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5IFTJT BEWJTPS� 1SPGFTTPS 1IJMJQ ,JN 9JBPNFOH -JV

$PSSFMBUFE &MFDUSPO 4UBUFT JO $PVQMFE (SBQIFOF %PVCMF�MBZFS
)FUFSPTUSVDUVSFT

"ঋজঝছঊঌঝ

(SBQIFOF IBWF HSPXO UP CF B NBKPS FYQFSJNFOUBM QMBUGPSN GPS TUVEZJOH UXP�EJNFOTJPOBM 	�%


QIZTJDT EVF UP JUT IJHI RVBMJUZ
 WFSTBUJMJUZ BOE UVOBCMJUZ� $SFBUFE CZ TUBDLJOH HSBQIFOF XJUI PUIFS

�% NBUFSJBMT
 �% IFUFSPTUSVDUVSFT FYQBOE UIF QPTTJCJMJUZ GPS FYDJUJOH QIZTJDT CFZPOE HSBQIFOF JU�

TFMG� 5IJT EJTTFSUBUJPO SFQPSUT OFX QIFOPNFOB PCTFSWFE JO HSBQIFOF EPVCMF�MBZFS IFUFSPTUSVDUVSFT�

*O PVS EFWJDFT
 UXP HSBQIFOF MBZFST BSF QMBDFE JO DMPTF QSPYJNJUZ CVU TFQBSBUFE CZ B UIJO IFYBHP�

OBM #PSPO /JUSJEF 	I#/
 JOTVMBUPS
 TVDI UIBU UIF UXP MBZFST JOUFSBDU UISPVHI $PVMPNC JOUFSBDUJPO

XIJMF EJSFDU UVOOFMJOH JT QSPIJCJUFE�

8F VTFE $PVMPNC ESBH F୭GFDU UP DIBSBDUFSJ[F UIF JOUFSBDUJPOT CFUXFFO MBZFST BT XFMM BT QSPCF

JOUFSMBZFS DPSSFMBUFE QIBTFT� &YQFSJNFOUBM F୭GPSU JO HSBQIFOF EPVCMF�MBZFS EFWJDF GBCSJDBUJPO BOE

$PVMPNC ESBH NFBTVSFNFOUT BSF QSFTFOUFE� *O UIF IJHI UFNQFSBUVSF BOE XFBL DPVQMJOH SFHJNF
 XF

TUVEJFE GSJDUJPOBM ESBH F୭GFDU EVF UP JOUFSMBZFS $PVMPNC TDBUUFSJOH� #Z DPSSFMBUJOH UIF ESBH TJHOBM

XJUI USBOTQPSU CFIBWJPS PG FBDI JOEJWJEVBM MBZFS
 XF GVSUIFSFE PVS VOEFSTUBOEJOH PG NBHOFUP� BOE

)BMM�ESBH F୭GFDU JO UIF RVBOUVN )BMM SFHJNF�

5IF NPTU FYDJUJOH QPTTJCJMJUZ FOBCMFE CZ B EPVCMF�MBZFS FMFDUSPOJD TZTUFN JT UIF FYDJUPO DPOEFO�

TBUJPO 	&$
� 5ISPVHI $PVMPNC BUUSBDUJPO
 FMFDUSPOT JO POF MBZFS BOE IPMFT JO UIF PUIFS MBZFS CJOE
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5IFTJT BEWJTPS� 1SPGFTTPS 1IJMJQ ,JN 9JBPNFOH -JV

JOUP JOUFSMBZFS FYDJUPOT
 XIJDI BSF DBQBCMF PG FTUBCMJTIJOH #PTF�&JOTUFJO DPOEFOTBUF VOEFS MPX UFN�

QFSBUVSFT� (SBQIFOF EPVCMF�MBZFS IFUFSPTUSVDUVSF
 CFJOH IJHIMZ UVOBCMF BOE TUSPOHMZ JOUFSBDUJOH


JT B QFSGFDU TZTUFN UP SFBMJ[F UIJT FYPUJD TVQFS୯୳VJE TUBUF� &$ PG RVBTJ�FMFDUSPOT BOE RVBTJ�IPMFT JT

୮ୢSTU BDIJFWFE CFUXFFO UXP QBSUJBMMZ ୮ୢMMFE -BOEBV MFWFMT 	--T
 JO UIF TBNF CBOE JO CJMBZFS HSBQIFOF

EPVCMF�MBZFST� #Z TUVEZJOH UIF &$ QIBTF USBOTJUJPO JOEVDFE CZ QFSQFOEJDVMBS FMFDUSJD ୮ୢFME
 UIF DPOEJ�

UJPOT GPS --T UP FTUBCMJTI &$ JT BDRVJSFE�

*O NPOPMBZFS HSBQIFOF EPVCMF�MBZFST
 B OPWFM &$ QIBTF DBO CF FTUBCMJTIFE CFUXFFO BO FMFDUSPO�

EPQFE HSBQIFOF BOE B IPMF�EPQFE HSBQIFOF XJUI FRVBM DBSSJFS EFOTJUJFT� 8F DBMM UIJT TUBUF FYDJUPO

JOTVMBUPS
 BT FBDI MBZFS JT GPVOE UP CF JOTVMBUJOH XIFO UIF PUIFS MBZFS JT PQFO�DJSDVJU� )PXFWFS
 UIFZ

CFDPNF DPOEVDUJOH JG DVSSFOU JT BMMPXFE UP ୯୳PX JO UIF ESBH MBZFS� " QFSGFDU ESBH DVSSFOU BSJTFT BU UIF

TBNF UJNF� 5IJT FYDJUPO JOTVMBUPS QIBTF JT TJNJMBS UP &$ VOEFS [FSP NBHOFUJD ୮ୢFME�

4VQFS୯୳VJET DBVTFE CZ DPOEFOTBUJPO PG GFSNJPO QBJST
 TVDI BT UIF FYDJUPO DPOEFOTBUF
 IBWF UXP

EJTUJODU UZQFT� #PTF�&JOTUFJO DPOEFOTBUJPO 	#&$
 BOE #BSEFFO؛$PPQFS4؛DISJF୭GFS 	#$4
 DPOEFOTB�

UJPO� 5VOJOH JOUFSMBZFS DPVQMJOH TUSFOHUI
 XF PCTFSWFE #&$ୖ#$4 DSPTTPWFS PG UIF FYDJUPO DPOEFO�

TBUF� *O UIF #&$ MJNJU
 UJHIUMZ CPVOE FYDJUPOT QBJST ୮ୢSTU GPSN FYDJUPO HBT BOE TVCTFRVFOUMZ DPOEFOTF

BU B NVDI MPXFS UFNQFSBUVSFT� 0QQPTJUFMZ
 XIFO UIF DPVQMJOH JT XFBL 	#$4

 FYDJUPOT
 TJNJMBS UP

$PPQFS QBJST JO B #$4 TVQFSDPOEVDUPS
 QBJS BOE DPOEFOTF TJNVMUBOFPVTMZ� 5IJT PCTFSWBUJPO QSP�

WJEFT VTFGVM JOTJHIU JO TUVEZJOH PUIFS TVQFS୯୳VJET
 TVDI BT IJHI�5D TVQFSDPOEVDUPST�

8JUI JNQSPWFE TBNQMF RVBMJUZ
 NPSF JOUSJDBUF JOUFSMBZFS DPSSFMBUFE TUBUFT BU GSBDUJPOBM ୮ୢMMJOH GBD�

UPST BSJTF� 4PNF PG UIFN DBO CF EFTDSJCFE CZ UIF JOUFHFS RVBOUVN )BMM F୭GFDU PG DPNQPTJUF GFSNJPOT

	$'T

 XJUI JOUSBMBZFS BOE JOUFSMBZFS $IFSO�4JNPOT ୮ୢFME DPVQMJOH� 5IF PUIFST DPSSFTQPOEJOH UP
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5IFTJT BEWJTPS� 1SPGFTTPS 1IJMJQ ,JN 9JBPNFOH -JV

IBMG JOUFHFS $' ୮ୢMMJOHT
 BSF SFHBSEFE BT FYDJUPO DPOEFOTBUJPO PG $'T� "XBZ GSPN FRVBM EFOTJUZ
 TFNJ�

RVBOUJ[FE GSBDUJPOBM )BMM TUBUF
 XIFSF B GVMM $' -- DPVQMFT UP B DPOUJOVPVTMZ WBSZJOH QBSUJBMMZ ୮ୢMMFE

--
 DBO CF VOEFSTUPPE CZ QBJSJOH PG JOUFHFS PS GSBDUJPOBM DIBSHFE RVBTJ�QBSUJDMFT�
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$POUFOUT

� *গঝছঘ঍ঞঌঝ঒ঘগ �
��� $PVMPNC ESBH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� &YDJUPO DPOEFOTBUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� &YDJUPO DPOEFOTBUJPO CFUXFFO -BOEBV MFWFMT � � � � � � � � � � � � � � � � � � � � ��
��� (SBQIFOF EPVCMF�MBZFS EFWJDFT � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 'ছ঒ঌঝ঒ঘগঊক $ঘঞকঘখঋ ঍ছঊঐ ঒গ জঝছঘগঐ খঊঐগ঎ঝ঒ঌ এ঒঎ক঍জ ��
��� $PVMPNC ESBH VOEFS #�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� &MJNJOBUJOH TQVSJPVT ESBH TJHOBMT � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� .BHOFUP�ESBH BOE )BMM�ESBH JO UIF RVBOUVN )BMM SFHJNF � � � � � � � � � � � � � ��
��� 4JNVMBUJPO GSPN 044 GPSNVMB � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 5FNQFSBUVSF BOE ୮ୢFME EFQFOEFODF � � � � � � � � � � � � � � � � � � � � � � � � � ��

� &ডঌ঒ঝঘগ ঌঘগ঍঎গজঊঝ঒ঘগ ঒গ ঐছঊঙ঑঎গ঎ ঍ঘঞঋক঎�কঊঢ঎ছ ��
��� VBOUVNތ )BMM ESBH PG νtot = 1 � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� *OUFSMBZFS DPSSFMBUFE TUBUFT BU νtot ̸= 1 � � � � � � � � � � � � � � � � � � � � � � � ��
��� 1IBTF USBOTJUPO JOEVDFE CZ EJTQMBDFNFOU ୮ୢFMET � � � � � � � � � � � � � � � � � � � ��
��� 4FMFDUJPO SVMFT GPS --T UP FTUBCMJTI FYDJUPO #&$ � � � � � � � � � � � � � � � � � � ��

� ν = 0 &ডঌ঒ঝঘগ ঒গজঞকঊঝঘছ ��
��� 5IF DPSSFMBUFE JOTVMBUPS � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 1FSGFDU DVSSFOU ESBH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� $PVOUFS୯୳PX � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 1IBTF EJBHSBN � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� #&$ୖ#$4 ঌছঘজজঘট঎ছ ��
��� *OUSPEVDUJPO UP #&$ୖ#$4 DSPTTPWFS BOE #,5 USBOTJUJPO � � � � � � � � � � � � � � ��
��� #&$ୖ#$4 DSPTTPWFS PG νtot = − 1 � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� VBOUJUBUJWFތ BOBMZTJT PG BDUJWBUJPO HBQ JO #&$ SFHJNF � � � � � � � � � � � � � � � ��
��� #,5 USBOTJUJPO JO UIF #$4 SFHJNF � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 'ছঊঌঝ঒ঘগঊক ঒গঝ঎ছকঊঢ঎ছ હঞঊগঝঞখ )ঊকক জঝঊঝ঎জ ��
��� 'SBDUJPOBM RVBOUVN )BMM F୭GFDU BOE DPNQPTJUF GFSNJPOT � � � � � � � � � � � � � � ��
��� 'SBDUJPOBM νtot JOUFSMBZFS DPSSFMBUFE TUBUFT � � � � � � � � � � � � � � � � � � � � � � ��
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��� $PNQPTJUF GFSNJPO USBOTGPSNBUJPO� JOUFHFS BOE IBMG�JOUFHFS DPNQPTJUF GFSNJPO ୮ୢMM�
JOH GBDUPST � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 4FNJ�RVBOUJ[FE GSBDUJPOBM RVBOUVN )BMM TUBUFT � � � � � � � � � � � � � � � � � � ���
��� "OZPO 	RVBTJ�QBSUJDMF
 QBJSJOH � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"ঙঙ঎গ঍঒ড " 4ঊখঙক঎ এঊঋছ঒ঌঊঝ঒ঘগ ঍঎ঝঊ঒কজ ���
"�� �% IFUFSPTUSVDUVSF 4UBDLJOH � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
"�� /BOP�GBCSJDBUJPO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"ঙঙ঎গ঍঒ড # 5঑঎ঘছঢ ঘএ ঒গঝ঎ছকঊঢ঎ছ এছঊঌঝ঒ঘগঊক હঞঊগঝঞখ )ঊকক ঎এএ঎ঌঝ ���
#�� $PNQPTJUF GFSNJPO USBOTGPSNBUJPO BOE )BMM SFTJTUJWJUZ � � � � � � � � � � � � � � ���
#�� VBOUJ[FEތ BOE 4FNJތ�VBOUJ[FE 'SBDUJPOBM )BMM 4UBUFT � � � � � � � � � � � � � � � ���
#�� VBTJQBSUJDMFTތ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
#�� 5IF 	���
 ���
 4UBUF � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
#�� 3FMBUJPO UP USJBM XBWFGVODUJPOT � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

"ঙঙ঎গ঍঒ড $ "গঘখঊকঘঞজ ঍ছঊঐ ঒গ ঋ঒কঊঢ঎ছ ঐছঊঙ঑঎গ঎ ঍ঘঞঋক঎�কঊঢ঎ছ ঞগ঍঎ছ ণ঎ছঘ
খঊঐগ঎ঝ঒ঌ এ঒঎ক঍ ���
$�� 4JHO SFWFSTBM PG $PVMPNC ESBH JO EPVCMF CJMBZFS HSBQIFOF � � � � � � � � � � � � � ���
$�� 1PTTJCMF DBVTF PG UIF OFHBUJWF ESBH � � � � � � � � � � � � � � � � � � � � � � � � � ���

3঎এ঎ছ঎গঌ঎জ ���
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"DLOPXMFEHNFOUT

'ঘছ ঝ঑঎ ঙঊজঝ জ঒ড ঢ঎ঊছজ
 * GFFM FYUSFNFMZ MVDLZ UP CF JO B MFBEJOH HSPVQ BOE XPSL PO QSPKFDUT UIBU

* BN USVMZ QBTTJPOBUF BCPVU� * BN IFMQFE BOE JOTQJSFE CZ NBOZ QFPQMF BMPOH UIF XBZ
 BOE * NBEF

TPNF PG NZ CFTU GSJFOET� .Z UIFTJT XPVME OPU CF QPTTJCMF XJUIPVU UIFN�

.PTU JNQPSUBOUMZ
 * PXF UIFN UP NZ BEWJTPS 1IJMJQ ,JN� 1IJMJQ BMXBZT HBWF NF UIF SJHIU BNPVOU

PG HVJEBODF BOE TVQQPSU XIJMF BMMPXJOH NF UP QVSTVJU UIF QSPKFDUT UIBU * BN JOUFSFTUFE JO� /PU POMZ

IF P୭GFST NF HSFBU JOEFQFOEFODF
 CVU IF JT BMTP BMXBZT UIFSF UP XIFO * OFFE IJN� "T CVTZ BT 1IJMJQ


IJT EPPS JT BMXBZT PQFO
 XIFO * XBOU UP QJUDI IJN BO JEFB
 BTL GPS TVHHFTUJPOT PS SFTPVSDFT� 1IJMJQ

BMTP CVJMU VQ B HSFBU BUNPTQIFSF JO UIF HSPVQ� * XJMM OFWFS GPSHFU UIF TVNNFS ##સ
 GPMJBHF USJQT BOE

$ISJTUNBT QBSUJFT�

* XBOU UP UIBOL 1SPG� #FSUSBOE )BMQFSJO
 UIJT UIFTJT XJMM CF NVDI NPSF TIBMMPX BOE QV[[MJOH

XJUIPVU IJN� #FSU IFMQFE VT VOEFSTUBOE NBOZ LFZ EJTDPWFSJFT BOE FYQMBJOFE UIFN UP VT XJUI HSFBU

QBUJFODF� * SFBMMZ FOKPZFE XPSLJOH XJUI IJN BT IF DPNNVOJDBUF XJUI VT VTJOH MBOHVBHFT BOE JOUV�

JUJWF QJDUVSFT UIBU XF DPVME VOEFSTUBOE�

* BN UIBOLGVM UP 1BUSJDL .BIFS XIP NFOUPSFE NF BOE UBVHIU NF B HSFBU EFBM XIFO * KVTU FOUFSFE

UIF MBC� * UIBOL ,JO $IVOH 'POH GPS JOWPMWJOH NF JOUP UIF $PVMPNC ESBH QSPKFDU BOE FEVDBUJOH NF

PO DSZPHFOJDT
 NFBTVSFNFOUT BOE EBUB QSPDFTTJOH�

JY



5IBOLT UP $PSZ %FBO
 XIP QJPOFFSFE HSBQIFOF EPVCMF�MBZFS SFTFBSDI JO PVS HSPVQ� .Z XPSL JT

EJSFDUMZ CVJME PO IJT FBSMZ F୭GPSU BOE XF LFQU B HPPE SFMBUJPOTIJQ XIFUIFS XF BSF XPSLJOH JOEFQFO�

EFOUMZ PS DPMMBCPSBUJOH� * XBOU UP UIBOL +JB -J GPS XPSLJOH UPHFUIFS XJUI NF PO B MBSHF QPUJPO PG UIJT

UIFTJT� * FOKPZFE UIF NBHMBC USJQT XJUI ZPV UIBU BSF ୮ୢMMFE XJUI UIPVHIU�QSPWPLJOH EJTDVTTJPOT BOE

FYDJUJOH QSPHSFTTFT�

5IBOLT UP +FTTF
 GPS JOWPMWJOH NF JO ZPVS QSPKFDU BOE CFFO B SFBMMZ GVO EFTLNBUF� 5IBOLT UP +JOH


,F
 ;FZV BOE &VOJDF
 GPS UIF QMFBTVSF PG XPSLJOH DMPTFMZ UPHFUIFS� "MTP UIBOLT UP NZ PUIFS DPMMBC�

PSBUPST� (VBOHYJO /J
 -FJ 8BOH
 :VBOEB (BP
 :VZB 4IJNB[BLJ� 5IBOLT UP 1SPG� :BDPCZ
 %JEJ 8FJ

BOE .POJDB "MMFO GPS TIBSJOH UIFJS LOPXMFEHF BOE SFDJQFT� 5IBOLT UP )BOOBI #FMDIFS BOE $BSPMZO

.PPSF
 GPS HPJOH CFZPOE ZPVS KPC UP IFMQ VT� 5IBOLT BMTP UP ,FOKJ 8BUBOBCF BOE 5BLBTIJ 5BOJHVDIJ

GPS QSPWJEJOH UIF I#/ DSZTUBM UIBU BSF FTTFOUJBM GPS NZ SFTFBSDI�

* IBWF NFU TPNF PG NZ CFTU GSJFOET JO PVS MBC� * XBOU UP UIBOL +JOH
 "VTUJO
 'SBOL
 (JMIP
 ,BUF


;FZV
 ,F
 +FTTF
 "OEZ
 )ZPCJO
 ,BUJF
 GPS UIF HSFBU GSJFOETIJQT BOE NBLJOH NZ QBTU TJY ZFBST DPMPS�

GVM� * BMTP XBOU UP UIBOL NZ PUIFS GSJFOET PWFS UIF ZFBST� 5JOH $BP
 ,BOHNFJ -J
 +JB (VP
 +JFRJBOH

8V
 #PYJO 9VF
 9JBPNJOH :V
 ;IBPZJ -J
 %FOOJT 8BOH
 +VOSV -J
 ,FWJO +JBOH� %VSJOH UIF UJNF JO

UIF HSPVQ
 * BMTP IBE UIF QMFBTVSF PG LOPXJOH BOE JOUFSBDUJOH XJUI 8FJ
 +BZBLBOUI
 .FIEJ
 -BVSFM


3FCFDDB
 -VJT
 :VWBM
 'FSFTIUF
 %JEJ
 )FDIFO
 $IVOIVJ
 5POZ
 /JDPMB
 :PVOH +BF
 "SUFN
 ,XBCFOB


)JSPTIJ
 +%
 $BSMPT
 %NJUSJ
 +POBI BOE 5PN�

"U MBTU
 * XBOU UP UIBOL NZ GBNJMZ
 GPS BMXBZT TVQQPSUJOH NF UISPVHI NZ VQ BOE EPXOT� * DBOOPU

JNBHJOF B NPSF MPWJOH BOE TVQQPSUJWF QBSFOUT UIBO NZ PXO�

Y



1SFWJPVT QVCMJDBUJPOT BOE MJTU PG BVUIPST

3FTVMUT QSFTFOUFE JO $IBQUFS � XFSF QVCMJTIFE JO�

SJDUJPOBM'آ .BHOFUP�$PVMPNC %SBH JO (SBQIFOF %PVCMF�-BZFS )FUFSPTUSVDUVSFTأ� 9J�

BPNFOH -JV
 -FJ 8BOH
 ,JO $IVOH 'POH
 :VBOEB (BP
 1BUSJDL .BIFS
 ,FOKJ 8BUBOBCF


5BLBTIJ 5BOJHVDIJ
 +BNFT )POF
 $PSZ %FBO
 1IJMJQ ,JN� 1IZTJDBM 3FWJFX -FUUFST
 ��� 	�



������ 	����
�

3FTVMUT QSFTFOUFE JO $IBQUFS � XFSF QVCMJTIFE JO�

VBOUVNތآ )BMM ESBH PG FYDJUPO DPOEFOTBUF JO HSBQIFOFأ� 9JBPNFOH -JV
 ,FOKJ 8BUBOBCF


5BLBTIJ 5BOJHVDIJ
 #FSUSBOE )BMQFSJO
 1IJMJQ ,JN
 /BUVSF 1IZTJDT
 ��
 ���؛��� 	����
�

5IF GPMMPXJOH BVUIPST DPOUSJCVUFE UP $IBQUFS ��

+JB -J
 ,FOKJ 8BUBOBCF
 5BLBTIJ 5BOJHVDIJ
 $PSZ %FBO
 1IJMJQ ,JN�

5IF GPMMPXJOH BVUIPST DPOUSJCVUFE UP $IBQUFS ��

+JB -J
 ,FOKJ 8BUBOBCF
 5BLBTIJ 5BOJHVDIJ
 #FSUSBOE )BMQFSJO
 $PSZ %FBO
 1IJMJQ ,JN�

3FTVMUT QSFTFOUFE JO $IBQUFS � XFSF QPTUFE PO QSFQSJOU�

OUFSMBZFS*آ GSBDUJPOBM RVBOUVN )BMM F୭GFDU JO B DPVQMFE HSBQIFOF EPVCMF�MBZFSأ� 9JBPNFOH

-JV
 ;FZV )BP
 ,FOKJ 8BUBOBCF
 5BLBTIJ 5BOJHVDIJ
 #FSUSBOE )BMQFSJO
 1IJMJQ ,JN
 BS9JW�

���������� 	����
�

YJ



1I�%� ॷ B KPVSOFZ
 OPU B EFTUJOBUJPO�

1
*OUSPEVDUJPO

" DPNNPO NJTDPODFQUJPO BCPVU QIZTJDT JT UIBU JU JT TPMFMZ BCPVU UIF GVOEBNFOUBM MBXT� "T JG BMM

FMFNFOUBSZ QBSUJDMFT BOE UIF MBXT HPWFSOJOH UIFJS NPUJPOT BSF EJTDPWFSFE
 UIFSF XPVME CF OP NZT�

UFSZ MFG୴ JO UIF VOJWFSTF� )PXFWFS
 KVTU BT 1� 8� "OEFSTPO QVU JU
PSF.آ JT EJ୭GFSFOUأ� � 8IFO XF

QVU B MBSHF OVNCFS PG QBSUJDMFT UPHFUIFS
 FWFO XJUI UIF TJNQMFTU JOUFSBDUJPOT
 DPNQMJDBUFE CFIBWJPS

DBO FNFSHF JO UPUBMMZ VOFYQFDUFE XBZT� $MBTTJD FYBNQMF PG UIJT JODMVEFT TVQFSDPOEVDUJWJUZ
 GFSSP�

�



NBHOFUJTN BOE RVBOUVN )BMM F୭GFDU� 5IFTF QIFOPNFOPO BSF OPU POMZ JNQPSUBOU GPS UIF TUVEZ PG

QIZTJDT CVU BMTP FOBCMFT DPVOUMFTT BQQMJDBUJPOT�

+VTU CFGPSF * TUBSUFE NZ 1I�%�
 HSBQIFOF BT B OPWFM UXP�EJNFOTJPOBM 	�%
 NBUFSJBM QMBUGPSN IBWF

CFFO TUVEJFE FYUFOTJWFMZ BOE QSPEVDFE NBOZ JNQPSUBOU SFTVMUT �
�
�
�
�
�
�
�
��
��� #FZPOE UIF TQFDJBM

QSPQFSUJFT BTTPDJBUFE XJUI NBTTMFTT %JSBD FMFDUSPO CFIBWJPS
 HSBQIFOF BSF BMTP VTFE BT B HFOFSBM

QMBUGPSN GPS �% QIZTJDT �
��
��
��
��
��� $PNQBSJOH XJUI USBEJUJPOBM UXP EJNFOTJPOBM FMFDUSPO HBTFT


HSBQIFOF JT B USVF UXP�EJNFOTJPOBM TZTUFN BOE IBT NVDI NPSF UVOBCMJUZ� 6TJOH B TJNQMF BQQMJDBUJPO

PG HBUF
 DBSSJFS EFOTJUZ BOE DBSSJFS UZQF DBO CF FBTJMZ DPOUSPMMFE� *O CJMBZFS HSBQIFOF
 FWFO UIF CBOE

TUSVDUVSF DBO CF NBOJQVMBUFE XJUI EVBM UPQ BOE CPUUPN HBUFT� ��
��� "U UIF TBNF UJNF
 XJUI UIF JOUSP�

EVDUJPO PG IFYBHPOBM #PSPO /JUSJEF 	I#/
 FODBQTVMBUJPO
 UIF RVBMJUZ PG HSBQIFOF TUBSU UP SJWBM UIBU

PG USBEJUJPOBM UXP�EJNFOTJPOBM FMFDUSPO HBTFT ��
��� 'VSUIFSNPSF
 TUBDLJOH EJ୭GFSFOU �% NBUFSJBMT UP

DSFBUF �% IFUFSPTUSVDUVSFT PQFOT VQ B XIPMF OFX XPSME PG QPTTJCJMJUJFT ��
��� %J୭GFSFOU MBZFST PG �%

NBUFSJBMT DBO CF DPVQMFE UP FBDI PUIFS UISPVHI UVOOFMJOH
 $PVMPNC JOUFSBDUJPO
 FYDIBOHF JOUFSBD�

UJPO BOE QSPYJNJUZ F୭GFDU UP FOBCMF OFX QSPQFSUJFT BOE QIFOPNFOB� "MM UIFTF DBO CF BDIJFWFE XJUI B

VOJ୮ୢFE TUBDLJOH NFUIPE
 VOMJLF JO .#& HSPXO IFUFSPTUSVDUVSFT
 FBDI EFTJHO SFRVJSFT EFWFMPQNFOUT

PG OFX SFDJQFT BOE JT PG୴FO TVCKFDU UP MJNJUBUJPOT TVDI BT NBUFSJBM DPNQBUJCJMJUZ BOE NBUDIJOH MBUUJDF

DPOTUBOUT�

+VTU XIFO * FOUFSFE 1IJMJQؠT HSPVQ JO NZ ୮ୢSTU ZFBS
 * XBT DPOUFNQMBUJOH QPTTJCMF QSPKFDUT UIBU DBO

CF FOBCMFE CZ �% NBUFSJBM IFUFSPTUSVDUVSFT� *OTQJSFE CZ $PPQFS QBJSJOH DBVTFE CZ XFBLMZ BUUSBD�

UJWF JOUFSBDUJPO
 * UIPVHIU PG TJNJMBS QBJSJOH BOE TVQFSDPOEVDUJWJUZ DBO CF TUBCMJ[FE JO B HSBQIFOF

EPVCMF�MBZFS� #SJOHJOH BO FMFDUSPO�EPQFE HSBQIFOF JOUP QSPYJNJUZ XJUI B IPMF�EPQFE HSBQIFOF
 UIF

�



IPMFT JO POF MBZFS DBO NFEJBUF BO BUUSBDUJWF DPVQMJOH CFUXFFO FMFDUSPOT JO UIF PUIFS MBZFS UISPVHI

UIF $PVMPNC JOUFSBDUJPO
 TJNJMBS UP QIPOPO NFEJBUFE #$4 TVQFSDPOEVDUPS� "G୴FS CSJOHJOH UIJT

JEFB UP 1IJMJQ
 IF UPME NF UIFSF JT JOEFFE B UIFPSFUJDBM QSPQPTFE TVQFS୯୳VJE TUBUF JO HSBQIFOF EPVCMF�

MBZFST UIBU JT DBMMFE FYDJUPO DPOEFOTBUF� .PSFPWFS
 JO UIF MBC
 $PSZ %FBO
 -FJ 8BOH
 1BUSJDL .BIFS

BOE ,JO $IVOH 'POH KVTU TUBSUFE UIF TUVEZ PG HSBQIFOF EPVCMF�MBZFS TZTUFN� "MUIPVHI * XBT NBJOMZ

XPSLJOH PO UIF HBUF EF୮ୢOFE RVBOUVN QPJOU DPOUBDU QSPKFDU BU UIF UJNF
 ,$ HPU NF JOWPMWFE JO UIJT

F୭GPSU BT XFMM� "G୴FS ,$ IBE MFG୴
 * UPPL PWFS UIF TUVEZ
 XIJDI MBUFS CFDBNF NZ NBJO QSPKFDU� 4VQFS�

୯୳VJET BOE TVQFSDPOEVDUPST BSF TPNFUIJOH UIBU BMXBZT GBTDJOBUF NF BOE * GFFM WFSZ MVDLZ UIBU * IBWF

XPSLFE PO UIJT QSPKFDU�

(SBQIFOF EPVCMF MBZFS JT OPU UIF ୮ୢSTU FMFDUSPOJD EPVCMF�MBZFS TZTUFN CFJOH TUVEJFE� *OUFSBDUJPO

ESJWFO QIFOPNFOB XFSF FYUFOTJWFMZ JOWFTUJHBUFE JO (B"T EPVCMF RVBOUVN XFMM� /PUBCMZ
 FYDJUPO

DPOEFOTBUJPO CFUXFFO -BOEBV MFWFMT IBT CFFO EFNPOTUSBUFE JO UIJT TZTUFN��� )PXFWFS
 EVF UP UIF

MBSHF JOUFSMBZFS TFQBSBUJPO 	∼�� ON

 $PVMPNC JOUFSBDUJPO CFUXFFO MBZFST JT HSFBUMZ SFEVDFE� 8JUI

UIF XFFL JOUFSMBZFS JOUFSBDUJPO
 UIF PCTFSWFE FYDJUPO DPOEFOTBUJPO JT POMZ TUBCMF VOEFS FYUSFNFMZ

MPX UFNQFSBUVSFT� "OE QFPQMF IBWF GBJMFE UP JEFOUJGZ B DMFBS TVQFS୯୳VJE USBOTJUJPO JO UIFTF TFNJ�

DPOEVDUPS IFUFSPTUSVDUVSFT� "U UIJT EJTUBODF
 UIF UVOOFMJOH CFUXFFO MBZFST JT TUJMM RVJUF TJHOJ୮ୢDBOU


DPNQMJDBUJOH UIF SFTVMUT� *O HSBQIFOF EPVCMF�MBZFS XJUI IFYBHPOBM #PSPO /JUSJEF BT JOUFSMBZFS CBS�

SJFS
 UXP HSBQIFOF MBZFST DBO CF BT DMPTF BT � ON XJUIPVU UVOOFMJOH CFUXFFO MBZFST��
��� 5IF TUSPOH

DPVQMJOH
 DPNCJOFE XJUI MBSHF UVOBCMJUZ
 NBLFT HSBQIFOF EPVCMF MBZFS B JEFBM QMBUGPSN UP TUVEZ

FNFSHFOU JOUFSMBZFS DPSSFMBUFE QIBTFT
 TVDI BT FYDJUPO DPOEFOTBUJPO�

�
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)LJXUH ����:KHQ WZR FRQGXFWRUV DUH SODFHG FORVH WR HDFK RWKHU ZLWK D LQVXODWLQJ EDUULHU LQ EHWZHHQ� GULYLQJ FXUUHQW

RQ WKH WRS OD\HU �F\DQ� LQGXFHV YROWDJH RQ WKH ERWWRP OD\HU �RUDQJH��

��� $ঘঞকঘখঋ ঍ছঊঐ

0OF PG UIF NPTU JNQPSUBOU UPPM JO TUVEZJOH B EPVCMF�MBZFS TZTUFN JT UIF $PVMPNC ESBH NFBTVSF�

NFOU� 8IFO UXP DPOEVDUJOH MBZFST BSF QMBDFE DMPTF UP FBDI PUIFS
 ESJWJOH DVSSFOU Idrive JO POF MBZFS

DBO JOEVDF WPMUBHF Vdrag JO UIF PUIFS MBZFS� 5IJT F୭GFDU JT DBMMFE $PVMPNC ESBH BOE JT B SFTVMU PG JOUFS�

MBZFS $PVMPNC JOUFSBDUJPO ��� %SBH SFTJTUBODF JT EF୮ୢOFE BT UIF SBUJP CFUXFFO ESBH WPMUBHF BOE ESJWF

DVSSFOU� Rdrag = Vdrag/Idrive� *G UIFSF JT OP JOUFSBDUJPO CFUXFFO MBZFS
 UIF NFBTVSFE ESBH SFTJT�

UBODF XPVME CF [FSP� $PVMPNC ESBH OPU POMZ JT VTFGVM GPS TUVEZJOH UIF JOUFSBDUJPO CFUXFFO MBZFST


CVU BMTP QSPWJEF JOGPSNBUJPO PO UIF FMFDUSPOJD TUSVDUVSF PG FBDI MBZFS� .PSF JNQPSUBOUMZ
 TUSPOH

$PVMPNC ESBH F୭GFDU JT UIF TNPLJOH HVO FWJEFODF GPS JOUFSMBZFS DPSSFMBUJPO XIFO JU FNFSHFT�

*O UIF XFBLMZ DPVQMFE SFHJNF BU B ୮ୢOJUF UFNQFSBUVSF T 
 UIF ESBH SFTJTUBODFRdrag = Vdrag/Idrive

JT UZQJDBMMZ EPNJOBUFE CZ NPNFOUVN USBOTGFS UISPVHI JOUFSMBZFS FMFDUSPO�FMFDUSPO 	F�F
 TDBUUFSJOH�

%SJWFO CZ BQQMJFE WPMUBHF
 FMFDUSPOT NPWJOH PO UIF ESJWF MBZFS USBOTGFS QBSU PG UIFJS NPNFOUVN

UP FMFDUSPOT PO UIF ESBH MBZFS
 DBVTJOH UIFN UP NPWF JO UIF TBNF EJSFDUJPO� "T UIF ESBH MBZFS JT JO

�



PQFO�DJSDVJU
 BO FMFDUSJDBM ୮ୢFME JT EFWFMPQFE UP DPVOUFS UIF GSJDUJPOBM GPSDF FMFDUSPOT FYQFSJFODF GSPN

JOUFSMBZFS $PVMPNC TDBUUFSJOH� 5IJT FMFDUSJDBM ୮ୢFME SFTQPOTF PO UIF ESBH MBZFS JT NFBTVSFE BT UIF ESBH

SFTJTUBODF�

*U JT VTFGVM UP IBWF TPNF RVBMJUBUJWF VOEFSTUBOEJOH PG IPX UIF ESBH SFTJTUBODF XPVME CFIBWF SF�

TQFDU UP EJ୭GFSFOU GBDUPST JO UIF TJNQMF DBTF PG B 'FSNJ MJRVJE ��� 'JSTU
 UIF ESBH SFTJTUBODF HSPXT XJUI

UFNQFSBUVSF 5
Rdrag ∝ T 2
 BT JU JT QSPQPSUJPOBM UP UIF FMFDUSPO�FMFDUSPO TDBUUFSJOH SBUF� 5IF

TDBUUFSJOH SBUF JODSFBTF XJUI UFNQFSBUVSF EVF UP UIF FOMBSHFNFOU PG UIF BWBJMBCMF QIBTF TQBDF GPS TDBU�

UFSJOH FWFOUT� 4FDPOE
 UIF ESBH SFTJTUBODF JT MBSHFS BU MPXFS DBSSJFS EFOTJUJFT BT JU JT VMUJNBUFMZ DBVTFE

CZ ୯୳VDUVBUJPOT PG DIBSHF EFOTJUZ� *G UIF DIBSHFT BSF VOJGPSNMZ EJTUSJCVUFE JO CPUI MBZFST
 UIFZ QSP�

EVDF BO VOJGPSN FMFDUSJDBM ୮ୢFME UIBU HFOFSBUF OP MBUFSBM GPSDF GPS ESBH F୭GFDU� 5IVT UIF $PVMPNC

ESBH F୭GFDU JT NPSF QSPOPVODFE XIFO UIF DIBSHFT BSF NPSF EJTDSFUF BU MPX DBSSJFS EFOTJUJFT� -BTU
 UIF

ESBH SFTJTUBODF JT OFHBUJWF XIFO UIF DBSSJFS UZQFT PG CPUI MBZFS BSF UIF TBNF BOE JT QPTJUJWF XIFO UIF

DBSSJFS UZQFT PG CPUI MBZFST BSF UIF PQQPTJUF� 5IF TJHO PG ESBH JT IJOHFE PO UIF DVSSFOU�NPNFOUVN

SFMBUJPOTIJQ� *G UIF DVSSFOU�NPNFOUVN SFMBUJPO JT UIF TBNF JO CPUI MBZFST
 UIF ESJWF DVSSFOU XJMM USZ

UP JOEVDF B ESBH DVSSFOU JO UIF TBNF EJSFDUJPO BT ESJWF DVSSFOU
 XIJDI NVTU CF OFVUSBMJ[FE CZ BO FMFD�

USJDBM ୮ୢFME JO UIF PQQPTJUF EJSFDUJPO
 UIVT XF NFBTVSF B OFHBUJWF ESBH SFTJTUBODF� 0QQPTJUFMZ
 JG UIF

FMFDUSJDBM DVSSFOU BOE DBSSJFS NPNFOUVN JT JO UIF TBNF EJSFDUJPO PO POF MBZFS CVU JO UIF PQQPTJUF EJ�

SFDUJPO PO UIF PUIFS MBZFS
 UIF ESJWF DVSSFOU XJMM DSFBUF B PQQPTJUF EJSFDUJPO ESBH DVSSFOU
 UIVT CVJME

VQ B QPTJUJWF ESBH SFTJTUBODF�
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)LJXUH ���� (OHFWURQVPRYLQJ RQ WKH WRS OD\HU WUDQVIHU VRPH RI WKHLU PRPHQWXP WR WKH HOHFWURQV RQ WKH ERWWRP OD\HU

