where the superconducting proximity correlation is the strongest. As shown in ஹ஭gure

3.2, the Al contact branches out to two leads. The current is sent from a normal contact at the lefி end

of graphene to the ஹ஭rst Al lead, which is grounded. Then we measure the voltage VNS between the

other end of the graphene and the secondAl lead. This is eஸfectively the voltage drop across the vertical
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Figure 3.3: Gate dependence of tunneling resistance dV/dI in the transparent regime. The proximitized su-
perconducting gap can be tuned by backgate voltage, where the minimum appears at the graphene Dirac peak
(Vbg = 3V).

graphene/barrier/Al structure, as marked by the dotted square in the bottom panel of ஹ஭gure 3.2. As

a result, we obtain the tunneling conductance (or resistance) across the vertical NS junction, which

characterizes the Andreev process in the system via the BTK model introduced in Chapter 2. With

this measurement scheme, we categorize our devices into three regimes depending on the diஸferential

conductance proஹ஭le.

3.2 Transparent Regime: Al/Graphene

As a reference point in this study, we start with a device without any barrier layer– Al is deposited

directly on top of graphene. The graphene in this type of device becomes fully proximitized due to
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the highly transparent superconducting contact.

Figure 3.3 shows the diஸferential resistance dV/dI as a function of current bias and backgate volt-

age. In the color plot, it is clear that there is a gap feature, in which the resistance drops to near zero

(deepblue region), signifying the presence of superconductivity. At theDirac peak of graphene, where

Vbg = 3V across 300 nm SiO2 dielectric, the superconducting gap reaches a minimum. As the carrier

density in graphene is increased , the gap becomes larger. This backgate dependence suggests that we

aremeasuring the induced superconducting gap in graphene, thereby eliminating doubts that wemay

be measuring the bulk Al superconducting contacts instead.

In ஹ஭gure 3.4, we plot the diஸferential resistance as a function of current bias and applied magnetic

ஹ஭eld. In this ஹ஭gure, one can see how the induced gap (deep blue region) closes as the magnetic ஹ஭eld

approaches a critical ஹ஭eld Hc. In addition, there are oscillations formed outside of the gap. These

oscillations fan out from the superconducting gap and only exist in the superconducting regime (i.e.,

they also get quenchedwhen the appliedmagnetic ஹ஭eld rises above the critical ஹ஭eld). We attribute these

oscillations toTomaschoscillations. 16,17,18They arise speciஹ஭cally in superconductor-normalmetal junc-

tionswhen the electron- and hole-like quasiparticles are locked into strong conஹ஭nement and are forced

to interfere. The constructive interference results in the oscillations that we detect and occur at bias

Vn =
√
∆2 + (nhvsF /2ds)

2 with n = 0, 1, 2... (3.1)

where ∆ is the superconducting gap, V s
F is the Fermi velocity in the superconductor and ds is its

thickness.
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Figure 3.4: Magnetic ஹ஭eld dependence of the diஸferential resistance in the transparent regime. The device has
direct Al contact on graphene. Top: at Vbg = 0V . Bottom: at Vbg = 50V . The color plots are dV/dI as a
function of current bias and magnetic ஹ஭eld. Linecuts: dV/dI as a function of bias at diஸferent magnetic ஹ஭eld.

Another explanation comes fromMcMillan-Rowell resonance (MRR), 18,19,20whichdescribes quasi-

particle interference as well but inside the normal region (i.e., the proximitized region and in our case,

graphene). Note that in a normal material an electron and a hole cannot interfere directly. 19 So afிer

the ஹ஭rst Andreev re஺ாection, the incident electron is re஺ாected as a hole and has to propagate in the nor-
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mal region before traveling back to the NS interface and undergo a second Andreev re஺ாection. It will

be converted back into an electron and can then interfere with the incident electron. The oscillations

occur at bias

Vm = V0 +mhV N
F /4dN withm = 0, 1, 2... (3.2)

where V N
F is the Fermi velocity in the normal region and dN is its thickness. One can see that in order

to have MRR, the phase coherence between the incident electron and the Andreev re஺ாected hole has

to be preserved while the latter is traveling back and forth in the normal region. 18,19 Therefore, the

observation of MRR implies that the superconducting correlation remains in the graphene and is a

manifestation of graphene being proximitized.

3.3 Tunneling Regime: Al/BN/graphene

The most common van der Waals material that is used as a barrier layer is hexagonal boron nitride

(hBN). It shares the same crystal structure and has a similar lattice constant as graphene. However, it

is a true insulator with a large energy band gap of around 6.1 eV. 21,22 It is commonly used as a dielectric

substrate that provides a ஺ாat surface for graphene and can also screen the stray electric ஹ஭elds from the

impurities existing on the silicon dioxide substrate. As a tunneling layer, hBN has been investigated

extensively. There are numerous studies on the transmission probability between combinations of
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Device Tunneling area (µm2) RN(kΩ) RA (kΩ · µm2)
A 1.6 4.2 6.7
B 2.7 2.6 7.2
C 0.75 11.4 8.5
D 1.9 8.9 16.9

Table 3.1: Devices in the tunneling regime with diஸferent sizes of tunneling area. The RA product is consistent
with the exponential dependence of zero-bias resistance on the thickness of BN separating graphite and gold. 24

graphene/graphite/gold through diஸferent hBN layers. 23,24 However, shockingly, there are no reports

on the tunneling of Cooper pairs between graphene and superconductor via ultra-thin hBN. In this

section, we present the experimental results in such a system and explain them from the perspective

of Andreev process.

The hBNwe use is monolayer and there are four devices with diஸferent sizes of tunneling area listed

in table 3.1. The typical tunneling resistance is on the order of kOhm. The resistance area product

(RA) in our devices is consistent with those in graphite/monolayer hBN/gold devices.24

The top panel of ஹ஭gure 3.5 shows the magnetic ஹ஭eld dependence of the tunneling diஸferential con-

ductance as a function of voltage bias. When B = 0, the dI/dV proஹ஭le shows the conductance at

zero bias that is 30% lower than the normal conductancemeasured at high bias. As themagnetic ஹ஭eld is

increased, the variation of conductance with bias gradually decreases and eventually ஺ாattens out. The

fact that the conductance does not go to zero within the gap even at B = 0 implies the monolayer

hBN is not a completely opaque tunneling barrier for the NS junction. However, Andreev re஺ாection

is still not the dominant process and there is extremely limited superconducting correlation inside of
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Figure 3.5: Tunneling conductance dI/dV of the device withmonolayer hBN in the tunnel regime. Top panel:
as a function of voltage bias and magnetic ஹ஭eld at Vbg = 30 V. Bottom panel: as a function of voltage bias and
backgate voltage atB = 0.
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the graphene region. This is re஺ாected in the gate dependence measurement in the bottom panel of

ஹ஭gure 3.5. One ஹ஭nds that the measured superconducting gap belongs to Al and thus cannot be tuned

by the backgate voltage. Moreover, there are no above gap features such as the Tomasch oscillations

or McMillan-Rowell resonances that are observed in the transparent regime.

3.4 Intermediate Regime: Al/MoS2/Graphene

Fromtheprevious twoexperiments,we learned that in the transparent regime, even though the graphene

is proximitized, we cannot probe its properties due to the near zero resistance inside the supercon-

ducting gap. On the contrary, with monolayer hBN as the tunnel layer, the Andreev process is not

prominent enough to produce superconducting correlation in the graphene layer. As a consequence,

graphene only plays the role of probing the superconducting Al. Since the above two regimes cannot

meet our goal of investigating the proximity eஸfect features in graphene, we need to come up with

another type of barrier that falls in between nothing and hBN.

Molybdenum disulஹ஭de (MoS2) belongs to the class of transition metal dichalcogenides (TMDCs).

The crystal structure ofMoS2 takes the form of a hexagonal plane of S atoms on either side of a hexag-

onal plane ofMo atoms. While there are strong covalent bonds between theMo and S atoms, the van

der Waals force holding the layers together is weak. Therefore, similar to graphene and hBN, MoS2

can be mechanically exfoliated, even down to a single layer (ஹ஭gure 3.6). Monolayer MoS2 has a direct

band gap around 2.1-2.5 eV,25,26 which is much smaller than the wide band gap of monolayer hBN. Be-
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Figure 3.6: Optical image of monolayer MoS2. Scale bar is 2 µm.

cause the transmission probability is dependent on the size of the bandgap,MoS2 serves as the perfect

middle-ground between our previous two experiments. Using MoS2, graphene has the best chance

of being proximitized while demonstrating some tunnel resistance at the barrier interface, which is

required for electronic probing.

3.4.1 Diஸferential conductance enhancement

Using the samemeasurement conஹ஭guration as in theprevious two sections, ஹ஭gure 3.7 shows the tunnel-

ing diஸferential conductance of the vertical structure Al/MoS2/graphene from two devices. Although

both devices use monolayer MoS2 as the barrier layer and are fabricated with the same procedure, the

diஸferential conductance shows diஸferent proஹ஭les. Near zero bias, the ஹ஭rst type has a conductance dip
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Figure 3.7: Diஸferential conductance in the intermediate regime from two devices. The two devices show dis-
tinct behavior around zero bias: Device B has a conductance suppression but Device C does not. However,
the general feature is consistent. At high bias, the normal contact resistance is 100-300 Ω. Inside the induced
superconducting gap, there is conductance enhancement (the black arrows).

while the second type does not. Since there is no polymer in between the van der Waals materials, we

suspect the zero-bias diporiginates froma ஹ஭nite barrier betweenMoS2 andAl that cannotbeovercome

at extremely low bias. It may come from the PMMA residue afிer the ebeam lithography for deஹ஭n-

ing the Al contacts. Yet the overall quality is consistent. At high bias, the normal contact resistance

is around 100-300 Ω. Once inside the proximity induced superconducting gap, there is a signiஹ஭cant

enhancement compared to the conductance at high bias, indicating prevalent Andreev re஺ாection pro-

cess between Al and graphene through MoS2.The percentage of conductance enhancement is device

dependent; typically around 10-50 %.
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Figure 3.8: Gate dependence of the tunneling resistance in the intermediate regime. Same as in the transparent
regime, the proximitized superconducting gap can be tuned by backgate voltage, where the minimum appears
at the graphene Dirac peak (Vbg = 0V ).

3.4.2 Gate dependence

Figure 3.8 shows the gate dependence of the tunneling diஸferential conductance as a function of voltage

bias at zeromagnetic ஹ஭eld. Same as in the transparent regime, by tuning the gate voltagewe can control

the size of the induced gap. Also, outside of the induced superconducting gap there are oscillations

similar to the ones seen in the proximitized graphene in the transparent regime. This implies that there

is in fact superconducting correlation in graphenedespite thepresence of a barrier layer. These features

alongwith the conductance enhancement indicate that we obtain a graphene layer proximitized byAl

through the monolayer MoS2.
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3.5 Magnetoresistance Plateaus in the Intermediate Regime

Now that we have shown signs of proximity eஸfect in the graphene, we can go on to explore how the

Andreev process can be modulated and the consequences in the proximized graphene.

In both ஹ஭gure 3.9 and 3.10, the top panel shows the diஸferential conductance as a function of bias

current and magnetic ஹ஭eld while the bottom panel shows horizontal linecuts at diஸferent values ofB.

The diஸference is that ஹ஭gure 3.9 is data from the ஹ஭rst type of device: having conductance suppression

near zero bias and ஹ஭gure 3.10 is data from the second type of device: complete enhancement inside the

gap. From the linecuts it is clear that asB is increased, the variation in conductance gradually ஺ாattens

out and the induced gapdecreases. EventuallywhenB is greater than the critical ஹ஭eld, the conductance

recovers to the normal state value and the gap disappears as expected. However, we ஹ஭nd that there is

one feature absent in the tunnel and transparent regimes that appears only in the intermediate regime:

the magnetoresistance plateaus. When the bias voltage is greater than the gap, the curves at diஸferent

values of magnetic ஹ஭eld do not overlap with each other. Once the bias becomes smaller than the gap,

the curves converge and collapsed to only a few values. This feature is obvious in the color plot: for

ஹ஭eld below Hc and bias inside the gap, there are several horizontal discrete “bands” along constant

magnetic ஹ஭eld lines.
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Figure 3.9: (Device A) Tunneling diஸferential conductance dI/dV as a function of bias and magnetic ஹ஭eld at
Vbg = 60 V. Top: color plot with current bias as the x-axis. Bottom: horizontal linecuts of the color plot with
the current bias converted into voltage bias; dI/dV as a function of voltage bias at diஸferent values ofB.
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Figure 3.11: Temperature dependence of the magnetic plateaus, which only exist in the superconducting states.
The width of the plateaus is not aஸfected by the size of the superconducting gap.

The temperature dependence at zero bias is shown in ஹ஭gure 3.11: the diஸferential resistance as a

function of magnetic ஹ஭eld and temperature. It turns out these magnetoresistance plateaus are only

developed below the critical temperature and critical ஹ஭eld, suggesting that they are tied with the super-

conductivity. As the temperature or magnetic ஹ஭eld is increased, overall the width of the steps remains

ஹ஭xed until they disappear; the width is not aஸfected by the size of the superconducting gap. We also

noticed there is hysteresis; as shown in ஹ஭gure 3.12, the blue curve is the data taken when the magnetic

ஹ஭eld sweeps from negative to positive and the red curve is for the opposite sweeping direction.
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Figure 3.12: Sweeping magnetic ஹ஭eld up (blue) and down (red) shows the hysteresis.

3.5.1 Collection of devices

In order to investigate these magnetoresistance plateaus, we fabricated devices in the intermediate

regime with diஸferent sizes of the tunneling area, which is also proportional to the size of proximi-

tized graphene. In table 3.2, we collect the information from devices A஡D, including an optical image,

normalized resistance as a function of bias and ஹ஭eld, tunneling area, and step width. Among the four

devices, A and B are the ஹ஭rst type with a conductance dip (resistance peak) around zero bias; C and D

are the second type without any suppression inside the gap. Figure 3.13 shows that both the width and

height of the plateaus are device-dependent.
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Table 3.2: Intermediate regime devices: optical image, normalized diஸferential resistance as a function of voltage
bias and magnetic ஹ஭eld, tunneling area, and step width. The scale bar in the optical images is 2 µm.
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Figure 3.13: Step feature among diஸferent devices. Inset shows Bn for each device; the slope provides average
step size.