WKURXJK LQWHUOD\HU &RXORPE VFDWWHULQJ� 7KLV NLFNV WKH HOHFWURQV RQ WKH ERWWRP OD\HU WR OHIW VLGH� ORZHULQJ WKH HOHFWULFDO

SRWHQWLDO RQ WKH OHIW UHVSHFW WR WKH ULJKW�

*O UIF TJNQMF %SVEF NPEFM ��
��
 UIF ESBH SFTJTUJWJUZ DBVTFE CZ UIJT GSJDUJPOBM ESBH QSPDFTT JT

ρdrag =
mdrag

e2ndriveτD
	���


JO XIJDI
mdrag JT UIF F୭GFDUJWF NBTT PG DBSSJFST PO UIF ESBH MBZFS
 − e JT UIF FMFDUSPO DIBSHF
 ndrive

JT DBSSJFS EFOTJUZ PO UIF ESJWF MBZFS BOE τD JT UIF NPNFOUVN USBOTGFS UJNF
 JOEJDBUJOH IPX MPOH JU

UBLFT UP DPNQMFUFMZ USBOTGFS UIF NPNFOUVN PG FMFDUSPOT JO POF MBZFS UP UIF PUIFS� 5IJT JT TJNJMBS UP

UIF NPNFOUVN SFMBYBUJPO UJNF JO B EJ୭GVTJWF DPOEVDUPS DBVTFE CZ TDBUUFSJOH� $BMDVMBUJOH τD XJUI

#PSO BQQSPYJNBUJPO PS 'FSNJ�(PSEFO SVMF BOE QMVH JU JOUP FR� ��� HJWFT VT�

ρdrag =
!
e2

π2ζ(3)

16

T 2

EF1EF2

1

κ1κ2kF1kF2d4
	���



 JO XIJDI ζ(3) ∼ 1.202 JT B DPOTUBOU
 T JT UIF UFNQFSBUVSF
 d JT JOUFSMBZFS EJTUBODF
 κ1 BOE κ2

�



BSF JOWFSTF 5IPNBT�'FSNJ TDSFFOJOH MFOHUI PG FBDI MBZFS
EF1, EF1, kF1, kF2 BSF UIF 'FSNJ FO�

FSHZ BOE 'FSNJ XBWFWFDUPS PG FBDI MBZFST
 SFTQFDUJWFMZ� *O B 'FSNJ MJRVJE
 FR� ��� BQQMJFT VOEFS GPM�

MPXJOH DPOEJUJPOT� 	�
 JOUFSMBZFS TFQBSBUJPO d JT NVDI TNBMMFS UIBO NFBO GSFF QBUI
 	�
 d JT NVDI

MBSHFS UIBO 5IPNBT 'FSNJ TDSFFOJOH MFOHUI 1/κ 	TUSPOH TDSFFOJOH MJNJU
 BOE 	�
 UFNQFSBUVSF T ≪

EF /(kFd) ��
��� 5IJT GPSNVMB JOEFFE BHSFFT XJUI UIF UISFF DPODMVTJPOT XF PCUBJOFE GSPN UIF BCPWF

TJNQMF BSHVNFOUT�

5IJT GSJDUJPOBM ESBH F୭GFDU IBT CFFO FYQFSJNFOUBMMZ TUVEJFE FYUFOTJWFMZ JO CPUI TFNJDPOEVDUPS

EPVCMF RVBOUVN XFMMT ��
��
�� BOE HSBQIFOF EPVCMF MBZFST ��
��� *O NPTU DBTFT VOEFS [FSP NBHOFUJD

୮ୢFMET
 UIF QSFWJPVT QJDUVSF
 XIFSF ESBH JT DBVTFE CZ NPNFOUVN USBOTGFSSJOH CFUXFFO 'FSNJ MJR�

VJET TVDDFTTGVMMZ DBQUVSFE UIF FYQFSJNFOUBM PCTFSWBUJPOT� )PXFWFS UIFSF BSF DBTFT XIFSF UIF TJN�

QMF UIFPSZ QSFTFOUFE BCPWF EPFT OPU NBUDI NFBTVSFE ESBH TJHOBM� .PTU OPUBCMZ
 JO UIF HSBQIFOF

EPVCMF�MBZFS OFBS DIBSHF OFVUSBM QPJOU
 UIF 'FSNJ MJRVJE CFIBWJPS EPFT OPU BQQMZ� 5IF NFBTVSFE

ESBH SFTQPOTF TIPXT VOFYQFDUFE CFIBWJPST UIBU DBOOPU CF FYQMBJOFE CZ NPNFOUVN ESBH POMZ ��
��
���

4P FOFSHZ ESBH QJDUVSF XBT QSPQPTFE UP FYQMBJO UIF FYQFSJNFOUT ��
��
��� *O UIF FOFSHZ ESBH QJDUVSF


୯୳PXJOH DVSSFOU JO POF MBZFS HFOFSBUFT B UFNQFSBUVSF HSBEJFOU
 XIJDI DBO CF USBOTGFS UP UIF ESBH MBZFS

UP JOEVDF B ESBH WPMUBHF WJB UIFSNPFMFDUSJD F୭GFDU� $PVMPNC ESBH F୭GFDU VOEFS NBHOFUJD ୮ୢFME JT ZFU

NPSF DPNQMJDBUFE� &WFO JO UIF DBTF PG ESBH DBVTFE CZ NPNFOUVN USBOTGFS
 UIF FYQFSJNFOUBM ୮ୢOE�

JOHT XFSF QV[[MJOH XIJMF MJUUMF DPOTFOTVT XBT SFBDIFE CZ UIFPSJTU� 5IF ୮ୢSTU DIBQUFS XJMM CF EFEJDBUFE

UP UIF GSJDUJPOBM ESBH F୭GFDU VOEFS TUSPOH NBHOFUJD ୮ୢFMET DBVTFE CZ NPNFOUVN USBOTGFSSJOH�

�
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&YDJUPOT BSF QBJST PG FMFDUSPOT BOE IPMFT CPVOE UPHFUIFS CZ UIF $PVMPNC JOUFSBDUJPO� "U MPX UFN�

QFSBUVSFT
 FYDJUPOT DBO GPSN B #PTF�&JOTUFJO DPOEFOTBUF 	#&$

 FOBCMJOH NBDSPTDPQJD QIBTF DPIFS�

FODF BOE TVQFS୯୳VJEJUZ ��� 5IF NPTU DPNNPOMZ LOPXO FYDJUPOT BSF DSFBUFE CZ PQUJDBM FYDJUBUJPO JO

TFNJDPOEVDUPST� 8IFO QIPUPOT IJU B TFNJDPOEVDUPS
 FMFDUSPOT BSF FYDJUFE GSPN UIF WBMBODF CBOE

UP UIF DPOEVDUJPO CBOE� 5IF FYDJUFE FMFDUSPO DBO CJOE XJUI UIF IPMF JU MFG୴ CFIJOE UP GPSN BO FYDJ�

UPO� *O PSEFS UP BDIJFWF DPOEFOTBUJPO
 B MBSHF EFOTJUZ PG FYDJUPOT BSF OFFEFE BT UIF #&$ USBOTJUJPO

UFNQFSBUVSF JT QSPQPSUJPOBM UP FYDJUPO EFOTJUZ� )PXFWFS
 PQUJDBMMZ HFOFSBUFE FYDJUPOT IBWF TIPSU

MJGFUJNFT JO OBOP�TFDPOET� �� 5IFZ RVJDLMZ SFDPNCJOF BOE SFMFBTF B QIPUPO
 XIJDI MFBET UP UIF BOOJ�

IJMBUJPO PG FYDJUPOT� 8IJMF B TUSPOH DPOUJOVPVT PQUJDBM QVNQJOH JT OFFEFE UP LFFQ VQ UIF FYDJUPO

EFOTJUZ
 UIF PQUJDBM FYDJUBUJPO BMTP IFBUT VQ UIF TBNQMF� 5IJT NBLFT LFFQJOH B IJHI EFOTJUZ PG FYDJ�

UPOT VOEFS MPX UFNQFSBUVSFT WFSZ EJ୭୮ୢDVMU�

0OF XBZ UP TPMWF UIJT QSPCMFN JT UP QMBDF FMFDUSPOT BOE IPMFT JO TQBUJBMMZ�TFQBSBUFE QBSBMMFM DPO�

EVDUJOH MBZFST
 XIFSF FYDJUPOT DBO GPSN BDSPTT UIF MBZFST CVU DBOOPU SFDPNCJOF� "O FMFDUSPOJD EPV�

CMF MBZFS 	&%-

 JO XIJDI UXP QBSBMMFM DPOEVDUJOH MBZFST BSF TFQBSBUFE CZ BO JOTVMBUPS
 JT BO JEFBM

QMBUGPSN UP SFBMJ[F B FYDJUPO #&$ XJUIPVU PQUJDBM FYDJUBUJPO 	'JH� ���
� *OUFSMBZFS FYDJUPOT GPSNFE

BDSPTT MBZFST JO &%-T IBWF JO୮ୢOUF MJGFUJNF BOE DBO CF HFOFSBUFE CZ FMFDUSJDBM EPQJOH� 5IJT TDIFNF

QBWFT B QBUI UP BDIJFWF FYDJUPO DPOEFOTBUJPO JO UIFSNBM FRVJMJCSJVN�

#FZPOE UIF CFOF୮ୢU PG JO୮ୢOJUF MJGFUJNF
 UIF EJQPMF�EJQPMF SFQVMTJPO CFUXFFO JOUFSMBZFS FYDJUPOT

DBO GBDJMJUBUF UIF FTUBCMJTINFOU PG QIBTF DPIFSFODF BOE LFFQ UIF FYDJUPOT GSPN GBJMJOH JOUP BO FMFDUSPO�

�



+-

top layer

ďŽƩŽŵ�ůĂǇĞƌ

)LJXUH ���� ,QWHUOD\HU H[FLWRQV LQ D GRXEOH�OD\HU V\VWHP� /HIW� LOOXVWUDWLRQ RI LQWHUOD\HU H[FLWRQ LQ UHDO VSDFH� (OHFWURQV

RQ WKH WRS OD\HU ELQG ZLWK KROHV RQ WKH ERWWRP OD\HU E\ &RXORPE LQWHUDFWLRQ WR IRUP H[FLWRQV� 5LJKW� LQWHUOD\HU H[FLWRQ

EHWZHHQ FRQGXFWLRQ EDQG RI WKH WRS OD\HU DQG YDOHQFH EDQG RI WKH ERWWRP OD\HU�

IPMF QMBTNB� *U BMTP QSPWJEFT B XBZ UP TUVEZ FYDJUPO USBOTQPSU VTJOH FMFDUSJDBM NFUIPET� "T FYDJUPOT

BSF DIBSHF�OFVUSBM QBSUJDMFT
 UIFZ OPSNBMMZ EPFT OPU SFTQPOE UP FMFDUSJDBM ୮ୢFMET BOE DBOOPU DBSSZ

FMFDUSJDBM DVSSFOUT� )PXFWFS
 JO B EPVCMF�MBZFS TZTUFN
 JG UIFSF BSF DPOUBDUT PO FBDI JOEJWJEVBM MBZFS


JOUFSMBZFS FYDJUPOT DBO DBSSZ DPVOUFS୯୳PX DVSSFOUT
 XIJDI ୯୳PX JO UIF PQQPTJUF EJSFDUJPOT JO UIF UXP

MBZFST� 6TJOH DPVOUFS୯୳PX NFBTVSFNFOUT
 USBOTQPSU QSPQFSUJFT PG FYDJUPOT DBO CF TUVEJFE� 8IFO

FYDJUPOT GPSN B DPOEFOTBUF
 XIJDI JT B TVQFS୯୳VJE TUBUF
 [FSP SFTJTUBODF PG UIF DPVOUFS୯୳PX DVSSFOU

XJMM CF EFUFDUFE� 5IJT OPWFM TVQFS୯୳VJE CFIBWJPS JO �% P୭GFST QPUFOUJBM UP TUVEZ NBOZ JNQPSUBOU QIF�

OPNFOB
 TVDI BT #FSF[JOTLJJ؛,PTUFSMJU[5؛IPVMFTT USBOTJUJPO BOE #&$ୖ#$4 DSPTTPWFS
 XIJDI XJMM CF

DPWFSFE JO $IBQUFS ��

*OUFSMBZFS FYDJUPO VOEFS [FSP NBHOFUJD ୮ୢFME XBT ୮ୢSTU BUUFNQUFE JO (B"T EPVCMF RVBOUVN XFMM�

%FTQJUF TPNF BOPNBMPVT ESBH JO MPX UFNQFSBUVSFT
 OP DPODSFUF FWJEFODF PG FYDJUPO DPOEFOTBUJPO

�



IBWF CFFO GPVOE��� 8IFO HSBQIFOF EPVCMF�MBZFS TZTUFN BSJTFT
 UIFSF XBT JOJUJBM UIFPSZ QSFEJDUJPO

PG SPPN UFNQFSBUVSF FYDJUPO DPOEFOTBUJPO JO NPOPMBZFS HSBQIFOF EPVCMF�MBZFST��� )PXFWFS
 OP

FYDJUPO DPOEFOTBUJPO XBT GPVOE EPXO UP ���, BOE JU XBT GPVOE UIF JOJUJBM UIFPSZ GBJMFE UP QSPQFSMZ

DPOTJEFS UIF TDSFFOJOH F୭GFDU
 XIJDI SFEVDFT UIF USBOTJUJPO UFNQFSBUVSF EPXO UP N, SBOHF��� *U IBT

BMTP CFFO UIFPSFUJDBMMZ TVHHFTUFE UIBU NVMUJ�MBZFS HSBQIFOF EPVCMF�MBZFS
 TVDI BT CJMBZFS PS USJMBZFS

HSBQIFOF EPVCMF�MBZFST BSF CFUUFS DBOEJEBUFT EVF UP UIFJS IJHI EFOTJUZ PG TUBUFT��
��� &YQFSJNFOUBM

F୭GPSUT BSF TUJMM CFJOH NBEF JO JO UIJT EJSFDUJPO�

��� &ডঌ঒ঝঘগ ঌঘগ঍঎গজঊঝ঒ঘগ ঋ঎ঝঠ঎঎গ -ঊগ঍ঊঞ ক঎ট঎কজ

"T IJHIFS EFOTJUZ PG TUBUFT 	%04
 NBLFT JOUFSBDUJPO FOFSHZ NPSF QSPNJOFOU DPNQBSJOH XJUI LJOFUJD

FOFSHZ
 MBSHF %04 VTVBMMZ GBDJMJUBUF JOUFSBDUJPO ESJWFO F୭GFDUT MJLF FYDJUPO DPOEFOTBUJPO� 0OF XBZ UP

HFOFSBUF MBSHF %04 JT CZ BQQMZJOH B TUSPOH NBHOFUJD ୮ୢFME� 6OEFS TUSPOH NBHOFUJD ୮ୢFMET
 FMFDUSPOT

EFWFMPQ ୯୳BUCBOE MFWFMT DBMMFE -BOEBV MFWFMT 	--T
� /P TVSQSJTJOHMZ
 UIF ୮ୢSTU FYQFSJNFOUBM PCTFSWB�

UJPO PG UIJT TVQFS୯୳VJE FYDJUPO ୯୳PX XBT EFNPOTUSBUFE JO (B"T EPVCMF RVBOUVN XFMMT VOEFS IJHI

NBHOFUJD ୮ୢFMET
 JO XIJDI TUSPOH DPSSFMBUJPO JT FTUBCMJTIFE CFUXFFO FMFDUSPO�MJLF BOE IPMF�MJLF RVBTJ�

QBSUJDMFT JO RVBOUJ[JOH PSCJUT�

8IFO B UXP�EJNFOTJPOBM 	�%
 FMFDUSPO HBT PG EFOTJUZ O JT TVCKFDU UP B QFSQFOEJDVMBS NBHOFUJD

୮ୢFMEB
 UIF LJOFUJD FOFSHZ PG FMFDUSPOT JT RVBOUJ[FE UP EJTDSFUF --T� &BDI -- DPOUBJOT n0 = eB/h

EFHFOFSBUF -BOEBV PSCJUT QFS VOJU BSFB
 XIFSF e JT FMFDUSPO DIBSHF BOE h JT 1MBODLؠT DPOTUBOU� *G BMM

UIF PSCJUT JO B -- BSF PDDVQJFE 	J�F�
 UIF ୮ୢMMJOH GBDUPS ν = n/n0 JT BO JOUFHFS

 UIF �% FMFDUSPO TZTUFN

��



Top layer Bottom layer

E E

DOS DOS

quasi-hole

)LJXUH ���� ([FLWRQ FRQGHQVDWLRQ EHWZHHQ //V� /HIW� WKH VTXDUHV LQ HDFK OD\HU SUHVHQW GHJHQHUDWH /DQGDX RUELWDOV� ,Q

SDUWLDO ĆOOHG /DQGDX OHYHOV� VRPH RI WKH RUELWDOV DUH ĆOOHG ZKLOH RWKHUV DUH HPSW\� %HFDXVH RI LQWHUOD\HU &RXORPE UHSXO�

VLRQ� D ĆOOHG VWDWH RQ WKH WRS OD\HU ZLOO FRUUHVSRQG WR DQ HPSW\ VWDWH RQ WKH ERWWRP OD\HU� 7KLV ĆOOHG�HPSW\ VWDWH FDQ EH

VHHQ DV DQ LQWHUOD\HU H[FLWRQ� 5LJKW� /DQGDX OHYHOV RI GRXEOH�OD\HU� 7KH QXPEHU RI ĆOOHG VWDWH LQ RQH OD\HU PDWFKHV WKH

QXPEHU RI HPSW\ VWDWH LQ WKH RWKHU� HVWDEOLVK νtot = 1 LQWHUOD\HU FRUUHODWHG VWDWH�

GPSNT B RVBOUVN )BMM TUBUF� *O B EPVCMF�MBZFS
 UIF ୮ୢMMJOH GBDUPS PG UIF JOEJWJEVBM MBZFS DBO CF TQFDJ�

୮ୢFE CZ νtop = ntop/n0 BOE νbot = nbot/n0 
 XIFSF ntop BOE nbot BSF UIF EFOTJUZ PG UPQ BOE CPUUPN

MBZFS� *G --T JO CPUI MBZFST BSF QBSUJBMMZ ୮ୢMMFE
 J�F�
 νtop BOE νbot BSF OPO�JOUFHFS OVNCFST
 OFJUIFS

MBZFS DBO GPSN B RVBOUVN )BMM TUBUF PO JUT PXO� )PXFWFS
 $PVMPNC SFQVMTJPO GPSDFT UIF FMFDUSPOT

JO UIF UXP MBZFST UP PDDVQZ EJ୭GFSFOU PSCJUBMT JO UIF 9: QMBOF
 MFBEJOH UP TQBUJBM BOUJ�DPSSFMBUJPO CF�

UXFFO MBZFST� 8IFO UIF UPUBM ୮ୢMMJOH GSBDUJPO
 νtot = νtop + νbot
 CFDPNFT BO JOUFHFS
 UIF UXP MBZFST

UPHFUIFS DBO GPSN B DPIFSFOU TUBUF JO XIJDI FBDI ୮ୢMMFE TUBUF 	RVBTJ�FMFDUSPO
 JO POF MBZFS DPSSFTQPOE

UP BO FNQUZ TUBUF 	RVBTJ�IPMF
 JO UIF PUIFS MBZFS 	'JH� ���
� 5IFTF CPVOE FNQUZ�୮ୢMMFE TUBUFT DBO CF

EFTDSJCFE BT FYDJUPOT JO UIF RVBOUVN )BMM TDFOBSJP�

0OF QPTTJCMF BSSBOHFNFOU PG FMFDUSPOT JO UIF νtot = 1 TUBUF JT TIPXO JO 'JH� ��� MFG୴� 8F DBO XSJUF

��



EPXO UIF XBWF GVODUJPO GPS JU�

|Φ1⟩ = c†T,k1c
†
T,k2

c†B,k3
c†T,k4 ... |0⟩ 	���


JO XIJDI
 c†T,kn DSFBUF BO FMFDUSPO PO UIF UPQ MBZFS BU UIF OUI -BOEBV PSCJUBM� |0⟩ JT UIF WBDVVN TUBUF

XIFSF OP -BOEBV PSCJUBM JT ୮ୢMMFE JO CPUI MBZFST� 5IJT POMZ SFQSFTFOU POF QPTTJCMF DPO୮ୢHVSBUJPO�

)PXFWFS
 UIFSF BSF NBOZ EJ୭GFSFOU DPO୮ୢHVSBUJPOT UIBU TBUJTGZ UIF DPOEJUJPO PG νtot = 1 BOE JOUFS�

MBZFS DPSSFMBUJPO� 'PS FYBNQMF
 XF DBO TXJUDI UIF FMFDUSPO PO TJUF � BOE TJUF � JO CPUI MBZFST�

|Φ2⟩ = c†T,k1c
†
B,k2

c†T,k3c
†
T,k4

... |0⟩ 	���


"U FRVBM ୮ୢMMJOH νtop = νbot = 1/2
 BEEJOH BMM UIF QPTTJCMF DPO୮ୢHVSBUJPOT DPIFSFOUMZ
 XF BSSJWF BU UIF

JOUFSMBZFS DPIFSFOU TUBUF�

|Φ⟩ = Π
k

1√
2
(c†T,k + eiφc†B,k) |0⟩ 	���


*O UIJT XBWFGVODUJPO
 k JT UIF -- PSCJUBM JOEFY� Π
k

JT UIF QSPEVDU PWFS BMM QPTTJCMF k PSCJUBM TUBUFT

JO UIF -BOEBV MFWFM� φ JT UIF TVQFS୯୳VJE QIBTF BU k PSCJUBM
 BOE SFQSFTFOU UIF QIBTF DIBOHF XIFO

B FMFDUSPO JT NPWFE GSPN UIF UPQ MBZFS UP UIF CPUUPN MBZFS� "U HSPVOE TUBUF
 φ GPS UIF BMM -BOEBV

PSCJUBMT BSF UIF TBNF
 EVF UP UIF XFBL EJQPMF SFQVMTJPO CFUXFFO EJ୭GFSFOU JOUFSMBZFS FYDJUPOT� 4JNJMBS

UP UIF OVNCFS PG $PPQFS QBJST JO B #$4 TVQFSDPOEVDUPS
 OVNCFS PG FMFDUSPOT JO FBDI MBZFS EPFT OPU

DPOTFSWF BT DBO CF TFFO JO &R� ���� 5IJT JT EVF UP FMFDUSPOT DBO ୯୳VDUVBUF GSPN POF MBZFS UP UIF PUIFS

XIFO UIF QIBTF JT DPOTUBOU�

��



8F DBO QFSGPSN QBSUJDMF�IPMF USBOTGPSNBUJPO JO POF PG UIF MBZFST BOE DIBOHF UIF WBDDVN TUBUF

GSPN |0⟩XJUI FNQUZ --T JO CPUI MBZFST UP |0′⟩XJUI FNQUZ -- JO UIF CPUUPN MBZFS BOE B GVMM�୮ୢMMFE

-- JO UIF UPQ MBZFS� 5IF QSFWJPVT XBWFGVODUJPO CFDPNFT�

|Φ⟩ = Π
k

1√
2
(1 + eiφc†B,kcT,k)

∣∣0′
〉

	���


cT,k JT BOOJIJMBUJPO PQFSBUPS GPS B FMFDUSPO JO UIF UPQ MBZFS
 UIVT DSFBUF B IPMF� 5IJT XBWFGVODUJPO

IJHIMZ SFTFNCMFT UIBU PG #$4 TVQFSDPOEVDUPST� 5IF POMZ EJ୭GFSFODFT JT UIBU JOTUFBE PG DSFBUJOH QBJST

PG FMFDUSPOT JO UIF #$4 UIFPSZ
 c†B,kcT,k QSPEVDFT BO FYDJUPO BU k TUBUF XJUI BO FMFDUSPO PO UIF CPU�

UPN MBZFS BOE B IPMF PO UIF UPQ MBZFS�

5IF TZTUFN DBO BMTP CF EFTDSJCFE FRVJWBMFOUMZ CZ UIF QTFVEP�TQJO MBOHVBHF� *O UIJT MBOHVBHF
 UPQ

MBZFS DBO CF USFBUFE BT QTFVEP�TQJO VQ XIJMF CPUUPN MBZFS DBO CF SFHBSEFE BT QTFVEP�TQJO EPXO�

8IFO FMFDUSPO EFOTJUZ PG UIF UXP MBZFST BSF UIF TBNF
 UIF TQJO VQ DPNQPOFOU FRVBMT TQJO EPXO DPN�

QPOFOU JO NBHOJUVEF� 4P νtop = νbot = 1/2 TUBUF JT B QTFVEP�TQJO GFSSPNBHOFU XJUI QPMBSJ[BUJPO

EJSFDUJPO JO UIF 9: QMBOF� 5IF XBWFGVODUJPO DBO CF USBOTGPSNFE GSPN &R� ����

|Φ⟩ = Π
k

1√
2
(|↑⟩+ eiφ |↓⟩) |0⟩ 	���


8IFO UIF ୮ୢMMJOH GBDUPST PG UXP MBZFST BSF EJ୭GFSFOU
 UIF QTFVEP�TQJO XJMM CF PVU PG QMBOF�

5IFO
 XF DPOTJEFS QSFTFOUBUJPO PG UIF NBOZ CPEZ XBWFGVODUJPO PG νtot = 1 JO UIF SFBM TQBDF�

��



5IF NBOZ CPEZ XBWFGVODUJPO PG B TJOHMF MBZFS RVBOUVN )BMM TZTUFN PO UIF MPXFTU -BOEBV MFWFM JT

⟨z1, z2...zN |Φ⟩ = 1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φ0 (z1) φ1(z1) · · · φN−1(z1)

φ0 (z2) φ1(z2) · · · φN−1(z2)

���
��� � � � ���

φ0 (zN ) φ1(zN ) · · · φN−1(zN )

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

	���


JO XIJDI zj = xj + iyj JT UIF DPNQMFY DPPSEJOBUF PG UIF KUI FMFDUSPO BOE φi(z) JT UIF TJOHMF QBSUJDMF

XBWFGVODUJPO PG JUI -BOEBV PSCJUBM� 'PS UIF MPXFTU -BOEBV MFWFM VOEFS TZNNFUSJD HBVHF 	XIFO z JT

EF୮ୢOFE XJUI VOJU PG NBHOFUJD MFOHUI lB



φi(z) ∝ zie−|z|2/4 	���


i JT UIF BOHVMBS NPNFOUVN RVBOUVN OVNCFS PG UIF TQFDJ୮ୢD -BOEBV PSCJUBM� $PNCJOJOH FR� ��� BOE

FR� ���
 XF BDIJFWF�

⟨z1, z2...zN |Φ⟩ ∝

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 z1 · · · zN−1
1

1 z2 · · · zN−1
2

���
��� � � � ���

1 zN · · · zN−1
N

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

e−ΣN
i=1|zi|2/4 ∝ Π

i<j
(zi − zj)e

−ΣN
i=1|zi|2/4 	����


zi BOE zj BSF DPPSEJOBUFT GPS UXP EJ୭GFSFOU FMFDUSPOT� *O FR� ����
 XF DBO TFF UIF XBWFGVODUJPO WBO�

JTIFT XIFO UXP FMFDUSPOT PDDVQZ UIF TBNF PSCJUBM TUBUF
 XIJDI JT EVF UP 1BVMJ FYDMVTJPO QSJODJQMF� *O

��



EPVCMF�MBZFS TUSVDUVSF
 UIF FMFDUSPO PO UPQ MBZFS BMTP USZ UP BWPJE UIF FMFDUSPOT PO UIF CPUUPN MBZFS


OPU EVF UP 1BVMJ FYDMVTJPO CVU EVF UP $PVMPNC SFQVMTJPO� 4P XF DBO HVFTT B XBWFGVODUJPO UIBU WBO�

JTIFT XIFO FMFDUSPOT PO UIF UPQ MBZFS BOE FMFDUSPOT PO UIF CPUUPN MBZFS DPJODJEF� |Φ⟩ ∝ (zi − wj)


XIFSF z BOEw BSF DPPSEJOBUFT PG FMFDUSPOT JO UIF UPQ MBZFS BOE CPUUPN MBZFS
 SFTQFDUJWFMZ� 8F DBO

XSJUF EPXO UIF XBWFGVODUJPO JO B TJNJMBS XBZ BT FR� �����

⟨z1, z2...zN |Φ⟩ ∝ Π(zi − zj)Π(zi − wj)Π(wi − wj)e
− 1

4Σ|zi|2+|wi|2 	����


5IJT JT DBMMFE UIF )BMQFSJO (111) TUBUF
 XIFSF ��� EFOPUF UIF QPXFS PO UIF UISFF UFSNT��� *U WBOJTIFT

XIFO UXP FMFDUSPOT JO FJUIFS MBZFS DPJODJEF JO UIF TBNF QMBDF
 EVF UP 1BVMJ FYDMVTJPO BOE $PVMPNC

JOUFSBDUJPO�

5IFSF BSF NBOZ FYQFSJNFOUBM NFUIPET VTFE UP TUVEZ JO UIF νtot = 1 TUBUF� 5IF NPTU QSPNJOFOU

POFT BSF TIPX JO 'JH� ���� 5IF UVOOFMJOH FYQFSJNFOU NFBTVSFT UVOOFM DVSSFOU CFUXFFO UXP DPOEVDU�

JOH MBZFST UISPVHI UIF CBSSJFS� 5IJT DPVME CF EPOF JO B FMFDUSPOJD EPVCMF�MBZFS TZTUFN XJUI B XFBL

UVOOFMJOH CBSSJFS
 TVDI BT (B"T EPVCMF RVBOUVN XFMMT� 8IFO B DPOEFOTBUF JT GPSNFE
 DVSSFOU DBO

୯୳PX CFUXFFO MBZFST GSFFMZ XJUIPVU UIF BQQMJDBUJPO PG B CJBT WPMUBHF� 5IJT QSPEVDFT B [FSP�CJBT QFBL

JO UIF dI/dV NFBTVSFNFOUT��� 5IJT SFTPOBOU UVOOFMJOH CFIBWJPS JT BO BOBMPHZ UP +PTFQITPO F୭GFDU

PG TVQFSDPOEVDUPST
 NBOJGFTUJOH UIF QIBTF DPIFSFODF�

$PVMPNC ESBH NFBTVSFNFOUT
 PO UIF PUIFS IBOE
 EJSFDUMZ QSPCF UIF JOUFSMBZFS DPSSFMBUJPO� /PS�

NBMMZ
 GSJDUJPOBM ESBH F୭GFDU JT WFSZ TNBMM BOE WBOJTIFT BU MPX UFNQFSBUVSF� )PXFWFS
 XIFO UIF

νtot = 1 TUBUF JT QSFTFOU
 B WFSZ TUSPOH ESBH TJHOBM JO UIF EJSFDUJPO QFSQFOEJDVMBS UP ESJWF DVSSFOU

��



drag
xyR

drag
xxR

CF
xxR

I

I

Tunneling Coulomb drag

Counter-flow Current drag

)LJXUH ���� 9DULRXV H[SHULPHQWDO VFKHPHV IRU SURELQJ WKH H[FLWRQ FRQGHQVDWH SKDVH DW νtot = 1 LQ HOHFWURQLF GRXEOH�
OD\HU V\VWHPV�

��



FNFSHFT� "T B NBUUFS PG GBDUPS
 UIJT TP DBMMFE )BMM ESBH SFTJTUBODF JT RVBOUJ[FE UP h/e2 BOE FRVBMT UP

UIF )BMM SFTJTUBODF PG UIF ESJWF MBZFS��� %FUBJMT BCPVU UIJT NFBTVSFNFOU XJMM CF EJTDVTTFE JO $IBQUFS

�� 5IJT RVBOUJ[BUJPO PG ESJWF BOE ESBH MBZFS )BMM SFTJTUBODF JT QBSUJBMMZ EVF UP UIF FYJTUFODF PG B FEHF

TUBUF� *G UIF FEHF TUBUF JT FMJNJOBUFE
 DPOEVDUJPO UISPVHI FYDJUPOT JO UIF CVML JT UIF POMZ DPOEVDUJOH

DIBOOFM JO UIF TZTUFN� "T UIF FYDJUPOT DBSSZ DPVOUFS୯୳PX DVSSFOU
 XIJDI JT DVSSFOU JO UIF UXP MBZ�

FST JO UIF PQQPTJUF EJSFDUJPOT
 ESJWJOH DVSSFOU JO POF MBZFS JOEVDFT BO JEFOUJDBM ESBH DVSSFOU JO UIF

PQQPTJUF EJSFDUJPO� 5IJT JT DBMMFE UIF QFSGFDU DVSSFOU ESBH BOE JU DPO୮ୢSNT UIBU FYDJUPOT BSF JOEFFE

SFTQPOTJCMF GPS USBOTQPSU JO UIF TZTUFN���

-BTU CVU OPU MFBTU
 UIF DPVOUFS�୯୳PX NFBTVSFNFOU QSPCFT UIF SFTJTUBODF PG FYDJUPO DVSSFOU��
���

#Z ESJWJOH DVSSFOU JO UXP MBZFS JO UIF PQQPTJUF EJSFDUJPOT BOE NFBTVSJOH WPMUBHF ESPQT JO POF PG

UIF MBZFS
 JU TFOTFT EJTTJQBUJPO PG FYDJUPO ୯୳PX� 8IFO B DPOEFOTBUF JT FTUBCMJTIFE
 UIF DPVOUFS୯୳PX

SFTJTUBODF XJMM CF [FSP
 XIJDI QSPWFT FYDJUPOT GPSN B TVQFS୯୳VJE�

��� (ছঊঙ঑঎গ঎ ঍ঘঞঋক঎�কঊঢ঎ছ ঍঎ট঒ঌ঎জ

5IF EFWJDFT TUVEJFE JO UIJT UIFTJT BSF HSBQIFOF EPVCMF�MBZFST
 XIFSF UXP NPOPMBZFS PS CJMBZFS HSBQIFOF

BSF TFQBSBUFE CZ B UIJO IFYBHPOBM CPSPO OJUSJEF 	I#/
� *O UIF FBSMJFS EFWJDFT TVDI BT UIF POF VTFE JO

$IBQUFS UXP BOE UISFF
 UIF HSBQIFOF�UIJO�I#/�HSBQIFOF TUSVDUVSF JT FODBQTVMBUFE CZ UXP UIJDLFS

I#/ MBZFST UP JTPMBUF UIF HSBQIFOF MBZFST GSPN JNQVSJUJFT PO UIF PVUTJEF� &MFDUSJDBM DPOUBDUT BSF GBCSJ�

DBUFE POUP FBDI JOEJWJEVBM MBZFST� .FUBM HBUFT BOE TJMJDPO CBDLHBUF BSF VTFE UP UVOF UIF DBSSJFS EFOTJ�

UJFT JO UIF UPQ BOE CPUUPN HSBQIFOF� -BUFS XF BEPQUFE HSBQIJUF HBUF TDIFNF
 XIFSF UIF EPVCMF�MBZFS

��



top gate

top hBN ~30nm

bilayer graphene

interlayer hBN 3nm

bilayer graphene

bottom hBN ~20nm

SiO2 and Si backgate

)LJXUH ���� 6FKHPDWLF IRU JUDSKHQH GRXEOH�OD\HU GHYLFHV ZLWKPHWDO DQG VLOLFRQ JDWHV� %OXH UHSUHVHQW K%1� ZKLOH

\HOORZ GHQRWHPHWDO FRQWDFWV RQ LQGLYLGXDO OD\HUV�

TUSVDUVSF JT FODBQTVMBUFE CZ I#/�HSBQIJUF� 5IF HSBQIJUFT
 CFJOH TJOHMF DSZTUBM BOE BUPNJD ୯୳BU XJUI

MJUUMF JNQVSJUJFT
 BDU BT B 'BSBEBZ DBHF GPS UIF HSBQIFOF EPVCMF�MBZFST� 5IJT GVSUIFS SFEVDFT DIBSHF

JOIPNPHFOFJUZ BOE JODSFBTFT NPCJMJUZ PG UIF TBNQMFT�

����� %঎ট঒ঌ঎জ ঠ঒ঝ঑ খ঎ঝঊক ঊগ঍ 4঒ক঒ঌঘগ ঐঊঝ঎

'JSTU
 * TVNNBSJ[F UIF GBCSJDBUJPO QSPDFTT GPS HSBQIFOF EPVCMF�MBZFS EFWJDFT XJUI NFUBM BOE TJMJDPO

HBUFT� 5IF TJOHMF�DSZTUBM MBZFST PG HSBQIFOF BOE I#/ BSF QSFQBSFE CZ NFDIBOJDBM FYGPMJBUJPO� "OE

UIF I#/�HSBQIFOF�I#/�HSBQIFOF�I#/ TUBDL 	'JH� ���
 JT NBEF XJUI WBO EFS 8BBMT 	WE8
 USBOTGFS

UFDIOJRVF ��� 'PS PVS QVSQPTFT
 XF DIPPTF UXP HSBQIFOF MBZFST UIBU BSF TIBQFE BT TUSJQT� 8F UIFO

��



BMJHO UIF TUSJQT QFSQFOEJDVMBSMZ JOUP B DSPTT 	DBO CF TFFO JO 'JH� ��� QBOFM �
 EVSJOH UIF TUBDLJOH QSP�

DFTT
 TP XF DBO VTF UIF PWFSMBQQFE QBSU BT UIF NBJO DIBOOFM BSFB XIJMF GBCSJDBUJOH JOEJWJEVBM DPO�

UBDUT PO FBDI MBZFS BU UIF OPO�PWFSMBQQFE QBSUT 	'JH� ���
� 5IF FEHF DPOUBDUT 	$S�1E�"V
 PO CPUI

HSBQIFOF MBZFST BSF EFQPTJUFE BG୴FS FUDIJOH UIF FOUJSF TUBDL JOUP UIF ୮ୢOBM EFWJDF HFPNFUSZ� 5PQ HBUF

	$S�"V
 BSF GBCSJDBUFE PO UPQ PG UIF NBJO DIBOOFM BSFB BG୴FS �����ON PG "-% 	BUPNJD MBZFS EFQPTJ�

UJPO
 "M�0� UP JOTVMBUF UIF UPQ HBUF GSPN UIF HSBQIFOF�

6TVBMMZ
 UIF QBSU PG HSBQIFOF OFBS NFUBM DPOUBDUT BSF TMJHIUMZ EPQFE BOE NBZ GPSN VOXBOUFE

1/ KVODUJPOT EVF UP UIF NFUBM�HSBQIFOF XPSL GVODUJPO NJTNBUDI� 5IFTF DPOUBDU�JOEVDFE MPDBM 1/

KVODUJPOT DBVTF CBE DPOUBDU UP RVBOUVN )BMM TUBUFT VOEFS IJHI NBHOFUJD ୮ୢFMET� *O PSEFS UP BEESFTT

UIJT QSPCMFN
 XF GBCSJDBUF MPDBM UPQ HBUFT 	DPOUBDU HBUFT
 UP EPQF UIF HSBQIFOF MFBET CFUXFFO NFUBM

DPOUBDU BOE UIF NBJO DIBOOFM TFQBSBUFMZ� 5IFTF DPOUBDU HBUFT BSF BEKVTUFE UP EPQF UIF HSBQIFOF MFBET

UP WFSZ IJHI EFOTJUJFT PG UIF TBNF DBSSJFS UZQF PG UIF NBJO DIBOOFM�

����� %ঞঊক ঐছঊঙ঑঒ঝ঎ ঐঊঝ঎঍ ঍঎ট঒ঌ঎জ

5IF EVBM HSBQIJUF HBUFE EPVCMF�MBZFS EFWJDFT BSF NBEF PG I#/�HSBQIJUF�I#/�HSBQIFOF�UIJO�I#/�

HSBQIFOF�I#/�HSBQIJUF 	GSPN UIF UPQ UP UIF CPUUPN
 	'JH� ���
 UIF UPQNPTU I#/ OPU TIPXO
� 5IF

UPQNPTU I#/ JT OPU OFDFTTBSZ GPS EFWJDF QVSQPTF
 CVU JU NBLFT QJDLJOH VQ HSBQIJUF NVDI FBTJFS BOE

OJDFS� 5IF DIBMMFOHF JO NBLJOH UIJT LJOE PG EFWJDFT JT UIBU UIFSF BSF NBOZ DPOEVDUJOH MBZFST XJUI

TIBQFT UIBU XF DBOOPU DPOUSPM
 J�F� UXP HSBQIFOF
 BOE UXP HSBQIJUF HBUFT� *G XF EP OPU QMBO DBSFGVMMZ


TPNF PG UIF MBZFST NJHIU CF TIPSUFE UPHFUIFS CZ UIF NFUBM DPOUBDU BG୴FS FUDIJOH UISPVHI UIF TUBDL�

5P GBCSJDBUF DPOUBDUT POUP FBDI MBZFS XJUIPVU TIPSUJOH UP PUIFS MBZFST
 JOJUJBMMZ * USJFE UP QBSUJBMMZ

��



1 2 3

4 5 6

7 8 9

top BN BN+G BN+G+BN

BN+G+BN+G BN+G+BN+G+BN Etch

contact Top gate ALD gates

)LJXUH ���� )DEULFDWLRQ SURFHVV IRU JUDSKHQH GRXEOH�OD\HU GHYLFHV ZLWKPHWDO DQG VLOLFRQ JDWH� ��� DUH VWHSV RI VWDFNLQJ�

ZKLOH ��� DUH QDQR�IDEULFDWLRQ SURFHVVHV�

��



Graphite topgate

Top hBN

Graphene

Thin hBN 

Graphene

Bottom hBN 

Graphite backgate

)LJXUH ���� ,OOXVWUDWLRQ RI JUDSKHQH GRXEOH�OD\HU GHYLFHV ZLWK GXDO JUDSKLWH JDWHV�

��



FUDI UIF TUBDL� 5IF JEFB XBT UP FUDI UIF UPQ HSBQIJUF ୮ୢSTU JOUP EFTJSFE TIBQFT BOE TUPQ UIF FUDIJOH

CFGPSF JU SFBDIFT HSBQIFOF� "OE UIFO B EJ୭GFSFOU FUDI NBTL JT QSFQBSFE UP FUDI UIF HSBQIFOF MBZFST

CVU TUPQT CFGPSF JU SFBDIFT UIF CPUUPN HSBQIJUF� 5IF QBSUJBM FUDI NFUIPE XPSLT GPS UIF UPQ HSBQIJUF

CFDBVTF FUDIJOH HSBQIJUF SFRVJSFT B EJ୭GFSFOU SFDJQF 	0� QMBTNB
 GSPN FUDIJOH I#/ 	$)'� QMBTNB
�

5IF HSBQIJUF FUDI DBO TUPQ BU UIF I#/ MBZFS XJUIPVU SFBDIJOH UIF HSBQIFOF MBZFST� )PXFWFS UIJT

EPFT OPU XPSL GPS UIF FUDIJOH PG HSBQIFOF MBZFST
 XIJDI JT WFSZ UIJO BOE DBO CF QFOFUSBUFE CZ $)'�

QMBTNB� 4P WFSZ PG୴FO * GPVOE UIF HSBQIFOF DPOUBDUT BSF TIPSUFE UP UIF HSBQIJUF CBDLHBUF
 SFOEFSJOH

UIF EFWJDF VTFMFTT�

5IFO * EFDJEFE UP BWPJEFE IBWJOH UXP EJ୭GFSFOU DPOEVDUJOH MBZFST 	FYDFQU UIF UPQ HSBQIJUF
 XIJDI

DBO CF DPOUSPMMBCMF EF୮ୢOFE CZ QBSUJBM FUDI
 BU UIF QMBDF XIFSF * XPVME GBCSJDBUF DPOUBDUT� 5IF FBTZ

XBZ UP EP UIJT JT UP QSF�QBUUFSO UIF CPUUPN HSBQIJUF 	'JH� ��� MFG୴
� 8F FUDI UIF CPUUPN HSBQIJUF JOUP

B SFDUBOHMF XJUI B MFBE FYUFOEJOH PVU CFGPSF EFQPTJUJOH UIF SFTU PG UIF TUBDL POUP JU� "G୴FS UIF TUBDL JT

EFQPTJUFE
 UIF UPQ HSBQIJUF HBUF JT FUDIFE JOUP UIF TBNF TIBQF PG CPUUPN HSBQIJUF XJUI UIF FYDFQUJPO

PG B EJ୭GFSFOU MFBE GPS DPOUBDUJOH UIF HBUFT TFQBSBUFMZ� 5IJT XBZ XF DBO VTF UIF TBNF DSPTT EFTJHO PG

HSBQIFOF EPVCMF�MBZFS GPVOE JO UIF NFUBM BOE TJMJDPO HBUFE EFWJDFT XJUIPVU XPSSZJOH BCPVU TIPSUJOH

HSBQIFOF UP HSBQIJUF HBUFT
 BT MPOH BT UIF PWFSMBQQFE DSPTT JT CJHHFS UIBO UIF QSF�QBUUFSOFE SFDUBOHMF

	'JH� ��� MFG୴
� 5IJT TDIFNFT JT VTFE GPS $IBQUFS � BOE ��

)PXFWFS
 UIF QSF�QBUUFSOFE HSBQIJUF JT EJSUJFS UIBO OBUVSBM DMFBWFE POFT EVF UP DPOUBNJOBUJPO

EVSJOH UIF GBCSJDBUJPO� 4P GPS UIF CFTU RVBMJUZ
 XF XFOU CBDL UP VTF BMM OBUVSBM DMFBWFE ୯୳BLFT� 5P EP

UIJT
 UIF TIBQF PG HSBQIFOF BOE HSBQIJUF BSF DBSFGVMMZ DIPTFO BOE BSSBOHFE TP UIBU XF DBO VTF UIF

PWFSMBQQFE QBSU BT UIF NBJO DIBOOFM BSFB XIJMF GBCSJDBUJOH JOEJWJEVBM DPOUBDUT PO FBDI MBZFS BU UIF

��



Pre-patterned graphite back gate natural cleaved graphite back gate

)LJXUH ���� )DEULFDWLRQ RI GXDO JUDSKLWH JDWHG GHYLFHV� /HIW� WKH ERWWRP JUDSKLWH DUH SUH�SDWWHUQHG EHIRUH WKH UHVW RI

VWDFN LV SODFHG RQ LW� %ODFN GDVKHG OLQHPDUNV WKH VKDSH RI ERWWRP JUDSKLWH� 2UDQJH GDKVHG OLQHV PDUNV WKH ERXQGDU\

RI WRS JUDSKHQH OD\HU� :KLWH GDVKHG OLQHV PDUNV WKH ERXQGDU\ RI ERWWRP JUDSKHQH� 5LJKW� ERWWRP JUDSKLWH �EODFN

GDVKHG OLQH� LV QRW SUH�SDWWHUQHG EXW QDWXUDOO\ FOHDYHG�

SFHJPOT XJUI KVTU POF DPOEVDUJOH MBZFS 	'JH� ��� SJHIU
� 4RVBSF�TIBQFE UPQ HSBQIFOF MBZFS JT DIPTFO

	'JH� ��� SJHIU
 PSBOHF DPMPSFE MJOFT

 XIJMF XF DIPPTF TUSJQ�TIBQFE CPUUPN HSBQIFOF 	XIJUF DPMPSFE

MJOFT
 BOE CPUUPN HSBQIJUF 	CMBDL DPMPS

 UIBU BSF OBSSPXFS CVU MPOHFS UIBO UIF UPQ HSBQIFOF� 8F

BMJHO UIF CPUUPN HSBQIJUF BOE CPUUPN HSBQIFO JOUP B DSPTT XIJMF LFFQJOH UIF PWFSMBQQFE BSFB JO�

TJEF UIF UPQ HSBQIFOF TRVBSF� 5IF UPQ HSBQIJUF DPWFST FWFSZUIJOH BG୴FS TUBDLJOH CVU JT FUDIFE JOUP

UIF TBNF TIBQF BT CPUUPN HSBQIJUF JO UIF ୮ୢSTU GBCSJDBUJPO TUFQ� 8F UIFO FUDI UIF TUBDL JOUP ୮ୢOBM EF�

WJDF HFPNFUSZ BOE GBCSJDBUF $S�1E�"V DPOUBDUT PO UPQ HSBQIJUF
 UXP HSBQIFOF MBZFST BOE CPUUPN

HSBQIJUF BMM BU PODF� -BTU
 XF HSPX �����ON "-% "M�0� CFGPSF EFQPTJUJOH DPOUBDU HBUF BCPWF UPQ

MBZFS HSBQIFOF MFBE UP JODSFBTF UIF DPOUBDU USBOTQBSFODZ�

��



2
'SJDUJPOBM $PVMPNC ESBH JO TUSPOH NBHOFUJD

୮ୢFMET

"T NFOUJPOFE JO UIF JOUSPEVDUJPO
 GSJDUJPOBM $PVMPNC ESBH F୭GFDU CFUXFFO 'FSNJ MJRVJET JT SFMBUJWFMZ

XFMM FTUBCMJTIFE� )PXFWFS
 GSJDUJPOBM ESBH F୭GFDU VOEFS B NBHOFUJD ୮ୢFME JT OPU ZFU VOEFSTUPPE� *O UIF

QSFTFODF PG NBHOFUJD ୮ୢFMET
 ESBH WPMUBHFT DBO CF EFDPNQPTFE JOUP NBHOFUP�ESBH 	MPOHJUVEJOBM DPN�

��



QPOFOU
 BOE )BMM�ESBH 	USBOTWFSTF DPNQPOFOU
� "U B ୮ୢSTU HMBODF
 UIF )BMM ESBH TIPVME CF [FSP
 BT

DBSSJFS NPWJOH JO UIF ESJWF MBZFS POMZ LJDLT DBSSJFST PG UIF ESBH MBZFS JO UIF TBNF EJSFDUJPO BT ESJWF DVS�

SFOU� )PXFWFS
 BT UIF NPNFOUVN EJSFDUJPO PG DBSSJFST VOEFS NBHOFUJD ୮ୢFME JT OPU BMJHOFE XJUI UIF

EJSFDUJPO PG DIBSHF DVSSFOU
 OPO�[FSP )BMM ESBH DBO PDDVS
 CVU ZFU UP CF PCTFSWFE� .PSFPWFS
 VOEFS

TUSPOH NBHOFUJD ୮ୢFMET
 RVBOUJ[FE -BOEBV MFWFMT 	--T
 GPSN JO CPUI MBZFST
 SFRVJSJOH DPOTJEFSBUJPO

CFZPOE UIF TFNJDMBTTJDBM 'FSNJ MJRVJE EFTDSJQUJPO� &BSMZ FYQFSJNFOUBM XPSLT JO (B"T EPVCMF RVBO�

UVN XFMMT SFWFBMFE TVSQSJTJOH TJHO DIBOHFT PG NBHOFUP�ESBH
 XIJDI EFQFOET PO UIF -- ୮ୢMMJOH GBDUPS

EJ୭GFSFODF CFUXFFO UIF UXP MBZFST ��
��� %VF UP UIF MBDL PG HBUF UVOBCMJUZ BOE TNBMM ESBH SFTQPOTF


UIFTF TUVEJFT BSF PG୴FO JODPOTJTUFOU BOE GBJM UP QSPNPUF B UFTUBCMF FYQMBOBUJPO�

(SBQIFOF EPVCMF�MBZFS EFWJDFT QSPWJEF BO FYDFMMFOU NBUFSJBM QMBUGPSN UP JOWFTUJHBUF UIF NBHOFUP�

ESBH BOE )BMM�ESBH F୭GFDU
 PXJOH UP B XJEF SBOHF PG HBUF UVOBCJMJUZ PG JOEJWJEVBM MBZFST
 MBSHF --

TFQBSBUJPO
 BOE TNBMM JOUFS�MBZFS EJTUBODF� *O UIJT DIBQUFS
 XF QSFTFOU FYQFSJNFOUBM JOWFTUJHBUJPO PG

GSJDUJPOBM NBHOFUP� BOE )BMM�ESBH JO IJHI NPCJMJUZ HSBQIFOF EPVCMF�MBZFS EFWJDFT� 5IF PCTFSWFE

MBSHF NBHOFUP�ESBH BOE )BMM�ESBH TJHOBMT DBO CF SFMBUFE XJUI -BVEBV MFWFM 	--
 ୮ୢMMJOH TUBUVT PG UIF

ESJWF BOE ESBH MBZFST� 8F ୮ୢOE UIBU UIF TJHO BOE NBHOJUVEF PG UIF ESBH SFTJTUJWJUZ UFOTPS DBO CF RVBO�

UJUBUJWFMZ DPSSFMBUFE UP UIF NPEVMBUJPO PG SFTJTUJWJUZ UFOTPST JO UIF ESJWF BOE ESBH MBZFST
 DPO୮ୢSNJOH B

UIFPSFUJDBM GPSNVMB GPS QSPQPTFE CZ WPO 0QQFO
 4JNPO BOE 4UFSO 	044
 ��� .BHOFUJD ୮ୢFME BOE UFN�

QFSBUVSF EFQFOEFODF PG UIF ESBH F୭GFDU GVSUIFS SFWFBMT UIF OBUVSF PG UIF $PVMPNC TDBUUFSJOH CFUXFFO

RVBOUJ[FE -BOEBV MFWFMT�

5IF EFWJDFT VTFE JO UIJT FYQFSJNFOU JT NPOPMBZFS HSBQIFOF EPVCMF�MBZFS TFQBSBUFE CZ B UIJO I#/

∼� ON
 FODBQTVMBUFE CZ UXP UIJDLFS #/ MBZFST 	∼�� ON
� *OUFSMBZFS UVOOFMJOH SFTJTUBODF JT GPVOE

��



UP CF MBSHFS UIBO (Ω SBOHF� 5IF MPX UFNQFSBUVSF 	��� ,
 NPCJMJUZ PG UIF CPUUPN MBZFS JT∼�� N2�7T

BOE UIF UPQ MBZFS TIPXT B TMJHIUMZ MPXFS NPCJMJUZ PG∼�� N2�7T� 8JUI UIJT NPCJMJUZ SBOHF
 RVBOUVN

)BMM F୭GFDU 
&(ތ	 DBO CF PCTFSWFE BU NBHOFUJD ୮ୢFMEB BT MPX BT ��� 5 JO CPUI MBZFST� 7PMUBHFT BQ�

QMJFE UP UIF CBDL HBUF 	VBG
 BOE UIF UPQ HBUF 	VTG
 DPOUSPM UIF DBSSJFS EFOTJUZ PG UIF UPQ MBZFS nT

BOE UIF CPUUPN MBZFS nB �

��� $ঘঞকঘখঋ ঍ছঊঐ ঞগ঍঎ছ #��

8F CFHJO PVS FYQMPSBUJPO XJUI $PVMPNC ESBH NFBTVSFNFOUT BU [FSP NBHOFUJD ୮ୢFME� 5IF ESBH NFB�

TVSFNFOUT BSF QFSGPSNFE CZ BQQMZJOH B TNBMM ESJWF DVSSFOU Idrive ∼ 100nA UP UIF 	BDUJWF
 ESJWF

MBZFS BOE NFBTVSJOH UIF ESBH WPMUBHFT JO UIF 	QBTTJWF
 ESBH MBZFS� 5IF MPX GSFRVFODZ -PDL�JO NFB�

TVSFNFOUT 	����)[
 XF VTF FTTFOUJBMMZ QSPCF UIF %$ ESBH SFTQPOTF�

0VS ESBH NFBTVSFNFOUT BU ���, JT TJNJMBS UP XIBU IBT CFFO SFQPSUFE CZ UIF .BODIFTUFS HSPVQ ���

5IF QPTJUJPO PG DIBSHF OFVUSBM QPJOU PG FBDI MBZFS OPU POMZ EFQFOE PO UIF DPSSFTQPOEJOH HBUF 	F�H�

UPQ HBUF GPS UPQ HSBQIFOF MBZFS
 CVU BMTP EFQFOE PO UIF PQQPTJUF HBUF WPMUBHF 	F�H� CPUUPN HBUF
 EVF

UP JODPNQMFUF TDSFFOJOH� %VF UP UIF TNBMM EFOTJUZ PG TUBUF JO HSBQIFOF
 TPNF FMFDUSJDBM ୮ୢFMET GSPN

UIF CPUUPN HBUF DBO QFOFUSBUF UISPVHI CPUUPN HSBQIFOF MBZFS UP EPQF UIF UPQ HSBQIFOF MBZFS� "T

B SFTVMU
 UIF EBTIFE MJOFT JO 'JH� ��� NBSLJOH OFVUSBM QPJOU PG FBDI MBZFS BSF OPU TUSBJHIU MJOFT� 5IJT

F୭GFDU DBO CF TJNVMBUFE CZ B NPEFM DPOTJEFSJOH BMM UIF HFPNFUSJD BOE RVBOUVN DBQBDJUBODF PG UIF

TZTUFN� 5IF DIBSHF OFVUSBM MJOFT PG UIF UXP MBZFST EJWJEF 'JH� ��� JOUP GPVS RVBESBOU� %SBH SFTJT�

UBODF JT OFHBUJWF XIFO UIF DBSSJFS UZQFT PG CPUI MBZFST BSF UIF TBNF 	UPQ SJHIU BOE CPUUPN MFG୴ JO

��
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)LJXUH ���� &RXORPE GUDJ �2KP� DW URRP WHPSHUDWXUH DQG XQGHU ]HURPDJQHWLF ĆHOG DV D IXQFWLRQ RI WRS DQG ERWWRP

JDWH YROWDJHV� 7KH GDVKHG OLQHV PDUNV 'LUDF SRLQW RI WKH WRS DQG ERWWRP OD\HU�

'JH� ���

 BOE JT QPTJUJWF XIFO UIF DBSSJFS UZQFT PG UIF UXP MBZFST BSF EJ୭GFSFOU 	UPQ MFG୴ BOE CPUUPN

SJHIU
� "MPOH UIF DIBSHF OFVUSBM MJOF
 $PVMPNC ESBH F୭GFDU JT OFBS [FSP� 5IJT JT EVF UP $PVMPNC ESBH

F୭GFDU SFRVJSFT QBSUJDMF�IPMF BTZNNFUSZ SFTQFDU UP UIF 'FSNJ FOFSHZ ��� "U DIBSHF OFVUSBM %JSBD QPJOU


NPOPMBZFS HSBQIFOF JT FMFDUSPO�IPMF TZNNFUSJD
 UIVT IBWF OP ESBH SFTQPOTF�

%SBH CFIBWJPS GPS NPTU QBSUT PG UIJT NFBTVSFNFOU JT XFMM VOEFSTUPPE� )PXFWFS
 UIF DBTF GPS

EPVCMF OFVUSBMJUZ QPJOU 	%/1

 XIFSF CPUI MBZFST BSF DIBSHF OFVUSBM
 JT NPSF JOUSJHVJOH 	XIFSF

UXP EBTIFE MJOFT JO 'JH� ��� JOUFSDFQU
� 1SFWJPVT TUVEZ IBWF TIPXO B QPTJUJWF ESBH SFTJTUBODF BU %/1


XIJDI JODSFBTFT BOE UIFO EFDSFBTFT BT UFNQFSBUVSF ESPQT GSPN SPPN UFNQFSBUVSF� *O DPOUSBTU
 PVS

NFBTVSFNFOUT 	'JH� ���
 TIPX B OFHBUJWF ESBH SFTJTUBODF BU %/1
 UIF NBHOJUVEF PG XIJDI BMTP HPFT

VQ BOE EPXO BT UFNQFSBUVSF EFDSFBTF� 5IJT EJ୭GFSFODF JO UIF TJHO PG ESBH TJHOBM TVHHFTUT UIF ESBH

��
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)LJXUH ���� &RXORPE GUDJ DW GRXEOH QHXWUDOLW\ SRLQW DV D IXQFWLRQ RI WHPSHUDWXUH DW ]HURPDJQHWLF ĆHOG�

F୭GFDU BU %/1 JT OPU VOJWFSTBM CVU NBZ EFQFOE PO UIF EFUBJMT PG UIF TBNQMF
 TVDI BT JNQVSJUZ MFWFM PS

TBNQMF TJ[F�

��� &ক঒খ঒গঊঝ঒গঐ জঙঞছ঒ঘঞজ ঍ছঊঐ জ঒ঐগঊকজ

8IFO XF USZ UP DBSSZ PVU ESBH NFBTVSFNFOUT BU MPX UFNQFSBUVSFT BOE VOEFS NBHOFUJD ୮ୢFMET
 XF

GPVOE TPNF VOFYQFDUFE QSPCMFNT� 5IF NFBTVSFE ESBH TJHOBM JO UIF RVBOUVN MJNJU EPFT OPU EFQFOE

PO UIF UPQ BOE CPUUPN HBUFT JO UIF TBNF XBZ 	'JH� ���
� *O BO PUIFS XPSE
 'JH� ��� EPFT OPU MPPL

TZNNFUSJD SFTQFDU UP DIBOHJOH Y BOE Z BYJT� *O 'JH� ���
 UIF UPQ MBZFS JT UIF ESJWF MBZFS BOE CPUUPN

MBZFS JT UIF ESBH MBZFS� 5IF TJHO PG ESBH TJHOBM DIBOHFT FWFO XIFO UIF DBSSJFS UZQFT PG CPUI MBZFS TUBZ

UIF TBNF� )PXFWFS
 UIJT TJHO DIBOHF JT POMZ TFOTJUJWF UP ESBH MBZFS EFOTJUZ DIBOHFT� $IBOHJOH UIF

ESJWF MBZFS EFOTJUZ NFSFMZ NPEVMBUF UIF BNQMJUVEF PG ESBH SFTJTUBODF
 CVU EPFT OPU B୭GFDU UIF TJHO�

��
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)LJXUH ����0DJQHWR�GUDJ �2KP� DW % �7 DQG 7 ���.� ZLWK WKH WRS OD\HU DV GULYH OD\HU DQG ERWWRP OD\HU DV GUDJ OD\HU�

"TTVNJOH UIF UXP MBZFST BSF TJNJMBS
 UIJT PCTFSWBUJPO TVHHFTUT 0OTBHFS SFMBUJPO JT CSPLFO� 0O�

TBHFS SFDJQSPDBM SFMBUJPO TUBUFT� JG XF TXJUDI UIF DVSSFOU BOE WPMUBHF UFSNJOBMT BT XFMM BT ୯୳JQ UIF NBH�

OFUJD ୮ୢFME EJSFDUJPO
 UIF NFBTVSFE NVMUJ�UFSNJOBM SFTJTUBODF TIPVME TUBZ UIF TBNF JO B MJOFBS SFTQPOTF

TZTUFN 	R12,34 [B] = R34 ,12[ − B]
� 'JH� ��� FYQMJDJUMZ EFNPOTUSBUF B EJ୭GFSFOU ESBH SFTQPOTF XIFO

XF TXJUDI UIF ESJWF BOE ESBH MBZFS� 0OTBHFS SFMBUJPO JT CVJMU PO UIF UJNF SFWFSTBM TZNNFUSZ BOE CSP�

LFO PG 0OTBHFS TVHHFTUT TPNFUIJOH JT XSPOH XJUI PVS NFBTVSFNFOUT�

8IFO XF XFSF USZJOH UP SFTPMWF UIJT NZTUFSZ
 XF DPNF BDSPTT B QBQFS �� BCPVU TQVSJPVT ESBH TJH�

OBMT PSJHJOBUFE GSPN UIF JOUFSMBZFSآ CJBTأ F୭GFDU� 5P UFTU UIJT QPTTJCJMJUZ
 XF OFFE UP TFQBSBUFMZ DPO�

USPM UIF TPVSDF BOE ESBJO CJBT PO UIF ESJWF MBZFS
 JOTUFBE PG HSPVOEJOH UIF ESBJO BOE BQQMZJOH CJBT

UP UIF TPVSDF� 6TJOH UIF DJSDVJU TIPXO JO 'JH� ���
 QPTJUJWF CJBT WPMUBHF Vdrive+ JT BQQMJFE PO UIF

��



I

V I

V

ï��

�

��

0

-4
-40

-2

-20 0
VBG(V)

V T
G
(V
)

0

-4
-40

-2

-20 0
VBG(V)

V T
G
(V
)

ï��

�

��

ï��

�

��

)LJXUH ���� 6ZLWFKLQJ WKH GULYH DQG GUDJ OD\HU� DQG DW WKH VDPH WLPH ćLSSLQJ WKHPDJQHWLF ĆHOG GLUHFWLRQ �IURP �7 WR

��7� SURGXFHV GLIIHUHQW GUDJ UHVLVWDQFH �2KP�� 7KLV VKRZV2QVDJHU UHFLSURFDO UHODWLRQ LV EURNHQ�
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)LJXUH ���� &LUFXLW IRU DGMXVWLQJ WKH LQWHUOD\HU ELDV� ZKLOH NHHSLQJ ELDV FXUUHQW WKH VDPH� 7KH OHIW SDUW LV D ������ YROW�

DJH GLYLGHU� UHGXFLQJ �9 ELDV GRZQ WR �P9� 7KHPLGGOH LV D ��� WUDQVIRUPHU WR LVRODWH WKH JURXQG� 2Q WKH ULJKW� ZH KDYH

D YDULDEOH UHVLVWRU �SRWHQWLRPHWHU� WR FKDQJH WKH FRPPRQPRGH� 7KH WZR �02KP UHVLVWRU LV WR FRQYHUW �P9 YROWDJH

ELDV WR �Q$ FXUUHQW ELDV�

TPVSDF PG UIF ESJWF MBZFS
 XIJMF Vdrive− JT BQQMJFE PO UIF ESBJO PG UIF TBNF MBZFS ��� 8F DBO JOEF�

QFOEFOUMZ BEKVTU UIF DPNNPO NPEF 	Vdrive+ + Vdrive−
 CZ DIBOHJOH UIF WBSJBCMF SFTJTUPS
 XIJMF

LFFQJOH UIF EJ୭GFSFOUJBM CJBT 	Vdrive+ − Vdrive−
 UIF TBNF� *G UIF ESBH SFTQPOTF JT SFBM
 DIBOHJOH UIF

WBSJBCMF SFTJTUPS TIPVME OPU B୭GFDU UIF SFTVMU BT UIF DVSSFOU ୯୳PXJOH JO UIF ESJWF MBZFS TUBZT UIF TBNF

	(Vdrive+ − Vdrive−)/Rdrive
� 4VSQSJTJOHMZ
 XF GPVOE ESBH SFTJTUBODF EFQFOE DSJUJDBMMZ PO UIF WBSJ�

BCMF SFTJTUPS TFUUJOH 	'JH� ���
� #Z NFBTVSJOH UIF WPMUBHF EJ୭GFSFODF CFUXFFO B OPO�DVSSFOU�DBSSZJOH

DPOUBDU PO UIF ESJWF MBZFS BOE B DPOUBDU PO UIF ESBH MBZFS 	JOUFSMBZFS CJBT WPMUBHF

 XF GPVOE UIF TJHO

PG ESBH TJHOBM JT DPSSFMBUFE XJUI UIF TJHO PG JOUFSMBZFS CJBT WPMUBHF�

8F MBUFS VOEFSTUBOE
 XJUI UIF TJNQMF CJBT TDIFNF XF XFSF PSJHJOBMMZ VTJOH
 UIF ESJWF MBZFS JT BU B

EJ୭GFSFOU QPUFOUJBM GSPN UIF ESBH MBZFS 	'JH� ���
� 5IJT JT EVF UP UIF WPMUBHF ESPQT BDSPTT UIF MBSHF DPO�

UBDU SFTJTUBODFT 	DBO PG୴FO CF 100kΩ JO IJHI ୮ୢFMET
 CFUXFFO HSBQIFOF BOE NFUBM� 'MPXJOH DVSSFOU

BDSPTT UIJT MBSHF DPOUBDU SFTJTUBODF SJTF UIF QPUFOUJBM PO UIF ESJWF MBZFS UP BCPVU IBMG PG UIF CJBT WPMU�

��
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)LJXUH ���� (IIHFW RI DGMXVWLQJ WKH LQWHUOD\HU ELDV RQ GUDJ UHVLVWDQFH� 7KLV SORW WDNHV D OLQHFXW DFURVV WKH RVFLOODWLQJ GUDJ

VLJQDO VKRZQ LQ )LJ� ��� OHIW� &XUYHV ZLWK GLIIHUHQW FRORU DUH WDNHQZLWK GLIIHUHQW YDULDEOH UHVLVWRU VHWWLQJV� 7KH VLJQ RI

GUDJ LV ćLSSHGZKHQ WKH VLJQ RI LQWHUOD\HU ELDV FKDQJHV� 7KLV GHPRQVWUDWHV WKHPHDVXUHG GUDJ UHVSRQVH LV VSXULRXV

VLJQDO FRPLQJ IURP WKH LQWHUOD\HU ELDV� LQVWHDG RI UHDO GUDJ UHVSRQVH DVVRFLDWHG ZLWK GULYH FXUUHQW�

��



V

)LJXUH ���� 7KH RULJLQ RI LQWHUOD\HU ELDV� 7KH VLQH ZDYHV UHSUHVHQW WKH $& YROWDJH DW GLIIHUHQW SDUW RI WKH VDPSOH�

BHF 	BTTVNJOH TPVSDF BOE ESBJO IBWF TJNJMBS DPOUBDU SFTJTUBODF
� 5IJT QPUFOUJBM IBWF B HBUJOH F୭GFDU

PO UIF ESBH MBZFS
 XIJDI NPEVMBUFT UIF ESBH MBZFS DBSSJFS EFOTJUZ� *OUFSFTUJOHMZ
 JG XF NFBTVSF B DPO�

EVDUPS JOTJEF B GSJEHF
 JU JT WFSZ DPNNPO UP TFF B DPOTUBOU %$ WPMUBHF EVF UP UIFSNPFMFDUSJD F୭GFDU�

"T UIF JOUFSMBZFS CJBT NPEVMBUF UIF DBSSJFS EFOTJUZ PG UIF ESBH MBZFS
 JU BMTP NPEVMBUFT UIJT %$ WPMU�

BHF� 5IJT NPEVMBUJPO PG %$ WPMUBHF BQQFBST BT B "$ WPMUBHF JO TZOD XJUI UIF ESJWF DVSSFOU
 XIJDI

XF JOUFSQSFUFE BT UIF ESBH WPMUBHF� 8F GPVOE UIJT TQVSJPVT TJHOBM JT NPTU QSPOPVODFE BU MPX UFNQFS�

BUVSFT BOE IJHI NBHOFUJD ୮ୢFMET
 XIFSF UIF DPOUBDU SFTJTUBODFT BSF IJHI BOE UIFSNPFMFDUSJD F୭GFDUT BSF

TUSPOH�

��� .ঊঐগ঎ঝঘ�঍ছঊঐ ঊগ঍ )ঊকক�঍ছঊঐ ঒গ ঝ঑঎ હঞঊগঝঞখ )ঊকক ছ঎ঐ঒খ঎

5P FMJNJOBUF UIJT TQVSJPVT TJHOBMT PSJHJOBUJOH GSPN JOUFSMBZFS CJBT HBUJOH F୭GFDU
 JOUFSMBZFS CBMBOD�

JOH JT JNQMFNFOUFE JO UIF ESJWF MBZFS� 8F UVOF UIF WBSJBCMF SFTJTUPS TP UIBU UIF JOUFSMBZFS CJBT JT

NJOJNJ[FE� "MTP XF TUBZFE JO SFMBUJWFMZ IJHI UFNQFSBUVSF SBOHF
 XIFSF UIF SFBM ESBH F୭GFDUT BSF

TUSPOH BOE TQVSJPVT F୭GFDUT BSF XFBL� 0OTBHFS SFDJQSPDJUZ BOE MJOFBS SFTQPOTF PG UIF ESBH TJHOBM UP

��
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Dragxx
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(a) (b) B=1T
T=70K

Magneto-drag Hall-drag

T � 2

B � 2

5μm

R R

B=1T
T=70K

)LJXUH ���� �D� 0DJQHWR�GUDJ UHVLVWDQFHPHDVXUHG XQGHU DPDJQHWLF ĆHOG RI �7 DQG DW D WHPSHUDWXUH RI ��.� %ODFN DQG

JUHHQ GDVKHG OLQHV PDUN FKDUJH�QHXWUDOLW\ DQG ν = 2 RI WKH LQGLYLGXDO OD\HUV� UHVSHFWLYHO\� ,QVHUW VKRZV WKH VFKHPDWLF
RI WKHPHDVXUHPHQW� �E� +DOO�GUDJ UHVLVWDQFH XQGHU WKH VDPH FRQGLWLRQ DV �D�� ,QVHW LV DQ RSWLFDO PLFURVFRSH LPDJH RI

WKH GHYLFH XVHG LQ WKLV H[SHULPHQW�

Idrive BSF DPO୮ୢSNFE
 JOEJDBUJOH XF BSF NFBTVSJOH UIF SFBM ESBH SFTQPOTF� 5IF NBHOFUP�ESBH SFTJT�

UBODFRdrag
xx BOE )BMM�ESBH SFTJTUBODFRdrag

xy BSF PCUBJOFE GSPN UIF NFBTVSFE WPMUBHFT BDSPTT UIF

QBTTJWF 	ESBH
 MBZFS� 5IF ESBH EBUB QSFTFOUFE IFSF JT UBLFO VOEFS CPUI QPTJUJWF BOE OFHBUJWF NBH�

OFUJD ୮ୢFMET BOE TZNNFUSJ[FE 	BOUJ�TZNNFUSJ[FE
 GPSRdrag
xx = (Rdrag

xx [B] + Rdrag
xx [ − B])/2 BOE

Rdrag
xy = (Rdrag

xy [B] − Rdrag
xy [ − B])/2 UP SFNPWF NJYJOH CFUXFFO MPOHJUVEJOBM BOE )BMM DPNQP�

OFOUT�

'JH� ��� TIPXTRdrag
xx BOERdrag

xy BT B GVODUJPO PG VBG BOE VTG
 NFBTVSFE BU T =�� , BOE SFM�

BUJWFMZ MPX NBHOFUJD ୮ୢFMEB =� 5� 5IF UXP CMBDL EBTIFE MJOFT DSPTTJOH FBDI PUIFS DPSSFTQPOE UP

νT = 0 PS νB = 0
 UIF DIBSHF OFVUSBMJUZ QPJOU 	$/1
 PG FBDI MBZFS� 4JNJMBS UP UIF [FSP ୮ୢFME DBTF


UIFTF $/1 MJOFT EJWJEF UIF (VTG�VBG) QMBOF JOUP GPVS SFHJPOT
 F�F 	UPQ�SJHIU

 I�I 	CPUUPN�MFG୴
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)LJXUH ���� 6DPH GDWD DV )LJ� ���� EXW ZLWK JDWH YROWDJHV FRQYHUWHG WR GHQVLWLHV RI HDFK JUDSKHQH OD\HU� 1RWH WKDW WKH

VLJQ RI PDJQHWR�GUDJ �OHIW� RQO\ GHSHQG RQ FDUULHU W\SHV� %XW WKH +DOO GUDJ �ULJKW� VKRZV VLJQ FKDQJHV HYHQ LQ WKH VDPH

FDUULHU W\SHV TXDGUDQW�

F�I 	CPUUPN�SJHIU
 BOE I�F 	UPQ�MFG୴
� 'PS NBHOFUP ESBH 	'JH� ��� B

 UIF TJHO PGRDrag
xx GPMMPXT UIF

TJHO PG ESBH BUB = 0
 J�F� UIF F�F BOE I�I SFHJPOT TIPX B OFHBUJWF ESBH TJHOBM
 XIJMF UIF F�I BOE

I�F SFHJPOT FYIJCJU B QPTJUJWF ESBH� "MPOH UIF $/1 MJOFT
RDrag
xx ≈ 0� 8F BMTP OPUF UIBU UIFSF JT

BEEJUJPOBM NPEVMBUJPO JO FBDI SFHJPOT
 XIFSF TPNFRDrag
xx ≈ 0 MJOFT SVOOJOH JO QBSBMMFM XJUI $/1

MJOFT 	FYBNQMFT BSF NBSLFE CZ HSFFO EBTIFE MJOFT JO 'JH� ���
� 'VSUIFS JOTQFDUJPO JO DPOOFDUJPO XJUI

UIF NBHOFUP�SFTJTUBODF NFBTVSFNFOUT PG FBDI MBZFS 	XIJDI XJMM CF EJTDVTTFE MBUFS JO EFUBJM
 JOEJDBUFT

UIBU UIFTF MJOFT BSF DPSSFTQPOEJOH UP JOUFHFS -- ୮ୢMMJOH GSBDUJPO νT PS νB 
 XIFSF FJUIFS UIF BDUJWF PS

QBTTJWF MBZFST BSF JO B RVBOUVN )BMM 	2)
 TUBUF� 5IF WBOJTIJOHRDrag
xx TJHOBM JO UIFTF 2) SFHJPOT

UIVT TVHHFTU UIF ESBH CFDPNF JOF୭୮ୢDJFOU BT UIF CVML PG FJUIFS MBZFS CFDPNFT JODPNQSFTTJCMF� 5IF

JODPNQSFTTJCMF CVML SFTVMUT JO [FSP EFOTJUZ PG TUBUF GPS JOUFSMBZFS $PVMPNC TDBUUFSJOH�

5IJT PCTFSWBUJPO JT NPSF QSPOPVODFE BU IJHIFS NBHOFUJD ୮ୢFMET XIFSF TUSPOHFS &(ތ BQQFBST

��



XJUI B XJEF SBOHF PG JODPNQSFTTJCMF SFHJPOT JO UIF (VTG�VBG) QMBOF� 'JH� ���� 	B
 TIPXT ρDrag
xx (VTG, VBG)