3.5.2 Step width and tunneling area

From the comparison between these devices, we ஹ஭nd that the average width of the plateaus is deter-

mined by the overlapping area between graphene and Al. Note that usually the central step around
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zero is wider than the the rest of the steps, so it is excluded from the averaging. If we consider the

superconducting ஺ாux quantumΦ0 = h/2e, each step corresponds to adding/removing one ஺ாux into

the system.

3.5.3 Gate dependence of the magnetoresistance plateaus

Figure 3.14 shows the gate dependence of the plateaus fromDevice C. As shown in the top panel, the

graphene has Dirac peak at Vbg = −50 V. In the bottom panel, the plateaus at diஸferent values of

backgate are compared. For clarity, the curves are shifிed in the y-axis direction. AtDirac peak (green),

there is no obvious plateau developed since dV/dI as a function of B is rather noisy. As we move

away from the Dirac peak, the step feature becomes visible. Moreover, the steepness of the steps is

also gate-dependent. In ஹ஭gure 3.15, the relation between the height of each step and magnetic ஹ஭eld is

analyzed. By plotting the resistance dV/dI at every step as a function of the inverse of magnetic ஹ஭eld

(1/B), we ஹ஭nd that the data can be well ஹ஭tted with a linear equation. The magnitude of the slope

gradually decreases as the graphene is tuned to higher carrier density. The slope reveals how the tun-

neling resistance, hence the Andreev process, is modulated when a ஺ாux enters the hybrid graphene/Al

system.
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Figure 3.14: (Device C) Gate dependence of the magnetoresistance plateaus. Top panel: Graphene resistance
as a function of backgate at zero magnetic ஹ஭eld. Dirac peak of the graphene is at Vbg = −50 V. Dots with
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charge neutrality point.
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3.5.4 From plateaus to oscillations

From the data of Device C, it is diஸஹ஭cult to extract the plateau information at Dirac peak due to the

low signal/noise ratio. However, as we evaluate the other devices, we notice a peculiarity in terms of

gate dependence. Figure 3.16 shows the diஸferential conductance dI/dV as a function of current bias

andmagnetic ஹ஭eld fromDevice B. Top panel is taken atVbg = 1.8V (Dirac peak) while bottompanel

is taken at a high gate Vbg = 60 V. From the two color plots, the immediate diஸference we see is that

only the conductance away from Dirac peak has clear plateaus, which is similar to the observation in

Device C. Now let us take a better look by plotting the linecuts at zero bias for both Vbg = 1.8 V

and Vbg = 60 V. This is shown in the lefி panel of ஹ஭gure 3.17, in which the orange curve is at Dirac

peak and the blue curve is far fromDirac peak. The inset is afிer shifிing the two curves in y-direction

so that they are in the same resistance range for clear comparison. The contrast pops out right on the

spot: while at high gate the steps arewell developed, there is an oscillatory behavior atDirac peak. This

feature is also found in Device D, as shown in the right panel of ஹ஭gure 3.17.

63



Figure 3.16: Device B: Diஸferential conductance as a function of current bias and magnetic ஹ஭eld at Dirac peak
(Vbg = 1.8V ) and far fromDirac peak (Vbg = 60V ).
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Figure 3.17: Magnetoresistance plateaus at Dirac peak (orange) and at high gate (blue) from device B and D.
The inset shows the shifிed data in y-direction for clear comparison. In both devices, the plateaus at high gate
become oscillations at the charge neutrality point.
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Superconducting vortices have been directly observed in proxmitized normal regions. 27Due to the

relation between the step width and graphene/Al overlapping area, we deduce the plateau feature is

related to the transport of vortices at the interface as well as in the proximitized graphene. Although

Al is type I superconductor, which does not allow formation of quantized magnetic vorticies in the

bulk sample, mesoscopic Al islands can exhibit vortex structures in the lowmagnetic ஹ஭eld regime. 28,29

When the gate is tuned to be far away from the Dirac peak, the density of states in graphene is high

and it is more likely for the vortices to be transmitted into graphene. The opposite situation occurs at

the charge neutrality point. Despite the fact that the vortices may still enter the graphene layer, their

behavior can be very diஸferentwhen density of states is very limited in graphene. While themechanism

behind these oscillations requiresmore investigation, we have demonstrated that the superconducting

features (such as vortices) can be modulated by the tunable properties in graphene.

3.6 Conclusion

The Andreev process probability is determined by the barrier strength separating the normal con-

ductor and the superconductor. In this chapter, we explored the fundamental proximity eஸfect in

graphene systematically in diஸferent regimes depending on the Andreev probability. Using insulating

van der Waals materials as the tunnel barrier allows us to assemble a vertical structure with atomically

஺ாat and clean interface between graphene and the tunnel barrier. We can control the barrier strength

by choosing materials with diஸferent sizes of band gap or diஸferent numbers of atomic layers. In the
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transparent regime we showed that when the superconducting Al is in direct contact with graphene,

the induced gap is gate tunable and there are above gap features showing the superconducting corre-

lation inside the graphene. However, the near zero resistance inside the gap prevents us from further

probing the properties of proximatized graphene. Conversely, by using monolayer hBN as the barrier

we enter the tunnel regime. The graphene is no longer proximitzied and we can only observe the su-

perconducting gap of Al without gate dependence and any above gap features. An ideal regime for

the purpose of our study is achieved by selecting monolayer MoS2 as the separation layer between

graphene and Al. In this intermediate regime, we ஹ஭nd that inside the induced gap there is typically a

10-50 % enhancement of conductance, indicating the predominance of the Andreev process between

graphene and Al via MoS2. Furthermore, in the ஹ஭eld dependence measurement there are plateaus de-

veloped in the magnetoresistance. Since the width of the plateaus is consistent with a ஺ாux quantum

in the system, we ascribe their origin to vortices. On top of that, we have discovered that as graphene

approaches the Dirac peak, these magnetoresistance plateaus transition into oscillations.

The above experimental results have demonstrated howwe can obtain diஸferent probabilities of the

Andreev process by experimental control of barrier strength. With signiஹ஭cant probability of Andreev

process there is superconducting correlation in the graphene layer, and its proximity eஸfect properties

are determined by the magnetic ஹ஭eld as well as the carrier density.

While in this chapter we focus on the examination of NS interface and Andreev re஺ாection, we will

move to the SNS structure and delve into the formation ofAndreev bound states in the next two chap-

ters. Systems with three or more superconducting leads that have a vast and unique set of properties

will be discussed.
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4
Beyond Two-Terminal SNS Junctions

As we discussed in Chapter 2, in a simple two terminal Josephson junction, successive local

Andreev re஺ாections at the two NS interfaces produce correlated electron-hole pairs and hence the

supercurrent-carrying states, Andreev bound states (ABS), are formed in the normal region. There

has been a fast growing interest in Josephson junctions with more than two terminals as they lead
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Figure 4.1: Transfer of Cooper pair in a two-terminal Josephson junction.

to ABS in higher dimensions and topology tailoring of the ABS spectrum is envisioned, 30,31,32,33,34,35,36

which we will discuss at the end of Chapter 5.

In this chapter, we start by describing the simplest multi-terminal Josephson junction, one with

three terminals, where Andreev bound states create entangled Cooper pairs that carry a nonlocal su-

percurrent. Measurements in graphene-based devices with multi-terminal Josephson junctions is pre-

sented, along with experimental evidence of the engineering of the ABS spectrum.

4.1 ABS in a Three-Terminal Josephson Junction: Quartets

In ஹ஭gure 4.1, an Andreev bound state is formed as one Cooper pair is transferred between the two

superconductors through the normal region. Figure 4.2 shows how in a three-terminal Josephson

junction two correlated Cooper pairs can be transmitted among the three superconductors and form

abound state. The right and lefி superconducting leads eachprovide aCooper pair that is decomposed

and cross-recombined at the center lead. The resulting two entangled Cooper pairs are given the name
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Figure 4.2: Quartet process in a three-terminal Josephson junction.

“quartet” since they consist of four correlated electrons.

4.1.1 A novel out-of-equilibrium coherent mode

The quartet process can take place when there is zero bias voltage on the junction, i.e., when all three

leads are grounded and at equilibrium (ஹ஭gure 4.3 top panel). When the junction is biased with diஸfer-

ent voltages of the three leads, the quartet process can still take place under speciஹ஭c energy conditions,

forming a coherent mode in an out of equilibrium system.

The bottom panel of ஹ஭gure 4.3 is an illustration of the biased quartet process. Here, we bias the

lefி (S1) and right (S2) superconducting leads with DC voltages V1 and V2, respectively, and keep the
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Figure 4.3: The quartet process in the ABS picture consists of two consecutive cross-Andreev-re஺ாections, form-
ing a new type of bound state. Top: At equilibrium. Bottom: Out of equilibrium.
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middle lead (S0) grounded (V0 = 0). From energy considerations, we can extract a criterion for this

process: it requires an energy of 2neV1 to transfer n Cooper pairs from S1 to S0. Similarly, form

pairs to be transferred from S2 to S0, it takes an energy of 2meV2. In order to satisfy the energy

conservation during this process, the following condition must be fulஹ஭lled:

nV1 +mV2 = 0, where n,m ∈ N (4.1)

The simplest combination of (n,m) is (1, 1), which involves transferring two Cooper pairs, the

“quartet”. Likewise, the combination of (1, 2) or (2, 1) has three entangled Cooper pairs transferred

and is called “sextet”. One can see that there are many possible processes in multi-terminal Josephson

junctions, but from now on we will focus on the quartets, for which the bias condition is

V1 = −V2 = V. (4.2)

Note that for two coupled but separate Josephson junctions this condition is also applicable, where

two AC Josephson currents coexist with frequencies ν1 = 2eV1/h and ν2 = 2eV2/h. When

V1 = −V2, the two frequencies synchronize and produce a subgap DC signal. 37,38 However, this

“photon emission/absorption” process can be distinguished from the coherent quartet process by a

phase control measurement, which will be discussed later in this chapter.

In summary, the quartet process has two special features. The ஹ஭rst is that it is nonlocal, and the sec-

ond is it forms a resonant state when driven out of equilibrium. The supercurrent in three-terminal
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Josephson junctions has already been studiedwith diஸfusivemetal 39 and one-dimensional nanowire40.

However, without proper phase control, it is diஸஹ஭cult to demonstrate explicitly the quantum coher-

ence of quartets and alternative interpretations cannot be ruled out. We will now discuss the phase

space of the quartet Andreev bound states and demonstrate the existence of a resonant state thereby

eliminating other explanations for the supercurrent in the V1 = −V2 bias condition.

4.1.2 Phases of quartets

When aCooper pair is transferred fromone superconducting lead to another, it acquires a phase given

by the macroscopic phase diஸference between the two leads,∆ϕ = ϕ2 −ϕ1. Without magnetic ஹ஭eld,

this phase diஸference is a gauge-invariant quantity which determines the physical observable (such as

supercurrent). In a three-terminal Josephson junction, there are three phases, one for each supercon-

ducting lead: ϕ0, ϕ1, ϕ2. Since only the phase diஸferences are measurable, without loss of generality,

we choose ϕ0 = 0 as reference. The two gauge-invariant phases are then ϕ1 and ϕ2.

To meet the quartet condition, the superconducting leads need to be biased at V1 = −V2 = V

with V0 = 0. Following the Josephson voltage-phase relation (see *), the phases will evolve in time:

ϕ1(t) = ϕ1(0) + 2eV t/! (4.3)

ϕ2(t) = ϕ2(0)− 2eV t/!. (4.4)

As shown in ஹ஭gure 4.4, the quartet process of transferring the ஹ஭rst Cooper pair coherently fromS0
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Figure 4.4: Phases in quartet process.

to S1 and the second pair to S2 would acquire a total phase ϕ1+ϕ2− 2ϕ0. We can then deஹ஭ne it to

be the quartet phase (with ϕ0 = 0):

ϕq ≡ ϕ1(t) + ϕ2(t) = ϕ1(0) + ϕ2(0), (4.5)

which is time-independent and gauge-invariant. The Josephson-like quartet current, Iq , ஺ாows among

the three terminals synchronously and can thenbedeterminedbyϕq . In ourmodel of a three-terminal

Josephson junction, this coherent quartet process satisஹ஭es:

Iq = Iqc sinϕq, (4.6)
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where Iqc is the maximum value of the quartet current, i.e., the “quartet critical current”.

We can choose another canonical phase variable

ϕr ≡ ϕ1(t)− ϕ2(t) = ϕ1(0)− ϕ2(0) + 4eV t/!. (4.7)

One immediately sees that in contrast to the stationary quartet phase ϕq , ϕr is a running phase that

changes in time with a velocity 4eV/!.

Overall, going from a two-terminal to a three-terminal Josephson junction there exists a quart pro-

cess that involves a pair of Andreev bound states deஹ஭ned in two-dimensional manifolds spanned by

two phase variables. The phase coordinates can be chosen to be the static quartet phase ϕq and the

running phaseϕr so that themanifolds change in time only along the latter as shown in the right panel

of ஹ஭gure 4.5. Note thatϕr will run at diஸferent frequencies when diஸferent bias voltages V are applied.

Therefore, this V becomes a control voltage, serving as a key knob in tuning how the system evolves

in time.

4.2 Quartets in Graphene

Recently, experiments have begun to employ multi-terminal Josephson junctions fabricated on two-

dimensional semiconductors including graphene41 andother two-dimensional electrongases (2DEGs)

such as InAs.42,43 However, only the usual two-terminal Josephson supercurrent between diஸferent
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Figure 4.5: Right: two-dimensional ABS energy manifolds of a three-terminal Josephson junction. When V ̸=
0, the superconductingphasesϕ1 andϕ2 are time-dependent. Lefி: wemay choose the canonical phase variables
ϕq and ϕr so that the energy remains static along the former and wind in time along the latter.

pairs of contacts has been reported. There is no sign of quartets in these previous studies; a coherent

quartet transfer process in a 2D system remains elusive. In this section, we will present the quartet

supercurrent observed in our three-terminal graphene Josephson junction.