NFBTVSFE BU #���5
 XIFSF UIF XFMM�EFWFMPQFE [JH�[BH TIBQFE JODPNQSFTTJCMF TUSJQFT PG 2) TUBUFT DBO

CF JEFOUJ୮ୢFE XJUI [FSP ESBH 	GPS FYBNQMF UIF HSFFO EBTIFE MJOFT TVSSPVOE νbot = 2 JODPNQSFTTJCMF

TUSJQ
 XIFSF ESBH WBOJTIFT
� 5IF [JH�[BH TIBQF PG UIF $/1 	CMBDL EBTIFE MJOFT
 BOE PUIFS JODPNQSFTT�

JCMF TUSJQFT PSJHJOBUF GSPN WBSJBODF PG TDSFFOJOH F୭GFDU JOTJEF BOE PVUTJEF PG --T� *OTJEF UIF -- PG UIF

UPQ MBZFS
 UIF IJHI EFOTJUZ PG TUBUF OFBSMZ QFSGFDU TDSFFO UPQ HBUF FMFDUSJDBM ୮ୢFME
 UIVT UIF SFTJTUBODF

DPOUPVS PG UIF CPUUPN MBZFS JT TUSBJHIU� 7JDF WFSTB GPS UIF CPUUPN HBUF� *O CFUXFFO --T PG UIF UPQ

MBZFS
 UIFSF JT [FSP TDSFFOJOH F୭GFDU EVF UP [FSP EFOTJUZ PG TUBUF JO UIF UPQ MBZFS
 UIVT UIF DPOUPVST BSF

EJBHPOBM
 BT CPUI UPQ BOE CPUUPN HBUFT EPQF UIF CPUUPN HSBQIFOF FRVBMMZ
 BT JG UIF UPQ MBZFS EPFT

OPU FYJTU�

5IF DPSSFTQPOEJOH )BMM�ESBHRdrag
xy NFBTVSFNFOUT TIPXT TJNJMBS WBOJTIJOH TJHOBMT JO UIF JODPN�

QSFTTJCMF SFHJPOT JO UIF (VTG�VBG) QMBOF BT TIPXO JO 'JH� ���� 	C
� 8F OPUFRdrag
xy FYIJCJUT TJNJMBS

NBHOJUVEF BTRdrag
xx 
 DPO୮ୢSNJOH UIF QSFEJDUJPO NBEF CZ 044� )PXFWFS
 VOMJLFRdrag

xx XIPTF TJHO

JT EFUFSNJOFE CZ UIF TJHO PG DBSSJFST
Rdrag
xy VOEFSHPFT TJHO DIBOHFT XJUIJO FBDI RVBESBOU� "MTP DPO�

USBSZ UPRdrag
xx 
Rdrag

xy EPFT OPU WBOJTI BMPOH UIF $/1 MJOFT� "U IJHIFS NBHOFUJD ୮ୢFMEB = 135 	'JH�

���� 	C


 UIF JODPNQSFTTJCMF &(ތ SFHJPOT FYIJCJU XFMM�EFWFMPQFE SFHJPOT PG WBOJTIJOH ρdragxy TJNJMBS

UP ρdragxx �

��



VBG(V)

V T
G
(V
)

ï�� � �� ��

ï�

ï�

�

�

�

3

ï�
VBG(V)

V T
G
(V
)

ï�� � �� ��

ï�

ï�

�

�

�

3

ï�
ï����

�

����

ï����

�

����

(a) (b)
B � 2

)LJXUH �����0HDVXUHGPDJQHWR� DQG+DOO�GUDJ UHVLVWLYLW\ DW 7 ��.� % ��7� %ODFN GDVKHG OLQH VWLOO PDUN WKH FKDUJH

QHXWUDO SRLQWV RI HDFK OD\HU� ZKLOH WKH JUHHQ OLQHV LQGLFDWH ERXQGDU\ RI ν = 2 TXDQWXP+DOO SODWHDX�

��� 4঒খঞকঊঝ঒ঘগ এছঘখ 044 এঘছখঞকঊ

8F MBUFS GPVOE B UIFPSZ XPSL NBUDIFT PVS FYQFSJNFOUBM EBUB� &YUFOEJOH QSJPS UIFPSFUJDBM XPSL

CBTFE PO UIF MJOFBS SFTQPOTF UIFPSZ ��
��
��
��
 WPO 0QQFO
 4JNPO BOE 4UFSO 	044
 QSPQPTFE B UIFP�

SFUJDBM BQQSPBDI UP GSJDUJPOBM ESBH F୭GFDU VOEFS TUSPOH NBHOFUJD ୮ୢFMET ��� "DDPSEJOH UP 044
 UIF ESBH

SFTJTUJWJUZ UFOTPS ρ̂drag DBO CF SFMBUFE UP UIF EFOTJUZ EJ୭GFSFOUJBM PG UIF NBHOFUP�DPOEVDUJWJUZ UFOTPST

σ̂ JO JOEJWJEVBM MBZFST�

ρ̂drag ∼ − ρ̂pdσ̂
p

dnp

dσ̂a

dna
ρ̂a 	���


)FSF
 ρ̂ ≡

⎛

⎜⎜⎝
ρxx ρxy

ρyx ρyy

⎞

⎟⎟⎠ BOE σ̂ = ρ̂−1 BSF UIF NBHOFUP SFTJTUJWJUZ BOE DPOEVDUJWJUZ UFOTPST
 SF�

TQFDUJWFMZ� n JT DBSSJFS EFOTJUZ PG FBDI MBZFS
 BOE UIF TVQFSTDSJQUT a BOE p TUBOE GPS BDUJWF 	ESJWF
 BOE

��



QBTTJWF 	ESBH
 MBZFST
 SFTQFDUJWFMZ� 5IF QIZTJDBM JOUFSQSFUBUJPO PG UIJT UIFPSZ JT UIBU ESJWJOH %$ DVS�

SFOU PO POF MBZFS DSFBUFT BTZNNFUSZ JO UIF UIFSNBM EFOTJUZ ୯୳VDUVBUJPOT JO UIBU MBZFS� 5IFTF EFOTJUZ

୯୳VDUVBUJPOT BSF USBOTGFSSFE UP UIF ESBH MBZFS UISPVHI $PVMPNC JOUFSBDUJPO� 5IFO UIF JOEVDFE EFO�

TJUZ ୯୳VDUVBUJPOT JO UIF ESBH MBZFS BSF SFDUJ୮ୢFE UP B %$ WPMUBHF� *U QSFEJDUT UIBU )BMM�ESBH DPVME IBWF

UIF TBNF NBHOJUVEF BT UIF NBHOFUP�ESBH� 5IJT GPSNVMB MJOLT UIF ESBH SFTQPOTF UP UIF SFTJTUJWJUZ PG

FBDI MBZFS
 BOE QSPWJEF B UFTUBCMF GPSNVMB UIBU XF DPVME FYBNJOF FYQFSJNFOUBMMZ�

5P DPNQBSF EFOTJUZ�EFQFOEFOU NBHOFUP� BOE )BMM�ESBH XJUI &R� ���
 XF OFFE PCUBJO NBHOFUP�

SFTJTUBODF UFOTPS ρ̂ BOE σ̂ BT B GVODUJPO PG EFOTJUJFT� &YQFSJNFOUBMMZ
 XF NFBTVSFE UIF MPOHJUVEJOBM

	Rxx
 BOE USBOTWFSTF 	Rxy
 DPNQPOFOUT PG NBHOFUP�SFTJTUBODF PO FBDI MBZFS BOE UIFO DPOWFSUFE

UIFN UP ρ̂ BOE σ̂ VTJOH TJNVMBUFE HFPNFUSJDBM GBDUPST� 'JH� ���� BSF NFBTVSFE ρxx BOE ρxy 
 UIF UXP

JOEFQFOEFOU DPNQPOFOUT PG ρ̂
 PG UIF UPQ BOE CPUUPN MBZFST BT B GVODUJPO PG UIF UPQ BOE HBUF WPMU�

BHFT VTG BOE VBG� 5IFTF EBUB XFSF UBLFO BU UIF TBNF DPOEJUJPO BT UIF ESBH FYQFSJNFOU TIPXO

JO 'JH� ���� BOE TZNNFUSJ[FE 	BOUJ�TZNNFUSJ[FE
 UP SFNPWF NJYJOH CFUXFFORxx BOERxy � 6OEFS

TUSPOH NBHOFUJD ୮ୢFMET
 UIF SFMBUJPO CFUXFFO UIF EFOTJUZ BOE VT BOE VB DBO CF DPNQMJDBUFE EVF UP

UIF WBSZJOH TDSFFOJOH F୭GFDU JO --T� *O HFOFSBM
 UIF EFSJWBUJPO PG DPOEVDUJWJUZ SFTQFDU UP EFOTJUZ dσ̂
dn

UIVT JODMVEF EFSJWBUJPO UP CPUI UPQ BOE CPUUPN HBUF�

dσ̂

dn
=

dσ̂

dVBG

dVBG

dnB
+

dσ̂

dVTG

dVTG

dnT
. 	���


)PXFWFS dσ̂
dn JT OPU [FSP POMZ JO UIF DPNQSFTTJCMF SFHJPOT PG 	VT 
 VB

 BT UIF JNDPNQSFTTJCMF SF�

HJPO IBWF RVBOUVN )BMM QMBUFBVT� 8IFO CPUI MBZFST BSF DPNQSFTTJCMF
 UIF HBUJOH F୭GFDU EFDPVQMF

��
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Top layer

Bottom layer

)LJXUH �����0DJQHWR� DQG+DOO�UHVLVWLYLW\ RI HDFK OD\HU� 7KH LQVHW RI HDFK SDQHO LOOXVWUDWHV WKHPHDVXUHPHQW VHWXS

IRU HDFK FRUUHVSRQGLQJ TXDQWLW\� 7KLV PHDVXUHPHQW LV WDNHQ XQGHU WKH VDPH FRQGLWLRQ DV WKH GUDJPHDVXUHPHQWV DW

% ��7 DQG 7 ��.�

��



UP FBDI DPSSFTQPOEJOH MBZFS EVF UP OFBSMZ QFSGFDU TDSFFOJOH
 SFTVMUJOH nT = CTGVTG/e BOE

nB = CBGVBG/e� 5IFSFGPSF
 UBLJOH EFSJWBUJWF SFTQFDU UP EFOTJUJFT JT UIF TBNF BT SFTQFDU UP HBUF

WPMUBHFT UJNFT HFPNFUSJD DBQBDJUBODFT�

'JH� ����	D�E
 TIPXT UIF DPNQVUFE ESBH SFTJTUJWJUZ ρdragxx BOE ρdragxy PCUBJOFE GSPN ρ̂drag CZ BQ�

QMZJOH FYQFSJNFOUBM PCUBJOFE ρ̂a,p UP &R� ���� σ̂a,p XFSF PCUBJOFE CZ OVNFSJDBMMZ JOWFSUJOH ρ̂a,p UFO�

TPS� $PNQBSJOH UIFTF DBMDVMBUFE SFTVMUT XJUI UIF NFBTVSFE ESBH SFTJTUJWJUZ TIPXO JO 'JH� ����	B�C



XF ୮ୢOE UIF UIFPSZ QSPWJEFT SFBTPOBCMF NBUDI UP UIF FYQFSJNFOU CZ DBQUVSJOH LFZ GFBUVSFT PG UIF

TJHO BOE NBHOJUVEF PG UIF PCTFSWFE ESBH� 5P CF TQFDJ୮ୢD
 GPS ρdragxx 
 UIF DBMDVMBUJPO TVDDFTTGVMMZ DBQ�

UVSFE UIBU UIF TJHO PG ESBH JT HPWFSOFE CZ DBSSJFS UZQFT BOE EPFT OPU DIBOHF DSPTT --T GPS HSBQIFOF

EPVCMF�MBZFS TQFDJ୮ୢDBMMZ� 'PS ρdragxy 
 UIF DPNQMJDBUFE DIBOHFT PG )BMM ESBH TJHOT BSF BMTP SFWFBMFE CZ

UIF DBMDVMBUJPO� 8F OPUF UIBU XIJMF UIF DBMDVMBUFE ESBH FYIJCJUT FYDFMMFOU BHSFFNFOU XJUI UIF EBUB

JO UIF DPNQSFTTJCMF SFHJNF
 UIF BHSFFNFOU CFUXFFO FYQFSJNFOU BOE DBMDVMBUJPO JT XPSTF JO UIF JO�

DPNQSFTTJCMF TUSJQT
 FTQFDJBMMZ GPS ρdragxy � 4QFDJ୮ୢDBMMZ
 UIF NFBTVSFE ESBH TJHOBMT WBOJTI BT FYQFDUFE

XIJMF UIF DBMDVMBUFE POF EPFT OPU� 5IJT JT EVF UP UIF JNQFSGFDU NFBTVSFNFOU HFPNFUSZ 	'JH� ���� JO�

TFUT
 GPS ρtopxx BOE ρbotxy 
 XIJDI MFBE UP OPO�QFSGFDU &(ތ 	BT DBO CF TFFO JO 'JH� ����
� 5IFTF HFPNFUSJFT

BSF VOJEFBM BT UIFZ BSF WFSZ GBS GSPN B )BMMCBS NFBTVSFNFOU� 8F XFSF DPOTUSBJOFE CZ TPNF PG UIF

DPOUBDU CFJOH VOBWBJMBCMF� 5IF OPO�QFSGFDU RVBOUJ[BUJPO SFTVMUT JO ୮ୢOJUF dσ̂
dn XIJDI MFBE UP OPO�[FSP

DBMDVMBUFE ESBH�

8IJMF DPNQBSJOH UIF BCTPMVUF NBHOJUVEF PG FYQFSJNFOUBM ESBHT UP UIFPSFUJDBM FYQFDUBUJPO JT OPU

QPTTJCMF EVF UP UIF VOEFUFSNJOFE QSFGBDUPS JO &R� ���
 XF DBO TUJMM NBLF B SFMBUJWF DPNQBSJTPO PG UIF

NBHOJUVEF PG EJ୭GFSFOU DPNQPOFOUT PG UIF ESBH SFTJTUJWJUZ UFOTPS� 'JH� ���� TIPXT BO FYBNQMF PG TVDI

��
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(a) (b)

(c) (d)

data

calculation

data

calculation

)LJXUH ����� D� DQG �E�� PHDVXUHGPDJQHWR� DQG+DOO�GUDJ UHVLVWLYLW\ DW 7 ��.� % ��7� �F� DQG �G�� FDOFXODWHGPDJQHWR�

DQG+DOO�GUDJ UHVLVWLYLW\ XVLQJ (T� ���� 7KH FDOFXODWLRQ LV LQ DUELWUDU\ XQLW �D�X� GXH WR WKH XQGHWHUPLQHG SUHIDFWRU�
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Measured Dragxx
Measured Dragxy
Calculated Dragxx
Calculated Dragxy

measurement value x26
calculated value x20

Calculated D
rag(a.u.)

)LJXUH ����� OLQH�FXW RI PHDVXUHG DQG FDOFXODWHGPDJQHWR� DQG KDOO�GUDJ DORQJ WKH HTXDO�GHQVLW\ OLQH �nT = nB �� 7KH

GDVKHG YHUWLFDO OLQH DURXQGVBG ≈ �� 9 VHSDUDWHV WKH ĆUVW // �1 �� UHJLRQ �ULJKW� IURP WKH ]HURWK // �1 �� UHJLRQ

�OHIW�� ,Q WKH ĆUVW // UHJLRQ� PHDVXUHG GUDJ LV PXOWLSOLHG E\ D IDFWRU �� IRU FODULW\ ZKLOH WKH FDOFXODWLRQ LV PXOWLSOLHG E\ D

IDFWRU �� LQ RUGHU WRPDNH D JRRG FRPSDULVRQ WR WKHPHDVXUHG YDOXHV�

B DPNQBSJTPO BMPOH UIF FRVBM�EFOTJUZ MJOF 	nT = nB
� /PUF UIBU UIF QSFGBDUPS JO &R� ��� DPVME CF

B GVODUJPO PG EFOTJUZ
 UFNQFSBUVSF BOE ୮ୢFME� 8F NVMUJQMJFE B DPNNPO GBDUPS UP &R� ��� UP NBLF UIF

DBMDVMBUFE SFTVMUT DPNQBSBCMF UP FYQFSJNFOUBM ρ̂drag � 1MPUUJOH UIF NBHOFUP�ESBH BOE )BMM ESBH JO UIF

TBNF TDBMF
 XF GPVOE UIBU UIF SFMBUJWF NBHOJUVEF CFUXFFO NFBTVSFE ρdragxx BOE ρdragxy 	TPMJE DVSWFT


NBUDI XFMM XJUI UIF DBMDVMBUJPO 	EBTIFE DVSWFT

 QSPWJOH UIBU &R� ��� IPMET RVBOUJUBUJWFMZ� 'PS CFTU

NBUDIJOH
 XF BMTP OPUF UIBU XF NVMUJQMJFE EJ୭GFSFOU DPNNPO GBDUPST GPS EJ୭GFSFOU --T XIPTF SBUJP

JT∼��� GPS /�� UP /�� -BOEBV MFWFM 	TFQBSBUFE BSPVOE VBG ≈ ��7
 JOEJDBUJOH UIBU UIF QSFGBDUPS JO

&R� ��� DBO CF -- EFQFOEFOU CVU IBT B XFBL EFOTJUZ EFQFOEFODF XJUIJO B --�

��



��� 5঎খঙ঎ছঊঝঞছ঎ ঊগ঍ এ঒঎ক঍ ঍঎ঙ঎গ঍঎গঌ঎

'JOBMMZ
 XF EJTDVTT UIF UFNQFSBUVSF BOE NBHOFUJD ୮ୢFME EFQFOEFODF PG ESBH TJHOBMT� 6OMJLF UIF [FSP

NBHOFUJD ୮ୢFME ESBH
 XIJDI XBT GPVOE UP CF QSPQPSUJPOBM UP T 2 PXJOH UP UIF JODSFBTJOH TDBUUFSJOH

QIBTF TQBDF JO UIF 'FSNJ MJRVJE ��
 ρdragxx NFBTVSFE JO UIF IJHI NBHOFUJD ୮ୢFME SFHJNF FYIJCJUT B SFM�

BUJWFMZ XFBL UFNQFSBUVSF EFQFOEFODF� 'JH� ����	B
 BOE 	C
 TIPX UIF UFNQFSBUVSF BOE EFOTJUZ EF�

QFOEFOU ρdragxx � 8F OPUF UIBU FWFO GPSN = 0 --T 	PSBOHF TIBEFE SFHJPO JO 'JH� ����	B


 XIFSF XF

PCTFSWFE UIF NPTU TJHOJ୮ୢDBOU UFNQFSBUVSF EFQFOEFODF
 UIF ESBH TJHOBMT JODSFBTF POMZ CZ B GBDUPS PG

∼� BT UFNQFSBUVSF DIBOHFT GSPN �� , UP ��� ,� *O QBSUJDVMBS
 XIFO CPUI MBZFST BSF PON = ± 1

-BOEBV MFWFM 	SFE EBTIFE MJOF JO 'JH� ����	C


 UIFSF JT BMNPTU OP UFNQFSBUVSF EFQFOEFODF BCPWF

∼��,� 5IF PCTFSWFE UFNQFSBUVSF JOTFOTJUJWF ESBH F୭GFDU JT QSFTVNBCMZ EVF UP UIF GBDU UIBU UIF UIFS�

NBM FOFSHZ JT NVDI MBSHFS UIBO UIF JOEJWJEVBM -- TQSFBET
 CVU NVDI TNBMMFS UIBO UIF -- TQBDJOH

	UIF ୮ୢSTU DZDMPUSPO HBQ∼����, BU #���5
� 6OEFS UIFTF DPOEJUJPOT
 POMZ POF -- JT QBSUJBMMZ PDDV�

QJFE XIJMF UIF --T BCPWF PS CFMPX BSF DPNQMFUFE FNQUZ PS GVMM� "OE BT UFNQFSBUVSF JT NVDI MBSHFS

UIBO -- CSPBEFOJOH
 UIF FOUJSF QBSUJBMMZ ୮ୢMMFE -- JT BMXBZT BDDFTTJCMF GPS $PVMPNC TDBUUFSJOH� *O

UIJT UFNQFSBUVSF SFHJNF 	��, UP ���,

 UFNQFSBUVSF OP MPOHFS DPOUSPMT UIF TDBUUFSJOH QIBTF TQBDF


TP ESBH OP MPOHFS EFQFOET PO UFNQFSBUVSF� "U FWFO MPXFS UFNQFSBUVSFT 	5∼��,

 B TFU PG CSPLFO

TZNNFUSZ &(ތ FNFSHFT
 BOE UIF BHSFFNFOU XJUI UIF 044 UIFPSZ QFSTJTUT� *OUFSFTUJOHMZ
 ρdragxx FY�

IJCJUT B TUSPOH NBHOFUJD ୮ୢFME EFQFOEFODF� 'JH�����	D
 TIPXT ρdragxx BT B GVODUJPO PG NBHOFUJD ୮ୢFME

BU 5����,
 XIFSF BB2 EFQFOEFODF JT PCTFSWFE BDSPTT EJ୭GFSFOU EFOTJUJFT� 0OF QPTTJCMF FYQMBOB�

UJPO PG UIF TUSPOH ୮ୢFME EFQFOEFODF JT UIBU UIF TDBUUFSJOH QIBTF TQBDF JT FOMBSHFE CZ UIF JODSFBTF PG

��



UIF -- EFHFOFSBDZ BU IJHIFS ୮ୢFMET� 5IF TDBUUFSJOH QIBTF TQBDF JO UIF RVBOUVN )BMM SFHJNF JT NPTUMZ

DPOUSPMMFE CZ UIF -- EFHFOFSBDZ JOTUFBE PG UFNQFSBUVSF
 UIVT TIJG୴ UIF TRVBSF MBX GSPN T 2 UPB2�

��
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)LJXUH ����� �D�0DJQHWR�GUDJ DORQJ HTXDO GHQVLW\ OLQH �nB = nT � DV D IXQFWLRQ RI GHQVLWLHV DW % �� 7 DQG GLIIHUHQW

WHPSHUDWXUHV� 7KH EOXH �\HOORZ� VKDGHG UHJLRQPDUNVN = ± 1 �N = 0� //� 7KH GUDJ VLJQDOV DUHPXOWLSOLHG E\ D
IDFWRU RI �� LQ WKH EOXH VKDGHG UHJLRQV IRU FODULW\� �E� GUDJ DV D IXQFWLRQ RI WHPSHUDWXUH DW GLIIHUHQW GHQVLW\ SRLQWV� 6ROLG

OLQHV UHSUHVHQW WKH /DQGDX JDSV ν = ± 2� 'DVKHG OLQH UHSUHVHQW SDUWLDOO\ ĆOOHG //V� n = − 1.6, 2 × 1011FP−2

FRUUHVSRQGLQJ WRN = 0 //�n = − 11 × 1011FP−2 FRUUHVSRQG WRN = − 1 //� 7KH GHQVLW\ RI HDFK OLQH LQ
�E� LV PDUNHG RXW LQ �D� E\ DUURZVZLWK FRUUHVSRQGLQJ FRORUV� �F�0DJQHWR�GUDJ DV D IXQFWLRQ RI ĆHOG DW WHPSHUDWXUH RI

��� .� DW FHUWDLQ GHQVLW\ SRLQWV DORQJ HTXDO GHQVLW\ OLQH �VKRZQ DV 
 LQ WKH LQVHUW�� &LUFOHV DUH H[SHULPHQWDO GDWD DQG

VROLG FXUYH DUH TXDGUDWLF ĆW RI WKH GDWD�

��



3
&YDJUPO DPOEFOTBUJPO JO HSBQIFOF

EPVCMF�MBZFS

*O BO FMFDUSPOJD EPVCMF MBZFS 	&%-
 VOEFS TUSPOH NBHOFUJD ୮ୢFMET
 ୮ୢMMFE -BOEBV TUBUFT JO POF MBZFS

DBO CJOE XJUI FNQUZ TUBUFT PG UIF PUIFS MBZFS UP GPSN FYDJUPO DPOEFOTBUF� *O UIJT DIBQUFS
 * EFNPO�

TUSBUF FYDJUPO DPOEFOTBUJPO JO CJMBZFS HSBQIFOF EPVCMF�MBZFST� %SJWJOH DVSSFOU JO POF HSBQIFOF MBZFS

��



HFOFSBUFT B OFBS�RVBOUJ[FE )BMM WPMUBHF JO UIF PUIFS MBZFS
 TJHOJGZJOH JOUFSMBZFS DPSSFMBUJPO BOE FY�

DJUPO TVQFS୯୳VJEJUZ� 0XJOH UP UIF TUSPOH $PVMPNC DPVQMJOH BDSPTT UIF BUPNJDBMMZ UIJO EJFMFDUSJD


νtot = 1 TUBUF JO HSBQIFOF BQQFBST BU B UFNQFSBUVSF UXFOUZ UJNFT IJHIFS UIBO QSFWJPVTMZ PCTFSWFE JO

(B"T EPVCMF RVBOUVN XFMMT� 8F BMTP PCTFSWFE PUIFS JOUFHFS UPUBM ୮ୢMMJOH GBDUPS TUBUFT νtot = 3, − 3�

1IBTF USBOTJUJPOT PG νtot DBO CF JOEVDFE CZ UIF QFSQFOEJDVMBS FMFDUSJD ୮ୢFME
 EVF UP UIF UVOBCMF RVBO�

UVN )BMM GFSSPNBHOFUJTN PG CJMBZFS HSBQIFOF� #Z TUVEZJOH UIFTF QIBTF USBOTJUJPOT
 XF DPNQSFIFOE

XIZ UIF FYDJUPO DPOEFOTBUF QIBTF FNFSHF BU DFSUBJO ୮ୢMMJOH GBDUPST VOEFS DFSUBJO EJTQMBDFNFOU ୮ୢFMET�

��� 2ঞঊগঝঞখ )ঊকক ঍ছঊঐ ঘএ νtot = 1

VBOUJ[FEތ )BMM ESBH GPS νtot = 1 IBT CFFO PCTFSWFE JO UIF MPXFTU --T JO (B"T EPVCMF RVBOUVN

XFMMT� )PXFWFS
 UIF #&$ SFBMJ[FE JO TFNJDPOEVDUJOH EPVCMF RVBOUVN XFMMT UVSO PVU UP CF SBUIFS

GSBHJMF
 XJUI UIF UFNQFSBUVSF TDBMF JO UIF TVC�,FMWJO SBOHF 	SFQPSUFE HBQ∆ ∼ 0.8K
��� 5IJT

GSBHJMJUZ JT NBJOMZ DBVTFE CZ B SFMBUJWFMZ MBSHF JOUFSMBZFS TFQBSBUJPO� *U JT OPUFE UIBU UIF DSJUJDBM UFN�

QFSBUVSF Tc JT QSPQPSUJPOBM UP UIF DIBSBDUFSJTUJD FOFSHZ TDBMF e2

ϵlB

 XIFSF ϵ JT UIF EJFMFDUSJD DPOTUBOU

BOE lB = (!/eB)1/2 JT UIF NBHOFUJD MFOHUI TQFDJGZJOH UIF JOUFS�QBSUJDMF EJTUBODF JO B --� "MTP


UIF FYDJUPO #&$ POMZ BQQFBST JO UIF TUSPOH DPVQMJOH SFHJNF
 XIFSF UIF d/lB SBUJP JT CFMPX B DSJUJDBM

WBMVF PG d/lB < 2� 5IVT SFEVDJOH d TVCTUBOUJBMMZ CFMPX UIF MJNJU PG UIF TFNJDPOEVDUJOH EPVCMF

RVBOUVN XFMM XJMM MJLFMZ FOIBODF TcBT XFMM BT JODSFBTF UIF FYDJUPO CJOEJOH FOFSHZ�

5IF QSFWJPVT DIBQUFS TIPXFE TUSPOH $PVMPNC ESBH F୭GFDU JO HSBQIFOF EPVCMF�MBZFS IFUFSPTUSVD�

UVSFT JO UIF GSJDUJPOBM SFHJNF BU IJHI UFNQFSBUVSFT� )PXFWFS
 DPPMJOH UIBU TBNQMF UP MPXFS UFN�

��
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VBG
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)LJXUH ����0HDVXUHPHQW VHWXS �OHIW� DQG GHYLFH LPDJH �ULJKW�� ,Q WKH GHYLFH LPDJH� PHWDO OHDGV RQ WKH OHIW DQG ULJKW

�WKUHH RQ HDFK VLGH� FRQWDFW WKH WRS OD\HU JUDSKHQH� ZKLOH RWKHUV FRQWDFW WKH ERWWRP OD\HU JUDSKHQH� 7KH EOXH VKDGHG

DUHD RI JUDSKHQH LV XQGHU WKH WRS JDWH� ZKLWH DQG JUHHQ VKDGHG UHJLRQV DUH XQGHU WKH FRQWDFW JDWH�

QFSBUVSF
 XF EJE OPU PCTFSWFE TJHOBUVSFT PG FYDJUPO DPOEFOTBUJPO EVF UP TBNQMF RVBMJUZ MJNJUBUJPO

BOE MPX DPOUBDU USBOTQBSFODZ BU MPX UFNQFSBUVSFT� *O PSEFS UP PWFSDPNF UIFTF DIBMMFOHFT
 XF JN�

QSPWFE DPOUBDU USBOTQBSFODZ VTJOH UIF DPOUBDU HBUFT
 BT EFTDSJCFE JO TFDUJPO ���� *O 'JH� ���
 XIJUF

	HSFFO
 TIBEFE BSFB BSF MBUFS DPWFSFE XJUI B NFUBM HBUF 	DPOUBDU HBUF
 DPOUSPMMJOH MFBE EPQJOH PG UIF

CPUUPN 	UPQ
 MBZFS� 5IFTF EFWJDFT BSF NBEF PG UXP #FSOBM TUBDLFE CJMBZFS HSBQIFOF 	#-(
 TIFFUT TFQ�

BSBUFE CZ � ON I#/ BOE FODBQTVMBUFE CZ UXP UIJDLFS I#/ MBZFST 	CFUXFFO ��ON BOE ��ON
� #PUI

HSBQIFOF MBZFST IBWF NPCJMJUZ 0.5 − 1 × 106 cm2/V s BOE FYIJCJU TZNNFUSZ CSFBLJOH RVBOUVN )BMM

TUBUFT BU ୮ୢFMET BT MPX BT �5�

5IF WPMUBHFT BQQMJFE UP UIF UPQ HBUF 	VTG

 UIF CPUUPN HBUF 	VTG
 BOE UIF JOUFSMBZFS CJBT CF�

UXFFO HSBQIFOF MBZFST 	Vint
 UVOF UIF DBSSJFS EFOTJUJFT PG UIF UPQ BOE CPUUPN HSBQIFOF MBZFST ntop, nbot�

ntop = CTGVTG − CintVint;nbot = CBGVBG + CintVint 	BTTVNJOH Vint NVDI TNBMMFS UIBO

��



VTG(V)

V BG
(V

)

 

 

ï��� ï��� � ��� ��� ��� ��� 1
�

�

�

�

��

��

��

ï��

�

��

VTG(V)

V BG
(V

)

 

 

ï��� ï��� � ��� ��� ��� ��� 1
�

�

�

�

��

��

��

ï��

�

��

Drive current on bottom layer, 
measure drag on top layer

Drive current on top layer, mea-
sure drag on bottom layer

( )drag
xyR k:( )drag

xyR k:

)LJXUH ���� 'HPRQVWUDWLRQ RI 2QVDJHU UHFLSURFLW\� /HIW SDQHO VKRZV GUDJPHDVXUHPHQWV SHUIRUPHG E\ GULYLQJ WKH WRS

OD\HU DQGPHDVXULQJ WKH +DOO GUDJ YROWDJH LQ WKH ERWWRP OD\HU DW % ��7� 5LJKW SDQHO VKRZV D UHFLSURFDO FRQĆJXUDWLRQ�

L�H�� GULYLQJ WKH ERWWRP OD\HU DQGPHDVXULQJ WKH +DOO GUDJ YROWDJH RQ WKH WRS OD\HU �ULJKW SDQHO� DW % ���7� 7HPSHUDWXUH

LV Ć[HG WR ��� .� %RWK H[SHULPHQWV \LHOG DOPRVW LGHQWLFDO UHVXOWV�

VTG BOE VBG
� )FSFCTG
CBGBOECintBSF DBQBDJUBODFT CFUXFFO UIF UPQ HBUF BOE UPQ MBZFS
 UIF

CPUUPN HBUF BOE CPUUPN MBZFS
 BOE CFUXFFO UIF UPQ BOE CPUUPN HSBQIFOF MBZFST
 SFTQFDUJWFMZ� #Z

DPOUSPMMJOH VTG
 VBG
 BOE Vint
 XF DBO BMTP BEKVTU UIF BWFSBHF EJTQMBDFNFOU ୮ୢFMET PO FBDI MBZFS�

Dtop = (CTGVTG + CintVint)/2, Dbot = ( − CBGVBG + CintVint)/2� 8F QFSGPSN $PVMPNC

ESBH NFBTVSFNFOUT TJNJMBS UP UIF POF JO MBTU DIBQUFS� Rdrive
xy JT UIF )BMM SFTJTUBODF PG UIF ESJWF MBZFS


Rdrag
xx BOERdrag

xy BSF NBHOFUP� BOE )BMM ESBH SFTJTUBODF� 0XOJOH UP 0OTBHFS SFMBUJPO
 JU EPFT OPU

NBUUFS XIFUIFS XF VTF UIF UPQ PS CPUUPN MBZFS BT UIF ESJWF MBZFS� 'JH� ��� TIPXT UIBU FYDIBOHJOH UIF

ESJWF BOE ESBH MBZFS NFBTVSFNFOU DPO୮ୢHVSBUJPO ZJFMET OFBSMZ JEFOUJDBM SFTVMUT VOEFS PQQPTJUF NBH�

OFUJD ୮ୢFME EJSFDUJPOT�

'JH� ��� TIPXT NFBTVSFNFOUT PGRdrive
xy , − Rdrag

xx , Rdrag
xy VOEFS # � �� 5
 DPSSFTQPOEJOH UP UIF

TUSPOH DPVQMJOH MJNJU 	 lB = 5.1 ON BOE d/lB = 0.58
� *O UIJT QMPU
 XF BEKVTU VTG BOE VBG TVDI

��
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-Rxx
drag(k:)
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drive(k:)

B=25T
T=300mK
Vint=-0.05V
I=2nA

)LJXUH ����Rdrag
xy , − Rdrag

xx , Rdrive
xy DV D IXQFWLRQ RI ĆOOLQJ IDFWRUV RI ERWK OD\HUV DW % ��7 DQG 7 ���P.� 7KH H[FLWRQ

%(& FDQ EH UHFRJQL]HG E\ QHDU TXDQWL]HG +DOO GUDJ �Rdrag
xy = h

e2 , R
drag
xx = 0� ZLWK WKH VLPXOWDQHRXV UH�HQWUDQW

TXDQWXP+DOO LQ WKH GULYH OD\HU�

��



UIBU UIF ୮ୢMMJOH GSBDUJPOT PG UIF UXP MBZFST BSF CBMBODFE 	νeq ≡ νdrive = νdrag
� 8F PCTFSWF UIBU FBDI

MBZFS FYIJCJUT JUT PXO RVBOUVN )BMM F୭GFDU� 'PS νeq ≥ 1
Rdrive
xy FYIJCJU 2) QMBUFBVT BU UIF WBMVFT

(Rdrive
xy )−1 = e2/h, 4e2/3h, 2e2/h� *O UIFTF XFMM�EFWFMPQFE JOUFHFS BOE GSBDUJPOBM RVBOUVN )BMM

F୭GFDU PG UIF JOEJWJEVBM MBZFST
 XF ୮ୢOE OP BQQSFDJBCMF ESBH TJHOBM 	Rdrag
xx ≈ Rdrag

xy ≈ 0
� 5IF WBOJTI�

JOH ESBH TJHOBMT BU MPX UFNQFSBUVSFT BSF FYQFDUFE JO UIF TFNJDMBTTJDBM QJDUVSF EVF UP UIF EJNJOJTIJOH

TDBUUFSJOH QIBTF TQBDF� )PXFWFS
 UIF PCTFSWFE ESBH TJHOBMT BSF TJHOJ୮ୢDBOUMZ FOIBODFE XIFO UIF ୮ୢSTU

-- PG CPUI MBZFST BSF QBSUJBMMZ ୮ୢMMFE 	νeq < 1
� *O QBSUJDVMBS
 GPS νeq = 1/2XIFSF CPUI MBZFST BSF

IBMG�୮ୢMMFE BOE UIVT νtot = νdrive + νdrag = 1
 UIF )BMM ESBH TJHOBM SFBDIFT DMPTF UP UIF RVBOUJ[B�

UJPO WBMVF PG h/e2 = 25.8kΩ
 XIJMF UIF NBHOFUP�ESBH 	Rdrag
xx 
 EJQT UP OFBSMZ [FSP� 6OEFS UIF TBNF

DPOEJUJPO
 UIF )BMM SFTJTUBODF JO UIF ESJWF 	UPQ
 MBZFS
 XIJDI PSJHJOBMMZ SJTFT CFZPOE h/e2 BT νdrive

ESPQT CFMPX POF 	J�F�
 QBSUJBMMZ ୮ୢMMFE --

 SF�FOUFST h/e2 BHBJO BU νtot = 1� 5IJT SF�FOUSBOU CFIBWJPS

PGRdrive
xy UP UIF TBNF RVBOUJ[FE WBMVF PGRdrag

xy JOEJDBUFT UIBU UIF FOUJSF EPVCMF�MBZFS CFIBWFT MJLF B

TJOHMF ν = 1 RVBOUVN )BMM TZTUFN EFTQJUF UIBU --T JO FBDI MBZFS BSF POMZ QBSUJBMMZ ୮ୢMMFE�

5IF RVBOUJ[FE )BMM ESBH BOE SF�FOUSBOU &(ތ JO UIF ESJWF MBZFS BSF DPOTJEFSFE BT TUSPOH FWJEFODFT

PG JOUFSMBZFS DPIFSFODF� " TJNQMF QIZTJDBM QJDUVSF GPS UIF PCTFSWFE RVBOUJ[FE )BMM ESBH DBO CF CVJMU

VQPO B UXP�୯୳VJE QJDUVSF �� 	'JH� ���
� *O UIJT NPEFM
 DVSSFOUT JO FBDI MBZFS BSF DBSSJFE CZ FYDJUPOT JO

UIF CVML 	I(i)ex 
 BOE RVBTJ�QBSUJDMFT ୯୳PXJOH PO UIF FEHF 	I(i)qp 

 XIFSF UIF TVQFSTDSJQU i JT UIF MBZFS JO�

EFY� &YDJUPOT HFOFSBUF DPVOUFS ୯୳PX DVSSFOUT Idragex = − Idriveex � BOE UIF [FSP BDDFMFSBUJOH FMFDUSJD

GPSDF SFRVJSFNFOU PO TVQFS୯୳VJE FYDJUPOT EFNBOET V drive
xy = V drag

xy = Vxy � *O BEEJUJPO
 CPVOE�

BSZ DPOEJUJPOT PG UIF ESBH BOE ESJWF MBZFST SFRVJSFT Idragex + Idragqp = 0, I = Idriveex + Idriveqp .

'VSUIFSNPSF
 CZ DPOTJEFSJOH UIF UXP MBZFST BT B TJOHMF DPIFSFOU RVBOUVN )BMM TZTUFN BU ୮ୢMMJOH GSBD�

��
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)LJXUH ���� 7ZR ćXLGPRGHO IRU TXDQWL]HG +DOO GUDJ� 7KH GUDJPHDVXUHPHQW KDYH EHHQ GLVLQWHJUDWHG LQWR WZR FRQGXFW�

LQJ FRPSRQHQWV� HGJH DQG EXON� 2Q WKH GUDJ OD\HU� WKLV WZR FRPSRQHQWV FDQFHO WR JHW ]HUR FXUUHQW� 2Q WKH GULYH OD\HU�

WKH\ FRPELQH WR WKH GULYH FXUUHQW I �

UJPO νtot = 1
 XF IBWF Iqp = Idragqp + Idriveqp = (νtote2/h)Vxy � 4VNNJOH VQ
 XF PCUBJO UIF

FYQFSJNFOUBM PCTFSWBUJPORdrive
xy = Rdrag

xy = h/νtote2 XJUI WBOJTIJOHRdrag
xx BOERdrive

xx �

0CTFSWFERdrive = Rdrag BMTP JOEJDBUFT UIBU UIF FYDJUPOT GPSNFE B TVQFS୯୳VJE� /PSNBMMZ
 [FSP

DPVOUFSM୯୳PX SFTJTUBODF JT OFFEFE UP EFNPOTUSBUF FYDJUPO TVQFS୯୳VJEJUZ� )PXFWFS
 JO UIF MJOFBS SF�

TQPOTF SFHJNF
 DPVOUFS୯୳PX SFTJTUBODFRCF
xx BOERCF

xy DBO CF FYUSBDUFE GSPN UIF $PVMPNC ESBH

NFBTVSFNFOUT� "DDPSEJOH UP MJOFBS SFTQPOTF UIFPSZ
 UIF WPMUBHF ESPQ 	FJUIFS JO MPOHJUVEJOBM PS )BMM

EJSFDUJPO
 V j PO FBDI MBZFS 	K � � PS � JT MBZFS JOEFY
 � SFQSFTFOU UPQ MBZFS
 � SFQSFTFOU CPUUPN MBZFS
 JT

QSPQPSUJPOBM UP DVSSFOUT PO UIF UXP MBZFST Ij 
 BT FYQSFTTFE CZ UIF GPMMPXJOH FRVBUJPO�

⎛

⎜⎜⎝
V 1

V 2

⎞

⎟⎟⎠ =

⎛

⎜⎜⎝
R11 R12

R21 R22

⎞

⎟⎟⎠

⎛

⎜⎜⎝
I1

I2

⎞

⎟⎟⎠ 	���


#Z TFUUJOH UIF CPVOEBSZ DPOEJUJPO JO UIF BCPWF FRVBUJPO UP I1 = I BOE I2 = 0
 XF OPUF UIBUR11
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)LJXUH ����Rdrag
xy , − Rdrag

xx , Rdrive
xy DV D IXQFWLRQ RI ĆOOLQJ IUDFWLRQV νtop DQG νbot� FRPSXWHG IURPVTGDQGVBG�

7KH H[FLWRQ %(& UHJLRQ DSSHDUV DV D GLDJRQDO VWULS VDWLVI\LQJ @νtop + νbot = 1� 7KH ZKLWH WUDFH RQ WKH OHIW VKRZV WKH
YDOXH RIRdrag

xy �D[LV RQ WKH OHIW� DORQJ vtot = 1 OLQH �GDVKHG EOXH OLQH��

JT UIF SFTJTUBODF PG UIF UPQ MBZFS BOER21 FRVBMT UIF ESBH SFTJTUBODF� *O UIF DPVOUFS୯୳PX TFUVQ
 UIF

DVSSFOU CPVOEBSZ DPOEJUJPO JT TFU UP I1 = − I2 = I � 5IVT
 UIF DPVOUFS୯୳PX SFTJTUBODF PO UIF UPQ

MBZFS JTRCF
xx = Rtop

xx − Rdrag
xx BOERCF

xy = Rtop
xy − Rdrag

xy 
 XIJDI JT [FSP XIFO UIF ESJWF MBZFS

SFTJTUBODF FRVBMT ESBH MBZFS SFTJTUBODF�

5IF FYDJUPO #&$ JO HSBQIFOF JT DBO XJUITUBOE UIF EFOTJUZ JNCBMBODF CFUXFFO UIF UXP MBZFST


BT MPOH BT UPUBMMZ ୮ୢMMJOH GBDUPS JT POF� 5IF TJHOBUVSFT PG UIF FYDJUPO DPOEFOTBUJPO
 J�F�
Rdrag
xy ≈

Rdrive
xy ≈ h/e2BOERdrag

xx ≈ Rdrive
xx ≈ 0XJUITUBOE B SBOHF PG HBUF WPMUBHFT TBUJTGZJOH νdrag +

νdrive = 1
 DPSSFTQPOEJOH UP UIF EJBHPOBM MJOF TIPXO JO 'JH� ��� 	CMVF EBTIFE MJOF JO UIF MFG୴ QBOFM
�

'PS B NPSF RVBOUJUBUJWF BOBMZTJT
 XF QMPURdrag
xy DVU BMPOH UIJT EJBHPOBM MJOF BT BO PWFSMBZ HSBQI JO

'JH� ��� MFG୴ 	XIJUF USBDF
� 5IF MFWFM PGRdrag
xy RVBOUJ[BUJPO JOEJDBUFT UIBU UIF #&$ QFSTJTUT GPS UIF

EFOTJUZ JNCBMBODF∆n/ntot = (ndrag − ndrive)/(ndrag + ndrive) VQ UP∼ ± 30%� #FZPOE UIJT

MJNJU UIF NPSF TUBCMF JOUFHFS 2) TUBUFT 	 νdrag, νdrive = 0, 1
 JO FBDI MBZFS UBLF PWFS UIF FYDJUPO

#&$ QIBTF�

��
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)LJXUH ���� /HIW� FDOFXODWHG FRXQWHUćRZ UHVLVWDQFH RQ WKH WRS OD\HU DV D IXQFWLRQ RI WRS JDWH YROWDJH DFURVV νtot = 1
�YHUWLFDO GDVKHG OLQH� DW GLIIHUHQW WHPSHUDWXUHV XQGHU % ��7� 7KH WUDFHV DERYH ]HUR VKRZVRCF

xx ZKLOH WKH WUDFHV

EHORZ ]HUR VKRZVRCF
xy � 5LJKW� FRXQWHUćRZ UHVLVWDQFH DV D IXQFWLRQ RI ��7 DW νtot = 1� %OXH OLQHPDUNHG $UUKHQLXV ĆW

ZLWK WKH JDS HQHUJ\ RI ��.�

��



8F GPVOE UIBU UIF PCTFSWFE RVBOUJ[FE )BMM ESBH JO HSBQIFOF JT NVDI NPSF SPCVTU UIBO UIBU PG

UIF (B"T EPVCMF RVBOUVN XFMMT� 5IF TJHOBUVSFT PG UIF FYDJUPO DPOEFOTBUF
 J�F�
 OFBSMZ RVBOUJ[FE

Rdrag
xy BOE SF�FOUSZ CFIBWJPS PGRdrive

xy 
 QFSTJTU VQ UP B GFX ,FMWJO GPS νtot = 1� 'PS RVBOUJUBUJWF

BOBMZTJT
 XF DPNQVUF UIF DPVOUFS�୯୳PX SFTJTUBODFTRCF
xy BOERCF

xx VTJOH &R� ��� BOE QMPU UIFN BT B

GVODUJPO PG 1/T BU νtot = 1 	'JH� ���
� 8IJMF UIF UIFPSFUJDBM FYQFDUBUJPO GPS �% #&$ USBOTJUJPO JT

UIF ,PTUFSMJU[�5IPVMFTT USBOTJUJPO
 XF ୮ୢOE UIBU UIF WBOJTIJOHRCF
xy BOERCF

xx FYIJCJU B UIFSNBMMZ

BDUJWBUJOH CFIBWJPS TJNJMBS UP XIBU IBT CFFO PCTFSWFE JO (B"T TZTUFN� )PXFWFS
 UIF BDUJWBUJPO HBQ

XF PCUBJOFE∆ ≈ 16, JT UXFOUZ UJNFT MBSHFS UIBO QSFWJPVT SFQPSUFE�

��� *গঝ঎ছকঊঢ঎ছ ঌঘছছ঎কঊঝ঎঍ জঝঊঝ঎জ ঊঝ νtot ̸= 1

8IJMF UIF FYDJUPO #&$ IBT CFFO EJTDPWFSFE POMZ GPS UIF IBMG�୮ୢMMFE MPXFTU -- JO UIF (B"T EPVCMF

RVBOUVN XFMMT
 UIF HBUF UVOBCJMJUZ JO HSBQIFOF EPVCMF�MBZFS EFWJDFT BMMPXT VT UP FYQMPSF UIF QIBTF

EJBHSBN PG QPTTJCMF DPOEFOTBUF TUBUFT PUIFS UIBO νtot = 1� 'JH� ��� TIPXT FYQFSJNFOUBM TVSWFZ GPS

Rdrag
xy BT B GVODUJPO PG νdrive BOE νdrag 
 DPWFSJOH UIF FMFDUSPO�FMFDUSPO 	νdrive, νdrag > 0
 BOE IPMF�

IPMF 	 νdrive, νdrag < 0
 SFHJNFT� 3FNBSLBCMZ
 XF ୮ୢOE BU MFBTU UXP BEEJUJPOBM JOUFSMBZFS DPSSFMBUFE

TUBUFT JO UIFTF SFHJNFT� 	νdrive, νdrag
 DFOUFSFE OFBS∼	���
 ���
 BOE 	����
 ����

 DPSSFTQPOEJOH UP UIF

ESBH CFUXFFO 1/2 � 21/2 ୮ୢMMFE FMFDUSPO --T 	νtot = 3
 BOE 11/2 � 11/2 ୮ୢMMFE IPMF --T 	νtot = − 3



SFTQFDUJWFMZ�

4JNJMBS UP UIF #&$ JO νtot = 1
 UIFTF TUBUFT FYIJCJU UIF OFBS�RVBOUJ[FE )BMM ESBHRdrag
xy ≈

h/νtote2BOERdrag
xx ≈ 0
 GPS B SBOHF PG 	νdrive
 νdrag
 TBUJTGZJOH νdrive + νdrag = νtot 	'JH� ���

��



Qdrive

 

 

ï� ï� 0 � � 3

ï�

ï�

0

�

�

3

0

��
��

Qdrag

ï��

ï�

0

( )drag
xyR k:

B=25T
T=300mK
Vint=-0.05V

B=25T
T=300mK
Vint=0.15V

( )drag
xyR k:

)LJXUH ����Rdrag
xy DV D IXQFWLRQ RI WKH WRS DQG ERWWRP OD\HU ĆOOLQJ IDFWRUV DW % ��7� 7 ���P. DQGVint = − 0.05V

�HOHFWURQ�HOHFWURQ SDUW� DQGVint = 0.15V �KROH�KROH SDUW�� %HVLGHV (νdrag, νdrive) = (0.5, 0.5)� DGGLWLRQDO
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)LJXUH ���� &RORU SORWV� ]RRPHG�LQ SORW RIRdrag
xy , Rdrag

xx , Rdrive
xy DURXQG νtot = 3 DW D KLJKHU ĆHOG RI % ��7� /DVW
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xy , Rdrag
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xx DURXQG νtot = − 3 DW % ��7� 5LJKW SDQHO�
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xx , Rdrive

xy , Rdrive
xx DORQJ GDVKHG OLQH VKRZ LQ WKH OHIW FRORU SORWV�
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BOE 'JH� ���
� 5IFTF RVBOUJ[FE )BMM ESBH GFBUVSFT BQQFBS BT EJBHPOBMT JO UIF 	νdrive
 νdrag
 QMPUT BOE

BSF DPO୮ୢOFE UP UIF TFDUPST DPSSFTQPOEJOH UP QBSUJBMMZ ୮ୢMMFE ୮ୢSTU 	ESJWF
 BOE UIJSE 	ESBH
 FMFDUSPO --T

	XJUI BMM TZNNFUSJFT BSF MJG୴FE
 BOE QBSUJBMMZ ୮ୢMMFE TFDPOE 	ESJWF BOE ESBH
 IPMF --T� 8F JOUFSQSFU

UIFTF JOUFSMBZFS DPSSFMBUFE TUBUFT BT FYDJUPO #&$ GPS νtot = ± 3� .FBTVSFNFOUT BU MPXFS NBHOFUJD

୮ୢFMET BMTP SFWFBM B TJHOBUVSF PG EFWFMPQJOH FYDJUPO #&$ GPS (νdrive
 νdrag)�	���
 ���

 UIF TZNNFUSJD

QBJS GPS 	���
 ���
 EJTDVTTFE BCPWF 	'JH� ����
� 5IF SFMBUJWFMZ XFBL QSFTFODF PG UIJT TZNNFUSJD QBJS JT

QSFTVNBCMZ EVF UP UIF RVBMJUZ EJ୭GFSFODF CFUXFFO UIF UPQ BOE CPUUPN HSBQIFOF MBZFST� 8F BMTP OPUF

UIBU XIJMFRdrag
xy ≈ h/νtote2BOERdrive

xx ≈ Rdrag
xx ≈ 0 BSF PCTFSWFE JO UIF νtot = ± 3 TUBUF
 XF ୮ୢOE

|Rdrive
xy | > h/νtote2	'JH� ��� BOE 'JH� ���
� 5PHFUIFS XJUI MFTT EFWFMPQFE RVBOUJ[BUJPO PGRdrag

xy JO

UIFTF TUBUFT
 DPNQBSFE UP νtot = 1
 XF TQFDVMBUF UIBU B EJTTJQBUJWF FYDJUPO USBOTQPSU PG B GSBHJMF #&$

JT SFTQPOTJCMF GPS UIJT JODPNQMFUF SF�FOUSBOU �&(ތ

*OUFSFTUJOHMZ
 PVS FYQFSJNFOUBM PCTFSWBUJPOT TUSPOHMZ JOEJDBUF UIBU UIF FMFDUSPO�IPMF TZNNFUSZ

PG --T JT BQQBSFOUMZ CSPLFO GPS UIF FYDJUPO #&$� 'PS FYBNQMF
 UIF 	���
 ���
 #&$ FYJTUT XIJMF 	����


����
 JT BCTFOU� &MFDUSPO�IPMF BTZNNFUSZ IBT CFFO PCTFSWFE JO UIF ୮ୢMMJOH GSBDUJPO TFRVFODFT PG UIF

GSBDUJPOBM RVBOUVN )BMM F୭GFDU JO CJMBZFS HSBQIFOF BOE JT SFMBUFE XJUI UIF TUSVDUVSF PG TZNNFUSZ�

CSPLFO RVBOUVN )BMM TUBUF JO CJMBZFS HSBQIFOF� 8F XJMM QSFTFOU B FYQMBOBUJPO PG XIZ DFSUBJO TUBUFT

FYJTU XIJMF PUIFST EP OPU JO UIF OFYU TFDUJPO�

��



��� 1঑ঊজ঎ ঝছঊগজ঒ঝঘগ ঒গ঍ঞঌ঎঍ ঋঢ ঍঒জঙকঊঌ঎খ঎গঝ এ঒঎ক঍জ

8F OPUF UIBU UIF FYJTUFODF PG UIF FYDJUPO #&$ BU ୮ୢYFE (νdrive, νdrag) TFOTJUJWFMZ EFQFOET PO UIF

Vint� *O 'JH� ���� BOE 'JH� ����
 JO UIF TBNF ୮ୢMMJOH GBDUPS SBOHF
 UIF TUSPOH )BMM ESBH POMZ IBQQFO

JO DFSUBJO JOUFSMBZFS CJBT XJOEPXT� 5P VOEFSTUBOE XIBU DBVTFT UIF EFQFOEFODF PO JOUFSMBZFS CJBT


XF UBLF B DMPTFS MPPL BU UIF νtot = 1 TUBUF� *O 'JH� ����
 XF PCTFSWF UIBURdrag
xy VOEFSHPFT NVMUJ�

QMF EJTUJODU USBOTJUJPOT CFUXFFO IJHI BOE MPX WBMVFT BT Vint DIBOHFT
 XIJMF ୮ୢMMJOH GBDUPST TUBZ UIF

TBNF� 8IFO UIF EFOTJUZ PG FBDI MBZFS JT LFQU DMPTF UP IBMG�୮ୢMMJOH CZ DPPSEJOBUFMZ UVOJOH VBG BOE

VTG
 Vint DIBOHFT UIF EJTQMBDFNFOU ୮ୢFME FYFSUFE PO CPUI MBZFST
Dtop = CintVint + ntop/2 BOE

Dbot = CintVint − nbot/2� $BMDVMBUJOH EJTQMBDFNFOU ୮ୢFMET VTJOH UIFTF GPSNVMB
 'JH� ���� TIPXT

Rdrag
xy BT B GVODUJPO PGDtop 	UPQ BYJT PG 'JH� ����
 BOEDbot 	CPUUPN BYJT PG 'JH� ����
� #Z DPNQBSJOH

UIF EJTQMBDFNFOU ୮ୢFMET PG UIFTF USBOTJUJPOT XJUI UIPTF PG UIF JOUFHFS RVBOUVN )BMM USBOTJUJPOT PG

FBDI MBZFS
 XF GPVOE B DMPTF DPOOFDUJPO CFUXFFO UIF )BMM ESBH BOE UIF -- DIBSBDUFST PG FBDI MBZFS�

��� 4঎ক঎ঌঝ঒ঘগ ছঞক঎জ এঘছ --জ ঝঘ ঎জঝঊঋক঒জ঑ ঎ডঌ঒ঝঘগ #&$

'PS B TJOHMF CJMBZFS HSBQIFOF
 UIF MPXFTU -BOEBV MFWFM 	---
 IBWF FJHIU�GPME EFHFOFSBDZ JO UIF TJOHMF

QBSUJDMF QJDUVSF 	CFUXFFO ν = − 4 BOE ν = 4
� 5IJT 46	�
 TZNNFUSZ TQBDF DPOTJTUT PG TQJO EFHFO�

FSBDZ |↑⟩ BOE |↓⟩
 WBMMFZ EFHFOFSBDZ , BOE ؠ, BOE PSCJUBM EFHFOFSBDZ PGN = 0, 1� *O IJHI RVBMJUZ

TBNQMFT
 UIFTF TZNNFUSJFT BSF CSPLFO CZ RVBOUVN )BMM GFSSPNBHOFUJTN 
.'(ތ	
 BOE EJ୭GFSFOU

TZNNFUSZ�CSFBLJOH TUBUFT DBO CF GPVOE BU EJ୭GFSFOU EJTQMBDFNFOU ୮ୢFMET GPS FBDI ୮ୢMMJOH GBDUPS� 5IF

TZNNFUSZ�CSFBLJOH TUBUF ν = 1 IBT UISFF USBOTJUJPO QPJOUT BUD = 0 BOED = ± D1
 BOE ν = 0

��
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)LJXUH ����� +DOO GUDJ UHVLVWDQFH DV IXQFWLRQ RI JDWH YROWDJHV DW GLIIHUHQW LQWHUOD\HU ELDVHV DW % ��7 DQG 7 ���. LQ WKH

HOHFWURQ�HOHFWURQ UHJLPH �DOO SORWV VKRZV VDPH ĆOOLQJ IDFWRU UDQJH 0 < νtop, νbot < 3�� 7KH QXPEHUV PDUNHG LQVint

 ����9 SORW LQGLFDWH �νdrive, νdrag � YDOXHV�

IBT GPVS USBOTJUJPO QPJOUT BUD = ± D2, ± D3
 XIJDI DBO CF JEFOUJ୮ୢFE JO 'JH� ����� "DSPTT UIFTF

USBOTJUJPOT
 UIF GVMMZ ୮ୢMMFE --T IBWF EJ୭GFSFOU TQJO
 WBMMFZ PS PSCJUBM JOEFYFT� 'PS QBSUJBMMZ ୮ୢMMFE --T


MBZFS QPMBSJ[BUJPO BOE PSCJUBM DIBSBDUFS XFSF JEFOUJ୮ୢFE CZ B SFDFOU TUVEZ VTJOH DBQBDJUBODF NFBTVSF�

NFOUT ��� 5IF QBSUJBMMZ ୮ୢMMFE -- 0 < ν < 1 JT GPVOE UP IPME EJ୭GFSFOU MBZFS� BOE PSCJUBM�QPMBSJ[FE

TUBUFT BU EJ୭GFSFOU EJTQMBDFNFOU ୮ୢFMET 	'JH� ����
 	��� EFOPUF UIF MBZFS QPMBSJ[BUJPO
 XIJDI JT FRVJWB�

MFOU UP WBMMFZ QPMBSJ[BUJPOK/K ′ JO UIF MPXFTU --
 BOE ��� EFOPUF UIF PSCJUBM JOEFY
�

*OUSJHVJOHMZ
 UIF USBOTJUJPOT CFUXFFO UIFTF TUBUFT MJOF VQ XJUI UIF USBOTJUJPOT PG ν = 1 BOE ν = 0

TUBUFT SFHBSEJOH UP EJTQMBDFNFOU ୮ୢFME� *O PVS FYQFSJNFOU
 UIF νtot = 1 TUBUF JT GPSNFE CFUXFFO UXP

QBSUJBMMZ ୮ୢMMFE CJMBZFS HSBQIFOF XJUI 0 < νtop, νbot < 1� 8F GPVOE UIBU )BMM ESBH JT TVQQSFTTFE

XIFO UIF QBSUJBMMZ ୮ୢMMFE --T PG POF CJMBZFS HSBQIFOF PS CPUI CJMBZFS HSBQIFOF BSF JO UIF /�� PSCJUBM

TUBUF 	TIBEFE SFHJPOT JO 'JH� ����
� 5IJT BMTP FYQMBJOT UIF BCTFODF PG PUIFS JOUFHFS UPUBM ୮ୢMMJOH GBDUPS

��
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)LJXUH ����� +DOO GUDJ UHVLVWDQFH DV IXQFWLRQ RI GULYH DQG GUDJ ĆOOLQJ IDFWRU DW GLIIHUHQW LQWHUOD\HU ELDV DW % ��7 DQG

7 ��� . LQ WKH KROH�KROH GUDJ UHJLPH�
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)LJXUH ����� 6FKHPDWLF GLDJUDP RI /DQGDX OHYHOV VHTXHQFH �OHIW� DQGZDYH IXQFWLRQV �ULJKW� RI ELOD\HU JUDSKHQH TXDQ�

WXP+DOO IHUURPDJQHWLF �4+)0� VWDWHV IRU WKH ORZHVW // FRUUHVSRQGLQJ WR − 4 < ν < 4� ,Q WKH OHIW GLDJUDP� [ GLUHF�
WLRQ UHSUHVHQWV GLVSODFHPHQW ĆHOG' DQG FRORUHG OLQHV GHQRWH4+)0/DQGDX OHYHOV ZLWK GLIIHUHQW RUELWDO ������ OD\HU

����� DQG VSLQ �↑ / ↓� TXDQWXP QXPEHUV� DV QRWHG QH[W WR WKH OLQHV� 'LIIHUHQW FRORUV DUH XVHG IRU GLIIHUHQW RUELWDO DQG

OD\HU TXDQWXP QXPEHUV� $V WKH GLVSODFHPHQW ĆHOG FKDQJHV� WKH FRORUHG OLQHV FURVV HDFK RWKHU� UHSUHVHQWLQJ 4+)0

WUDQVLWLRQV LQGXFHG E\ WKH GLVSODFHPHQW ĆHOG� 7KH KRUL]RQWDO EODFN GDVKHG OLQHPDUNV FKDUJH QHXWUDOLW\ �ν = 0� DQG
WKH KRUL]RQWDO ZKLWH GDVKHG OLQHPDUNV )HUPL OHYHO RI KDOI�ĆOOHG ĆUVW // (ν = 1/2)� 7KH GLDJUDP RQ WKH ULJKW GHSLFWV

ZDYH IXQFWLRQV RI GLIIHUHQW ELOD\HU JUDSKHQH4+)0 VWDWHV� ZLWKPDWFKLQJ FRORU FRGH DV WKH OLQHV LQ WKH OHIW GLDJUDP�

TUBUFT BOE UIF CSPLFO FMFDUSPO�IPMF TZNNFUSZ
 BT UIF − 1 < ν < 0 	0 < ν < 1
 -- JT QPMBSJ[FE

JO UIFN = 1 	N = 0
 PSCJUBM TUBUF VOEFS UIF TBNF EJTQMBDFNFOU ୮ୢFME� UIF MBUUFS JT DBQBCMF PG

GPSNJOH BO FYDJUPO #&$ XIJMF UIF GPSNFS JT OPU� 8F TQFDVMBUF UIBU UIF JOBCJMJUZ PG UIFN = 1 PSCJU

UP FTUBCMJTI BO JOUFSMBZFS DPSSFMBUFE TUBUF JT EVF UP JUT CSPBEFS TQBUJBM XBWFGVODUJPO 	'JH� ���� SJHIU


BOE UIVT XFBLFS JOUFSBDUJPO� 4JNJMBSMZ
 UIF XFBLFS )BMM ESBH TJHOBM JO UIF SFHJPO XIFSFDtop > 0

BOEDbot < 0 DBO CF SFMBUFE UP UIF XFBLFS JOUFSBDUJPO XIFO UIF XBWFGVODUJPOT PG UIF UXP MBZFST BSF

GVSUIFS BQBSU EVF UP UIF PQQPTJUF MBZFS QPMBSJ[BUJPO�

��
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)LJXUH ����� 7RS DQG ERWWRP SDQHOV� ORQJLWXGLQDO UHVLVWDQFH RI WRS �ERWWRP� ELOD\HU JUDSKHQH DV D IXQFWLRQ RI GLVSODFH�

PHQWDtop �Dbot� DQG GHQVLW\ntop �nbot� DW %  ��7 DQG 7 ���.� 7KH4+)0 WUDQVLWLRQV DUHPDUNHGZLWK DUURZV�

0LGGOH SDQHO�Rdrag
xy �EOXH FXUYH� DV D IXQFWLRQ RIDtop �WRS D[LV RI WKH WRS SDQHO� RUDbot �ERWWRP D[LV RI WKH ERWWRP

SDQHO� IRU νtot = 1 VWDWH DW % ��7 DQG 7 ���.� 7KH FRORUHG EDUV RQ WKH WRS DQG ERWWRP RI WKLV SORW UHSUHVHQW RUELWDO

DQG OD\HU FKDUDFWHU RI WKH KDOI�ĆOOHG // �ν = 1/2� RI WKH WRS DQG ERWWRP ELOD\HU JUDSKHQHZLWK WKH VDPH FRORU FRGH DV

)LJ� ����� 7KH RUDQJH DQG JUHHQ VKDGHG UHJLRQV RI WKHPDLQ SORW ZKLFK VLJQLI\ 1 � RUELWDO VWDWHV RI WKH WRS DQG ERWWRP

OD\HU FRLQFLGH ZHOO ZLWK ZKHUH WKH +DOO GUDJ YDQLVKHV� LQGLFDWLQJ 1 � RUELW LV LQFDSDEOH RI IRUPLQJ H[FLWRQ %(& SKDVH�

��



4
ν = 0 &YDJUPO JOTVMBUPS

*O UIF QSFWJPVT DIBQUFS
 XF EFNPOTUSBUFE FYDJUPO DPOEFOTBUFT CFUXFFO RVBTJ�FMFDUSPOT BOE RVBTJ�

IPMFT JO B HSBQIFOF EPVCMF�MBZFS UIBU BSF FMFDUSPO�FMFDUSPO PS IPMF�IPMF EPQFE� "MUIPVHI WBSJPVT

TJHOBUVSFT BSF VTFE UP TIPX UIBU UIF CVML JOEFFE CFIBWF MJLF BO FYDJUPO DPOEFOTBUJPO
 UIF FYJTUFODF

PG BEEJUJPOBM DPOEVDUJOH DIBOOFMT PO UIF FEHF DPNQMJDBUFT USBOTQPSU CFIBWJPST BOE EJ୭GFSFOUJBUFT JU

GSPN UIF FYDJUPO DPOEFOTBUJPO GPSNFE CZ SFBM FMFDUSPOT BOE IPMFT� "O FYDJUPO DPOEFOTBUF GPSNFE

��



CZ SFBM FMFDUSPOT BOE IPMFT JT BO FMFDUSJDBM JOTVMBUPS EVF UP UIF DIBSHF OFVUSBM OBUVSF PG FYDJUPOT
 JO�

TUFBE PG CFJOH B DPSSFMBUFE RVBOUVN )BMM TUBUF�

*O UIJT DIBQUFS
 * QSFTFOU PCTFSWBUJPO PG FYDJUPO JOTVMBUPS TUBUF CFUXFFO FMFDUSPO�EPQFE BOE IPMF�

EPQFE HSBQIFOF MBZFST VOEFS TUSPOH NBHOFUJD ୮ୢFMET
 XIFO UIF FMFDUSPO EFOTJUZ PG POF MBZFS NBUDIFT

UIF IPMF EFOTJUZ PG UIF PUIFS� "MUIPVHI NBHOFUJD ୮ୢFME JT TUJMM SFRVJSFE UP TUBCJMJ[F UIJT TUBUF
 UIF F୭GFDU

PG NBHOFUJD ୮ୢFME JT TJNQMZ ୯୳BUUFOJOH UIF CBOE GPS FOIBODJOH JOUFSBDUJPO F୭GFDU 	'JH� ��� SJHIU
� "T UIF

FYDJUPOT BSF GPSNFE CZ SFBM FMFDUSPOT BOE IPMFT
 JOTUFBE PG RVBTJ�QBSUJDMFT
 UIF QIZTJDT BOE USBOTQPSU

TJHOBUVSFT BSF NVDI DMPTFS UP UIBU PG [FSP ୮ୢFME &$ UIBO νtot = 1 TUBUF� "U UPUBM EFOTJUZ ntot = 0


POF HSBQIFOF JT JOTVMBUJOH JG UIF PUIFS HSBQIFOF MBZFS JT PQFO�DJSDVJU� )PXFWFS
 XIFO UIF DJSDVJU

PG UIF TFDPOE MBZFS JT DMPTFE
 UIF ୮ୢSTU MBZFS CFDPNF DPOEVDUJOH BOE B QFSGFDU ESBH DVSSFOU BSJTFT JO

UIF TFDPOE MBZFS� .FBTVSFNFOU XJUI DPVOUFS୯୳PX DVSSFOU TIPXT WBOJTIJOH MPOHJUVEJOBM BOE )BMM

SFTJTUBODF BOE TVHHFTU UIJT ntot = 0 TUBUF JT BO FYDJUPO DPOEFOTBUF�

��� 5঑঎ ঌঘছছ঎কঊঝ঎঍ ঒গজঞকঊঝঘছ

%FWJDF VTFE IFSF JT DPNQPTF PG UXP NPOPMBZFS HSBQIFOF MBZFST TFQBSBUFE CZ B ���ON I#/� 8F DIPTF

NPOPMBZFS HSBQIFOF GPS UIJT TUVEZ CFDBVTF PG JUT TJNQMFS RVBOUVN )BMM GFSSPNBHOFUJD -BOEBV MFWFM

	--
 TUSVDUVSF BOE UIF FMFDUSPO�IPMF TZNNFUSZ� *O UIF QSFWJPVT DIBQUFS
 XF GPVOE UIBU POMZN = 0

--T BSF DBQBCMF PG GPSNJOH FYDJUPO DPOEFOTBUF� "T UIF MPXFTU TZNNFUSZ�CSPLFO --T 	 − 2 < ν < 2


PG NPOPMBZFS HSBQIFOF DPOTJTU TPMFMZ PGN = 0 PSCJUBM TUBUF
 JU XJMM UIFO CF QPTTJCMF UP BDIJFWF BO

FYDJUPO DPOEFOTBUF CFUXFFO UIF ୮ୢSTU FMFDUSPO -- PG POF MBZFS BOE UIF ୮ୢSTU IPMF -- PG UIF PUIFS� 8F

��



Top layer Bottom layer

)LJXUH ���� /HIW� VFKHPDWLF IRU LQWHUOD\HU H[FLWRQ� 0/* VWDQG IRU PRQROD\HU JUDSKHQH� 7RS OD\HU LV KROH�GRSHG� ZKLOH

ERWWRP OD\HU LV GRSHGZLWK HOHFWURQV DW WKH VDPH GHQVLW\� 5LJKW� LOOXVWUDWLRQ RI H[FLWRQV EHWZHHQ HOHFWURQV DQG KROHV

XQGHUPDJQHWLF ĆHOGV� 7KHPDJQHWLF ĆHOGV ćDWWHQ WKH EDQG VWUXFWXUH LQWR //V� HQKDQFLQJ LQWHUDFWLRQ HIIHFW� (OHFWURQV

RQ WKH WRS OD\HU �RUDQJH FRORU� ELQG ZLWK KROHV LQ WKH ERWWRP OD\HU �EOXH FRORU� WR IRUP LQWHUOD\HU H[FLWRQV�

5μm

)LJXUH ���� /HIW� LOOXVWUDFWLRQ RI GHYLFH VFKHPH� 7KH RUDQJH SDUW UHSUHVHQW WKH FKDQQHO� ZKLOH JUH\ DUHDV DUH WKH

JUDSKHQH OHDGV EHWZHHQ FKDQQHO DQGPHWDO FRQWDFW �JROGHQ FRORU�� *UHDQ �UHG� GDVKHG OLQHV LQGLFDWH WKH ERXQGDU\

RI WKH WRS �ERWWRP� JUDSKHQH OD\HU� <HOORZ GHSLFWV JROG FRQWDFWV� 5LJKW� RSWLFDO LPDJH�

��



BMTP BEWBODFE PVS EFWJDFT BSDIJUFDUVSF UP UIF POF XJUI EVBM�HSBQIJUF HBUFT 	QSF�QBUUFSOFE CPUUPN

HSBQIJUF
� 8F GBCSJDBUF FMFDUSJDBM DPOUBDUT POUP FBDI MBZFS CVU MFBWF B HBQ CFUXFFO UIF DIBOOFM BOE

UIF NFUBM DPOUBDUT 	HSFZ BSFB JO 'JH� ��� MFG୴

 TP UIF MFBE DBO CF HBUFE TFQBSBUFMZ UP JNQSPWF USBOT�

QBSFODZ� 8F VTF UIF TJMJDPO CBDL HBUF BOE DPOUBDU HBUFT UP IFBWJMZ EPQF UIF MFBE PG CPUI MBZFST UP

IJHI DBSSJFS EFOTJUZ CVU NBUDIJOH DBSSJFS UZQFT XJUI UIF DIBOOFM� *U JT JNQPSUBOU UP OPUF UIBU GPS UIF

MFBET BU UIF DPSOFST
 UPQ BOE CPUUPN HSBQIFOF MFBET TIBSF UIF TBNF QBUI VOUJM JU SFBDIFT UIF IFBWJMZ

EPQFE QBSU OFYU UP UIF DPOUBDU� 5IJT DPSOFS MFBET BSF VTFE BT DVSSFOU TPVSDF BOE ESBJO BOE BSF FTQF�

DJBMMZ JNQPSUBOU GPS UIF QFSGFDU DVSSFOU ESBH BOE DPVOUFS୯୳PX FYQFSJNFOUT
 BT XF XJMM EJTDVTT MBUFS�

'JSTU XF QFSGPSNFE $PVMPNC ESBH NFBTVSFNFOUT BU #���5 BOE 5����,� 'JH� ��� TIPXT MPOHJ�

UVEJOBM ESBH SFTJTUBODF 	Rdrag
xx 

 )BMM ESBH SFTJTUBODF 	Rdrag

xy 
 BOE MPOHJUVEJOBM SFTJTUBODF PG UIF

ESJWF MBZFS 	Rdrive
xx 
 BT B GVODUJPO PG UPQ BOE CPUUPN MBZFS ୮ୢMMJOH GBDUPST� *O UIF )BMM ESBH EJBHSBN


B DIFDLFS CPBSE QBUUFSO FNFSHFT� 'SPN DIBQUFS UXP
 XF LOPX UIBU UIFTF TUSPOH )BMM ESBH SFHJPOT

BSF TFQBSBUFE CZ JOUFHFS RVBOUVN )BMM TUBUFT PG FBDI MBZFS� 5IF RVBOUVN )BMM TUBUFT PG FBDI MBZFS

DVU UIF )BMM ESBH EJBHSBN JOUP TJYUFFO SFHJPOT XJUI TUSPOH JOUFSMBZFS DPSSFMBUJPO
 XIJDI JT QSFTFOU

CFUXFFO BOZ QBJS PG QBSUJBMMZ ୮ୢMMFE --T XJUI JOUFHFS UPUBM ୮ୢMMJOH GBDUPST νtot = 0, ± 1, ± 2, ± 3� "MM

UIFTF TJYUFFO TUBUFT BSF BMMPX UP QSFTFOU CFDBVTF UIFZ BMM PDDVS CFUXFFO UXP /�� --T� 'PS UIF JOUFS�

MBZFS DPSSFMBUFE TUBUF νtot = ± 1, ± 2, ± 3
 XF GPVOE UIF )BMM ESBH JT DMPTF UP UIF FYQFDUFE RVBOUJ[B�

UJPO WBMVF PGRdrag
xy = h/νtote2�

νtot = 0
 IPXFWFS
 JT B TQFDJBM DBTF� 'PMMPXJOHRdrag
xy = Rdrive

xy = h/νtote2
 XF TIPVME FYQFDU B

EJWFSHJOH )BMM SFTJTUBODF� 5IJT JT CFDBVTF GPS νtot = 0
 UIFSF JT OP FEHF TUBUF
 UIVT UIF TZTUFN TIPVME

CF CFIBWF BT BO JOTVMBUPS JO UIF $PVMPNC ESBH TFUVQ� *OEFFE
 PVU PG UIF TJYUFFO JOUFSMBZFS DPSSFMBUFE

��
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)LJXUH ����Rdrag
xx �Rdrag