4.2.1 Device fabrication and geometry

Graphene is known to exhibit low contact resistance and weak scattering when connected to super-

conducting leads.44,45,46 Furthermore, we can control the number of conduction channels in the

graphene through a gate voltage. These properties of graphene make it a good platform for study-

ing the ABS in Josephson junctions. In order to minimize disorder in the devices, we use hexagonal

boron nitride (hBN) as the dielectric substrate. The graphene/hBNheterostructure is assembledwith

the inverted stacking method (see Appendix A). The advantage of this method is that the surface of
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Figure 4.6: Side view of the device structure and false color SEM image of three-terminal graphene Josephson
junction with a loop for the quartet experiment. Typically the substrate hBN is chosen to be 20-40 nm thick.
The superconducting contacts are made of Ti/ Al (5/60-80 nm). In the SEM image, the purple region is mono-
layer graphene on hBN and the blue region is Al on Ti.

graphene in contact with the superconductor never comes into contact with polymers (such as PPC

or PC) except for PMMA, which is used for e-beam lithography. The ஹ஭nal step is to e-beam evaporate

5 nm of Ti followed by 60-80 nm of Al directly on top of the graphene. A side view of the device

structure is shown in the top panel of ஹ஭gure 4.6. This fabrication process is found to greatly increase

the yield of generating Josephson coupling among all of the superconducting leads, which is essential

for creating quartets.

The bottom panel of ஹ஭gure 4.6 shows the SEM image of an actual device viewed from top. In

total we have four superconducting contacts where two of them form a loop. Each channel length is

designed to be 80-90 nm to ensure a supercurrent existing among all of the superconductors.
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Figure 4.7: Two-terminal measurement setup for device characterization. S0 (the loop) is voltage biased while
S2 is grounded and S1 is lefி ஺ாoating. The blue and red dashed lines mark the two distinct paths for supercur-
rents to go from the source to the drain. The interference between them results in a SQUID-like pattern (ஹ஭gure
4.9) as the magnetic ஹ஭eld is varied.

Threading a ஺ாux through the loop grants us the phase control over the system. This allows us

to study the magnetic ஹ஭eld dependence of the quartet process. Moreover, the ஺ாux can serve as an

additional knob for tailoring theABS spectrum. Thus our four-terminal Josephson junction becomes

comparable to a three-terminal Josephson junctionwhose characteristic can be controlled by applying

a magnetic ஺ாux in the loop and this will be discussed later.

4.2.2 Two-terminal characterization measurement

We ஹ஭rst need to characterize our three-terminal junction by looking at the two-terminal conductance.

Using a small AC excitation on top of a DC signal, we bias the loop (S0) and ground the second

lead (S2). This AC+DC measurement scheme is shown in ஹ஭gure 4.7. The diஸferential conductance

dI/dV as a function of the bias voltage and backgate voltage is presented in ஹ஭gure 4.8. The central

plateau/peak (thebright orange region in the color plot, tracedwith thewhite dotted line) corresponds
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Figure 4.8: Two-terminal measurement for device characterization. The diஸferential conductance dI/dV as
a function of the bias voltage Vbias and backgate voltage Vbg . The critical current is marked by the dashed
white line. Despite the screening eஸfect from the aluminum contacts, the carrier density in graphene and hence
the critical current is still gate tunable. The black arrows indicated Vc which can be converted into the critical
current Ic.

to the supercurrent ஺ாowing fromS0 through graphene toS2. As shown in the white linecuts dI/dV

on top of the color plot, the two dips (indicated by the black arrows) around the zero bias peak are

±Vc that can be converted to the critical current ±Ic by the relation (Eq.B.13, see the measurement

details in Appendix B):

Ic =
Vc · 10

−4

(2 ·RRC + r)
, (4.8)
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where the factor 10−4 comes from the voltage divider, and RRC and r are the resistors in the circuit

that are 200 and 10 Ω, respectively. For instance, at Vbg = 30 V, the dips are at Vc = 5 V and can

be translated to a critical current Ic = 1.2 µA. The value of the critical current depends on the

carrier density in graphene and is tunable with the global backgate. With Ti and Al deposited on

top, the graphene is heavily doped with the Dirac peak around Vbg = −30 V, at which Ic reaches

the minimum. For Vbias < Vc, the junctions are current biased since there is no actual voltage drop

across the Josephson junctions. For Vbias > Vc, the junctions become truly voltage biased.

SQUID-like pattern

In this two-terminal measurement setup, the ஹ஭rst lead S1 is lefி ஺ாoating. However, it is still Joseph-

son coupled to S2 and to S0, forming an alternative route for the Cooper pairs to enter S2 from S0

(the blue dashed line in ஹ஭gure 4.7) besides the direct path (the red dashed line). Therefore, the device

can be viewed as two Josephson junctions in parallel, which is equivalent to a DC superconducting

quantum interference device (SQUID). Figure 4.9 shows the diஸferential conductance as a function

of bias voltage and magnetic ஹ஭eld taken at Vbg = 0. Top panel shows the horizontal linecuts of the

color plot. Same as in the previous measurement, Vc corresponds to the critical current and oscillates

with the magnetic ஹ஭eld. These oscillations in magnetic ஹ஭eld have a periodicity δB = 145µT, corre-

sponding to one ஺ாux quantumΦ0 threading the loop of an enclosed areaA = 14.2µm2 (including

the area increase due to London penetration depth). The SQUID-like behavior is the simultaneous

manifestation of Josephson coupling among the three superconducting leads and is indispensable for
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Figure 4.9: Two-terminal measurement for device characterization. The diஸferential conductance dI/dV as a
function of the bias voltage Vbias and magnetic ஹ஭eld when backgate is at zero voltage. The periodicity of the
fast oscillations with magnetic ஹ஭eld matches threading one ஺ாux quantum in the loop. The envelope of these
fast oscillations is attributed to the central lobe of the Fraunhofer pattern. The top panel shows the horizontal
linecuts, where the dips Vc can be converted into the critical current Ic.

our next step: the observation of quartets.
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Figure 4.10: The simpliஹ஭ed measurement setup for observing quartets. The loop is grounded while the po-
tentials of other two superconducting leads are controlled through the bias voltages V1 and V2. A small AC
excitation is applied to the loop and the AC currents at S1, S2 are measured.

4.2.3 Quartet measurement

The key to creating a quartet bound state lies in controlling the potential of the individual supercon-

ducting leads. Figure 4.10 is the simpliஹ஭ed circuit for the quartet measurement setup (the complete

circuit and measurement details are included in Appendix B.2.4). The loop S0 is grounded (V0 = 0)

as the potential of S1, S2 are regulated by the DC bias voltages V1 and V2. On top of the DC bias, we

apply a small AC excitationVAC to the loop andmonitor the AC currents dI1, dI2 that ஺ாow fromS1,

S2, separately.

Depending on the potential of each superconducting lesd, there are a few diஸferent supercurrents

that can exist in the device. They are shown in ஹ஭gure 4.11. Subஹ஭gures (i) - (iii) show the usual Joseph-

son supercurrent between any two superconducting leads when they are equipotential. Subஹ஭gure (iv)

shows the quartet supercurrent we are looking for. Figure 4.12 is a map of these diஸferent supercur-
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Figure 4.11: In a three-terminal Josephson junction, there are usual Josephson currents between any two leads
when they’re at the same potential as shown in (i)-(iii). The quartet process takes place under the bias condition
(V1, V2) = (V,−V ).

rents: the diஸferential conductance G1 = dI1/dVAC measured at S1 as a function of the two DC

bias voltages V1 and V2. As labelled in this color plot: (i) the vertical bright orange region (high con-

ductance) is when V1 is close to zero, in which case Josephson current between S1 and S0 is allowed;

(ii) the horizontal orange region originates from the supercurrent ஺ாow betweenS2 andS0 when V2 is

close to zero; (iii) Along the +45◦ diagonal line is V1 = V2 and we obtain a supercurrent between S1

and S2; (iv) Finally, there is a much narrower orange region along the -45
◦ diagonal line, indicated by

the red arrow. This is where the quartet bias condition, V1 = −V2, is satisஹ஭ed and is where the signal

of quartet supercurrent occurs. The actual voltage across the junctions are related to the applied DC

voltages V1, V2 by Eq.B.4 (See Appendix B.2.4).
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Figure 4.12: Color plot showing the diஸferential conductance of the ஹ஭rst terminalG1(= dI1/dVAC) as a func-
tion of theDCbias voltagesV1 andV2. The vertical, horizontal and+45 degree signals correspond to the Joseph-
son currents drawn in ஹ஭gure 4.11 (i), (ii), (iii), respectively. The quartet supercurrent, illustrated in ஹ஭gure 4.11
(iv), is found along -45 degree line (when V1 = −V2) as pointed out with the red arrow. The width of these
signals marks the value of critical current. Note that the axes are the DC voltages applied in the circuit shown
in ஹ஭gure 4.10. Depending on the regime of the Josephson junctions, these DC voltages can be converted to bias
current (for Vi<Vc) by Eq.4.8 or bias voltage (for Vi > Vc) by Eq.B.4.
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Figure 4.13: Color plot showing the diஸferential conductance of the second terminal G2(= dI2/dVAC) as a
function of the DC bias voltages V1 and V2. The features ofG1 in ஹ஭gure 4.12 can also be found in this measure-
ment. However, the overall conductance is lower thanG1.

Quartet supercurrent

The quartet signal is much weaker compared to the Josephson current due to the following reasons.

First of all, Josephson current between two terminals involves two Andreev re஺ாections, which is a

4th-order process (the probability is proportional to |rhe|
4, where |rhe| is the Andreev re஺ாection coef-

ஹ஭cient). The quartet current comes froman 8th-order processwith four successiveAndreev re஺ாections

and therefore the probability is proportional to |rhe|
8. Secondly, the whole length of the quartet pro-
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cess is twice as long as the Josephson process, making it more vulnerable to the decay of coherence

length. Lastly, outside of the zero-bias-voltage region there are multiple Andreev re஺ாections (MAR)

in the background, smearing out the quartet signal.

For comparison, we show the diஸferential conductance measured at the second lead,G2, in ஹ஭gure

4.13 and the similar features can be found. We notice that overallG2 is lower thanG1, hinting asym-

metric couplings between each pair of contacts.

4.3 Quartets in the Presence ofMagnetic Field

In order to discuss the eஸfect of magnetic ஹ஭eld, we have to introduce the vector potentialA. For a two-

terminal junction in the presence of a magnetic ஹ஭eld, the full gauge-invariant phase diஸference should

include the Aharonov-Bohm phase:

ϕ̃ ≡ ∆ϕ− (2π/Φ0)

∫
A · ds, (4.9)

whereΦ0 is the ஺ாux quantum and the integral is from one superconducting lead to the other.
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Figure 4.14: Two-terminal junction with a loop. γ’s are the couplings between the superconducting contacts
and the normal island.

4.3.1 Two-terminal junction with a loop

Before diving into our three-terminal junction with a loop, it is very helpful to consider a warm-up

example of the two-terminal case with the simple dot model: a normal dot connected to two super-

conducting terminals with one of them forming a loop, as shown in ஹ஭gure 4.14. The phase diஸference

between the two terminals is ϕ. Using the inஹ஭nite-gap dot model introduced in Secion 2.4.2, at each

contact we assign a parameter indicating how high the chance of tunneling between the contact and

the normal dot is; these coupling strengths are denoted as γ0a, γ0b, and γ1, respectively.

We can then construct the Andreev bound states and ஹ஭nd the currents they carry. Depending on

the chosen gauge, the ABS energies are (for a resonant dot where ε0 = 0):
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EABS(ϕ,Φ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

±
∣∣∣γ0a + γ0be

iΦ + γ1e
iϕ
∣∣∣ , non-symmetric gauge

±
∣∣∣γ0ae

−iΦ/2 + γ0be
iΦ/2 + γ1e

iϕ
∣∣∣ , symmetric gauge

(4.10)

For example, let us consider a symmetric loop such that γ0a = γ0b = γ0/2. Thenwith the symmetric

gauge, the ABS energies become

EABS(ϕ,Φ) = ±
∣∣∣
γ0
2
e−iΦ/2 +

γ0
2
eiΦ/2 + γ1e

iϕ
∣∣∣

= ±
∣∣∣γ0 cos(Φ/2) + γ1e

iϕ
∣∣∣ , (4.11)

where we get an eஸfective coupling for the loop, which is γ0 cos(Φ/2).

More generally, the eஸfective coupling of the loop is a complex number and the ஹ஭rst two terms in

Eq.4.10 can be combined and written as:

γ0(Φ) = γ′0e
iα(Φ), (4.12)

where

tanα =
γ0b − γ0a
γ0b + γ0a

tan(Φ/2), (4.13)

γ′0(Φ) =
√
γ20a + γ20b + 2γ0aγ0b cosΦ. (4.14)
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We then have

EABS(ϕ,Φ) = ±
∣∣∣γ′0(Φ) + γ1e

i[ϕ−α(Φ)]
∣∣∣ . (4.15)

It is now obvious that as the ஺ாux Φ is varied, the overall junction phase would have an additional

term α(Φ). We can deஹ஭ne a gauge-invariant phase as

ϕ̃ ≡ ϕ− α(Φ). (4.16)

Then Eq.4.15 immediately shows that our two-terminal junction with a loop is actually equivalent

to a simple two-terminal junction (Eq.2.61). Except that now one of the contact couplings, γ′0(Φ), is

஺ாux-dependent. Note that in Chapter 2, we assumed γ’s are real. In fact, they can be complex when a

magnetic ஹ஭eld is applied and time reversal symmetry is broken. In this example, the ஺ாux adds an extra

phase factor e±iΦ/2 to the loop γ’s. However, in the calculation this phase factor is incorporated as a

shifி of the superconducting phase and we still have real γ’s.

4.3.2 Quartet in three-terminal junction with a loop

Now let usmove on to the simple dotmodel for our actual device, a three-terminal Josephson junction

with a loop. As shown in ஹ஭gure 4.15, there are four contact couplings in total, γ1, γ2 for the ஹ஭rst two

terminals and γ0a, γ0b for the loop.