xy � DQGRdrive
xx DV D IXQFWLRQ RI WRS DQG ERWWRP OD\HU ĆOOLQJ IDFWRU� :KHQ HDFK OD\HU IRUP LWV

RZQ ν = 0 TXDQWXP+DOO SODWHDX DURXQG FKDUJH QHXWUDO SRLQW� WKHPHDVXUHPHQW EHFRPH XQUHOLDEOH� 6R ν = 0 UH�
JLRQV RI HDFK OD\HU DUH FURVVHG RXW LQRdrag

xy SORW WR DYRLG FRQIXVLRQ� 7KH GDVKHG OLQHPDUNV WKH OLQHFXW SRVLWLRQ RI WKH

ODVW SDQHO� %RWWRP ULJKW SDQHO� OLQHFXW RI WZR�WHUPLQDO VRXUFH�GUDLQ FRQGXFWDQFHσSD �Rdrag,drive
xx DQGRdrag,drive

xy

DORQJ WKH GDVKHG OLQH VKRZQ LQ WKH FRORU SORWV�

��



TUBUFT
 UXP QBSUJDVMBS TUBUFT JO 'JH� ���
 TUBOE PVU XJUI FYDFQUJPOBM MBSHFRdrag
xx � 5IFZ DPSSFTQPOE UP

νtot = νtop + νbot = 0 CFUXFFO ୮ୢSTU FMFDUSPO -- PG POF MBZFS BOE ୮ୢSTU IPMF -- PG UIF PUIFS MBZFS�

5IJT TUSPOHRdrag
xx SFTQPOTF 	> 500kΩ
 JT BSF BCTFOU GPS BOZ PUIFS QBSU PG UIF EJBHSBN� 5BLJOH B

MJOFDVU BDSPTT B νtot = 0 TUBUF
 XF QMPU UIF UXP UFSNJOBM DPOEVDUBODF σSD
 MPOHJUVEJOBM SFTJTUBODF PG

CPUI MBZFST BOE )BMM SFTJTUBODF PG CPUI MBZFST� 5IF EJWFSHJOHRdrag
xx JT BDDPNQBOJFE CZ B JOTVMBUJOH

CFIBWJPS JO UIF ESJWF MBZFS 	Rdrive
xx > 1MΩ
 'JH� ���
 BT XFMM� 5IJT QPJOU JT GVSUIFS JMMVTUSBUFE CZ

UIF UXP�UFSNJOBM TPVSDF�ESBJO DPOEVDUBODF σSD 
 XIJDI WBOJTIFT OFBS νtot = 0� "DSPTT νtot = 0


)BMM SFTJTUBODFT PG CPUI MBZFSTRdrag
xy BOERdrive

xy DIBOHF TJHO� 5IJT JT TJNJMBS UP TJHO DIBOHF PG )BMM

SFTJTUBODF JO B TJOHMF HSBQIFOF MBZFS BDSPTT UIF DIBSHF OFVUSBM QPJOU� )PXFWFS
 XIFO JU CFIBWFT MJLF

BO JOTVMBUPS BU νtot = 0
 UIFSF BSF MBSHF OVNCFS PG DBSSJFST 	≈ 1.5 × 1011cm−2
 JO CPUI MBZFST�

#FDBVTF BMM UIF DBSSJFST BSF QBJSFE VQ CFUXFFO UXP MBZFST
 DBSSJFST JO POF MBZFS DBOOPU NPWF XJUIPVU

CFJOH BDDPNQBOJFE CZ UIF TBNF NPWFNFOU PG DPVQMFE DBSSJFST JO UIF PUIFS MBZFS� *O UIF $PVMPNC

ESBH NFBTVSFNFOU
 UIF ESBH MBZFS JT PQFO�DJSDVJU
 BOE UIVT UIF DBSSJFST JO UIF ESBH MBZFS BSF ୮ୢYFE� 5IF

DPNCJOBUJPO PG FYDJUPO GPSNBUJPO BOE DBSSJFS JNNPCJMJ[BUJPO JO UIF ESBH MBZFS DBVTFT UIF JOTVMBUJOH

CFIBWJPS JO UIJT QBSUJDVMBS NFBTVSFNFOU�

8IFO XF DMPTF UIF DJSDVJU PO UIF ESBH MBZFS
 USBOTQPSU QSPQFSUZ PG UIF FOUJSF TZTUFN DIBOHFT�

0XOJOH UP UIF JOUFSMBZFS DPSSFMBUJPO
 UIF CPVOEBSZ DPOEJUJPO JNQPTFE PO POF MBZFS B୭GFDUT USBOTQPSU

CFIBWJPS PG UIF PUIFS MBZFS BT XFMM� *O 'JH� ���
 UXP�UFSNJOBM SFTJTUBODF PG UIF ESJWF MBZFS JT NFBTVSFE

BDSPTT νtot = 0XJUI UXP EJ୭GFSFOU CPVOEBSZ DPOEJUJPOT PG UIF ESBH MBZFS� 5IF HSFFO USBDF JT TJNJMBS

UP UIF TFUVQ JO 'JH� ���
 BOE TIPXT B SFTJTUBODF QFBL BU νtot = 0XIFO UIF ESBH MBZFS JT PQFO�DJSDVJU�

)PXFWFS
 UIJT QFBL WBOJTIFT XIFO DVSSFOU JT BMMPXFE UP ୯୳PX GSFFMZ PO UIF ESBH MBZFS CZ DMPTJOH UIF

��
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)LJXUH ���� 7ZR WHUPLRQDO VRXUFH�GUDLQ UHVLVWDQFH RI WKH GULYH OD\HURSD DFURVV νtot = 0� 7KH VFKHPDWLF LQVHW
LOOXVWUDWH WKHPHDVXUHPHQWDO FRQĆJXUDWLRQ� 7KH JUHHQ WUDFH LV YROWDJH GUDJ VHWXSZLWK GUDJ OD\HU LQ RSHQ�FLUFXLW VHWXS�

ZKLOH WKH EOXH WUDFH VKRZVRSD ZKHQ GUDJ OD\HU FLUFXLW LV FORVHG�

DJSDVJU	CMVF USBDF
� 5IJT DVSSFOU JT DBSSJFE CZ UIF FYDJUPOT
 XIJDI TVQQPSU DVSSFOUT JO UIF PQQPTJUF

EJSFDUJPOT JO UIF UXP MBZFST� 5IF JOTVMBUPS UP NFUBM USBOTJUPO PG UIF ESJWF MBZFS
 DBVTFE CZ DIBOHF

PG UIF ESBH MBZFS CPVOEBSZ DPOEJUJPO
 SFBMMZ EFNPOTUSBUFT UIF JOUFSMBZFS DPSSFMBUFE OBUVSF PG UIF

νtot = 0 JOTVMBUJOH TUBUF�

��� 1঎ছএ঎ঌঝ ঌঞছছ঎গঝ ঍ছঊঐ

8F DBO BMTP NFBTVSF UIF JOEVDFE DVSSFOU PO UIF ESBH MBZFS JO UIJT DMPTFE�DJSDVJU TFUVQ� "QQMZJOH CJBT

WPMUBHFT PO UIF ESJWF MBZFS
 DVSSFOUT NFBTVSFE PO CPUI MBZFST BSF TIPXO JO 'JH� ���� 5IF ESJWF BOE

ESBH MBZFS DVSSFOUT BSF BMNPTU JEFOUJDBM VOUJM SFBDIJOH UIF IJHI CJBT SFHJNF� 5IF QFSGFDU DVSSFOU ESBH

	J�F� Idrag = Idrive
 IBT CFFO TIPXO CFGPSF JO $PSCJOP EPVCMF RVBOUVN XFMM TBNQMFT BU νtot =

1��� *O UIF QSFWJPVT νtot = 1 FYQFSJNFOUT
 CFDBVTF JU JT B DPSSFMBUFE RVBOUVN )BMM TUBUF
 $PSCJOP

��
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)LJXUH ���� /HIW� FXUUHQW LQ WKH GULYH DQG GUDJ OD\HU DV D IXQFWLRQ RI VRXUFH�GUDLQ YROWDJH DSSOLHG RQ WKH GULYH OD\HU�

7KH FXUUHQW LQ GULYH DQG GUDJ OD\HUV �RUDQJH DQG EOXH FXUYH� DUH DOPRVW LGHQWLFDO LQ WKH ORZ ELDV UHJLPH� 5LJKW� UDWLR

EHWZHHQ GUDJ OD\HU FXUUHQW DQG GULYH OD\HU FXUUHQW DV D IXQFWLRQ RI WHPSHUDWXUH�

HFPNFUSZ JT OFFEFE GPS FMJNJOBUJOH FEHF USBOTQPSU� "OE UIF ESBH DVSSFOU TUBSUT UP EFWJBUF GSPN UIF

ESJWF DVSSFOU BU WFSZ TNBMM CJBT DVSSFOU BSPVOE ���O"� *O DPOUSBTU
 GPS νtot = 0
 UIF ESBH DVSSFOU XF

NFBTVSF NBJOUBJOT BCPWF ��ॎ PG UIF ESJWF DVSSFOU XJUI CJBT DVSSFOUT BT IJHI BT ���O"� 5IF QFSGFDU

DVSSFOU ESBH JT BMTP SPCVTU BHBJOTU UIFSNBM FYDJUBUJPO� 3BUJP CFUXFFO UIF ESBH BOE UIF ESJWF DVSSFOU

Idrag/Idrive SFNBJOT ≈ 90% BU ��,� 5IJT SPCVTUOFTT BHBJOTU UFNQFSBUVSF BOE CJBT DVSSFOU DBO

GBDJMJUBUF TQFDJ୮ୢD EFWJDF BQQMJDBUJPOT
 TVDI BT ��� HSPVOE�JTPMBUJOH USBOTGPSNFST� 6TVBMMZ USBOTGPSNFST

SFRVJSF MBSHF DPJMT BOE GFSSPNBHOFUJD NBUFSJBMT
 UIVT IBSE UP NJOJBUVSJ[F� 0VS EFWJDFT
 PO UIF PUIFS

IBOE
 DBO CF NJDSPOT JO TJ[F BOE GVODUJPOT VOEFS #��5 BOE 5��,� *U BMTP TVHHFTUT TJNJMBS TUBUF DBO

CF GPSNFE CFUXFFO UXP ୯୳BUCBOE NBUFSJBMT
 TVDI BT UXJTUFE CJMBZFS HSBQIFOF
 XJUIPVU UIF BQQMJDBUJPO

PG B NBHOFUJD ୮ୢFME�
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)LJXUH ���� /HIW� FRXQWHUćRZ+DOO UHVLVWDQFHPHDVXUHG RQ WKH ERWWRP OD\HU� ,W YDQLVKHV DURXQG WKH νtot = 0 VWDWH
�ZKLWH FRORU�� 'DVKHG OLQHPDUNV ZKHUH WKH OLQHFXW RI ULJKW SDQHO LV WDNHQ� ,QVHW� LOOXVWUDWLRQ RI FXUUHQW ćRZ LQ FRXQ�

WHUćRZPHDVXUHPHQW� 5LJKW� OLQHFXW RI FRXQWHUćRZ UHVLVWDQFH LQ WKH +DOO GLUHFWLRQ RQ WKH ERWWRP OD\HU DQG LQ WKH

ORQJLWXGLQDO GLUHFWLRQ RQ ERWK OD\HUV�

��� $ঘঞগঝ঎ছএকঘঠ

$PVOUFS୯୳PX NFBTVSFNFOUT IBWF CFFO VUJMJ[FE JO UIF TUVEZ PG νtot = 1 TUBUF UP TIPX UIF TVQFS୯୳VJE

OBUVSF PG UIF FYDJUPO ୯୳PX� *O DPVOUFS୯୳PX NFBTVSFNFOUT PG νtot = 0	'JH� ���

 DVSSFOU JT ESJWFO PO

CPUI PG UIF MBZFST� 5IF EJSFDUJPO PG FMFDUSJDBM DVSSFOU JT PQQPTJUF JO UIF UXP MBZFST
 TP UIBU UIFZ DBO

CF DBSSJFS CZ FYDJUPOT XJUI PQQPTJUF DIBSHFT ± e� 7PMUBHF ESPQT JO CPUI MPOHJUVEJOBM BOE USBOTWFSTF

EJSFDUJPO JO B FJUIFS UPQ PS CPUUPN MBZFS BSF NFBTVSFE� 5IF DPVOUFS୯୳PX NFBTVSFNFOU JT NPSF EJG�

୮ୢDVMU JO νtot = 0 UIBO νtot = 1 TUBUF
 EVF UP UIF BCTFOU PG FEHF TUBUFT� *O νtot = 1
 JG UIF DVSSFOU

JOKFDUJPO QPJOUT PO UIF UXP MBZFST BSF BU EJ୭GFSFOU QPTJUJPOT
 DVSSFOU JO CFUXFFO JOKFDUJPO QPJOUT DBO

TUJMM QSPQBHBUF PO UIF FEHF� "T WPMUBHF JT POMZ QSPCFE JO UIF DIBOOFM
 DVSSFOU QBUI EJ୭GFSFODF PVU�

TJEF UIF DIBOOFM XJMM OPU B୭GFDU UIF DPVOUFS୯୳PX NFBTVSFNFOU� )PXFWFS
 GPS νtot = 0
 XF OFFE UP

��



NBLF TVSF UIF DVSSFOU QBUI PG CPUI MBZFST DPNQMFUFMZ PWFSMBQ� 0UIFSXJTF
 XIFSF UXP DVSSFOU QBUIT

EP OPU PWFSMPQ
 DVSSFOU JT POMZ ୯୳PXJOH JO POF PG UIF MBZFST BOE XJMM CF TUPQQFE CZ UIF FYDJUPO JO�

TVMBUPS QIBTF� 5P BWPJE UIJT QSPCMFN
 UIF MFBET VTFE GPS DVSSFOU JOKFDUJPO PO CPUI HSBQIFOF MBZFST

DPNQMFUFMZ PWFSMBQ VOUJM UIFZ SFBDI UIF IFBWJMZ EPQFE QBSUT PG UIF MFBET
 XIFSF UIF FYDJUPO JOTVMBUPS

QIBTF OP MPOHFS FYJTUT 	DPSOFS MFBET JO 'JH� ���
� 4JNJMBS DPOTJEFSBUJPO XBT BMTP UBLFO GPS UIF QFSGFDU

DVSSFOU ESBH NFBTVSFNFOUT�

5IF NFBTVSFE DPVOUFS୯୳PX )BMM SFTJTUBODF PO UIF CPUUPN MBZFS JT TIPXO JO 'JH� ���� *O NPTU QBSU

PG UIF QMPU
 UIF DPVOUFS୯୳PX )BMM SFTJTUBODFRCF
xy NBJOMZ EFQFOE PO UIF CPUUPN MBZFS ୮ୢMMJOH GBDUPS

BOERCF
xy > 25.8kΩ� )PXFWFS
 BU UIF νtot = 0
 UIF DPVOUFS୯୳PX )BMM SFTJTUBODF WBOJTIFT 	XIJUF

DPMPSFE BSFB JO 'JH� ��� MFG୴
� 5IF [FSP )BMM WPMUBHF JT EVF UP UIBU DVSSFOU JT POMZ DBSSJFE CZ FYDJUPOT


XIJDI JT DIBSHF OFVUSBM BOE FYQFSJFODF OP -PSFOU[ GPSDF� " MJOFDVU BDSPTT νtot = 0 TUBUF 	EBTIFE

MJOF JO 'JH� ��� MFG୴
 BMTP SFWFBMT WBOJTIJOH )BMM SFTJTUBODF BU νtot = 0� )PXFWFS
 UIF CFIBWJPS PG

MPOHJUVEJOBM DPVOUFS୯୳PX SFTJTUBODF JT JOUSJHVJOH
 BT JU BQQFBST UP DIBOHF TJHO BDSPTT νtot = 0� "U

νtot = 0
 UIF MPOHJUVEJOBM DPVOUFS୯୳PX SFTJTUBODF JT DMPTF UP [FSP� 5IF SFBTPO PG UIF TJHO DIBOHF JT

TUJMM VODMFBS�

��� 1঑ঊজ঎ ঍঒ঊঐছঊখ

*U JT JOUFSFTUJOH UP TFF IPX UIF JOTVMBUJOH CFIBWJPS HPFT BXBZ BT UFNQFSBUVSF BOE CJBT WPMUBHF JO�

DSFBTF� *U JT VODMFBS XIFUIFS JU TIPVME CF B TIBSQ USBOTJUPO GSPN FYDJUPO JOTVMBUPS UP BO VODPSSFMBUFE

NFUBM
 PS JU XJMM EJTQMBZ BO BDUJWBUJPO CFIBWJPS BT TFFO JO PUIFS JOTVMBUPST� *O 'JH� ���
 JU BQQFBST UIBU

��
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)LJXUH ���� /HIW� FRQGXFWDQFH RI WKH GULYH OD\HU DV D IXQFWLRQ RI PDJQHWLF ĆHOG DQG WHPSHUDWXUH LQ WKH VPDOO ELDV OLPLW

ZLWK &RXORPE GUDJ VHWXS� 5LJKW� VDPH LQIRUPDWLRQ DV OHIW SDQHO� EXW SORWWLQJ WKH FRQGXFWDQFH DV D IXQFWLRQ RI WHPSHUD�

WXUH DW D IHZPDJQHWLF ĆHOG YDOXHV�

JO UIF MPX NBHOFUJD ୮ୢFMET
 UIF USBOTJUJPO JT SBUIFS TNPPUI BOE SFTFNCMFT UIBU PG UIFSNBM BDUJWBUJPOT


XIJMF JO UIF IJHI ୮ୢFME SFHJNF
 UIF USBOTJUPO JT TIBSQ� "U UIF TBNF UJNF
 UIF PWFSBMM UFNQFSBUVSF TDBMF

୮ୢSTU JODSFBTFT XJUI NBHOFUJD ୮ୢFME BOE UIFO EFDSFBTFT JO UIF IJHI ୮ୢFME MJNJU� 5IJT CFIBWJPS NJHIU CF

MJOLFE UP B QIFOPNFOPO DBMMFE #&$ୖ#$4 DSPTTPWFS� *O UIF OFYU DIBQUFS XF BSF HPJOH UP UBLF B DMPTFS

MPPL BU UIF TVQFS୯୳VJE QIBTF USBOTJUPO PG νtot = 1 TUBUF UP EFDJQIFS UIF F୭GFDU PG NBHOFUJD ୮ୢFME PO UIF

FYDJUPO DPOEFOTBUF QIBTF USBOTJUPO� *O 'JH� ���
 XF DBO TFF UIBU UIF FYDJUPO JOTVMBUJOH TUBUF QFSTJTUT UP

SBUIFS IJHI CJBT WPMUBHFT�

��
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)LJXUH ���� /HIW� GULYH OD\HU FXUUHQW DV D IXQFWLRQ RI VRXUFH�GUDLQ ELDV DQG JDWH YROWDJHV DFURVV νtot = 0 VWDWH DW % ��7
DQG 7 ���. LQ WKH &RXORPE GUDJ VHWXS� 5LJKW� G,�G9 SORW RI WKH GDWD RQ WKH OHIW SDQHO�

��



5
#&$ୖ#$4 DSPTTPWFS

%VF UP 1BVMJ FYDMVTJPO QSJODJQMF
 GFSNJPOT CZ UIFNTFMWFT DBO OPU GPSN B DPOEFOTBUF� *O GFSNJPOJD

TZTUFNT
 TVQFSDPOEVDUJWJUZ BOE TVQFS୯୳VJEJUZ BSF FOBCMFE UISPVHI QBJSJOH PG GFSNJPOJD QBSUJDMFT

JOUP CPTPOT
 BOE UIF DPOEFOTBUJPO PG UIFTF GFSNJPO QBJST� 8IFO UIF BUUSBDUJWF JOUFSBDUJPO JT TUSPOH


UJHIUMZ CPVOE GFSNJPO QBJST CFIBWF MJLF EJBUPNJD NPMFDVMFT
 GPSNJOH #PTF�&JOTUFJO DPOEFOTBUF

	#&$
 BU MPX UFNQFSBUVSFT� 0QQPTJUFMZ
 BU [FSP DPVQMJOH
 CPUI MBZFST TUBZ BT VODPSSFMBUFE 'FSNJ MJR�

��



VJET� 8IFO B BSCJUSBSJMZ XFBL DPVQMJOH JT JOUSPEVDFE
 JU FTUBCMJTIFT #$4 DPOEFOTBUF PG DPPQFS QBJST


XIJDI BSF EZOBNJDBMMZ DPVQMFE JO UIF NPNFOUVN TQBDF� *O UIJT DIBQUFS
 XF EJTDVTT UIF DSPTTPWFS

CFUXFFO B #&$�MJLF DPOEFOTBUJPO BOE B #$4�MJLF DPOEFOTBUJPO PG JOUFSMBZFS FYDJUPOT ��
��
 UISPVHI

DPOUJOVPVTMZ UVOJOH UIF DPVQMJOH TUSFOHUI CZ DIBOHJOH UIF F୭GFDUJWF JOUFSMBZFS TFQBSBUJPO d/lB �

8IFO UIF DPVQMJOH JT TUSPOH 	d/lB ≪ 1

 UIF #&$ OBUVSF PG UIF DPOEFOTBUF JT FWJEFOU GSPN UIF

BDUJWBUFE QIBTF BCPWF DPOEFOTBUJPO UFNQFSBUVSF
 XIFSF FMFDUSPOT BOE IPMFT BSF QBJSFE CVU OPU DPO�

EFOTFE� 5IJT QIBTF JT NBOJGFTUFE CZ HSBEVBMMZ JODSFBTJOH SFTJTUBODF XJUI JODSFBTJOH UFNQFSBUVSF


XIJDI JT HPWFSOFE CZ UIFSNBM BDUJWBUJPO� "T F୭GFDUJWF MBZFS TFQBSBUJPO d/lB JODSFBTF
 UIF JOUFSMBZFS

DPVQMJOH XFBLFOT
 BOE UIF HSBEVBM SFTJTUBODF JODSFBTF UVSOT JOUP B TIBSQ TVQFS୯୳VJE USBOTJUJPO� 5IJT

TIBSQ USBOTJUJPO JOEJDBUFT FYDJUPOT GPSN BOE DPOEFOTBUF TJNVMUBOFPVTMZ BT QSFEJDUFE CZ #$4 UIFPSZ�

#FSF[JOTLJJ�,PTUFSMJU[�5IPVMFTT 	#,5
 USBOTJUJPO JT JEFOUJ୮ୢFE JO UIF #$4 SFHJNF BOE XF GPVOE UIF

DSJUJDBM UFNQFSBUVSF EFDSFBTFT BT UIF JOUFSMBZFS DPVQMJOH XFBLFOT�

��� *গঝছঘ঍ঞঌঝ঒ঘগ ঝঘ #&$ୖ#$4 ঌছঘজজঘট঎ছ ঊগ঍ #,5 ঝছঊগজ঒ঝ঒ঘগ

5IFSF BSF UXP QSPNJOFOU UZQFT PG GFSNJPOJD DPOEFOTBUFT� #&$ BOE #$4� 5IF OBUVSF PG B GFSNJPOJD

DPOEFOTBUF JT HPWFSOFE CZ UIF DPNQFUJUJPO CFUXFFO DPVQMJOH TUSFOHUI BOE QBSUJDMF EFOTJUZ ��
���

8IFO UIF DPVQMJOH JT TUSPOH BOE EFOTJUZ JT MPX
 UIF TJ[F PG UIF CPVOE TUBUFT JT NVDI TNBMMFS UIBO

JOUFS�QBSUJDMF TFQBSBUJPO� 5IVT UIF GFSNJPO QBJST BSF EJMVUF BOE DBO CF USFBUFE BT DPNQPTJUF CPTPO

QBSUJDMFT
 XIJDI GPSNT B #&$ UZQF PG DPOEFOTBUF VOEFS TVJUBCMF DPOEJUJPOT� "T UIF EFOTJUZ JODSFBTFT


GFSNJPO QBJST TUBSU UP PWFSMBQ XJUI FBDI PUIFS PODF UIF JOUFS�QBJS EJTUBODF JT DPNQBSBCMF XJUI UIF

��



TJ[F PG UIF CPVOE TUBUF JUTFMG� 3FBM TQBDF GFSNJPO QBJST CSFBL BQBSU XIFO UIF PWFSMBQ CFUXFFO EJG�

GFSFOU QBJST BSF TJHOJ୮ୢDBOU� *O UIJT IJHI EFOTJUZ SFHJNF
 UIF DPVQMJOH TUSFOHUI JT TNBMM DPNQBSJOH

XJUI 'FSNJ FOFSHZ
 EVF UP UIF TDSFFOJOH F୭GFDU� 5IFSFGPSF 'FSNJ MJRVJE CFIBWJPS JT SFTUPSFE� )PX�

FWFS
 BU MPX FOPVHI UFNQFSBUVSFT
 UIF XFBL BUUSBDUJPO CFUXFFO 'FSNJ TVSGBDFT JOEVDF 'FSNJ TVSGBDF

JOTUBCMJUZ� 5IJT 'FSNJ TVSGBDF JOTUBCJMJUZ DBVTFT B TNBMM GSBDUJPO PG GFSNJPOT OFBS 'FSNJ TVSGBDF UP

GPSN DPPQFS QBJST BOE FTUBCMJTI B #$4 DPOEFOTBUF� 5IF DPPQFS QBJS JO B FYDJUPO TZTUFN DPNQPTF

PG BO FMFDUSPO BOE B IPMF
 JOTUFBE PG UXP FMFDUSPOT JO B TVQFSDPOEVDUPS� " QSPNJOFOU TJHOBUVSF PG

#$4 DPOEFOTBUFT JT UIBU DPPQFS QBJST GPSN BOE DPOEFOTBUF TJNVMUBOFPVTMZ BU UIF TBNF UFNQFSBUVSF�

"CPWF UIJT DSJUJDBM UFNQFSBUVSF
 OPU POMZ UIFSF JT OP TVQFS୯୳VJEJUZ
 UIF DPPQFS QBJST UIFNTFMWFT BMTP

EP OPU FYJTU� *O UIJT IJHI UFNQFSBUVSF SFHJNF PG UIF #$4 MJNJU
 UIF TZTUFN SFDPWFST 'FSNJ MJRVJE CF�

IBWJPST� 5IF DSPTTPWFS CFUXFFO #&$ BOE #$4 JT BO JEFB IJHIMZ SFMFWBOU UP NBOZ CSBODIFT PG QIZTJDT


JODMVEJOH DPME BUPN QIZTJDT��
��
��
��
��
 OVDMFBS QIZTJDT��
 QBSUJDMF QIZTJDT�� BOE FTQFDJBMMZ DPO�

EFOTFE NBUUFS QIZTJDT��
��
��
��
��
��� :FU JU IBT POMZ CFFO DPOWJODJOHMZ TIPXO JO DPME GFSNJPO HBTFT

BU∼O, UFNQFSBUVSFT��
��
��
��
��� %FTQJUF NBOZ UZQFT PG TVQFS୯୳VJEJUZ CFJOH UIF DPSF PG DPOEFOTFE

NBUUFS QIZTJDT
 EJSFDU NBOJGFTU PG #&$ୖ#$4 DSPTTPWFS JO B DPOEFOTFE NBUUFS TZTUFN IBWF OPU CFFO

PCTFSWFE� $POWFOUJPOBM TVQFSDPOEVDUPST BSF JO UIF #$4 MJNJU XJUI FYUSFNFMZ XFBL DPVQMJOH� *O DPO�

USBTU
 UIF DPVQMJOH JO IJHI 5D TVQFSDPOEVDUPST JT NVDI TUSPOHFS� 5IVT JU TIPVME CF TJUVBUFE UPXBSET

UIF #&$ MJNJU BOE QBJST NBZ GPSN CFGPSF DPOEFOTBUJPO� 5IJT #&$�MJLF DPOEFOTBUJPO JT B QSPQPTFE

TDFOBSJP GPS UIF QTFVEP�HBQ QIBTF BCPWF TVQFSDPOEVDUJOH USBOTJUJPO UFNQFSBUVSFT JO VOEFS�EPQFE

IJHI�5D TBNQMFT��
��
��� *O UIF QTFVEP�HBQ QIBTF
 BMUIPVHI UIF NBUFSJBMT EP OPU TVQFSDPOEVDUPS
 JU

TIPXT B TPG୴ HBQ BSPVOE UIF 'FSNJ FOFSHZ
 XIJDI DPVME CF EVF UP UIF QSF�GPSNBUJPO PG DPPQFS QBJST�

��



)PXFWFS
 UIJT JOUFSQSFUBUJPO JT TUJMM VOEFS EFCBUF� .BQQJOH PVU UIF QIBTF EJBHSBN DPOUJOVPVTMZ

BDSPTT #&$ BOE #$4 MJNJUT NBZ IFMQ VT BDIJFWF CFUUFS VOEFSTUBOEJOH PG PUIFS TVQFS୯୳VJE TZTUFNT BT

XFMM�

*O PSEFS UP SFBMJ[F #&$ୖ#$4 DSPTTPWFS
 XF OFFE UP CF BCMF UP UVOF UIF DPVQMJOH TUSFOHUI CZ DIBOH�

JOH UIF JOUFSBDUJPO TUSFOHUI PS QBSUJDMF EFOTJUZ� 5IJT JT WFSZ EJ୭୮ୢDVMU JO USBEJUJPOBM �% TVQFSDPOEVD�

UPST PS TVQFS୯୳VJET
 CVU JT SFMBUJWFMZ FBTZ JO B �% TZTUFN� 0OF DBOEJEBUF PG SFBMJ[JOH UIF #&$ୖ#$4

DSPTTPWFS JT UIF JOUFSMBZFS FYDJUPO DPOEFOTBUJPO ��
��� 5IF VOJRVFOFTT PG JOUFSMBZFS FYDJUPO DPOEFO�

TBUJPO JT UIBU JU JT B IJHIMZ UVOBCMF TZTUFN� *O B EPVCMF�MBZFS TZTUFN
 CPUI QBSUJDMF EFOTJUZ BOE JO�

UFSMBZFS JOUFSBDUJPO TUSFOHUI DBO CF DPOUSPMMFE CZ HBUFT BOE JOUFSMBZFS TFQFSBUJPO
 SFTQFDUJWFMZ� #Z

UVOJOH UIF FYDJUPO EFOTJUZ
 CPUI #&$ BOE #$4 SFHJNF DBO CF BDDFTTFE ��
��
��
��� 8IFO UIF JOUFSMBZFS

FYDJUPO EJTUBODF 	∼ n−1/2
 XIFSF n JT UIF FYDJUPO EFOTJUZ
 JT NVDI MBSHFS UIBO #PIS SBEJVT PG BO

JOEJWJEVBM FYDJUPO
 FYDJUPOT BSF TQBUJBMMZ QBJSFE 	'JH� ���
 BOE JOTUJUVUF BO FYDJUPO HBT QIBTF BCPWF UIF

DPOEFOTBUJPO UFNQFSBUVSF� )FSF
 UIF JOUFSMBZFS DPSSFMBUJPO QFSTJTUT BCPWF UIF TVQFS୯୳VJE USBOTJUJPO

UFNQFSBUVSF BOE POMZ TMPXMZ EFDMJOFT BT UIFSNBM BDUJWBUJPO CSFBLT VQ FYDJUPOT� *O UIF PQQPTJUF IJHI

EFOTJUZ MJNJU
 QBJSJOH CFUXFFO B TNBMM GSBDUJPO PG FMFDUSPOT BOE IPMFT PDDVST JO UIF NPNFOUVN TQBDF

	'JH� ���
 CFMPX B DSJUJDBM UFNQFSBUVSF
 BOE WBOJTIFT BCPWF� "T QBSUJDMF EFOTJUZ JODSFBTFT
 UIF DPOEFO�

TBUJPO UFNQFSBUVSF HPFT VQ JO UIF #&$ MJNJU EVF UP IJHIFS EFHFOFSBDZ 	TC ∝ n

 BOE ESPQT EPXO

JO UIF #$4 MJNJU EVF UP EJNJOJTIJOH JOUFSMBZFS DPVQMJOH� 5IFSFGPSF UIF IJHIFTU TVQFS୯୳VJE USBOTJUJPO

UFNQFSBUVSF JT VTVBMMZ FYQFDUFE JO UIF DSPTTPWFS SFHJNF ��
���

'PS UIF DBTF PG FYDJUPO DPOEFOTBUJPO VOEFS NBHOFUJD ୮ୢFME
 UIF EFUBJMFE EFTDSJQUJPO JT EJ୭GFSFOU


XIJMF UIF TQJSJU PG #&$ୖ#$4 DSPTTPWFS DBSSJFT PWFS� 6OEFS NBHOFUJD ୮ୢFMET
 JU JT IBSE UP EF୮ୢOF UIF FY�

��
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)LJXUH ���� 7RS� LOOXVWUDWLRQ RI LQWHUOD\HU H[FLWRQ SKDVH GLDJUDP� neh LV WKH GHQVLW\ RI HOHFWURQ�KROH SDLUV� %RWWRP�

HOHFWURQ�KROH SDLULQJ LQ WKH %(& DQG WH %&6 UHJLPH� ,Q %(&� DOO HOHFWURQV DQG KROHV IRUP UHDO VSDFH SDLUV� ZKLOH LQ WKH

%&6 UHJLPH� D VPDOO IUDFWLRQ RI HOHFWURQV DQG KROHV SDLU XS LQPRPHQWXP VSDFH�

��



T < T T > TBKT BKT

)LJXUH ���� ,OOXVWUDWLRQ RI %.7 WUDQVLWRQ� 7KH DUURZV UHSUHVHQW RUGHU SDUDPHWHU RI ;<PRGHO� ZKLFK FDQ EH VSLQ GLUHF�

WLRQ RU VXSHUćXLG SKDVH� :KHQT > TBKT � YRUWH[ DQG DQWL�YRUWH[ �ZKLWH FLUFOHV ZLWK DUURZ� DUH IUHH WRPRYH� ZKLOH

WKH\ DUH ERXQG LQWR SDLUV �ZKLWH GDVKHG OLQH� EHORZ %.7 WHPSHUDWXUH�

DJUPO #PIS SBEJVT� 4P UIF QBSBNFUFS DPOUSPMMJOH DPVQMJOH TUSFOHUI JT d/lB 
 XIJDI TFUT SBUJP CFUXFFO

JOUFSMBZFS $PVMPNC JOUFSBDUJPO BOE JOOFSMBZFS $PVMPNC JOUFSBDUJPO ��� 8IFO d/lB JT TNBMM
 UIF UXP

MBZFST BSF TUSPOHMZ DPVQMFE UP GPSN B #&$� "T d/lB JODSFBTFT
 UIF JOUFSMBZFS JOUFSBDUJPO XFBLFOT CZ

TDSFFOJOH BOE UIF DPOEFOTBUF DSPTTPWFS UP B #$4 UZQF� "MUIPVHI νtot = 1 TVQFS୯୳VJE TUBUF IBT CFFO

PCTFSWFE
 JU IBT POMZ CF TUBCJMJ[FE JO WFSZ TNBMM d/lB XJOEPX
 ��
��
��
��
��
��
��� *O UIJT DIBQUFS
 VTJOH

HSBQIFOF EPVCMF�MBZFS EFWJDFT XJUI EVBM HSBQIJUF HBUFT ��
 XF BSF BCMF UP SFBMJ[F FYDJUPO DPOEFOTBUJPO

PWFS B MBSHF SBOHF PG NBHOFUJD ୮ୢFMET 	GSPN �5 UP ��5
 BOE DPSSFTQPOEJOH d/lB SBUJPT 	GSPN ��� UP

����
�

"OPUIFS SFMFWBOU QIFOPNFOB BTTPDJBUFE XJUI FYDJUPO DPOEFOTBUF QIBTF USBOTJUJPO JT UIF #,5

USBOTJUJPO� *O �%
 QIBTF USBOTJUJPOT PDDVS XIFO UIF PSEFS QBSBNFUFS ESPQT UP [FSP BU UIF NFBO ୮ୢFME

USBOTJUJPO UFNQFSBUVSF� )PXFWFS
 JO B �% 9: NPEFM
 CFMPX UIF NFBO ୮ୢFME USBOTJUJPO UFNQFSBUVSF

XIFO UIF PSEFS QBSBNFUFS JT TUJMM ୮ୢOJUF
 UIF TZTUFN DBO IBWF UPQPMPHJDBM FYDJUBUJPOT XIFSF UIF UIF

��



PSEFS QBSBNFUFS
 TVDI BT QTFVEP�TQJO EJSFDUJPOT PS TVQF୯୳VJE QIBTFT XJOE BSPVOE B QPJOU UP GPSN

B WPSUFY 	'JH� ���
� 5IF QIBTF XJOEJOH DBO CF NVMUJQMFT PG 2π 	WPSUFY
 PS − 2π 	BOUJ�WPSUFY
� #F�

DBVTF UIF FOFSHZ PG DSFBUJOH B WPSUFY JT πρSln(R/a) 	ρS JT QIBTF TUJ୭GOFTT
 DIBSBDUFSJ[JOH FOFSHZ

DPTU PG QIBTF HSBEJFOUT
 B JT UIF TJ[F PG UIF WPSUFY DPSF
 3 JT UIF TJ[F PG UIF TBNQMF

 TUBOE BMPOF WPS�

UFYFT DBO OPU CF ୮ୢOE BU [FSP UFNQFSBUVSF JO B WFSZ MBSHF TBNQMF
 BT UIF FOFSHZ DPTU EJWFSHFT XJUI

UIF TBNQMF TJ[F� )PXFWFS
 BT UIF UFNQFSBUVSF JODSFBTF
 UIF TZTUFN HBJOT GSFF FOFSHZ GSPN FOUSPQZ

XIJDI JT − 2kBT ln(R/a)� 5IJT FOUSPQZ DPNFT GSPN UIF MBSHF OVNCFS PG QPTTJCMF MPDBUJPOT GPS UIF

WPSUFYFT� 4P XF DBO EF୮ୢOF B OFX QIBTF USBOTJUJPO UFNQFSBUVSF DBMMFE #,5 USBOTJUJPO UFNQFSBUVSF

TBKT = πρS/2kB 
 XIFSF UIF UPUBM GSFF FOFSHZ GPS B WPSUFY JT [FSP� #FMPX #,5 UFNQFSBUVSF JO B

JO୮ୢOJUF MBSHF TBNQMF
 TUBOE BMPOF WPSUFY DBO OPU FYJTU EVF UP UIF EJWFSHJOH FOFSHZ DPTU� :FU
 WPSUFY

BOE BOUJ�WPSUFY QBJST DBO FNFSHF
 XIJDI DPTU ୮ୢOJUF FOFSHZ UP DSFBUF BOE DBVTF UIF MPOH SBOHF DPSSFMB�

UJPO GVODUJPO UP EFDBZ XJUI B QPXFS MBX� 0O UIF PUIFS IBOE
 BCPWF UIF #,5 USBOTJUJPO UFNQFSBUVSF


WPSUFYFT BOE BOUJ�WPSUFYFT XJMM QSPMJGFSBUF
 UPUBMMZ EFTUSPZJOH BOZ MPOH�SBOHF DPSSFMBUJPO BOE CSJOH

UIF TZTUFN CBDL UP OPSNBM QIBTFT�

��� #&$ୖ#$4 ঌছঘজজঘট঎ছ ঘএ νtot = − 1

"T NFOUJPOFE JO $IBQUFS �
 νtot = 1 JT B DPVOUFS୯୳PX TVQFS୯୳VJE� #Z NFBTVSJOH IPX UIJT DPVOUFS�

୯୳PX SFTJTUBDF DIBOHF XJUI UFNQFSBUVSF
 XF DBO VOEFSTUBOE UIF TVQFS୯୳VJE QIBTF USBOTJUJPO� )FSF

XF GPDVT PVS TUVEZ PO UIF νtot = − 1 TUBUF JO NPOPMBZFS HSBQIFOF EPVCMF�MBZFST� *O NPOPMBZFS

HSBQIFOF EPVCMF�MBZFST
 νtot = 1 BOE νtot = − 1 BSF QSBDUJDBMMZ UIF TBNF EVF UP FMFDUSPO�IPMF

��
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)LJXUH ���� &RXQWHUćRZ UHVLVWDQFH RI νtot = − 1 XQGHU GLIIHUHQW PDJQHWLF ĆHOGV LQ ERWK ORQJLWXGLQDO DQG WUDQVYHUVH
GLUHFWLRQV� ,QVHW� VFKHPDWLF IRU WKH FRXQWHUćRZPHDVXUHPHQW VHWXS� 7KH JROGHQ EORFNV GHQRWH HOHFWULFDO FRQWDFWV DQG