The superconducting phase of the loop is chosen to be the reference, while the other two terminals
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Figure 4.15: Three-terminal junction with a loop. γ’s are the couplings between the superconducting leads and
the normal island.

S1 and S2 have the phase ϕ1 and ϕ2, respectively. Then the ABS energies in the proximitized region

(consider a resonant dot) are written as

EABS(ϕ1,ϕ2,Φ) = ±
∣∣∣γ0a + γ0be

iΦ + γ1e
iϕ1 + γ2e

iϕ2

∣∣∣ . (4.17)

Following the same argument carried out for a two-terminal junction with a loop, we now can

express theABS energies in termsof theoriginal couplingsγ1, γ2 and the eஸfective loop couplingγ
′
0(Φ)

along with a gauged quartet phase

ϕ̃q ≡ ϕq − 2α(Φ). (4.18)
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Generally, Eq.4.17 can be rewritten as

EABS(ϕ1,ϕ2,Φ) = ±
∣∣∣γ′0(Φ) + γ1e

i(ϕ̃q+ϕr)/2 + γ2e
i(ϕ̃q−ϕr)/2

∣∣∣ . (4.19)

with ϕ̃q the gauged quartet phase and ϕr the running phase introduced in Section 4.1.2.

For simplicity, let us consider again a symmetric junction where the two loop couplings are the

same, γ0a = γ0b = γ0/2. By choosing a symmetric gauge, the ABS energies are

EABS(ϕ1,ϕ2,Φ) = ±
∣∣∣
γ0
2
e−iΦ/2 +

γ0
2
eiΦ/2 + γ1e

iϕ1 + γ2e
iϕ2

∣∣∣

= ±
∣∣∣γ0 cos(Φ/2) + γ1e

i(ϕ̃q+ϕr)/2 + γ2e
i(ϕ̃q−ϕr)/2

∣∣∣ . (4.20)

This shows that for quartets existing in a three-terminal Josephson junctionwith a loop, the bound

state is formed the same way as in a three-terminal junction without a loop. The diஸference is that the

Hamiltonian is now responsive to the magnetic ஺ாux. As shown in ஹ஭gure 4.16, our device is equivalent

to a simple three-terminal junction but with one of the contact couplings tunable by the ஺ாuxΦ. This

provides an additional aspect to probe the system experimentally.
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Figure 4.16: Three-terminal junction with a loop is equivalent to three-terminal junction with no loop but
having one of the contact couplings dependent onΦ.

4.4 Adiabatic Approximation: Effective Andreev Bound State

In the beginning of this chapter, we showed that the ABS energies E(ϕq,ϕr) in a quartet system

are two-dimensional manifolds (ஹ஭gure 4.5), of which the running phase ϕr is winding in time with a

velocity 4eV/!. Having V = 0+ means that ϕr is changing extremely slowly. One can therefore use

the adiabatic approximation to average out the running phase and obtain an “eஸfective” ABS energy

for the non-equilibrium three-terminal junction. In the resonant dot model for our three-terminal
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Figure 4.17: At low V ,ϕr has slow and smooth variation in time. By averaging over the whole period ofϕr , we
get an eஸfective ABS ⟨EABS⟩ depending only on ϕ̃q , resembling the single junction ABS at equilibrium.

junction with a loop (Eq.4.19), the averaged energies read

⟨EABS(ϕ̃q,Φ)⟩

=
1

4π

∫ 4π

0
dϕr

∣∣∣γ0a + γ0be
iΦ + γ1e

i(ϕ̃q+ϕr)/2 + γ2e
i(ϕ̃q−ϕr)/2

∣∣∣ (4.21)

=
1

4π

∫ 4π

0
dϕr

∣∣∣γ′0(Φ)e
iα(Φ) + γ1e

i(ϕ̃q+ϕr)/2 + γ2e
i(ϕ̃q−ϕr)/2

∣∣∣ . (4.22)

At zero ஺ாux, the eஸfective ABS energies for quartets are the same as those of an equilibrium Joseph-

son junction, depending only on a single phase variable ϕ̃q . At non-zero magnetic ஹ஭eld, the ஺ாux Φ

comes into play via the eஸfective coupling γ′0(Φ).

The adiabatic quartet current in the loop can then be acquired from taking derivative of ⟨EABS⟩

with respect to the phase of the loop, or with respect to the quartet phase ϕ̃q/2. Taking its maximum
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value provides the adiabatic quartet critical current:

Iq,adiab = −2e
∂ ⟨EABS⟩
∂ϕ̃q

(4.23)

Iqc,adiab = Maxϕ̃q

[
−2e

∂ ⟨EABS⟩
∂ϕ̃q

]
. (4.24)

Iqc,adiab (Iqc for short) is the important experimental observable which re஺ாects the landscape of

the eஸfective ABS spectrum. Therefore, our goal is to inspect how the quartet current in the device is

modulated as other experimental knobs are tuned. For the rest of this section, we use the simple dot

model to demonstrate how the ABS energies are engineered by the contact couplings and gate voltage,

resulting in the evolution of Iqc(Φ).

4.4.1 Engineering the eஸfective ABS via contact couplings

To start with, we ஹ஭x the ஹ஭rst two superconducting leads to have couplings to the dot with γ1 = 0.1

and γ2 = 0.3 (see ஹ஭gure 4.18 top panel). Another condition is that the sum of the loop couplings

γ0a + γ0b = 1. By varying γ0a we ஹ஭nd that the second harmonic appears in Iqc as a function of Φ

when the loop contacts are nearly symmetric. In the regime of strong asymmetry between γ0a and

γ0b, Iqc(Φ = π) is found to be larger than Iqc(Φ = 0). If we increase the coupling of the second lead

to be much stronger than the ஹ஭rst lead (ஹ஭gure 4.18 bottom panel with γ1 = 0.1, γ2 = 0.9), then we

always ஹ஭nd maximum Iqc atΦ = 0.
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Figure 4.18: Iqc(Φ) for diஸferent combinations of contact couplings. Top: the second harmonic appears when
the loop is nearly symmetric. Bottom: strong asymmetry between the ஹ஭rst and second lead. Maximum value of
Iqc always occurs at zero ஺ாux.

To further see howwe can extract information on the ABS spectrum from Iqc(Φ), let us consider a

symmetric loop (the green curve with γ0a = 0.45 in ஹ஭gure 4.18 top panel). Themaximum Iqc occurs

around Φ = 0.74π while the minimum is at Φ = π. The corresponding ABS spectra (before the

adiabatic approximation of averaging over ϕr) are illustrated in ஹ஭gure 4.19. Since the critical current

is proportional to the derivative of the energy (Eq.4.23), one can see that atΦ = 0.74π, the Andreev

gap is at its minimum and the intense deformation in the proximity of the closing point results in the
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Figure 4.19: For a nearly symmetric loop, the contact couplings are ஹ஭xed at (γ1, γ2, γ0a, γ0b) =
(0.1, 0.3, 0.45, 0.54). Lefி: ABS spectrum at Φ = 0.74π generates the maximum Iqc with the Andreev gap
closing. Right: ABS spectrum atΦ = π has minimal variation and generates minimum Iqc .

large critical current. On the contrary, atΦ = π, there is always a sizable Andreev gap throughout the

whole spectrum. The reduced modulation amplitude in the manifolds explains the why the critical

current is small.

4.4.2 Engineering the eஸfective ABS via gate

In our device, another knob to tune the system is the gating of graphene. The applied gate voltage

changes the chemical potential of the graphene channel region. Also, the gate voltage can change

the density of graphene underneath Al contacts, modulating the couplings between graphene and

the superconductors. In the simple dot model, the gating eஸfect can be incorporated by changing the
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single-level dot energy ε0 in Eq.2.60:

EABS = ±
√
ε20 +

∣∣
∑

i

γie
iϕi

∣∣2.

For certain combinations of the contact couplingsγ’s , Iqc(Φ)behaves indistinctmanners for diஸfer-

ent values of ε0. For example, we can ஹ஭x the couplings to be (γ1, γ2, γ0a, γ0b) = (0.1, 0.3, 0.7, 0.3)

and calculate the critical current Iqc as a function of ε0 and the ஺ாux Φ. The result is shown in ஹ஭gure

4.20 as a color plot and its vertical linecuts at diஸferent values of ε0. When we have a resonant dot

(ε0 = 0), the critical current has maximum value (peak) atΦ = π. But as the dot energy is increased,

the peak starts to split into two and gradually turns into a dip (minimum) atΦ = π. The transition

Iqc(Φ) undergoes is clearly shown in the linecuts.

Gate dependence data

The gating eஸfect in the toy-model can be compared to our experimental results. At diஸferent backgate

voltages we ஹ஭x the bias voltageV applied on the junction to be the same and thenmeasure the quartet

conductance while sweeping magnetic ஹ஭eld. Putting all the G(Φ) curves from measurements with

diஸferent values of backgate together (ஹ஭gure 4.21), we see a similar evolution to that of the dot model

(ஹ஭gure 4.20 bottom panel). At certain gate voltage (Vbg ≈ 10, 30 V for example), G(Φ) exhibits

Φ/Φ0 as the dominant period. In between these gate voltages,G(Φ) exhibitsΦ/2Φ0 periodicity. In

spite of the simplicity, the dotmodel still captures the essence of quartet physics and is consistent with
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Figure 4.20: Simulated critical current with the contact couplings ஹ஭xed at (γ1, γ2, γ0a, γ0b) =
(0.1, 0.3, 0.7, 0.3). Top panel: Iqc as a function of the dot energy ε0 and the ஺ாux (Φ). Bottom panel: ver-
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Figure 4.21: Measured quartet conductance (G1) as a function of magnetic ஺ாux, (B · A)/Φ0, for diஸferent
backgate voltages. B is the applied ஹ஭eld,A is the area enclosed by the device loop andΦ0 is the superconducting
magnetic ஺ாux quantum. G1(Φ) is proportional to Iqc(Φ), which is calculated and shown in ஹ஭gure 4.20. The
second harmonic appears at certain gate voltages.
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Figure 4.22: Conventional three-terminal quartet process. The process is immune to disorder in the proximi-
tized region.

the experimental data. The modulated periodicity of G(Φ) is closely related to the appearance of

diஸferent types of quartet process involving the loop electrodes that we will discuss in the next section.

4.5 Different Types of Quartet Process

In this section, we consider spatially distributed quartet procedure in the superconducting electrodes.

As shown in ஹ஭gure 4.22, for a simple three-terminal junction, the entangled Cooper pairs are trans-

ferred into the grounded terminalwhile theAndreev re஺ாectedhole/electronwill trace the time-reversed

path of its partner and form the nonlocal supercurrent. Therefore, this process is immune to disor-

der in the proximitized region. This is the type of quartet process that has already been observed

in the previous experiments with three-terminal Josephson junctions based on disordered metal and
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nanowire. 39,40 In our device, one of the terminals is split into two contacts to form a loop, enabling

phase control to probe the quartet state. One may wonder if any new phenomenon would rise from

this special setup. For instance, since both contacts of the loop are at the same potential, is there any

diஸference between them from the Cooper pairs’ perspective? In this section, we will ஹ஭rst discuss the

conventional quartet process when there are four contacts and then present a newprocess that appears

exclusively in our device.

4.5.1 Conventional quartet process

Adding another contact to the grounded lead means that the two entangled Cooper pairs now have

two choices to enter the grounded terminal. The same process as in ஹ஭gure 4.22 can now take place

with the Cooper pairs transferred together into either contact S0a or S0b, as illustrated in ஹ஭gure 4.23.

To further inspect the ஺ாux dependence of the supercurrent carried by these conventional quartets,

we consider the phase at each contact. As shown in ஹ஭gure 4.23, the phases between the two loop

contacts diஸfer by the ஺ாuxΦ. Every time an Andreev re஺ாection occurs, the re஺ாected quasiparticle will

pick up the phase of the superconducting lead. In the conventional quartet process, the two Andreev

re஺ாections both happen at the same contact, meaning there will be another factor of 2 in the phase

factor that the particles acquire:

ei2ϕ0 at S0a (4.25)

ei2(ϕ0+Φ) at S0b. (4.26)
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Figure 4.23: Conventional quartet among four contacts. Either S0a or S0b of the loop participates the process.
At S0i contact, the Andreev process takes place twice (the dotted line represents electron-hole conversion).

It is clear that if there is only process (1) or only process (2) in the system, the situation is the same

as having quartet in a simple three-terminal junction and hence the quartet current would not have

any ஺ாux dependence. On the other hand, if both (1) and (2) exist at the same time, the situation is no

longer trivial due to the interference between the two processes. Let us consider the adiabatic quartet

current and critical current that are deஹ஭ned in the previous section by Eq.4.23, 4.24:

Iq,adiab = −2e
∂
〈
EABS(ϕ̃q,Φ)

〉

∂ϕ̃q

Iqc,adiab = Maxϕ̃q

[
−2e

∂
〈
EABS(ϕ̃q,Φ)

〉

∂ϕ̃q

]
.
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WhenΦ = π, at lead S0b we have the phase factor

ei(2ϕ0+2π) = ei2ϕ0 , (4.27)

which is the same as the phase factor whenΦ = 0. Thismeans that the observables such as the quartet

critical current would have the relation:

Iqc(Φ = 0) = Iqc(Φ = π), (4.28)

hence having a periodicity of π in ஺ாux.

4.5.2 Split quartet process

The second type of process will not survive if there is disorder in the normal island, since the butter஺ாy-

like trajectory (ஹ஭gure 4.24) does not retrace itself and will be averaged out. It is given the name “split

quartets” since the entangled Cooper pairs are separated into the two contacts of the grounded loop.

Following the same analysis, the phase factor of this process is

ei(ϕ0+Φ) (4.29)

without a factor of 2 since each contact would only experience a single Andreev re஺ாection. Therefore,

the quartet current has a periodicity of 2π in ஺ாux. We should note that at Φ = π, the current has
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Figure 4.24: Split quartet process among four contacts, which involves both S0a and S0b in one cycle. But at
each lead, there is only a single Andreev process (one dotted line).

the opposite sign but the same magnitude as the current atΦ = 0. It implies that the critical current

measured at Φ = 0 and Φ = π would be identical because it is deஹ஭ned as the maximum absolute

value of the current.

4.5.3 Interference and ஺ாux dependence of Iqc

Even though microscopically we can describe the diஸference between the conventional process and

the split quartets, experimentally we cannot distinguish them by measuring Iqc(Φ) since the critical

current is always positive and they both will show the same periodicity of π. This is when interference

comes to the rescue. Interestingly, with the three quartet processes (two conventional and one split)
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happening simultaneously in the device and interfere with each other, the periodicity of the critical

current in ஺ாux becomes 2π.

As shown earlier, what we measure in experiment is the diஸferential conductance in the junction

G = dI/dV , which is proportional to the quartet critical current Iqc. In the previous section ஹ஭gure

4.21 shows the gate dependence of the quartet conductance as a function of ஺ாux. While for some of the

gate voltages, the periodicity indeed is one ஺ாux quantum (with the area enclosed by the loop). Now

we know it is not as trivial or straightforward as it may seem since it implies the presence of the split

quartets. More precisely, there is interference among the conventional quartets and the split quartets.

For some gate voltages, the periodicity becomes half ஺ாux quantum, indicating the absence of the split

quartet. Since diஸferent types of quartet process depend on the coupling strength of each contact, it

makes sense that we can modulate the occurrence of these processes in the system with gate voltage.

This observation expands the richness of our three-terminal Josephson junction with a loop.

In summary, in a three-terminal Josephson junction Andreev bound states can be formed in the

context of quartet, which consists of four entangled electrons and carries nonlocal supercurrents. For

the ஹ஭rst time, quartet is observed in a 2D system, our graphene-based multi-terminal Josephson junc-

tion. Furthermore, the device design with a loop enables phase control over the system and therefore

unveils the existence of a new type of quartet process, the split quartet. We also discussed the adiabatic

approximation that is valid when the bias voltage V is in the 0+ limit. The calculation from a simple

dot model is consistent with the gate dependence experimental data, suggesting that we canmodulate

the eஸfective Andreev bound states via backgate. In the next chapter, we will march into the ஹ஭nite

voltage regime, in which the running phase ϕr plays a critical role for the dynamics of the system.
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5
Emergence of the Floquet Spectrum

Sofar,wehave learnedaboutthequartet system,which in principle has a time-dependent

Hamiltonian due to the applied voltage bias. As shown in ஹ஭gure 5.1, the original pair of Andreev

bound states is dynamically evolving in time alongϕr. When the variation is inஹ஭nitely slow, the system

is in the adiabatic regime andwill always stay in the ground state without any transitions to the excited
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φr (time)

EABS

Figure 5.1: Time-dependent Andreev bound states for a quartet process in the adiabatic regime at ஹ஭xed ϕq .
There is no transition between the two levels; the system stays in the initial state.

state. This is the regime we focused on in the previous chapter: when the control voltage V is in the

0+ limit andmuch smaller than the gap at any given quartet phaseϕq , we can ஹ஭nd the eஸfective energy

spectrum and current near equilibrium by averaging over the running phase ϕr.

Experimentally, it is rather diஸஹ஭cult to observe thequartet in this adiabatic regimebecause it is always

overshadowed by the two terminal Josephson currents, as marked in ஹ஭gure 5.2, which shows the V1−

V2 scan in the quartetmeasurement. Whenwemove to the regionwhere the quartet is distinguishable

fromtheother supercurrents, we are in the ஹ஭nite voltage regime and thedynamics of the runningphase

must be taken into account:

ϕr(t) = ϕ1 − ϕ2 + 4eV t/!. (5.1)
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Figure 5.2: In theV1−V2 scan of the quartetmeasurement, theV = 0+ region is the area enclosed by thewhite
dotted line. This is the region where the quartets are in the adiabatic regime, but they are also overshadowed by
the Josephson currents.

5.1 Landau-Zener transition

In the dynamicalAndreev bound states there are non-adiabatic eஸfects due to the voltageV . Therefore,

it is useful to recap the Landau-Zener transition.47 As shown in ஹ஭gure 5.3, when the spectrum is vary-

ing in time with non-zero velocity, v, transitions between the two Andreev levels may occur around

an avoided crossing (when the gap between the two Andreev levels is at minimum, i.e., the Andreev

gap ∆min). If we assume the system is initially in the lower Andreev level, then the Landau-Zener
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φr (time)

EABS

Figure 5.3: Andreev bound states as a function of ϕr(t). Landau-Zener transitions between the two states
happen at avoided crossings.

formula gives us the probability of ஹ஭nding the system in the upper level:

P = exp
(
− 2πδ

)
, δ =

∆2
0

4v
. (5.2)

where v is how fast the spectrum is varying. It is proportional to the voltage V :

v =
dE

dt
=

dE

dϕr

dϕr

dt
=

4eV

!

(
dE

dϕr

)
. (5.3)

While ஹ஭gure 5.3 depicts the non-adiabatic eஸfect caused by the voltage V , it does not provide a com-

plete picture of the quartets at ஹ஭nite V . Since the energy spectrum is periodic in ϕr, we now have

a time-periodic problem to solve. In the next section, we will take a look at a few examples of other

periodically-driven systems before getting back to our quartet system.
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5.2 Driven Two-level Systems

Aquote from J. J. Sakurai in the text bookModernQuantumMechanics: “In fact, it ॾ amusing to see

that ॼ many ॼ four Noble Prizॽ in physics have been awarded to those who exploited time-dependent

two-state systems of some form.*”

In contrast to time-independent quantum theory, it is very rare to have exactly solvable quantum

systems that are time-dependent. In 1937, I. I. Rabi studied nuclei with 1/2-spin interacting with a cir-

cularly polarizedmagnetic ஹ஭eld,48 which is a classic example of a driven two-level system. Consider an

atom in which an electron can only be in the ground state or excited state with an oscillating electro-

magnetic ஹ஭eld applied to it. By switching to the rotating frame, the fast oscillating term in the Hamil-

tonian quickly averages out and can be neglected. This is the so-called rotating wave approximation

(RWA). One ஹ஭nds that when the driving frequency corresponds to an energy close to the energy gap

between the two levels, the probability of ஹ஭nding the atom in the ground and excited state oscillates

in time, which is known as the Rabi-oscillation.

In Chapter 2 we discussed theDC Josephson eஸfect and how a dissipationless supercureent can ஺ாow

through an SNS junction without any applied voltage. In the simplest weak link, when the channel

is shorter than the superconducting coherence length, a pair of Andreev bound states that carry op-

posite directions of supercurrents forms in the proximitized region. This pair of Andreev states is a

*Rabi (1994) on molecular beams and nuclear magnetic resonance; Bloch and Purcell (1952) on magnetic
ஹ஭eld in atomic nuclei and nuclear magnetic moments; Townes, Basov, and Prochorov (1964) on masers, lasers,
and quantum optics; Kastler (1966) on optical pumping.
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realization of a two-level system with well characterized parameters.

The ground state, where only the lower Andreev level is occupied, has been probed through mea-

surements of the current-phase relation.49 It is also of great interest to probe the excited state. Via

quasiparticle tunneling spectroscopy, excitations of the excited state created by adding or removing an

electron from the lowerAndreev level have been observed. 50,51More recently, microwave spectroscopy

has shown coherent control of Andreev bound states with resonant excitation by microwaves. 52,53,54

Besides probingdirectly the transitions between theAndreev levels,modulationof the current ஺ாow-

ing in the junction has been studied as well. Experimentally, one can control the occupation of the

supercurrent-carrying states through non-equilibrium quasiparticle injection such that the direction

of the supercurrent may even be reversed. 55 † Regarding ballistic transport, there are a few theoretical

investigations on how microwave irradiation can modify the equilibrium Josephson current drasti-

cally. 56,57,58

If the strength of the driving ஹ஭eld used to induce transition is signiஹ஭cantly smaller than the natural

transition and the frequency is close to the transition frequency, the system would go through Rabi

oscillations between the two energy eigenstates. This scenario can be well described by the rotating

wave approximation (RWA)48 with sinusoidal oscillations. However, in the strong driving regime,

the dynamics becomes very complex containing several frequency components and the RWA breaks

down. 59,60,61

†Even though this experiment was done with mesoscopic diஸfusive metal, in which the Andreev bound
states are not the natural concept to describe the supercurrent, there are still supercurrent-carrying states in
the normal metal. The total supercurrent also depends on the occupation of these states, analogous to the
occupation of Andreev bound states in a ballistic system.
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While the microwave scenario gives us some intuition about our quartet system, the periodic driv-

ing originates from the running phase ϕr(t) and hence is intrinsic to the junction; the strength of

this perturbation is comparable to the energy scale of the system’s intrinsic dynamics and we are no

longer in the weak driving limit. Therefore, a diஸferent theoretical approach is needed. This is where

Floquet theory comes in. Its application provides a general framework that can be used to solve the

periodically-driven systems in all regimes.

5.3 Floquet Theorem: Bloch’s Theorem in Time

“When I started to think about it, I felt that the main problem wॼ to explain how the electrons could

sneak by all the ions in a metal....By straight Fourier analysॾ I found to my delight that the wave differed

from the plane wave of free electrons only by a periodic modulation.”62

This is a remark of the Swiss physicist Felix Bloch (1929) that highlights the diஸference between

free electrons and those in a crystal. The wave function he found, known as a Bloch wave, is used to

describe electrons in a periodic potential and can be written in the form of an exponential plane wave

multiplied by a periodic function:

ψk(r) = eik·ruk(r), (5.4)

where r is position and uk(r) is the periodic function with the same periodicity as the crystal lattice.
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Unlike a particle in a constant potential where its momentum is conserved, for a particle in a periodic

potential the momentum is no longer well-deஹ஭ned. The parameter k, called quasi-momentum (or

crystal momentum), is a vector that behaves similarly to the momentum and is conserved. Due to the

periodic potential, the quasi-momentum is also periodic. Therefore, we only need to pay attention to

the ஹ஭rst Brillouin zone, which is suஸஹ஭cient to describe all of the Bloch states without redundancy.

In 1883 a French mathematician, Gaston Floquet, already derived a form of solution for periodic

diஸferential equations.63 Bloch theorem is just an implementation of that solution in the condensed

matter setting. The Floquet theorem has found widespread relevance for the study of periodically-

driven quantum systems. Such systems are described by a time-periodic HamiltonianH(t) = H(t+

T ), whereT is the oscillation period. The corresponding time-dependent Shrödinger equation allows

solutions of a speciஹ஭c form similar to the Bloch waves:

Ψα(t) = e−iεαt/!Φα(t). (5.5)

These are the Floquet states, in whichΦα(t) is the Floquet mode and has the same periodicity as the

Hamiltonian. Instead of quasi-momentum, the Floquet states are labelled with quasi-energy εα. One

can easily see how the time periodicity here replaces the spatial periodicity in Bloch’s theorem. This is

why the Floquet theorem is ofிen referred to as the counterpart of Bloch’s theorem in time.

Using the Floquet ansatz (Eq.5.5) one can reduce time-dependent Schrödinger equations to an eஸfec-

tive time-independent problem, but in an enlarged Hilbert space. The resulting number of distinct

solutions depends on the dimension of the original Hilbert space. The extra set of solutions com-
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ing from the enlarged Hilbert space does not give any additional information and describes the same

physical states. Just as in solid state physicswe focus only on the ஹ஭rst Brillouin zone, there is a “Floquet-

Brillouin zone” for the quasi-energy ε0 < ε < ε0+!ω0, in which all the physics of the time-periodic

system is captured. Here, ω0 = 2π/T is the frequency associated with the periodic driving.

5.4 Formation of Floquet Ladders

Now let us go back to our quartet system. Recall that in the simple dot model for a three-terminal

Josephson junction the coupling between the electron and hole states is

Γ = γ0e
iϕ0 + γ1e

iϕ1 + γ2e
iϕ2 . (5.6)

With ஹ஭nite V = V1 = −V2, this coupling is modiஹ஭ed to be

Γ = γ0e
iϕ0 + γ1e

iϕ1eiω0t + γ2e
iϕ2e−iω0t, (5.7)

where ω0 = 2eV/! is the Josephson frequency.

Since the original Hilbert space is two-dimensional and the wavefunctionΨ(t) is represented by a

two-component spinor (Ψe(t),Ψh(t)), by applying the Floquet theorem we get two quasi-energies

and their replicas translated by n!ω0, where n is an integer. This replicated spectrum is referred to
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as a set of ladders. Same as in the previous section, we will not go into the detailed equations now.

Interested readers can ஹ஭nd the Floquet dot model in Appendix C. In the following subsections, we

will build up these Floquet ladders with a classical approximation ஹ஭rst, and then consider the quan-

tum mechanics. Note that the Floquet ladders, Floquet levels, and Floquet spectrum will be used

interchangeably. Usually “levels” are used when we talk about the two rungs of the ladders in the ஹ஭rst

Floquet-Brillouin zone, and “spectrum” is used when we talk about the Floquet energy as a function

all parameters (ϕ̃q, V,Φ).

5.4.1 Classical ladders

Figure 5.4 (a) shows that in theV = 0+ limit, one can average over the the running phase to obtain the

eஸfective time-independent Andreev bound states ⟨EABS⟩. This was discussed in Chapter 4. Once V

is switched on, the Hamiltonian becomes time-periodic. By applying the Floquet theorem, the pair

of eஸfective Andreev levels emanates into inஹ஭nite replica, forming two ladders as depicted in ஹ஭gure 5.4

(b).

While the energies are 2π periodic in the phases of the superconducting leads ϕ1,ϕ2, they are 4π

periodic in the running phaseϕr = ϕ1−ϕ2 (Eq.4.22). Therefore, the driving frequency of the system

is the same as the Josephson frequency

ω0 = 2eV/!. (5.8)
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Figure 5.4: Formation of the Floquet ladders. (a) The adiabatic approximation gives us the eஸfective Andreev
bound states ⟨EABS⟩ by averaging over the running phase ϕr . (b) As V enters the ஹ஭nite regime, the pair of
eஸfective ABS, E+ and E− will emanate into inஹ஭nite replica due to the time-periodic driving induced by the
running phase ϕr . The driving frequency is ω0 = 2eV/! and the spacing between the rungs in each ladder
is !ω0 = 2eV . In the ஹ஭rst Floquet-Brillouin zone, the classical ladders have level crossings when V = E/en.
(c) Landau-Zener transitions between the original Andreev levels are triggered by the driving, opening Floquet
gaps at resonances. The ஹ஭nal form of Floquet ladders is completed.