WKH DUURZV LQGLFDWH FXUUHQW ćRZ LQ HDFK OD\HU�

��



B(T)

T(
K

)

 

 

0 5 10 15 20 25
0

4

8

12

16

20

0

10

20

)LJXUH ����0DS RI ORQJLWXGLQDO FRXQWHUćRZ UHVLVWDQFH DV D IXQFWLRQ RI PDJQHWLF ĆHOG DQG WHPSHUDWXUH� 7KH ORZ UHVLV�

WDQFH UHJLRQ IRUPV D GRPH VKDSHZKLFK SHDNV DURXQG ��7�
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TZNNFUSZ
 UIF DIPJDF PG νtot = − 1 JT TJNQMZ EVF UP B CFUUFS DPOUBDU QFSGFSNBODF PO UIF IPMF

TJEF� 8F VUJMJ[F DPVOUFS୯୳PX NFBTVSFNFOU UP EJSFDU QSPCF EJTTJQBUJPO PG FYDJUPO USBOTQPSU	XJUI DP�

QSPQBHBUJOH FMFDUSPOT BOE IPMFT HFOFSBUJOH PQQPTJUF DVSSFOUT JO UIF UXP MBZFST
� $VSSFOU JT ESJWFO PO

UIF UXP MBZFST JO UIF PQQPTJUF EJSFDUJPOT BOE WPMUBHF ESPQT JO POF PG UIF MBZFST BSF NFBTVSFE 	'JH� ���

JOTFU
� 5IF CBTF UFNQFSBUVSF SFTJTUBODF WBOJTIFT GPS BMM NBHOFUJD ୮ୢFMET CFUXFFO ����5
 JOEJDBUJOH FY�

DJUPO DPOEFOTBUJPO BU UIF MPXFTU FYQFSJNFOUBM UFNQFSBUVSFT ��
��
��� )PXFWFS
 UIF ୮ୢOJUF UFNQFSBUVSF

CFIBWJPST BSF ESBTUJDBMMZ EJ୭GFSFOU GPS EJ୭GFSFOU NBHOFUJD ୮ୢFME SFHJNFT� 6OEFS MPX NBHOFUJD ୮ୢFMET


BT UFNQFSBUVSF JODSFBTF
 SFTJTUBODF SJTFT HSBEVBMMZ 	'JH� ���
� *O DPOUSBTU
 VOEFS IJHI NBHOFUJD ୮ୢFMET


UIFSF JT B TIBSQ KVNQ JO SFTJTUBODF
 TJNJMBS UP B TVQFSDPOEVDUJOH USBOTJUJPO� 5IJT DBO BMTP CF TFFO

JO UIF �% NBQ PG DPVOUFS୯୳PX SFTJTUBODF 	'JH� ���

 XIFSF UIF USBOTJUJPO XJUI UFNQFSBUVSF CFDPNFT

JODSFBTJOHMZ TIBSQFS BU IJHIFS NBHOFUJD ୮ୢFMET� 8F BMTP OPUF UIBU UIF MPX SFTJTUBODF BSFB 	CMVF DPMPS

BSFB JO 'JH� ���
 TIBQFT MJLF B EPNF
 JOEJDBUJOH UIF USBOTJUJPO UFNQFSBUVSF ୮ୢSTU JODSFBTF BOE UIFO EF�

DSFBTF XJUI NBHOFUJD ୮ୢFME� 5IJT CFIBWJPS BQQFBST WFSZ TJNJMBS UP UIF JMMVTUSBUJPO PG 'JH� ���� "OPUIFS

JOUFSFTUJOH PCTFSWBUJPO JT UIBU UIF MPOHJUVEJOBM DPVOUFS୯୳PX SFTJTUBODF CFIBWFT WFSZ TJNJMBS UP UIF

DPVOUFS୯୳PX )BMM SFTJTUBDOF 	'JH� ���
�

8F GPVOE UIFTF PCTFSWBUJPOT BHSFF XFMM XJUI UIF HFOFSJD #&$ୖ#$4 DSPTTPWFS EFTDSJQUJPO PG FY�

DJUPOT� "U MPX NBHOFUJD ୮ୢFMET
 UIF HSBEVBM SFTJTUBODF JODSFBTF DBO CF BUUSJCVUFE UP UIF QFSTJTUFODF

PG FYDJUPO QBJSJOH BCPWF UIF TVQFS୯୳VJE USBOTJUJPO UFNQFSBUVSF ��
��� &WFO OPU DPOEFOTBUFE
 FYDJ�

UPOT BT DIBSHF OFVUSBM QBSUJDMFT
 EP OPU FYQFSJFODF -PSFOU[ GPSDF BOE BSF MFTT QSPOF UP CF TDBUUFSFE

CZ DIBSHFE JNQVSJUJFT� 5IF BCTFODF PG -PSFOU[ GPSDF OBUVSBMMZ MFBE UP [FSP )BMM SFTJTUBODF XJUI�

PVU SFRVJSJOH DPOEFOTBUJPO PG FYDJUPOT� 5IF MPOHJUVEJOBM SFTJTUBODF PG FYDJUPOT DBO BMTP CF TJHOJ୮ୢ�

��



DBOUMZ MPXFS UIBO UIBU PG GSFF FMFDUSPOT� .PTU PG UIF MPOHJUVEJOBM SFTJTUBODF JO TUSPOH NBHOFUJD ୮ୢFMET

JT DBVTFE CZ DZDMPUSPO NPUJPO 	SFTJTUBODF VOEFS [FSP NBHOFUJD ୮ୢFME BU UIF TBNF EFOTJUZ JT NVDI

TNBMMFS
� "T DIBSHF OFVUSBM FYDJUPOT NPWF TUSBJHIU BDSPTT UIF TBNQMF XJUIPVU DZDMPUSPO NPUJPO
 JU

UIVT FODPVOUFS NVDI MFTT TDBUUFSJOH� 5IJT MFBE UP MJUUMF SFTJTUBODF JO CPUI EJSFDUJPOT KVTU BCPWF UIF

DPOEFOTBUJPO UFNQFSBUVSF� "T UFNQFSBUVSF SJTFT
 UIF UIFSNBM BDUJWBUJPO DSFBUFT DIBSHFE FYDJUBUJPOT

UIBU BSF TVCKFDUFE UP DZDMPUSPO NPUJPOT
 HFOFSBUJOH OPUBCMF SFTJTUBODF� 0O QPTTJCJMJUZ PG UIF TVDI

DIBSHFE FYDJUBUJPOT BSF GSFF FMFDUSPOT BOE IPMFT DSFBUFE CZ VOCJOEJOH FYDJUPOT� 5IFO UIF SFTJTUBODF JT

QSPQPSUJPOBM UP OVNCFS PG GSFF FMFDUSPOT BOE IPMFT
 XIJDI DBO CF ୮ୢUUFE XJUI UIF BDUJWBUJPO CFIBWJPS

	'JH� ���
� 0OMZ BU WFSZ IJHI UFNQFSBUVSFT
 BMM UIF FYDJUPOT CSPLF BQBSU BOE SFDPWFST UIF DPNQPTJUF

GFSNJPO 'FSNJ MJRVJE CFIBWJPS� 5IF TBNF BSHVNFOU DBO CF VTFE GPS BOZ UZQFT PG DIBSHFE FYDJUBUJPO

JO BO FYDJUPO TZTUFN
 OPU OFDFTTBSJMZ MJNJUFE UP FYDJUPO VOCJOEJOH� 0O UIF DPOUSBSZ
 JO UIF #$4

SFHJNF 	IJHI NBHOFUJD ୮ୢFMET

 UIF QBJSJOH POMZ FYJTUT XIFO UIF FYDJUPOT BSF DPOEFOTFE� 5IF TZTUFN

USBOTJU EJSFDUMZ GSPN B TVQFS୯୳VJE UP B DPNQPTJUF GFSNJPO 'FSNJ MJRVJE XJUIPVU HPJOH UISPVHI B JO�

UFSNFEJBUF FYDJUPO HBT QIBTF
 DBVTJOH UIF SFTJTUBODF KVNQ� *G XF BTTVNF UIF DSPTTPWFS DPSSFTQPOE UP

UIF IJHIFTU USBOTJUJPO UFNQFSBUVSF
 JU SPVHI PDDVST BSPVOEB = 12 − 175 BU UIF UPQ PG UIF EPNF

JO 'JH� ���
 DPJODJEF XJUI XIFSF UIF USBOTJUJPO CFDPNF TIBSQFS BT XFMM� 8F BMTP FNQIBTJ[F UIBU UIFTF

UXP CFIBWJPST TNPPUIMZ DPOOFDU UPHFUIFS
 XIJDI JT JO BDDPSEBODF XJUI B DSPTTPWFS
 SBUIFS UIBO B

RVBOUVN QIBTF USBOTJUJPO�

��
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)LJXUH ���� /RQJLWXGLQDO FRXQWHUćRZ UHVLVWDQFH LQ ORJ VFDOH DV D IXQFWLRQ RI ��7 EHWZHHQ �7 �EOXH WUDFH� DQG ��7 �UHG

WUDFH�� 7KLV $UUKHQLXV SORW VKRZZHOO GHĆQHG DFWLYDWLRQ EHKDYLRUV XQGHU ORZPDJQHWLF ĆHOGV �VWUDLJKW OLQH� EXW ODUJH

GHYLDWLRQ IURP DFWLYDWLRQ EHKDYLRU DW KLJKPDJQHWLF ĆHOGV�
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)LJXUH ���� $FWLYDWLRQ JDS DV D IXQFWLRQ RI PDJQHWLF ĆHOGV IRU WZR GHYLFHV ZLWK GLIIHUHQW LQWHUOD\HU VHSDUDWLRQ G  

���QP DQG G  ���QP� 7KH VKDGHG DUHDVPDUNV XQFHUWDLQW\ RI WKH JDS GXH WR GHYLDWLRQ IURP WKH DFWLYDWLRQ EHKDYLRU�

$W KLJK ĆHOGV� GLVWLQFW GLIIHUHQW VORSHV FDQ EH LGHQWLĆHG LQ $UUKHQLXV SORW LQ GLIIHUHQW WHPSHUDWXUH UDQJHV� PDNLQJ

DFWLYDWLRQ JDS LOO�GHĆQHG� 7KH GDVKHG EODFN OLQH GHQRWH WKH VFDOLQJ RI &RXORPE HQHUJ\ DFFRUGLQJ WR lB � 7KLV OLQH ĆWV

WKH DFWLYDWLRQ JDSZHOO ZKHQ WKH JDSV DUH ZHOO�GHĆQHG LQ ERWK VDPSOHV ZLWK GLIIHUHQW LQWHUOD\HU VHSDUDWLRQ� ,QVHW

UHSUHVHQWV D LVRODWHGPHURQZLWK ± H�� HOHFWURQ FKDUJH DQG KDOI YRUWHFLW\�

��



��� 2ঞঊগঝ঒ঝঊঝ঒ট঎ ঊগঊকঢজ঒জ ঘএ ঊঌঝ঒টঊঝ঒ঘগ ঐঊঙ ঒গ #&$ ছ঎ঐ঒খ঎

"MUIPVHI UIF HFOFSBM CFIBWJPS JT FYQMBJOFE BCPWF
 RVBOUJUBUJWF BOBMZTJT PG UIFTF CFIBWJPST SFRVJSF

GVSUIFS DPOTJEFSBUJPO UBJMPSFE GPS UXP�EJNFOTJPOBM FYDJUPO DPOEFOTBUJPO VOEFS NBHOFUJD ୮ୢFMET� 'PS

UIF νtot = − 1 TUBUF
 JOTUFBE PG FYDJUPO VOCJOEJOH
 DSFBUJOH GVMM DIBSHF ± e FYDJUBUJPOT
 UIF MPXFTU

FOFSHZ FYDJUBUJPOT BSF NFSPOT BOE BOUJ�NFSPOT ��� 5IF NFSPOT BSF WFSZ TJNJMBS UP UIF WPSUFYFT JO

#,5 USBOTJUJPO JOUSPEVDFE FBSMJFS� *U BMTP DBSSJFT B QIBTF XJOEJOH PG ± 2π� )PXFWFS
 VOMJLF WPSUFYFT


NFSPO JT B DIBSHFE FYDJUBUJPO
 XIJDI JT IBMG PG BO FMFDUSPO DIBSHF DPNCJOFE XJUI B 2π WPSUFY PG UIF

TVQFS୯୳VJE QIBTF 	'JH� ��� JOTFU
 ��
���

5IF NFSPOT BOE BOUJ�NFSPOT BSF CJOEFE JOUP QBJST CFMPX #,5 USBOTJUJPO UFNQFSBUVSF TBKT 


XIFSF [FSP SFTJTUBODF JT QSFTFSWFE� "CPWF TBKT 
 NFSPOT BOE BOUJ�NFSPOT VOCJOE� %FTQJUF CFJOH

B EJ୭GFSFOU UZQF PG FYDJUBUJPO GSPN FYDJUPO VOCJOEJOH
 NFSPOT BSF DIBSHFE FYDJUBUJPOT KVTU MJLF GSFF

FMFDUSPOT BOE IPMFT� 5IVT XIFO NFSPOT BOE BOUJNFSPOT BSF HFOFSBUFE
 UIF TZTUFN JT OPU MPOHFS B

QVSF CPTPOJD FYDJUPO TZTUFN� 8IFO DPVOUFS୯୳PX DVSSFOU JT JOUSPEVDFE
 UIF DVSSFOU FYFSUT .BHOVT

GPSDF PO UIF NFSPOT BOE BOUJ�NFSPOT
 DBVTJOH UIFN UP NPWF� 5IFO
 UIF NPWFNFOU PG NFSPOT BOE

BOUJ�NFSPOT XJMM DSFBUF EJTTJQBUJPO BOE SFTJTUBODF� 5IJT SFTJTUBODF JT UIVT QSPQPSUJPOBM UP UIF OVNCFS

PG GSFF NFSPOT
 XIJDI JT UIFSNBMMZ BDUJWBUFE�

5IF BDUJWBUJPO FOFSHZ PG SFTJTUBODF UIVT DPSSFTQPOE UP FOFSHZ DPTU PG NFSPOT� *O 'JH� ���
 XF

QMPUUFE BDUJWBUJPO FOFSHZ PCUBJOFE GSPN 'JH� ���� *O UIF MPX ୮ୢFME SFHJNF
 XF GPVOE UIF BDUJWBUJPO

HBQ TDBMFT XJUI UIF $PVMPNC FOFSHZEC SFHBSEMFTT PG UIF JOUFSMBZFS TFQBSBUJPO� 5IJT JT FYQFDUFE

JO UIF d/lB ≪ 1 MJNJU� 8IFO d/lB = 0
 UIF EFOTJUZ PG UIFSNBM BDUJWBUFE NFSPOT XJMM CF∼

��
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)LJXUH ���� /HIW� GLIIHUHQWLDO FRXQWHUćRZ UHVLVWDQFH DV D IXQFWLRQ RI ELDV FXUUHQW� 5LJKW� ,9 FXUYH LQ ORJ�ORJ SORW� 7KH

LQVHW VKRZV WKH SRZHU ODZα H[WUDFWHG IURP ,9 FXUYH LQ WKH VKDGHG DUHD�

l−2
B exp−4πρS/T 
 JO XIJDI ρS ∝ EC JT UIF QIBTF TUJ୭GOFTT� 'SPN UIJT FRVBUJPO
 XF DBO TFF UIF BD�

UJWBUJPO HBQ∆ ∝ EC ∝ l−1
B POMZ EFQFOE PO NBHOFUJD ୮ୢFME JO UIF d/lB ≪ 1 MJNJU�

"T NBHOFUJD ୮ୢFME JODSFBTFT
 BDUJWBUJPO HBQ CFDPNF JMM�EF୮ୢOFE
 BT UIF "SSIFOJVT QMPU FYIJCJUT EJG�

GFSFOU TMPQFT JO EJ୭GFSFOU UFNQFSBUVSF SBOHFT� "U IJHI NBHOFUJD ୮ୢFME
 B TIBSQ QIBTF USBOTJUJPO CFUUFS

EFTDSJCFT UIF UFNQFSBUVSF EFQFOEFODF� 0O UIF DPOUSBSZ
 XF OPUF UIBU JO UIF MPX ୮ୢFME #&$ MJNJU


TVQFS୯୳VJE USBOTJUJPO UFNQFSBUVSF JT IBSE UP JEFOUJGZ
 BT UIF SFTJTUBODF TNPPUIMZ JODSFBTF JO BO BDUJWBU�

JOH CFIBWJPS� 8IFO XF QFSGPSN UIF *7 DVSWF NFBTVSFNFOUT 	'JH� ���

 UIF EJ୭GFSFOUJBM DPVOUFS୯୳PX

SFTJTUBODF EFQFOET PO UIF DPVOUFS୯୳PX DVSSFOU JO B OFBS RVBESBUJD NBOOFS� 8F DBO OPU DMFBSMZ TFF B

DSJUJDBM DVSSFOU� "OE UIF QPXFS MBX FYUSBDUFE GSPN *7 DVSWF 	V ∝ Iα
 OFWFS FYDFFE UISFF
 FWFO BU

UIF MPXFTU UFNQFSBUVSF PG PVS FYQFSJNFOU 	���N,
�

��
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)LJXUH ���� 6LPLODU WR )LJ� ���� EXW WDNHQ DW % ��7� &ULWLFDO FXUUHQW FDQ EH LGHQWLĆHGZKHQ WKH FRXQWHUćRZ UHVLVWDQFH

VWDUW WR ULVH� 7KH SRZHUα FURVVHV WKUHH�

��� #,5 ঝছঊগজ঒ঝ঒ঘগ ঒গ ঝ঑঎ #$4 ছ঎ঐ঒খ঎

"T QSJPS NFOUJPOFE
 TVQFS୯୳VJE USBOTJUJPO JO UXP EJNFOTJPOT JT EFTDSJCFE CZ UIF #,5 USBOTJUJPO ���

)PXFWFS
 EJ୭GFSFOU GSPN UIF #&$ DBTF XIFSF UIF #,5 UFNQFSBUVSF JT TFU CZ TVQFS୯୳VJE QIBTF TUJ୭G�

OFTT ��
 JO UIF #$4 MJNJU UIF NFBO୮ୢFME USBOTJUJPO UFNQFSBUVSF TBCS DBO CF NVDI MPXFS UIBO TBKT

GPVOE CZ UIF QIBTF TUJ୭GOFTT� 5IF QIBTF TUJ୭GOFTT EFTDSJCFT UIF IBSEOFTT PG DIBOHJOH UIF QIBTF PG DPO�

EFOTBUFE FYDJUPOT PWFS TQBDF� *U PSJHJOBUFT GSPN JOUFS�FYDJUPO JOUFSBDUJPO
 XIJDI DBO CF WFSZ TUSPOH

JO UIF IJHI EFOTJUZ SFHJNF� 0O UIF DPOUSBSZ
 FYDJUPO CJOEJOH DBO CF WFSZ XFBL� &WFO CFMPX TBKT

EFUFSNJOFE CZ QIBTF TUJ୭GOFTT
 FYDJUPOT NJHIU BMSFBEZ EJTJOUFHSBUF EVF UP UIFJS MPX QBJSJOH FOFSHZ�

4P #,5 USBOTJUJPO UFNQFSBUVSF PG B #$4 DPOEFOTBUF JT CPVOE CZ UIF #$4 NFBO ୮ୢFME USBOTJUJPO UFN�

QFSBUVSF TBKT ≈ TBCS BCPWF XIJDI UIF QIBTF TUJ୭GOFTT WBOJTIFT ��� *O UIJT SFHJNF
 WPSUFYFT BOE

BOUJ�WPSUFYFT XJUI TVQFS୯୳VJE QIBTF XJOEJOH PG 2π PS 4π 	2π BOE 4π WPSUFY
 BSF UIF FYDJUBUJPOT PG

��



UIF TZTUFN���

"CPWF TBKT 
 UIF TZTUFN JT GVMM PG GSFF WPSUFYFT BOE BOUJ�WPSUFYFT� 8IFO B DVSSFOU JT ESJWFO

UISPVHI UIF TZTUFN
 WPSUFYFT NPWF VOEFS UIF .BHOVT GPSDF BOE DSFBUF EJTTJQBUJPOT JG OPU QJOOFE�

"T B SFTVMU
 0INJD CFIBWJPS XJMM NBOJGFTU� #FMPX TBKT 
 WPSUFYFT BOE BOUJ�WPSUFYFT BSF QBJSFE

BOE QSPEVDF OP SFTJTUBODF VOEFS TNBMM CJBT 	'JH� ���
� 5IJT JT EVF UP UIF GBDU UIBU UIF WPSUFY BOE UIF

BOUJ�WPSUFY FYQFSJFODF .BHOVT GPSDF JO UIF PQQPTUF EJSFDUJPOT
 XIJDI DBODFMT PVU� 5IVT UIF WPSUFY�

BOUJ�WPSUFY QBJST BSF OPU QSPNQU UP NPWF BOE EP OPU HFOFSBUF EJTTJQBUJPO� )PXFWFS
 VOEFS ୮ୢOJUF

CJBT DVSSFOUT
 UIF WPSUFY�BOUJ�WPSUFY QBJST DBO CF SJQQFE BQBSU CZ UIF PQQPTJUF EJSFDUJPO .BHOVT

GPSDF� 5IJT DSFBUFT GSFF SPBNJOH WPSUFYFT BOE MFBE UP EJTTJQBUJPO UIBU EFQFOE PO UIF DVSSFOU BNQMJ�

UVEF� 5IJT F୭GFDU USBOTMBUFT UP B OPO�MJOFBS DVSSFOU�WPMUBHF 	*ୖ7
 SFMBUJPOTIJQ V ∝ Iα 	FYQPOFOU

α = 2T/TBKT + 1) JO UIF TNBMM DVSSFOU MJNJU CFMPX #,5 UFNQFSBUVSF� "DSPTT UIF #,5 USBOTJ�

UJPO UFNQFSBUVSF
 α KVNQT GSPN UISFF UP POF� "MUIPVHI UIFPSFUJDBMMZ
 UIF QPXFS TIPVME TVEEFOMZ

DIBOHF GSPN UISFF UP POF
 NPTU FYQFSJNFOUT SFQPSUT B DPOUJOVPVT DIBOHJOH αXJUI UFNQFSBUVSF EVF

UP EJTPSEFST JO UIF TBNQMF� *O 'JH� ���
 XF TIPX UIF *7 DVSWFT PG DPVOUFS୯୳PX USBOTQPSUT
 GSPN XIJDI

QPXFS MBX α JT FYUSBDUFE 	'JH� ���
� #Z DPNNPO DPOWFOUJPO
 XF VTFE α = 3 UP EF୮ୢOF UIF DSJUJDBM

UFNQFSBUVSF TBKT � TBKT PCUBJOFE UIJT XBZ JT TIPXO JO 'JH� ����
 XIJDI EFDSFBTFT XJUI JODSFBTJOH

d/lB BT JOUFSMBZFS JOUFSBDUJPO XFBLFOT� &WFOUVBMMZ
 BU NBHOFUJD ୮ୢFMET BCPWF ��5 GPS E�3.7ON
 UIF

νtot = − 1 TUBUF JT DPNQMFUFMZ HPOF
 BOE UXP MBZFST SFTVNF JOEFQFOEFOU RVBOUVN )BMM CFIBWJPST�

"G୴FS TDBMJOH XJUI UIF $PVMPNC FOFSHZ
 XF GPVOE UIBU TBKT PG UXP TBNQMFT XJUI EJ୭GFSFOU JOUFS�

MBZFS TFQBSBUJPOT GBMM POUP B VOJWFSTBM DVSWF 	'JH� ����
� 5IF PSJHJO PG UIJT VOJWFSTBM CFIBWJPS JT OPU ZFU

VOEFSTUPPE�
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)LJXUH ���� α H[WUDFWHG IURP WKH ,9 FXUYH DV D IXQFWLRQ RI WHPSHUDWXUH� 8QGHU KLJKPDJQHWLF ĆHOGV�α ULVH DERYH WKUHH

DW ORZ WHPSHUDWXUHV DV H[SHFWHG IURP%.7 WUDQVWLRQ� +RZHYHU� DV PDJQHWLF ĆHOG GURSV�α VDWXUDWHV DW ORZHU YDOXHV

DQG HYHQWXDOO\TBKT FDQ QRW EH GHĆQHZKHQα VDWXUDWHV EHORZ WKUHH �IRU H[DPSOH� %  ��7��
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6
'SBDUJPOBM JOUFSMBZFS RVBOUVN )BMM TUBUFT

*O UXP�EJNFOTJPOBM 	�%
 FMFDUSPO TZTUFNT VOEFS TUSPOH NBHOFUJD ୮ୢFMET
 JOUFSBDUJPOT DBO DBVTF B

WBSJFUZ PG QFDVMJBS F୭GFDUT
 LOPXO DPMMFDUJWFMZ BT UIF GSBDUJPOBM RVBOUVN )BMM 	'2)
 F୭GFDUT ��
���

#SJOHJOH UXP �% DPOEVDUPST UP QSPYJNJUZ
 B OFX TFU PG DPSSFMBUFE TUBUFT DBO FNFSHF EVF UP JOUFSBD�

UJPOT CFUXFFO FMFDUSPOT JO UIF TBNF BOE PQQPTJUF MBZFST��
��
��
��� 1SFWJPVTMZ XF IBWF UBMLFE BCPVU

UIF FYDJUPO DPOEFOTBUJPO
 XIJDI DBO BMTP CF TFFO BT BO JOUFHFS JOUFSMBZFS RVBOUVN )BMM F୭GFDU� )FSF

��



* EFNPOTUSBUF JOUFSMBZFS DPSSFMBUFE '2) TUBUFT JO B NPOPMBZFS HSBQIFOF EPVCMF�MBZFS� $VSSFOU ୯୳PX

JO POF MBZFS HFOFSBUFT EJ୭GFSFOU RVBOUJ[FE )BMM TJHOBMT JO UIF UXP MBZFST� 5IJT SFTVMU JT JOUFSQSFUFE CZ

DPNQPTJUF GFSNJPO 	$'
 UIFPSZ XJUI POF JOUFSMBZFS NBHOFUJD ୯୳VY RVBOUVN BOE UXP JOUSBMBZFS ୯୳VY

RVBOUB BUUBDINFOUT� 8F PCTFSWF '2) TUBUFT DPSSFTQPOEJOH UP JOUFHFS WBMVFT PG $' -BOEBV MFWFM

	--
 ୮ୢMMJOH JO CPUI MBZFST
 BT XFMM BT أTFNJ�RVBOUJ[FEآ TUBUFT
 XIFSF B GVMM $' -- DPVQMFT UP B DPOUJO�

VPVTMZ WBSZJOH QBSUJBMMZ ୮ୢMMFE $' --� 3FNBSLBCMZ
 XF BMTP SFDPHOJ[F B RVBOUJ[FE TUBUF CFUXFFO UXP

DPVQMFE IBMG�୮ୢMMFE $' --T
 BUUSJCVUBCMF UP QBJSJOH CFUXFFO MBZFST UP GPSN B $' FYDJUPO DPOEFOTBUF�

��� 'ছঊঌঝ঒ঘগঊক હঞঊগঝঞখ )ঊকক ঎এএ঎ঌঝ ঊগ঍ ঌঘখঙঘজ঒ঝ঎ এ঎ছখ঒ঘগজ

5IF FOFSHZ MFWFMT PG B OPO�JOUFSBDUJOH �% FMFDUSPO TZTUFN JO B NBHOFUJD ୮ୢFME BSF RVBOUJ[FE JOUP B

EJTDSFUF TFU PG --T XJUI EFHFOFSBDZ QSPQPSUJPOBM UP UIF BSFB PG UIF TZTUFN ��� " LFZ QBSBNFUFS JO

UIFTF TZTUFNT JT UIF -- ୮ୢMMJOH GBDUPS ν� *OUFHFS RVBOUJ[FE )BMM 	*2)
 F୭GFDUT PDDVS XIFO ν JT BO JOUF�

HFS
 XIFSF UIF 'FSNJ MFWFM JT JO BO FOFSHZ HBQ CFUXFFO UXP --T
 BOE $PVMPNC JOUFSBDUJPOT CFUXFFO

FMFDUSPOT DBO PG୴FO CF JHOPSFE� )PXFWFS
 GPS GSBDUJPOBM ν
 $PVMPNC JOUFSBDUJPOT
 XIJDI MJG୴ UIF --

EFHFOFSBDZ
 IBWF B EPNJOBOU F୭GFDU
 BOE OFX DPMMFDUJWF TUBUFT PG NBUUFS DBO BQQFBS BU GSBDUJPOBM WBM�

VFT PG ν
 MFBEJOH UP UIF GSBDUJPOBM RVBOUJ[FE )BMM 	'2)
 F୭GFDU���

*O TJOHMF�MBZFS TZTUFNT
 UIF NPTU DPNNPOMZ PCTFSWFE '2) TUBUFT DBO CF VOEFSTUPPE JO UFSNT PG

UIF DPNQPTJUF GFSNJPO 	$'
 QJDUVSF ��� )FSF
 UIF FMFDUSPOT BSF FBDI CPVOE UP FWFO OVNCFS 	2m
 PG

NBHOFUJD ୯୳VY RVBOUB UP GPSN $'T
 MFBWJOH POMZ SFMBUJWFMZ XFBL SFTJEVBM JOUFSBDUJPOT CFUXFFO UIFN

	'JH� ���
� 5IF SBUJPOBM CFIJOE UIJT ୯୳VY BUUBDINFOU JT UIBU UIF XBWF GVODUJPOΦ ∝ (zi − zj)2m+1
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B B*

)LJXUH ���� ,OOXVWUDWLRQ RI FRPSRVLWH IHUPLRQV� 7KH DUURZ UHSUHVHQW PDJQHWLF ĆHOG ćX[� 5HG FLUFOHV GHQRWHV HOHFWURQV�

WBOJTI GBTUFS XIFO UXP FMFDUSPOT BSF DMPTF UP FBDI PUIFS
 UIVT SFEVDJOH UIFJS SFQVMTJPO FOFSHZ� 4JODF

BQQMJFE NBHOFUJD ୮ୢFME JT SFEVDFE CZ UIF CJOEJOH PG NBHOFUJD ୯୳VY
 UIF $'T FYQFSJFODF BO F୭GFDUJWF

NBHOFUJD ୮ୢFMEB∗ = B − 2mnφ0 
 XIJDI JT XFBLFS UIBO UIF PSJHJOBM ୮ୢFMEB� 'SPN UIJT F୭GFDUJWF

NBHOFUJD ୮ୢFME
 XF DBO SFMBUF ν UP UIF $' -- ୮ୢMMJOH GBDUPS p� ν = p/(2mp + 1)� *G p JT BO JOUFHFS


QPTJUJWF PS OFHBUJWF
 UIFO UIF $' TZTUFN JT QSFEJDUFE UP IBWF BO FOFSHZ HBQ
 BOE UIF FMFDUSPOT XJMM

CF JO B DPSSFTQPOEJOH '2) TUBUF
 XJUI ν FRVBM UP B GSBDUJPO XJUI PEE EFOPNJOBUPS� #FDBVTF PG UIJT

FOFSHZ HBQ
 UIF '2) TUBUF IBT WBOJTIJOH MPOHJUVEJOBM FMFDUSJD SFTJTUBODFRxx BOE RVBOUJ[FE )BMM

SFTJTUBODF �� Rxy = h/νe2� '2) TUBUFT BMTP IBWF RVBTJQBSUJDMFT XJUI GSBDUJPOBM DIBSHF BOE GSBDUJPOBM

RVBOUVN TUBUJTUJDT 	BOZPOT

 EJ୭GFSFOU GSPN UIF TUBUJTUJDT PG CPTPOT PS GFSNJPOT ��
���

��� 'ছঊঌঝ঒ঘগঊক νtot ঒গঝ঎ছকঊঢ঎ছ ঌঘছছ঎কঊঝ঎঍ জঝঊঝ঎জ

5IF TDPQF PG RVBOUVN )BMM QIZTJDT GVSUIFS FYQBOET XIFO XF CSJOH UXP MBZFST DMPTF UP FBDI PUIFS


BMMPXJOH TUSPOH $PVMPNC DPVQMJOH CFUXFFO UIFN
 XIJMF TVQQSFTTJOH B EJSFDU JOUFSMBZFS UVOOFMJOH�

5IF FYDJUPO DPOEFOTBUF TUBUF EJTDVTTFE CFGPSF
 DBO CF TFFO BT B JOUFSMBZFS DPSSFMBUFE JOUFHFS RVBOUVN

��



5μm

natural cleaved graphite back gate

)LJXUH ���� /HIW� LPDJH RI VWDFN EHIRUH QDQR�IDEULFDWLRQ� %ODFN GDVKHG OLQHPDUNV WKH VKDSH RI ERWWRP JUDSKLWH� 2UDQJH

GDKVHG OLQHV PDUNV WKH ERXQGDU\ RI WRS JUDSKHQH OD\HU� :KLWH GDVKHG OLQHV PDUNV WKH ERXQGDU\ RI ERWWRP JUDSKHQH�

5LJKW� ĆQDO GHYLFH LPDJH�

)BMM F୭GFDU
 BT UIF UPUBM ୮ୢMMJOH GBDUPS JT BO JOUFHFS� *O UIF )BMQFSJO 	111
 XBWF GVODUJPO 	&R� ���

 XF

DBO TFF FMFDUSPO XBWF GVODUJPOΦ ∝ (zi − wj)1 WBOJTIFT XIFO FMFDUSPOT GSPN UXP MBZFST DPJODJEF

BU UIF TBNF Y
 Z QPTUJPO� 5IJT DBO BMTP CF TFFO BT FMFDUSPOT JO POF MBZFS CJOE XJUI B ୯୳VY PO UIF PQQP�

TJUF MBZFS
 DBVTJOH FMFDUSPO XBWFGVODUJPO PO UIF TFDPOE MBZFS UP WBOJTI PO UIF ୯୳VY	'JH� ���
� *O (B"T

EPVCMF RVBOUVN XFMMT
 νtot = 1 JT UIF POMZ PCTFSWFE JOUFSMBZFS DPSSFMBUFE TUBUF
 XIJMF FYDJUPO DPO�

EFOTBUJPO BU TFWFSBM PUIFS JOUFHFS νtot IBWF BMTP CFFO TIPXO JO UIJT UIFTJT� %FTQJUF UIFPSFUJDBM FYQFD�

UBUJPOT ��
��
��
��
��
��
 OP EJSFDU FYQFSJNFOUBM PCTFSWBUJPO PG JOUFSMBZFS DPSSFMBUJPO BU GSBDUJPOBM UPUBM

୮ୢMMJOH GBDUPS IBT CFFO NBEF UIVT GBS� 5IF PCTFSWFE JODPNQSFTTJCMF TUBUF BU νtot = 1/2 JO EPVCMF�

MBZFS PS XJEF TJOHMF�MBZFS (B"T IBT CFFO QSPQPTFE UP CF UIF DPSSFMBUFE )BMQFSJO 	���
 TUBUF��
 CVU

XJUIPVU EJSFDU FYQFSJNFOUBM WFSJ୮ୢDBUJPO��
��
��
��� 5IF EFMJDBDZ PG UIFTF FYQFDUFE JOUFSMBZFS '2)