The spacing between the rungs is given by

∆E = !ω0 = 2eV, (5.9)

which is tunable by the control voltage V (indeed, V determines how fast the system is running along

ϕr). Figure 5.4 (b) shows the twounperturbed ladders (blue and red) from the classical approximation.
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5.4.2 Landau-Zener tunneling at resonances

These classical ladders have level crossings at (consider the ஹ஭rst Floquet-Brillouin zone only):

E+ = E− + 2neV, where n ∈ N (5.10)

E+,− denote the upper and lower eஸfective Andreev bound states and since E+ = −E− ≡ E, the

resonant condition is found to be:

V =
E

en
(5.11)

Due to quantum correlations and the Landau-Zener transitions between the two levels discussed

in the Section 5.1, the crossings turn into avoided-crossings. The gap opening at the resonances results

in the ஹ஭nal form of the Floquet ladders, as illustrated in ஹ஭gure 5.4 (c).

As we emphasized earlier, the inஹ஭nite number of rungs arise from the translational symmetry in

time just as the repeated Brillouin zones arise from the translational symmetry in space. Therefore,

despite the inஹ஭nite number of the energy levels, the reciprocated energies can all be reduced into the

ஹ஭rst Floquet-Brillouin zone, where our interest lies.
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5.4.3 Construction of three-dimensional Floquet spectrum

We have explained the formation of Floquet ladders for a ஹ஭xed value of control voltage V , which

determines the distance between the rungs. One can imagine that when V is changing, we have these

ladders extended in another dimension as the spacing between the rungs is altered. If ஹ஭gure 5.4 (b)

is the “front view” (as a function of quartet phase) of the classical ladders, then the “sideview” (as a

function of V ) is shown in ஹ஭gure 5.5. Because of the resonant condition (Eq.5.11), one can see clearly

the linear periodic resonances when the Floquet energies are plotted as a function of 1/V , as shown

in the bottom panel of ஹ஭gure 5.5.

Let us not forget that in our device we have an additional parameter, the ஺ாuxΦ threaded through

the loop. Aswediscussed at the endof theprevious chapter, varying the ஺ாuxΦ results in amodiஹ஭cation

of the eஸfectiveAndreev bound states, which are the building blocks of our Floquet ladders. Therefore,

when we apply a diஸferent magnetic ஹ஭eld, a new set of Floquet manifolds will be generated.

With all the tuning parameters in the quartet mode when it is set out-of-equilibrium, we possess a

three-dimensional Floquet spectrum EFloquet(ϕ̃q, V,Φ) that can be dynamically controlled. In the

next section, we will demonstrate how the Floquet spectrum can be experimentally probed.
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Figure 5.5: Calculated classical Floquet ladders along V when the quartet phase ϕ̃q is chosen to be 1.1π (without
the consideration of Landau-Zener (LZ) transition). Blue and red denote that the origins of the replica are the
lower (E−) and upper (E+) eஸfective Andreev levels, respectively. The crossing points are where the resonances
are. Top: as a function of V . Bottom: as a function of 1/V .

119



5 5.5 6 6.5 7

0.376

0.386

0.39 d

G
1 (S

)

V (μV)

V*

Figure 5.6: Measured quartet conductanceG1 as a function of the control voltage V , which is proportional to
Iqc(V ). A local minimum at V ∗ is observed and is crucial for the probing of the Floquet spectrum.

5.5 Probing the Floquet Spectrum

In our experiment, we have two knobs that can directly tune the Floquet spectrum. The ஹ஭rst is the

bias voltage V , which controls the driving frequency and hence the spacing between the rungs in the

Floquet ladders. The second is the ஺ாux Φ threaded through the device loop. It changes the eஸfective

loop coupling γ′0(Φ) and hence the eஸfective Andreev bound states, which are the building blocks of

the Floquet ladders.

5.5.1 Evolution of Floquet levels along V

Figure 5.6 shows the quartet conductanceG1(= dI1/dVAC)wemeasure in experiment, as a function

of the control voltage V . A local minimum around V = 5.8 µV is observed. This dip is crucial in

120



probing the Floquet spectrum since it indicateswhere an avoided crossing is. In this subsectionwewill

lay out the connection between the Floquet spectrum in theory and the experimental measurement.

Figure 5.7 (a) shows how the Floquet levels as a function of ϕ̃q evolve as the voltage V is tuned and

(b) shows the corresponding calculated quartet current Iq . ϕ̃
∗
q is where Iq has its maximum value, i.e.,

the quartet critical current Iqc. The color code blue and red represent populated and empty levels, re-

spectively. Note that the levels originate from the two eஸfective Andreev levels that carry supercurrents

of opposite directions. Four regions of V are discussed:

(I) When 2eV is smaller than the Andreev gap∆min, there is no coupling between the two levels

and the quartet current is the same as that near equilibrium.

(II) As 2eV exceeds ∆min, Floquet gaps open near resonances. The hybridization between the

levels and mixing of states result in a drop in the net current, which further aஸfect the value of

ϕ̃∗
q and Iqc.

(III) With even larger voltage V = V ∗, the resonances take place at the original ϕ̃∗
q , denting the

peak in Iq . The quartet critical current Iqc thereby reaches a minimum.

(IV) When 2eV is increased to be greater than the largest gap between the two levels, there is no

more hybridization. Both the levels and the current recover to the case near equilibrium. In

this stage, the two levels may look like the Andreev bound states in a ferromagnetic Josephson

π-junction. But remember only two rungs of the ladders are shown in the ஹ஭gure. The full set

of ladders is composed of inஹ஭nite rungs and therefore stage (IV) is actually the same as stage

(I); it is not a π-junction.
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Figure 5.7: (a)(b) Evolution of the Floquet levels and quartet current as functions of ϕ̃q at diஸferent values of V.
I:When V is small such that 2eV < ∆min, the two levels are not yet coupled. The lower level is fully occupied
(blue) while the upper level is empty (red). Themaximumquartet critical current occurs at ϕ̃q = ϕ̃∗

q . II:When
2eV exceeds the Andreev gap∆min, the two levels start to hybridize. Due to Landau-Zener transitions, gaps
open at the level crossings. At these avoided crossings, both hybridized levels are populated (blue-red gradient).
Since the upper and lower levels carry quartet supercurrents of opposite directions, the mixing of states causes
strong modulation of the quartet current-phase relation, resulting in the shifி of ϕ̃∗

q and decrease in Iqc. III:
As V is increased to V ∗, the modulation of Iq(ϕ̃q) is even stronger and Iqc reaches a minimum. IV: When
2eV is greater than the largest gap between the two levels, there is no longer resonant coupling and the near
equilibrium situation is resumed. (c) The quartet critical current Iqc has a local minimum at V ∗. (d) Iqc in a
large range of V can have multiple minima. (e) The minima of Iqc in (d) correspond to the avoided crossings
(indicated by the black arrows) in the Floquet ladders along V .
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By collecting the maximum values of the quartet current at each V , one can see how the quartet

critical current Iqc changes as a function of V in ஹ஭gure 5.7 (c). In fact, in a large range of V , there

can be multiple minima in Iqc, as shown in (d). Figure 5.7 (e) shows the Floquet ladders plotted as a

function of V . The avoided crossings (indicated by the black arrows) in the ladders correspond to the

dips in Iqc. Therefore, the observation of a local minimum in the quartet conductance measured as

a function of V (ஹ஭gure 5.6) not only shows where an avoided crossing in the Floquet spectrum is, its

vicinity also re஺ாects the evolution of the ladders.

5.5.2 Flux dependence of the Floquet spectrum

What we see in ஹ஭gure 5.6 and ஹ஭gure 5.7 is only an avoided crossing and the ladder evolution along V

at a speciஹ஭c value of ஺ாux. Now let us tune this second knob, Φ. Figure 5.8 demonstrates that as the

஺ாux is varied, the position of the avoided crossing (V ∗) shifிs accordingly. Afிer Φ is changed by one

஺ாux quantum, V ∗ returns to the original value.

Figure 5.9 shows the 2D color plot of themeasured quartet conductanceG1 as a function ofV and

magnetic ஹ஭eld. While the zig-zag pattern illustrates how V ∗ shifிs upon changing the ஺ாux, one can

also look at this data from another perspective: howG1(Φ), which is proportional to Iqc(Φ), evolves

as a function of V .
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Figure 5.8: Quartet conductance as a function of V at diஸferent values of ஺ாux. The black and red dots labelled
with I, II, III, IV correspond to the diஸferent architecture of the Floquet ladders as depicted in ஹ஭gure 5.7. The
red dot V ∗, where the avoided crossing in the Floquet spectrum is, shifிs as the ஺ாux is varied. Afிer increasing
the ஺ாux by one ஺ாux quantum, V ∗ returns to its original position.
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Figure 5.9: Color plot of quartet conductance as a function of V and magnetic ஹ஭eld. The zig-zag pattern is due
to the sifிing of avoided crossing (V*) as the ஺ாux is varied, showing how the Floquet spectrum is tuned by the
magnetic ஹ஭eld.
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Figure 5.10: Quartet conductance as a function of ஺ாux at diஸferent values of V , which is another perspective
to understand how the Floquet spectrum can be modulated. When the bias voltage V is around 5.5 µV , the
conductance haveminima at zero and integer values of ஺ாux. As V increases, these minima gradually evolve into
maxima, suggesting the system at zero ஺ாux is moving away from an avoided crossing.
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This perspective is shown by vertical linecuts of the 2D plot, as plotted in ஹ஭gure 5.10. Starting

from the bottom of the ஹ஭gure, when V is around 5.5 µV, there is conductance minima at zero and

integer values of ஺ாux. As V increases, the driving frequency increases and these minima gradually

develop into maxima. In between, they go through a stage in which there is the second harmonic

in the quartet conductance. This is similar to in the adiabatic limit we discussed in Section 4.5; the

Floquet quartet process can also be modulated by V via controlling the interference between split

quartets and conventional quartets.

In conclusion, under the speciஹ஭c voltage conஹ஭guration V1 = −V2 = V , the quartet Andreev

bound states is created. As V is increased above the 0+ limit, the running phase ϕr serves as an in-

trinsic driving ஹ஭eld that is time-periodic. In the framework of Floquet theory, we show how the three-

dimensional Floquet spectrum is established as a function of the quartet phase ϕ̃q , the control voltage

V and the ஺ாuxΦ threaded through the device loop. More importantly, this Floquet spectrum can be

experimentally probed and modulated via V andΦ. In the last section, we will discuss how this type

of device provides a potential platform for engineering an Andreev spectrum that may exhibit exotic

topological states.

5.6 Outlook: A Platform for Exploring Topology

As mentioned earlier, multi-terminal Josephson junctions have gained growing attention in recent

years. This attention is tied to the quest for topological quantum phases and the fact that materi-
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als with intrinsic topological properties are rare in nature. So far, much of the progress in the search

for topological materials has relied on combining diஸferent materials in order to obtain the required

band structure and the quality of these crystals is demanding. Therefore, alternative routes have been

proposed to create artiஹ஭cial topological materials, even in non-electronic systems such as in ultra-cold

atoms. Recently, several theoretical studies have shown that in superconducting systems the three-

dimensional Andreev bound states can host Weyl nodes, 31,32,33,34,35,36 analogous to those in a Weyl

semimetal.64 This opens up a new realm of study for artiஹ஭cial topological materials.

In this section, the parallel between band theory and superconductivity is addressed followed by

several examples of how wemay explore the topology of Andreev bound states in future experiments

with multi-terminal Josephson junctions.

5.6.1 Superconductivity and band theory

One can draw an analogy between superconductivity and band theory. Figure 5.11 shows the band

structure of a 2D graphene in the tight-binding model and the ABS spectrum of a three-terminal

Josephson junction; there is a striking similarity with the crystal momenta kx, ky corresponding to

the superconducting phases ϕ1,ϕ2. This can be generalized to an n-terminal Josephson junction

with (n− 1) independent superconducting phases. The junction energy spectrum is thus in (n− 1)

dimensions. As these 2π-periodic superconducting phases play the role of crystal momenta, the ABS

spectrum becomes the analogue of the electronic dispersion of a crystal with (n − 1) dimensions. In

other words, one can create an artiஹ஭cial crystal with arbitrary dimensions, depending on the number
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Figure 5.11: The band structure of a 2D material, e.g.graphene (lefி) and Andreev bound state spectrum of a
three-terminal Josephson junction (right) are the analogues of each other with the crystal momenta ki and su-
perconducting phases ϕi are playing the same role.

of superconducting leads in the device. A more detailed parallel between band theory and supercon-

ductivity is in Table 5.1.65

5.6.2 Weyl nodes in three-dimensional ABS spectrum

In Chapter 2 we showed that Andreev bound states of a two-terminal Josephson junction can only

have zero energy if the transmission coeஸஹ஭cient is unity (τ = 1) and at ϕ = π. Therefore, in practice

there is always a ஹ஭nite gap in the spectrum. But the story is diஸferent for ann-terminal junction (n > 2).

For example in a four-terminal Josephson junction or in our device (a three terminal junction with a

loop) there are three independent phase variables. Depending on the details of the Josephson junction

such as the scatteringmatrix in the normal region and the contact transparency to the superconducting

leads, the ABS spectrum can be engineered to host zero-energy states, i.e., theWeyl singularities. With
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Band theory Superconductivity

n-dimensional crystal (n+1)-terminal Josephson junction

(2π/a)-periodic wave-vector ki 2π-periodic superconducting phase ϕi

position in real space (xn ) number of Cooper pairs transmitted (N)

Hopping between neighboring sites Transferring Cooper pairs between normal
region and superconducting leads

Electric ஹ஭eld dk/dt = −eE Josephson relation dϕ/dt = 2eV/!

Table 5.1: Analogy between band theory and superconductivity. 65

additional degree of freedom in the superconducting phases, one can sweep through the spectrum

and tune the system to the topologically nontrivial phase. 32 In ஹ஭gure 5.12 we show that for a certain

combination of the contact couplings γ’s in the simple dot model (introduced in section 2.4.2), the

gapped spectrumE(ϕ1,ϕ2) can be tuned to a gapless one as the third phase ϕ3 is adjusted.

The Chern numberC12 of the ABS levels can be computed by integrating the Berry curvatureB12

over the phases ϕ1,2. As S2 is biased with a very small voltage compared to the superconducting gap,

eV2 ≪ ∆, the current ஺ாowing into S1 is

I1(t) =
2e

!
∂E

∂ϕ1
− 2e

∂ϕ2

∂t
B12 , where

∂ϕ2

∂t
=

2eV2

! . (5.12)

The ஹ஭rst term is just the adiabatic current, and the second term is the ஹ஭rst-order correction in the

phase velocity governed by the Berry curvature. When the two terminals S1, S2 are biased with in-

commensurate voltages V1, V2, the two phases sweep uniformly the eஸfective Brillouin zone of the

ABS spectrum. Therefore, the adiabatic current is averaged to zero and the Berry curvature is replaced
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Figure 5.12: In a simple dot model for four-terminal Josephson junction, the gapped ABS spectrum at ϕ3 = 0
becomes gapless at ϕ3 = π with a given set of contact couplings. The zero-energy states are the Weyl singulari-
ties, analogous to the Weyl nodes in the band structure of Weyl semimetals.

by its averaged value. The DC current becomes linear in the voltage

Ī1 = −4e2V2

! C12. (5.13)

Since I1 andV2 are connected through the transconductanceG12, it can then be deஹ஭ned by the Chern
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number: 32

G12 = −4e2

h
C12. (5.14)

Eq.5.14 suggests that the nonlocal transconductance is expected to be quantized in the topological

regime in the presence of Weyl points. Experimentally an ABS spectrum with Weyl singularities may

be realized through precise gate control at each superconducting contact so that ஹ஭ne tuning of γ’s is

possible. The challenge lies in the small subgap voltages required for themeasurements. Nevertheless,

a multi-terminal Josephson junction is another type of system that can host topological states and is

more accessible since one does not need topologically-nontrivial materials.

5.6.3 Floquet topological insulators

In the quartet measurement, we are already out of the adiabatic regime. Therefore, to think beyond

our current experiment, we may turn our attention to the topology of driven systems. It has been

suggested that robust topological phenomena may be generated by dynamical engineering. For ex-

ample, the Bloch bands in atomic or electronic systems can be manipulated with periodic driving.66

By choosing the appropriate driving frequency and amplitude, topological phases can be induced in

topologically trivial systems.67,68,69 This band engineering is similar to the construction of Floquet

ladders in our system as shown in ஹ஭gure 5.13: when the photon energy of the driving ஹ஭eld exceeds

the band gap, there is resonant coupling at certain crystal momentum between the valence band and
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Figure 5.13: Lefி: in a solid, the valence band (blue) and conduction band (red) are resonantly coupled when the
photon energy !ω of the driving ஹ஭eld exceeds the band gap. Right: gaps open at the resonances, forming the
Floquet bands.

the conduction band. The driving ஹ஭eld induces a Rabi-like splitting between the two bands, thereby

opening a Floquet gap. Themain challenge for progress in this direction is stabilizing a stationary state

in such an non-equilibrium system. Recently, theoretical studies have investigated how to accomplish

this task in the presence of a dissipative environment,70 which is also encouraging for the realization

of a Floquet topological state in biased multi-terminal Josephson junctions with more sophisticated

device design and measurement.
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A
Device Fabrication

In this appendix, the simple stamppreparation and the inverted stackingmethod that I used for all the

devices in this thesis are described. Regarding the general transfer technique, the details and recipes

can be found in the theses of my fellow lab mates who are the true masters of stacking.71,72
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A.1 Stamp Preparation

The stampweuse is basedonpolypropylene carbonate (PPC),whichhas a glass transition temperature

between 25 and 45◦C. When PPC is heated to above 45◦C, it begins to melt, becoming liquid-like.

Typically, we contact the ஺ாake with PPC at 60◦C and then cool down to 30◦C to pick up the ஺ாake

from the SiO2 substrate.

The structure of the stamp used for transfer is shown in ஹ஭gure A.1. On a glass slide, we ஹ஭rst put a

cube of homemade polydimethylsiloxane (PDMS). The purpose is to create amoldable gel to support

the PPC ஹ஭lm. The 3M scotch tape is used to secure the PPC ஹ஭lm on top of the gel and glass slide. The

side view shows that the PPC ஹ஭lm form a dome shape, which makes it easier to control the contact

area between PPC and the substrate so that only the target ஺ாake would be picked up. The tape is also

important for the inverted stacking technique, which is introduced in the next section.

A.2 Inverted Stacking

In the standard stacking technique, we pick up the ஺ாakes one by one starting from the top layer and

the last step is to drop the stack onto the bottom layer. However, an ultra thin ஺ாake, monolayer hBN

or MoS2 for instance, is very diஸஹ஭cult to be picked up by PPC. Even if the thin ஺ாake is picked up, it is

diஸஹ஭cult to align in the next step since it is transparent and almost invisible on PPC. Another scenario
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Figure A.1: PPC stamp. The PPC ஹ஭lm forms a dome shape due to the PDMS underneath it, making it easy to
pick up the target ஺ாake.

where the standard technique is not ideal is if we need a very clean top surface. This is why the devices

in this thesis were all done with the so-called inverted stacking technique.

We start by picking up the bottom layer (thick hBN), thenmonolayer graphene, and (if needed) the

top monolayer hBN/MoS2. Afிerwards come the key steps of inverted stacking are shown in ஹ஭gure

A.2. (a)(b): with steady hands, we peel oஸf the scotch tape from the glass slide along with the PPC ஹ஭lm

holding the vanderWaals stack. (c): thenwedrop thePPC ஹ஭lmon anewand clean SiO2 substratewith

the stack facing up. By heating the substrate slowly to 120◦C, the PPC ஹ஭lm will melt on the substrate

and will easily detach from the scotch tape. (d): we will end up with the stack on the melting PPC on

the substrate. The ஹ஭nal step is to put the substrate into the vacuum chamber and anneal at 350◦C for

15-20 minutes, which is suஸஹ஭cient to get rid of all the PPC. This leaves the stack sitting directly on the

substate, with a clean top surface that has never been in contact with PPC.
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Figure A.2: Inverted stacking: (a)(b) peel oஸf the PPC ஹ஭lm along with the van der Waals stack from the glass
slide using the 3M scotch tape. (c) put the PPC ஹ஭lm down on a clean, new SiO2 substrate and heat slowly to
120◦C. (d) at 120◦C, it is easy to detach the scotch tape from the melting PPC, leaving the stack on PPC on the
substrate. The ஹ஭nal step is to vacuum anneal the substrate.

137



B
Measurements

This appendix discusses the details ofmeasurements in a three-terminal Josephson junction, including

current bias/voltage bias method, as well as the circuit for quartet detection.
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dV1 dV2
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Figure B.1: Three-terminal Josephson junction measurement with the dual current source. The leads S1, S2

each are biased with a small AC excitation current dI=20 nA and a DC bias Ibias,i (i = 1, 2) up to 3 µA while
the loopS0 is grounded. The diஸferential voltage drop across the two junctions aremeasured: dV1 forS1−S0a

and dV2 for S2 − S0b.

B.1 Current BiasMeasurement in a Three-terminal Junction

In Chapter 4, we presented the quartet data with the dual voltage bias measurement. In this section,

we discuss the data from the dual current source measurement and why voltage biasing is favored,

even crucial for detecting the quartet. It is then followed by the details of the dual voltage source

measurement we performed in the quartet experiment.

As shown in ஹ஭gure B.1, in the three-terminal Josephson junction the current bias method contains

two current sources, each having a small AC excitation current dI=20 nA and a DC bias Ibias,i (i =
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1, 2) up to 3 µA. They are injected into the device from leads S1 and S2, respectively while the loop

S0 is grounded. The two lock-in ampliஹ஭ers are set to non-commensurate frequencies at 87 Hz and

113 Hz in order to measure the diஸferential voltages dV1 between S1 − S0 and dV2 between S2 − S0,

respectively.

Figure B.2 shows the data acquired from the dual current source measurement. Lefி panel (a): the

diஸferential resistance dV1/dI as a function of the two bias currents Ibias,1 and Ibias,2. One can see

clearly that there are the usual Josephson currents ஺ாowing between any pair of contacts: (i) S0 − S1

(ii) S0 − S2 and (iii) S1 − S2. However, there is no sign of other supercurrent. In order to create

the bound state for quartet, one needs to ஹ஭x the potential of the three terminals to be (V,−V, 0).

Therefore, we need to convert the bias currents to bias voltages to locate where Vbias,1 = −Vbias,2

is. In principle, with dV/dI(Ibias), one can obtain dV/dI(Vbias) via integration. However, we now

have two current sources and the 2D integration is not trivial in this case. Instead, we use digital

multimeters to measure directly the DC voltage drop across the junctions for Vbias,1 and Vbias,2. The

diஸferential resistance dV1/dI is plotted as a function of the two DC bias voltages in ஹ஭gure B.2 (b).

Despite the noise, the Josephson currents (i)(ii)(iii) can still be observed afிer the conversion. But

there is no no hint of quartet current along Vbias,1 = −Vbias,2. Since the quartet current is rather

small compared to the Josephson current, it is extremely diஸஹ஭cult to extract the quartet signal from

such a voltage bias plot from a current bias measurement.
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Figure B.2: Three-terminal Josephson junction measured with the dual current source method. a: diஸferential
resistance dV1/dI as a function of the two bias currents. b: the two axes are bias voltages measured with digital
multimeters.
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B.2 Voltage BiasMeasurement in a Three-terminal Junction

B.2.1 Voltage bias measurement for an ideal junction

Let us start with an ideal Josephson junction with V − I curve that is shown in ஹ஭gure B.3. The red

sinusoidal symbol represents the AC excitation dV .

1. Blue dots: when Vbias = 0, the radical change in current between I = Ic and I = −Ic can

be detected, resulting in a value proportional to 2Ic in the measured dI/dV :

dI

dV

∣∣∣∣
Vbias=0

=
∆I

∆V
∝ 2 · Ic. (B.1)

2. Red dot: as Vbias is increased to a small positive value Vc but smaller than Vs, there is no

variation in the current and hence dI = 0. This is the point that re஺ாects where Ic is; therefore

we call it Vc.

3. Purple dot: when Vbias is increased to the switching voltage Vs, there is a change in I because

the junction is switching to its normal state, therefore dI/dV is no longer zero.

4. Green dots: ஹ஭nally, asVbias is even larger thanVs, dI/dV shows the normal state conductance.
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Figure B.3: Voltage bias measurement for an ideal Josephson junction. The red sinusoidal symbol represents
the AC excitation dV . At zero bias (the blue dots), the radical change from−Ic to Ic results in the measured
dI/dV proportional to 2Ic. At the red dot, there is no variation in current, corresponding to dI/dV = 0.
With even larger bias (green dots), the value of dI/dV re஺ாects the normal state conductance of the junction.
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Figure B.4: (a) Two-terminal voltage bias circuit. (b) an ideal V − I curve. (c) V − I curve of the quartet
junction in our circuit. The red sinusoidal symbol represents the AC excitation dV . As long as the excitation is
chosen correctly, we are still able to detect the abrupt change at I = Ic on top of the slope.

B.2.2 V − I curve of the junction in quartet circuit

Let us consider a two-terminal Josephson junction for now and the voltage biasmeasurements scheme

is shown in ஹ஭gure B.4 (a). This is also the circuit used for characterizing our three-terminal Josephson
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junction (with one of the terminals ஺ாoating). Due the resistance of RC ஹ஭lter, RRC , we eஸfectively

have a junction (in the red box) with resistance

RJJ + 2 ·RRC , (B.2)

whereRJJ is the Josephson junction resistance andRJJ = 0 for I < Ic. Therefore, as opposed to

the standard V − I curve in ஹ஭gure B.4 (b), we have a slope when Vbias < VR as shown in ஹ஭gure B.4

(c). As long as the AC excitation (the red sinusoidal symbol)

dV > 2VR = 2Ic · 2RRC , (B.3)

we are able to detect the abrupt change at I = Ic on top of the slope.

B.2.3 Comparison between current bias and voltage bias

In ஹ஭gure B.5, current bias (a)(b) and voltage bias (c)(d) measurements are compared. In the current

bias measurement, as shown in subஹ஭gure (a), the red sinusoidal symbol represents the AC excitation

dI . At zero current bias, onewould not detect any variation in voltage, resulting in zero dV and hence

zero dV/dI when Ibias < Ic. (In this example, due to some small wire resistance, dV/dI does not go

to zero completely). As Ibias is increased to where Ic is, the AC excitation will detect the steep change

in I − V curve that corresponds to a sharp peak in dV/dI .

For the voltage bias case, the Josephson supercurrent is probed indirectly through the shape of
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Figure B.5: Comparison between current (a)(b) and voltage (c)(d) bias measurement. The blue dots detect the
variation at I = Ic in both cases. In the voltage bias scheme, the reddots are before the junctionbecomesnormal
and can be considered as the detection of Ic. The purple dots are when the junction is when the junction just
turns into normal.

the conductance, following the four points in Vbias we went through in the previous section. In the

subஹ஭gure (c), the V − I curve is shown, which is the same as in ஹ஭gure B.4 (c). Similar concept is

implemented, where the red sinusoidal symbol represents the AC excitation dV . The diஸference from

current bias is now even at zero voltage bias, the small AC excitation can sense the drastic change in

V − I curve at I = Ic and I = −Ic. The corresponding diஸferential conductance dI/dV , the blue
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dot in subஹ஭gure (d), is proportional to 2Ic as discussed earlier.

In summary, the height of the conductance peak at zero voltage bias re஺ாects the magnitude of the

critical current Ic. The actual value of Ic can be deduced from the width of the peak; more precisely,

the dip at Vc. Note that in the voltage bias scheme, the Josephson junction is current biased when

Vbias < Vc. Once Vbias exceeds Vc, the junction will become truly voltage biased. We will have an

explicit sample in the next section.

B.2.4 Voltage bias measurement for quartet detection

Figure B.6 is the circuit of the dual voltage source setup used for the detection of quartets. Under-

standing how the circuit works is non-trivial and therefore warrants a detailed explanation. To best

describe how it works, we can decompose the circuit into four parts.

1. DC bias voltages at S1 and S2

The leads S1 and S2 are biased with DC voltages V1 and V2 through a voltage divider and anRC

ஹ஭lter. In our measurements, Vi (i=1, 2) goes up to 15 V. The voltage divider divides the voltage by 10
4

and reduces the bias voltage to a maximum of 1.5 mV. This reduced voltage is then fed through two

RC ஹ஭lters and the junctions of interest. Therefore, the actual voltage applied on each junctionS0−Si

is given by:

Vbias,i = Vi · 10
−4 · RJJ

RJJ + 2 ·RRC + r
. (B.4)
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Figure B.6: RDC/AC and r are the components of voltage divider for the DC/AC bias voltages. RRC is the
resistance of the RC ஹ஭lter. The red path goes from potential dV1 to the ground, and along the way there are
four resistances: RRC , RJJ , RRC , and r.

2. AC excitation applied to the loop

The loop of the device remains grounded at all times but on top of this DC ground, we apply a

small AC excitation (VAC) in the range of 0.25-0.3 V. Like the other leads, this lead also has a voltage

divider followed by an RC ஹ஭lter. The voltage divider for the loop divides the AC excitation by 105

(not 104) and we denote the actual excitation for the junction to be

dV = VAC · 10−5 · RJJ

RJJ + 2 ·RRC + r
. (B.5)
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3. AC current ஺ாowing from S1 and S2

In order to detect the quartet current, we measure the conductance at the biased leads S1 and S2.

As shown in the circuit, we use lock-in ampliஹ஭er to measure the potential dV1 and dV2. The AC

currents ஺ாowing from S1 and S2 are then given by

dIi = dVi/r, where i = 1, 2. (B.6)

Therefore, the conductance at each lead is

dIi/dV = dVi/(r · dV ), (B.7)

where r is chosen to be 10 Ω in the experiment and dV is the actual AC excitation applied on the

junction given in Eq.B.5.

4. Actual DC voltage applied on the junction

To estimate the actual DC voltage applied on the junction, let us take a look at an example when

V2= 15V,which is suஸஹ஭cient to switchS2 from superconducting state tonormal state. We thenmeasure

dV1 from the lock-in ampliஹ஭er as a function ofDC biasV1, as shown in ஹ஭gure B.7. The peak near zero

bias is the signal from Josephson current betweenS0 andS1. As explained in the previous section, the

red dot (Vc=1.95 V) can be used to calculate Ic and the purple dot (Vs =2.85 V) is where the normal

state is switched on.
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Figure B.7: The measured voltage dV1 as a function of V1 taken at V2= 15 V. The peak near zero bias comes
from the Josephson signal between S1 and S0. The red dot is at Vc=1.95 V and the purple dot is at Vs = 2.85 V.

Based on the bias regime, we can estimate the actual applied voltage in two ways. When we are

outside of the supercurrent regime (for example, at V1=15 V), our junction becomes normal and the

normal resistance RJJ(I > Ic) is around 80 Ω, based on the current bias measurement. Then the

actual DC voltage applied on the junction is (Eq.B.4):

Vbias,1 = V1 · 10
−4 · RJJ

RJJ + 2 ·RRC + r

= 15 · 10−4 · 80

80 + 400 + 10
= 250 µV. (B.8)

And the voltage Vs (the purple dot) = 2.85 V converts to Vs,junction=46 µV, which is comparable to

the value one ஹ஭nds in the current bias measurement.

The other regime is where Vbias < Vc and RJJ becomes zero. For the junction there is an AC
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current deஹ஭ned as

IAC =
dV

Rtotal
=

dV

2 ·RRC + r
(B.9)

=
3 µV

2 · 200 + 10
≈ 7 nA, (B.10)

and a DC current deஹ஭ned as

IDC =
V1

Rtotal
=

dV

2 ·RRC + r
(B.11)

=
V1

2 · 200 + 10
. (B.12)

This eஸfectively is the same as the current bias measurement scheme. So we can estimate our critical

current from Vc (the red dot):

Ic = Vc · 10
−4/(2 ·RRC + r) (B.13)

= 1.95 · 10−4/410 = 0.47 µA,

which is also consistent with the current bias data.

Another way to estimate the voltage applied on the junction is through calculation from the circuit.

The conductance measured at S1 is:

dI1/dV = dV1/(r · dV ) = dV1/(r · VAC · 10−5 · RJJ

RJJ + 2 ·RRC + r
). (B.14)
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Figure B.8: Afிer conversion, the Josephson signal is plotted as a function of the voltage applied on the junction
Vbias,1.

One can then obtainRJJ sinceRJJ is the inverse of dI1/dV . By pluggingRJJ into Eq.B.4

Vbias,1 = V1 · 10
−4 · RJJ

RJJ + 2 ·RRC + r
,

we can estimate the actual voltage applied across the junction. Figure B.8 shows the Josephson signal

afிer conversion, as a function of Vbias,1. In the next section we will discuss how to read our quartet

signal from the Josephson perspective in the voltage bias measurement.
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B.3 Quartet supercurrent

In our experiment, based on a generalization of the RSJmodel, the quartet current (non-equilibrium)

can be mapped onto a standard Josephson current (near equilibrium).40 Therefore, the width of the

quartet signalmeasures the order ofmagnitude of the quartet Josephson energyEq andquartet critical

current Iqc. Figure B.9 shows the quartet signal as a function of Vbias,1. According to

Eq ≈
!Ic
2e

≈ 28 µeV, (B.15)

the quartet critical current Iqc in our experiment is estimated to be ~ 8.4 nA. Note that same as in the

Josephson case we showed earlier, the height of the quartet conductance peak is proportional to 2Iqc

and serves as an important observable in the quartet experiment.

153



C
Floquet Formalism

This appendix discusses the application of Floquet theory on how to deal with a time-periodic prob-

lem and a toy-model for the quartet system is given.
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C.1 Floquet Theorem

Given a quantum system and a periodic Hamiltonian Ĥ(t + T = Ĥ(t), the Schrödinger equation

takes the form (! = 1):

iΨ̇(t) = Ĥ(t)Ψ(t), (C.1)

where Ψ̇(t) = ∂Ψ
∂t . The Floquet theorem states that there exists a set of pseudo-energies εα and

periodic functionsΦα(t+ T ) = Φα(t) such that the solutions are:

Ψα(t) = e−iεαtΦα(t). (C.2)

The functionΦα(t) obeys the Schrödinger equation:

iΦ̇α(t) = (Ĥ(t)− εαI) Φα(t). (C.3)

One can expandΦα(t) and Ĥ(t) in Fourier series:

Φα(t) =
∞∑

n=−∞
einω0tΦmα, Ĥn(t) =

∞∑

n=−∞
einω0tĤn(t) (C.4)
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with ω0 = 2π/T and Ĥ(t) are operators in the physical Hilbert space. This yields the secular equa-

tion for the wavefunctionsΦnα:

(nω0 − εα)Φnα +
∑

m

Ĥn−mΦmα = 0. (C.5)

This shows that the solution of Eq.C.1 amounts to ஹ஭nd the eigenvalues and eigenvectors for a static

Hamiltonian in an extended space, product of the original Hilbert space for Ĥ(t) by an inஹ஭nite di-

mension space spanned by the integers n. The eஸfective Floquet Hamiltonian ĤFl is given by:

ĤFl,nm = Ĥn−m + nω0δnmI. (C.6)

Notice that the Floquet energies εα are deஹ஭ned up to a translation by pω0 with arbitrary p. Therefore,

one will seek the solution in the reduced “Floquet-Brillouin zone”, 0 < ε < εα + ω0.

C.2 Floquet Theory of the Dot Toy-Model

For a single level dotmodel, the physicalHilbert space is two-dimensional. Consider electron and hole

states, the Hamiltonian takes the form
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Ĥ(t) = ε0(d
†
ede − d†hdh) + (Γd†edh + h.c.), (C.7)

where Γ = γce
iϕc + γae

iϕaeiω0t + γbe
iϕbe−iω0t when the superconducting leads are biased at

(V,−V, 0) and ω0 = 2eV is the Josephson frequency.

The original Hilbert space has two dimensions and the wavefunctionΨ(t) is represented by a two-

component spinor (Ψe(t),Ψh(t)). For V = 0, the diagonalization of the static Hamiltonian is

trivial and gives the two symmetric Andreev bound states with wave functionΨ±(ϕ) as we showed

in Chapter 2:

EABS,±(ϕa,b,c) = ±|Γ|. (C.8)

Applying the Floquet approach in the electron-hole basis yields the solution with

Ψnα(t) = (Ψn,eα(t),Ψn,hα(t)):

(nω0 − εα)Φn,eα + γce
iϕcΦn,hα + γae

iϕaΦn+1,hα + γbe
iϕbΦn−1,hα = 0 (C.9)

(nω0 − εα)Φn,hα + γce
−iϕcΦn,eα + γae

−iϕaΦn−1,eα + γbe
−iϕbΦn+1,eα = 0. (C.10)

and only two values of the quasi-energies εα are retained.
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The Flouqet Hamiltonian corresponds to a matrix in the enlarged Hilbert space but can be trun-

cated. For example, if the order of the truncation is 2 we have (for a resonant dot ε0 = 0):

ĤFl =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2ω0 γce
iϕc 0 γae

iϕa 0 0 0 0 0 0

γce
−iϕc −2ω0 γbe

−iϕb 0 0 0 0 0 0 0

0 γbe
iϕb −ω0 γce

iϕc 0 γae
iϕa 0 0 0 0

γae
−iϕa 0 γce

−iϕc −ω0 γbe
−iϕb 0 0 0 0 0

0 0 0 γbe
iϕb 0 γce

iϕc 0 γae
iϕa 0 0

0 0 γae
−iϕa 0 γce

−iϕc 0 γbe
−iϕb 0 0 0

0 0 0 0 0 γbe
iϕb ω0 γce

iϕc 0 γae
iϕa

0 0 0 0 γae
−iϕa 0 γce

−iϕc ω0 γbe
−iϕb 0

0 0 0 0 0 0 0 γbe
iϕb 2ω0 γce

iϕc

0 0 0 0 0 0 γae
−iϕa 0 γce

−iϕc 2ω0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(C.11)

Using this dot model, ஹ஭gure C.1 shows the Floquet energies plotted as a function of the quartet

phase for diஸferent values of V .
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Figure C.1: Calculated Floquet levels using the dot toy-model. The energies are plotted as a function of the
quartet phase for diஸferent values of V .
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D
Quartet in Loop-biasedMeasurement

This appendix contains the data acquired from the quartet measurement with loop-biased conஹ஭gura-

tion. The circuit is shown in ஹ஭gure D.1. It is basically the same as the loop-grounded measurement

in Chapter 4, except that now the loop is biased with a DC voltage with S1 grounded. While we

do not have the complete explanation for this set of the data, it may be a useful reference for future

experiments investigating on the nature of quartet.
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Figure D.1: Circuit of quartet measurement when the loop is biased.

Figure D.2 shows the diஸferential conductance as the DC voltage biases V2 and V0. The quartet

critical current is rather large compared to that in the loop-groundedmeasurement. Also, the conduc-

tance between the two biased leads are more asymmetric, while the loop-grounded data shows decent

symmetry. The loop in general has a higher conductance. It is understandable since the loop terminal

has a contact area on graphene more than twice of the other two terminals.
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Figure D.2: V2-V0 scan with the loop-biased conஹ஭guration
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In the magnetic ஹ஭eld dependence data we notice two features. Figure D.3 shows the large range of

magnetic ஹ஭eld scan and ஹ஭gure D.4 top panel is the zoom-in scan with−0.9 < B < 0.4mT. All the

data are taken by sweeping V0 when V2 is ஹ஭xed at -10 V. First of all, as shown in the bottom panel of

ஹ஭gureD.4, we compare the behavior of the conductance at the two terminalsG0 andG0 as a function

ofB. On the lefி, we ஹ஭x V0 = V2= -10 V, which is the Josephson current along the +45
◦ line. We ஹ஭nd

that the conductance at the two biased terminals are anti-parallel: whenG0 is large,G2 is small, and

vice versa. This makes sense sinceG0 andG2 are the supercurrents ஺ாowing in the opposite directions

between S0 and S2. On the other hand, the quartet signal has parallel behavior betweenG0 andG2;

they increase or decrease synchronously as a function of magnetic ஹ஭eld. It manifests the essence of the

quartet: it is a supercurrent that ஺ாow from the grounded terminal simultaneously to the other two

terminals that are biased at (+V,−V ).

The second feature is period doubling of the quartet current compared to the usual Josephson cur-

rent. This can be seen in the color plots. Figure D.5 further shows the linecuts taken at three diஸferent

value ofV0, corresponding to the quartet current (V0 = −V2), and two Josephson currents atV0 = 0,

V0 = V2. The curves are shifிed in y-direction for clarity. While the oscillations of Josephson current

has a period of δB =158 µT, which is comparable to what we see in the loop-grounded case (145 µT),

the oscillations of quartet has a period of δB =315 µT. Considering the area enclosed by the device

loop should be the same for both quartet and Josephson currents, it implies that the ஺ாux quantum

in the quartet case is h/e instead of h/2e. This is quite counterintuitive and remains a mystery to be

solved in the future.
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Figure D.3: Conductance as a function of V0 andmagnetic ஹ஭eld with the loop-biased conஹ஭guration. Top panel:
G2 measured at S2. Bottom panel: G0 measured at the loop S0.
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Figure D.4: Anti-parallel Josephson currents compared to parallel quartet currents at the two biased terminals.
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