TUBUFT EFNBOET FYUSFNFMZ IJHI TBNQMF RVBMJUZ�

��



*O UIF QSFTFOU TUVEZ
 XF IBWF GBCSJDBUFE NPOPMBZFS HSBQIFOF EPVCMF�MBZFS EFWJDFT XJUI UPQ BOE

CPUUPN HSBQIJUF HBUFT� "OE UP FOTVSF CFTU TBNQMF RVBMJUZ
 XF VTFE OBUVSF DMFBWFE HSBQIJUF CBDLHBUF

BT PQQPTF UP QSF�QBUUFSOFE HSBQIJUF HBUFT VUJMJ[FE JO UIF MBTU UXP DIBQUFST 	'JH� ���
� 5IF UIJDLOFTT PG

JOUFSMBZFS I#/ PG UIJT TQFDJ୮ୢD EFWJDF JT ≈ ��� ON�

$PVMPNC ESBH NFBTVSFNFOUT XFSF ୮ୢSTU QFSGPSNFE XJUI CPUI MBZFST BU UIF TBNF DBSSJFS EFOTJUZ

	νtop = νbot ≡ νeq
 	'JH� ���
� 5IF QSFWJPVTMZ PCTFSWFE νtot = 1 FYDJUPO DPOEFOTBUF TUBUF ��
��

DBO CF DMFBSMZ JEFOUJ୮ୢFE BU νeq = 1/2
 XJUI RVBOUJ[FERdrive
xy = Rdrag

xy = h/e2 BOE WBOJTIJOH

Rdrag
xx � *O UIJT IJHI RVBMJUZ TBNQMF
 IPXFWFS
 BEEJUJPOBM GFBUVSFT XJUI MBSHF ESBH SFTQPOTFT BSF BMTP

PCTFSWFE BXBZ GSPN νtot = 1
 JOEJDBUJOH UIBU TUSPOH JOUFSMBZFS DPVQMJOH QFSTJTUT
 UIFSFCZ FOBCMJOH

BEEJUJPOBM JOUFSMBZFS DPSSFMBUFE TUBUFT 	'JH� ���
� *O QBSUJDVMBS
 XF PCTFSWF WBOJTIJOHRdrag
xx BU νeq =

1/4, 1/3, 2/5, 3/7, 2/3
 XIJDI TVHHFTUT UIBU JODPNQSFTTJCMF TUBUFT BSF EFWFMPQFE BU UIFTF ୮ୢMMJOH

GBDUPST� "NPOH UIFN
 νeq = 1/3 BOE 2/3 BQQFBS BT USJWJBM TJOHMF MBZFS RVBOUVN )BMM TUBUFT
 FWJEFOU

GSPN WBOJTIJOHRdrag
xy � 8F GPDVT PVS BUUFOUJPO ୮ୢSTU PO νeq = 2/5 BOE 3/7QBSUJDVMBSMZ
 XIJDI

BSF UXP NPTU QSPNJOFOU TUBUFT UIBU QSPEVDF RVBOUJ[FE )BMM SFTQPOTFT JO UIF ESJWF BOE ESBH MBZFS�

*OUFSFTUJOHMZ
 GPS UIFTF TUBUFT
 UIF UXP )BMM SFTJTUBODF
Rdrag
xy BOERdrive

xy 
 BSF RVBOUJ[FE UP EJ୭GFSFOU

GSBDUJPOBM WBMVFT� 'PS νeq = 2/5
 XF PCTFSWFRdrag
xy = 1 BOERdrive

xy = 3/2XIJMF GPS νeq =

3/7
Rdrag
xy = 2/3 BOERdrive

xy = 5/3
 SFTQFDUJWFMZ 	GSPN OPX PO XF VTF UIF VOJU PG SFTJTUBODF

RVBOUVN h/e2 GPS UIF RVBOUJ[FE SFTJTUBODF WBMVFT
� 'SPN UIFTF OVNCFST
 XF OPUF UIBU UIF TVN PG

)BMM SFTJTUBODF JO UIF ESJWF BOE ESBH MBZFSRdrive
xy + Rdrag

xy = 1/νeq 
 BT JG B QPSUJPO PG )BMM WPMUBHF JT

TIJG୴FE GSPN UIF ESJWF MBZFS UP UIF ESBH MBZFS�

���
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)LJXUH ���� ,QWHUOD\HU FRUUHODWHG VWDWHV DW IUDFWLRQDO ĆOOLQJ IDFWRUV LQ JUDSKHQH GRXEOH�OD\HU ZLWK HTXDO GHQVLWLHV� D�

YDQLVKLQJ ORQJLWXGLQDO UHVLVWDQFH �Rdrive
xx , Rdrag

xx � DQG TXDQWL]HG +DOO UHVLVWDQFH �Rdrive
xy , Rdrag

xy � LQ WKH GULYH DQG

GUDJ OD\HU DSSHDU DW νeq = νtop = νbot = 2/5 DQG 3/7� 7KH VROLG FXUYHV DUH WDNHQ XQGHUB = 31 7 DQG GRWWHG
FXUYHV DUH IURPB = 25 7� 6KRUW KRUL]RQWDO OLQHV PDUN WKH +DOO UHVLVWDQFH TXDQWL]DWLRQ YDOXHV� E� VDPHPHDVXUHPHQW
DV D DW �� 7� EXW ZLWK GULYH DQG GUDJ OD\HU VZLWFKHG�
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)LJXUH ���� /HIW� FRPSRVLWH IHUPLRQ SLFWXUH RI νtot = 1 H[FLWRQ FRQGHQVDWH VWDWH� (DFK HOHFWURQ ELQG ZLWK RQH ćX[
TXDQWXP LQ WKH RSSRVLWH OD\HU� 5LJKW� FRPSRVWLH IHUPLRQ SLFWXUH IRU REVHUYHG IUDFWLRQDO LQWHUOD\HU VWDWHV� (DFK HOHF�

WURQ �GHHS EOXH VSKHUHV� LQ WKH V\VWHP LV ERXQGZLWK WZR LQWUDOD\HU PDJQHWLF ćX[ TXDQWD �EODFN DUURZV� DQG RQH LQWHU�

OD\HU ćX[ TXDQWXP �UHG DUURZV��

��� $ঘখঙঘজ঒ঝ঎ এ঎ছখ঒ঘগ ঝছঊগজএঘছখঊঝ঒ঘগ� ঒গঝ঎ঐ঎ছ ঊগ঍ ঑ঊকএ�঒গঝ঎ঐ঎ছ ঌঘখঙঘজ঒ঝ঎

এ঎ছখ঒ঘগ এ঒কক঒গঐ এঊঌঝঘছজ

8F EFNPOTUSBUF UIBU νeq = 2/5 TUBUF DBO CF VOEFSTUPPE XJUI B HFOFSBMJ[FE DPNQPTJUF GFSNJPO 	$'


QJDUVSF� 'PS UIF EPVCMF�MBZFS
 XF JOUSPEVDF NVMUJQMF TQFDJFT PG HBVHF ୮ୢFME 	୯୳VY RVBOUVN

 DPVQMJOH

GFSNJPOT JO EJ୭GFSFOU MBZFST BT XFMM BT JO UIF TBNF MBZFS� 'PS PVS QVSQPTFT
 XF DIPPTF UIF DPVQMJOH

DPOTUBOUT TP UIBU B $' JO B HJWFO MBZFS TFFT UXP ୯୳VY RVBOUB BUUBDIFE UP FWFSZ PUIFS FMFDUSPO JO UIF

TBNF MBZFS
 CVU POMZ POF ୯୳VY RVBOUVN BUUBDIFE UP FMFDUSPOT JO UIF PUIFS MBZFS� 	'JH� ��� SJHIU
� 8F

POMZ XPSL JO |νtop|, |νbot| < 1 SFHJPO
 BOE XF BTTVNF UIBU FMFDUSPOT BSF TQJO BOE WBMMFZ QPMBSJ[FE� #Z

HFOFSBMJ[JOH UIF TJOHMF MBZFS $' QJDUVSF
 JU JT OBUVSBM UP EF୮ୢOF $' ୮ୢMMJOH GBDUPST pA BOE pB GPS UIF UPQ

BOE CPUUPN MBZFST SFTQFDUJWFMZ� 5IFTF BSF EF୮ୢOFE BT UIF SBUJP CFUXFFO UIF GFSNJPO EFOTJUZ JO B HJWFO

���



MBZFS UP UIF F୭GFDUJWF NBHOFUJD ୮ୢFME GFMU CZ $'T JO UIBU MBZFS 	TFF "QQFOEJY #
�

pA =
νtopB

B − 2ntopφ0 − nbotφ0
=

νtop
1 − 2νtop − νbot

, pB =
νbot

1 − 2νbot − νtop
. 	���


*OWFSUJOH &R� ���
 UIF -- ୮ୢMMJOH GBDUPST GPS FMFDUSPOT JO UIF UXP MBZFST XJMM UIFO CF HJWFO CZ

νtop =
pA(1 + pB)

1 + 2pA + 2pB + 3pApB
, νbot =

pB(1 + pA)

1 + 2pA + 2pB + 3pApB
. 	���


*O UIF DBTF XIFSF UIF MBZFST IBWF FRVBM EFOTJUZ
 UIJT GPSNVMB TJNQMJ୮ୢFT UP νeq = p/(3p + 1)
 XIFSF

p = pA = pB �

5IF FYQFSJNFOUBMMZ PCTFSWFE JOUFSMBZFS DPSSFMBUFE TUBUF νeq = 2/5 DPSSFTQPOET UP UIF DPNQPTJUF

GFSNJPO ୮ୢMMJOH GBDUPST pA = pB = − 2� 4JODF UIF $'T JO CPUI MBZFST BSF DPSSFMBUFE
 UIF )BMM TJHOBM JO

CPUI MBZFST NVTU CF DPSSFMBUFE BT XFMM� 6TJOH UIF $IFSO�4JNPOT 	$4
 ୮ୢFME DBMDVMBUJPO
 XF PCUBJO UIF

EPVCMF MBZFS )BMM SFTJTUJWJUZ UFOTPS PCFZT 	TFF "QQFOEJY # GPS EFSJWBUJPO
�

ρ̂xy ≡

⎛

⎜⎜⎝
ρtopxy ρdragxy

ρdragxy ρbotxy

⎞

⎟⎟⎠ = ρ̂CS + ρ̂cf =

⎛

⎜⎜⎝
2 1

1 2

⎞

⎟⎟⎠ +

⎛

⎜⎜⎝
1/pA 0

0 1/pB

⎞

⎟⎟⎠ . 	���


*O UIJT FRVBUJPO
 ρ̂xy JT )BMM SFTJTUJWJUZ NBUSJY JO UIF VOJU PG SFTJTUBODF RVBOUVN
 XIJDI DPOUBJOT UXP

DPOUSJCVUJOH UFSNT� ρ̂CS PSJHJOBUFT GSPN UIF NPUJPO PG UIF $4 ୯୳VY DPOTJEFSJOH UIF UXP JOUSBMBZFS

୯୳VY RVBOUB BOE POF JOUFSMBZFS ୯୳VY RVBOUVN
 XIJMF ρ̂cf JT DBVTFE CZ )BMM F୭GFDU PG $'T� "U νeq =

2/5
 &R� 	���
 QSPEVDFTRdrag
xy = 1 BOERdrive

xy = 3/2
 NBUDIJOH UIF FYQFSJNFOUBM PCTFSWBUJPOT JO

���



'JH� ����

"QQMZJOH TJNJMBS $' GPSNBMJTN EJTDVTTFE BCPWF 	&R����
 UP νeq = 3/7
 IPXFWFS
 XF PCUBJO

pA = pB = − 3/2
 JOEJDBUJOH UIBU UXP IBMG�୮ୢMMFE $' --T BSF JOWPMWFE JO UIJT TUBUF� " IBMG�୮ୢMMFE $'

-- CZ JUTFMG TIPVME OPU EFWFMPQ BO JODPNQSFTTJCMF TUBUF� .PSFPWFS
 JG XF XFSF UP FOGPSDF &R� 	���


GPS UIFTF WBMVFT PG pA BOE pB 
 XF XPVME QSFEJDU ρdragxy = 1 BOE ρdrivexy = 4/3
 XIJDI JT JO TUSPOH

EJTBHSFFNFOU XJUI UIF FYQFSJNFOUBMMZ PCTFSWFE WBMVFT
 2/3 BOE 5/3
 SFTQFDUJWFMZ�

*O PSEFS UP DPSSFDU UIF XFBLMZ JOUFSBDUJOH $' NPEFM QSFTFOUFE BCPWF GPS IBMG�୮ୢMMFE $' --T
 XF

DBO ESBX BO BOBMPHZ CFUXFFO UIF IBMG�୮ୢMMFE $' EPVCMF�MBZFS TZTUFN UP UIF IBMG�୮ୢMMFE FMFDUSPO EPVCMF�

MBZFS TZTUFN
 JO XIJDI BO FYDJUPO DPOEFOTBUF DBO CF GPSNFE� *G XF BTTVNF QBJSJOH CFUXFFO $'T JO

POF MBZFS BOE $' IPMFT JO UIF TFDPOE MBZFS
 UIF $' )BMM SFTJTUJWJUZ UFOTPS CFDPNFT

ρ̂cf =
1

pA + pB

⎛

⎜⎜⎝
1 1

1 1

⎞

⎟⎟⎠ . 	���


*OTFSUJOH &R� 	���
 JOUP &R� 	���

 XF PCUBJORdrag
xy = 2/3 BOERdrag

xy = 5/3
 XIJDI BHSFFT XJUI PVS

FYQFSJNFOUBM PCTFSWBUJPOT
 UIVT TVHHFTUJOH UIF $' FYDJUPO DPOEFOTBUJPO QIBTF JT JOEFFE SFTQPOTJCMF

GPS νeq = 3/7	'VSUIFS EJTDVTTJPO PG $' QBSJOH JO IBMG�୮ୢMMFE $' --T DBO CF GPVOE JO "QQFOEJY #
�

��� 4঎খ঒�હঞঊগঝ঒ণ঎঍ এছঊঌঝ঒ঘগঊক હঞঊগঝঞখ )ঊকক জঝঊঝ঎জ

"XBZ GSPN FRVBM ୮ୢMMJOH TUBUVT
 'JH� ��� TIPXT UIBU UIF WBOJTIJOHRdrag
xx QFSTJTUT BMPOH TFHNFOUT PG

UXP TZNNFUSJD MJOFT 	MBCFMFE CZ -� BOE -�
 UIBU JOUFSTFDU BU νeq = 2/5� 5IF MJOF -� IBT B TMPQF PG

���
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)LJXUH ���� /RQJLWXGLQDO GUDJ UHVLVWDQFH DV D IXQFWLRQ RI ĆOLQJ IDFWRUV LQ WKH WRS DQG ERWWRP OD\HU� 'RWWHG OLQHV VKRZ

ORFDWLRQV RI VHPL�TXDQWL]HG VWDWHV ZKHUH ORQJLWXGLQDO GUDJ UHVLVWDQFH YDQLVKHV� $OO WKHVH OLQHV FRQQHFW ĆOOLQJ IDFWRU

ν = 1 LQ RQH OD\HU ZLWK YDULRXV ĆOOLQJ IDFWRUV ν = 1/3, 3/5, 2/3, 1 RI WKH RWKHU OD\HU� $PRQJ WKHP� WKH LQWHUVHFWLRQ
RI UHG GRWWHG OLQHV PDUNHG E\ /� DQG /� FRUUHVSRQGV WR WKH νeq = 2/5 VWDWH GLVFXVVHG DERYH� DQG WKH LQWHUVHFWLRQ RI
/� DQG /� LV νeq = 3/7� 7KH GDVKHG UHFWDQJOH GHQRWHV WKH VFRSH RI ]RRPHG�LQ PHDVXUHPHQWV RI )LJ� ����
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L1

)LJXUH ���� 9DULRXV UHVLVWDQFHPHDVXUHPHQWV LQ WKH ]RRPHG�LQ DUHD LQGLFDWHG E\ GDVKHG UHFWDQJOH LQ )LJ� ����Rtop
xx,xy

�Rbot
xx,xy � LV GULYH OD\HU UHVLVWDQFH ZKHQ FXUUHQW LV GULYHQ RQ WKH WRS �ERWWRP� OD\HU� 7KH GRWWHG OLQHV PDUN /� DQG /�

�VDPH DV UHG OLQHV LQ )LJ� ����� $ORQJ /�� TXDQWXP+DOO VLJQDWXUHV �Rtop
xx = 0�Rtop

xy = 3h/2e2� SHUVLVW RQ WKH WRS OD\HU

EXW QRW RQ WKH ERWWRP OD\HU �Rbot
xx ̸= 0�Rtop

xy ̸= 3h/2e2� ZKLOH WKH RSSRVLWH LV WUXH IRU /�� 0HDQZKLOH� GUDJ VLJQDOV

DUH TXDQWL]HG DORQJ ERWK /� DQG /��

���� BOE USBDFT GSPN 	νtop, νbot
 � 	�
 ���
 UP 	�
 �

 XIJMF -� JT UIF JOWFSTF� 8F ୮ୢOE UIBU UIF MPOHJUVEJ�

OBM ESBH WBOJTIFT BOE )BMM ESBH SFNBJO RVBOUJ[FE BMPOH UIFTF MJOFT
 BT TIPXO JO 'JH� ��� BOE 'JH� ���


JOEJDBUJOH UIF TUSPOH JOUFSMBZFS JOUFSBDUJPO QFSTJTUT� 6OMJLF UIF RVBOUJ[FE JOUFSMBZFS ESBH SFTJTUBODF


XIJDI JT MBZFS�JOEFQFOEFOU
 XF ୮ୢOE UIBU UIF ESJWF )BMM SFTJTUBODF EFQFOET PO XIJDI MBZFS XF NFB�

TVSF� 'PS FYBNQMF
 BMPOH -�
 XF ୮ୢOE ESJWJOH UIF CPUUPN MBZFS FYIJCJUT &(ތ XJUIRbot
xy = 3/2 BOE

Rbot
xx = 0� )PXFWFS
 XIFO XF ESJWF UIF UPQ MBZFS BMPOH -�
Rtop

xx > 0 BOERtop
xy JT OPU RVBOUJ[FE�

"MPOH UIF -�
 UIF SPMF PG UIF UPQ BOE CPUUPN MBZFST JT SFWFSTFE� 5IF FYQFSJNFOUBM PCTFSWFE CFIBWJPST

PG BMM UIF SFTJTUBODF DPNQPOFOUT BMPOH -� BOE -� BSF TVNNBSJ[FE JO 'JH� ����

8F OPUF UIBU BMPOH -� PS -�
 UIF DPNQPTJUF GFSNJPO ୮ୢMMJOH GBDUPS PG POF PG UIF MBZFST 	pA PS pB


���
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)LJXUH ���� /LQHFXW DORQJ /� DQG /� VKRZQ LQ )LJ� ���� )RU /�� LW LV QRWDEOH WKDWRbot
xy UHPDLQHG FRQVWDQW DOO WKH ZD\ XQWLO

νeq = 2/5 �YHUWLFDO GRWWHG OLQH�� DFURVV WKH SKDVH WUDQVLWLRQ EHWZHHQ VLQJOH OD\HU νbot = 2/3 IUDFWLRQDO TXDQWXP
+DOO VWDWH �Rdrag

xy ≈ 0� DQG LQWHUOD\HU IUDFWLRQDO TXDQWXP+DOO VWDWH �Rdrag
xy = h/e2�� ZKLOH WKH RSSRVLWH LV WUXH IRU

/��

0 h/e2 1.5h/e20 N.Q.≠0

0 h/e2 1.5h/e20≠0 N.Q.

L1

L2

R drag
xx R drag

xy R top
xx R top

xy R bot
xx R bot

xy

)LJXUH ���� 6XPPDU\ RI UHVLVWDQFH EHKDYLRU DORQJ /� DQG /� VKRZQ LQ )LJ� ���� 1�4� VWDQGV IRU QRQ�TXDQWL]HG�

���



SFNBJOT BU �� XIJMF UIF PUIFS DBO DIBOHF DPOUJOVPVTMZ� 'PS FYBNQMF
 GPS pB = − 2
 UIF ୮ୢMMJOH GBDUPST

(νtop, νbot) HJWFO CZ &R� 	���
 TBUJTGZ UIF FYQSFTTJPO PG -�� 	νtop + 3
2νbot = 1
� *O QSJODJQMF
 B

TFSJFT PG EJTDSFUF JODPNQSFTTJCMF '2) TUBUFT DBO CF GPSNFE BMPOH UIJT MJOF
 DPSSFTQPOEJOH UP WBSJPVT

QPTJUJWF BOE OFHBUJWF JOUFHFS WBMVFT pA JO &R� 	���
� 5IFTF TIPVME BMM FYIJCJU WBOJTIJOH MPOHJUVEJOBM

SFTJTUBODF
 RVBOUJ[FERdrag
xy = 1 BOERbot

xy = 3/2
 XIJDI EP OPU EFQFOE PO pA
 XIJMF UIF RVBOUJ[FE

WBMVFT PGRtop
xy XPVME EFQFOE PO UIF WBMVF PG pA� 8IBU PSJHJOBMMZ TVSQSJTFE VT
 IPXFWFS
 JT UIBU UIF

FYQFSJNFOUBMMZ PCTFSWFE RVBOUJ[BUJPO PGRdrag
xy = 1 BOERbot

xy = 3/2
 UPHFUIFS XJUI WBOJTIJOH

Rdrag
xx BOERbot

xx 
 FYJTUT DPOUJOVPVTMZ BMPOH BO FOUJSF TFHNFOU PG -�
 FWFO XIFO pA JT OPU BO JOUFHFS�

8F OPX VOEFSTUBOE UIF BCPWF SFTVMUT BT GPMMPXT� 'PS B HFOFSBM QPJOU PO UIF MJOF TFHNFOU -�
 UIFSF

JT BO FOFSHZ HBQ GPS BEEJOH PS SFNPWJOH B $' PG UZQF # 	DIBOHFT δpB

 CVU OPU PG UZQF " 	DIBOHF PG

δpA
� 5IVT
 XIJMF UIF TUBUF TIPVME OPU CF BT TUBCMF BT BU B QPJOU XIFSF $' ୮ୢMMJOH GBDUPST pA BOE pB

BSF CPUI JOUFHFST
 TP UIBU CPUI TQFDJFT PG $' BSF HBQQFE
 JU TIPVME OFWFSUIFMFTT CF NPSF TUBCMF UIBO

BU B OFBSCZ QPJOUT XIFSF CPUI $' ୮ୢMMJOH GBDUPST BSF GSBDUJPOT� 5IFSFGPSF
 JU JT QMBVTJCMF UIBU $' TUBUFT

BMPOH B MJOF XIFSF POF PG 	pA
 pB
 JT BO JOUFHFS TIPVME CF HPPE DBOEJEBUFT GPS UIF USVF HSPVOE TUBUF

BU UIF DPSSFTQPOEJOH ୮ୢMJOH GSBDUJPOT� 8F DBMM TVDI TUBUFT TFNJ�RVBOUJ[FE
 BT POF $' ୮ୢMMJOH GBDUPS JT

୮ୢYFE CVU UIF PUIFS DBO WBSZ DPOUJOVPVTMZ�

5P VOEFSTUBOE USBOTQPSU QSPQFSUJFT JO B TFNJ�RVBOUJ[FE TUBUF
 XF ୮ୢSTU OPUF UIBU JO UIF BCTFODF

PG $' TDBUUFSJOH PS PG QJOOJOH CZ JNQVSJUJFT
 UIFSF XPVME CF OP MPOHJUVEJOBM SFTJTUBODF BOE UIF

)BMM SFTJTUBODFT XPVME CF HJWFO CZ &R� 	���

 FWFO JO UIF BCTFODF PG BO FOFSHZ HBQ� "T TIPXO JO

UIF "QQFOEJY #
 JG BO FMFDUSJD DVSSFOU JT BQQMJFE UP UIF CPUUPN MBZFS 	ESJWF

 XIJMF OP DVSSFOU DBO

୯୳PX JO UIF UPQ MBZFS 	ESBH

 UIFO UIF DVSSFOU DBO CF DBSSJFE FOUJSFMZ CZ $'T PG UZQF # 	CPUUPN ESJWF



���



XJUI OP ESJWJOH GPSDF PO $'T PG UZQF " 	UPQ ESBH

 BOE OP NPUJPO PG UIPTF $'T� 4JODF UZQF # $'T

BSF DPOUBJOFE JO B ୮ୢMMFE $'ୖ--
 UIF DVSSFOU JT DBSSJFE XJUIPVU EJTTJQBUJPO� 'VSUIFSNPSF
 BT UIFSF JT

OP UFOEFODZ GPS ୯୳PX PG UIF UZQF " $'T
 B TNBMM EFOTJUZ PG JNQVSJUJFT XJMM IBWF OP F୭GFDU� 5IVT
 XF

TIPVME ୮ୢOE ρbotxy = 3/2 BOE ρdragxy = 1 GPS UIF TFNJ�RVBOUJ[FE TUBUFT BMPOH -�� 0O UIF PUIFS IBOE


JG DVSSFOU JT BQQMJFE UP UIF UPQ MBZFS
 $'T PG UZQF " XJMM CF GPSDFE UP NPWF� *G $'T JO UIF QBSUJBMMZ

୮ୢMMFE $' -- BSF OPU QJOOFE CZ JNQVSJUJFT
 UIFZ XJMM QBSUJDJQBUF JO UIF NPUJPO
 BOE UIF UIFZ DBO CF

TDBUUFSFE CZ JNQVSJUJFT� 5IJT XJMM MFBE UP B MPOHJUVEJOBM SFTJTUBODF
 BOE EFWJBUJPOT GSPN UIF SFTVMU

Rtop
xy = (2 + 1/pA) QSFEJDUFE CZ &R� 	���
� 0O UIF PUIFS IBOE
 JO B DBTF XIFSF pA JT TV୭୮ୢDJFOUMZ

DMPTF UP BO JOUFHFS WBMVF TP UIBU UIF TNBMM EFOTJUZ PG $'T PS IPMFT JO UIF QBSUJBMMZ ୮ୢMMFE -- DBO CF

QJOOFE CZ JNQVSJUJFT
 UIFSF XJMM BHBJO CF OP EJTTJQBUJPO
 BOE UIF WBMVF PGRtop
xy XJMM CF QJOOFE BU UIF

WBMVF DPSSFTQPOEJOH UP UIF OFBSCZ JOUFHFS WBMVF PG pA�

'JOBMMZ
 XF UVSO UP UIF TUBUF BU νeq = 1/4 BOE UIF MJOFT UISPVHI JU 	'JH� ���
� 5IF TUBUF νeq = 1/4

NBZ CF EFTDSJCFE JO PVS $' MBOHVBHF CZ pA = pB = 1� 5IF TUBUF JT BMTP FRVJWBMFOU UP UIF )BMQFSJO

	���
 TUBUF XIJDI IBT CFFO QSPQPTFE BT B QPTTJCMF FYQMBOBUJPO GPS UIF '2) TUBUF BU νtot = 1/2 JO

XJEF (B"T RVBOUVN XFMMT 	EFUBJM JO "QQFOEJY #
� 5IF MJOF -� JO 'JH� 4�
 XIJDI QBTTFT UISPVHI

UIJT QPJOU
 DPSSFTQPOET UP pA = 1XJUI DPOUJOVPVTMZ WBSZJOH pB � "MUIPVHI UIFSF BQQFBST UP CF

B XFMM�EFWFMPQFE '2) TUBUF BU pB = 2XJUI pA = 1 BMPOH UIJT MJOF
 DPSSFTQPOEJOH UP UIF WBMVFT

νtop = 3/13, νbot = 4/13
 UIFSF EPFT OPU BQQFBS UP CF B MJOF PG TFNJ�RVBOUJ[FE TUBUFT CFUXFFO

UIFTF UXP QPJOUT� 5IF BCTFODF PG UIF DPOUJOVPVT TFNJ�RVBOUJ[BUJPO BMPOH UIFTF MJOFT TVHHFTUT UIBU

UIF TUBCJMJ[BUJPO PG JOUFSMBZFS DPSSFMBUFE $' TUBUF SFRVJSFT NJDSPTDPQJD DPOTJEFSBUJPO PG UIF FOFSHFUJDT

PG UIF RVBTJQBSUJDMF BEEJUJPO UP UIF TZTUFN 	TFF "QQFOEJY #
�

���
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(pA, pB)
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)LJXUH ���� /HIW� OLQHFXW /� WKURXJK (νtop, νbot) = (1/4, 1/4)� $W νtop = νbot = 1/4 �OHIW YHUWLFDO
GDVKHG OLQH�� WKH ORQJLWXGLQDO GUDJ YDQLVK DQG+DOO GUDJ TXDQWL]H WRh/e2� $W WKH VDPH WLPH� WKH +DOO UHVLVWDQFH
RI WKH GULYH OD\HU LV FORVH WR WKH H[SHFWHG TXDQWL]DWLRQ YDOXH RI 3h/e2� $IWHU FRPSRVLWH IHUPLRQ WUDQIRUPDWLRQ�
νtop = νbot = 1/4 EHFRPHV (pA, pB) = (1, 1)� FRUUHVSRQGLQJ WR D TXDQWL]HG LQWHUOD\HU VWDWH� *RLQJ DZD\
IURP νtop = νbot = 1/4 DORQJ WKLV OLQHFXW� WKH TXDQWL]DWLRQ LV ORVW� +RZHYHU +DOO GUDJ DQGPDJQHWR�GUDJ TXDQ�
WL]DWLRQ UHFRYHUV QHDU (νtop, νbot) = (3/13, 4/13) �ULJKW YHUWLFDO GDVKHG OLQH�� 7KLV ĆOOLQJ IDFWRU FRUUHVSRQG
WR FRPSRVLWH IHUPLRQ ĆOOLQJ (pA, pB) = (1, 2)� DQRWKHU TXDQWL]HG LQWHUOD\HU VWDWH� 5LJKW� OLQHFXW /� WKURXJK
(νtop, νbot) = (1/4, 1/4) LQ D GLIIHUHQW GLUHFWLRQ�

���



��� "গঢঘগ 	હঞঊজ঒�ঙঊছঝ঒ঌক঎
 ঙঊ঒ছ঒গঐ

" NPSF JOUVJUJWF BMUFSOBUJWF BQQSPBDI UP VOEFSTUBOEJOH QSPQFSUJFT PG UIF TUBUFT BMPOH -� BOE -� JT

UP CFHJO XJUI UIF CBMBODFE RVBOUJ[FE TUBUF BU νeq = 2/5
 BOE BEE RVBTJ�IPMFT UP UIJT TUBUF 	'JH� ����

SJHIU
� &MFNFOUBSZ RVBTJ�IPMFT JO UIJT TUBUF IBWF UPUBM DIBSHF − e/5
 XJUI − 3e/5 JO POF MBZFS BOE

+2e/5 JO UIF PUIFS� 5IJT BEEJUJPO PG POF PS BOPUIFS UZQF PG RVBTJ�IPMF XJMM NPWF UIF TZTUFN BMPOH

UIF MJOF -� PS -�
 JO B EJSFDUJPO EFDSFBTJOH UIF UPUBM ୮ୢMMJOH GBDUPS� 5IF SFMBUJWF TUBCJMJUZ PG TUBUFT PO

UIF UXP MJOF TFHNFOUT DBO CF VOEFSTUPPE DPOTJEFSJOH UIF FOFSHZ DPTU GPS RVBTJ�IPMFT WFSTVT RVBTJQBS�

UJDMFT 	4FF UIF "QQFOEJY # GPS NPSF EJTDVTTJPO
� 4JNJMBSMZ
 OFBS UIF FOE PG -� PS -�
 XF DBO DPOTJEFS

RVBTJ�IPMFT XJUI DIBSHF PG − e/3� /FBS ୮ୢMMJOH GBDUPS 	���
 �

 UIF RVBTJ�QBSUJDMFT PO UIF UPQ MBZFS BSF

2/3e DIBSHFE XIJMF UIF RVBTJ�QBSUJDMFT PO UIF CPUUPN MBZFS BSF TJNQMZ FMFDUSPOT� 5IF CPVOE TUBUF PG

UIFTF UXP RVBTJ�QBSUJDMFT XJMM NPWF UIF TZTUFN BMPOH -� 	'JH� ���� MFG୴
�

5IF RVBTJ�QBSUJDMF QBJSJOH QJDUVSF BMTP QSPWJEFT BO JOUVJUJWF XBZ UP VOEFSTUBOE UIF )BMM SFTJTUBODF

RVBOUJ[BUJPO BMPOH -� BOE -�� 'PS FYBNQMF
 MFU VT NPEFM TUBUFT BMPOH -� CZ TUBSUJOH GSPN UIF FOE�

QPJOU 	�
 ���

 DPOTJEFSJOH ୮ୢMMJOH GBDUPST (νtop, νbot) = [δ, 2/3(1 − δ)]
 XJUI δ TNBMM� 	'JH� ����
�

5IF TUBUF 	�
 ���
 DPOTJTUT PG B DPNQMFUFMZ FNQUZ UPQ MBZFS BOE B CPUUPN MBZFS JO B DPOWFOUJPOBM

RVBOUJ[FE )BMM TUBUF XJUI ν = 2/3.8F NBZ TVQQPTF UIBU GPS B TVJUBCMF TUSFOHUI PG JOUFSBDUJPO

CFUXFFO UIF MBZFST
 BO FMFDUSPO BEEFE UP UIF UPQ MBZFS XPVME CJOE TUSPOHMZ UP B QBJS PG e/3 RVBTJ�

IPMFT JO UIF UPQ MBZFS
 HJWJOH SJTF UP B DPNCJOFE RVBTJQBSUJDMF XIPTF UPUBM DIBSHF JT POF�UIJSE PG BO

FMFDUSPO DIBSHF
 − e/3� 'VSUIFS
 XF NBZ TVQQPTF UIBU UIF TUBUF XJUI δ ̸= 0 JT GPSNFE CZ BEEJUJPO PG B

୮ୢOJUF EFOTJUZ PG UIFTF DPNQPVOE RVBTJQBSUJDMFT UP UIF 	�
���
 HSPVOE TUBUF� �

���



*G B DVSSFOU I JT ESJWFO PO UIF CPUUPN MBZFS
 JU XJMM CF DBSSJFE TPMFMZ CZ FMFDUSPOT JO UIF ν = 2/3

HSPVOE TUBUF
 XJUI OP NPUJPO PG UIF RVBTJQBSUJDMFT� 4DIFNBUJDBMMZ
 XF DBO TBZ UIBU UIF DVSSFOU JT

DBSSJFE CZ UIF '2) FEHF TUBUF PG UIF ν = 2/3 MBZFS� 	'JH� ���� B
� 5IF RVBTJQBSUJDMFT DBOOPU DPO�

USJCVUF B OFU DVSSFOU
 CFDBVTF UIBU XPVME SFRVJSF B DVSSFOU PG FMFDUSPOT JO UIF UPQ MBZFS
 JO WJPMBUJPO

PG UIF CPVOEBSZ DPOEJUJPO JO UIF ESBH HFPNFUSZ� 5IF BCTFODF PG RVBTJQBSUJDMF NPUJPO SFRVJSFT
 JO

UVSO
 UIBU UIF OFU GPSDF PO B RVBTJQBSUJDMF JT [FSP
 XIJDI XJMM PDDVS JG BOE POMZ JG UIF FMFDUSJD ୮ୢFME JO

UIF MPXFS MBZFS JT ��� UJNFT UIF ୮ୢFME JO UIF CPUUPN MBZFS� 'VSUIFSNPSF
 JO PSEFS UP HFU B OFU DVSSFOU

I GSPN UIF FEHF TUBUFT JO UIF MPXFS MBZFS
 UIF )BMM WPMUBHF JO UIBU MBZFS NVTU CF FRVBM UP 3Ih/2e2�

5IVT XF ୮ୢOERdrive
xy = 3/2, Rdrag

xy = 1
 JO VOJUT PG h/e2�

*O UIF DBTF XIFSF XF ESJWF DVSSFOU I PO UIF UPQ MBZFS
 UIF DVSSFOU NVTU CF DBSSJFE CZ RVBTJQBSUJ�

DMFT
 TJODF UIFSF BSF OP FEHF TUBUFT JO UIF VQQFS MBZFS� 	'JH� ���� C
� 5IJT DVSSFOU ESBHT B RVBTJQBSUJDMF

DVSSFOU PG − 2I/3
 JO UIF PQQPTJUF EJSFDUJPO
 PO UIF CPUUPN MBZFS� 5IJT DVSSFOU NVTU CF DBODFMFE

CZ B 2I/3 FEHF DVSSFOU PO UIF CPUUPN MBZFS
 XIJDI SFRVJSFT UIBU UIFSF CF B )BMM WPMUBHF V drag
xy =

3h
2e2 ×

2
3I = h

e2 I � #Z DPOUSBTU
 UIF WPMUBHF Vxx BOE Vxy JO UIF UPQ MBZFS XJMM CF OPO�RVBOUJ[FE
 BOE

XJMM EFQFOE PO EFUBJMT TVDI BT UIF BNPVOU PG JNQVSJUZ TDBUUFSJOH
 BT XFMM BT UIF WBMVF PG δ� 5IVT XF

IBWF B RVBOUJ[FE )BMM ESBH F୭GFDU JO UIJT DPO୮ୢHVSBUJPO
 EFTQJUF IBWJOH OP RVBOUJ[FE )BMM F୭GFDU JO

UIF UPQ MBZFS�

���



II

I

L2:

a b

)LJXUH ����� ,OOXVWUDWLRQV RI TXDVLSDUWLFOH SDLULQJ IRU WZR ĆOOLQJ IDFWRU FRQĆJXUDWLRQV �JUHHQ DQG UHG GRWV LQ )LJ� �����

7KH OHIW LV IRU ĆOOLQJ IDFWRU DORQJ /� QHDU ����� ��� ZKLOH WKH ULJKW GLDJUDP LV IRU QHDU ����� ����� 7KH FLUFOHV RQ WKH WZR

JUDSKHQH OD\HUV UHSUHVHQW TXDVLSDUWLFOH H[FLWDWLRQV ZLWKPDUNHG HOHFWULFDO FKDUJHV � − e, 2/3e, etc.�� 7KHVH TXDVLSDUWL�
FOH SDLUV DUH EDODQFHG E\ WKH WUDQVYHUVH HOHFWULFDO ĆHOGV RQ WKH WRS DQG ERWWRP OD\HU �Etop DQGEbot GHSLFWHG E\ EODFN

DUURZV��

���
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drive(h/e2)
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drag(h/e2)
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top
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Rxy
drive(h/e2)

Rxx
drag(h/e2)

Rxy
drag((h/e2)

L4
c

(pA, pB)
(1,1) (2,1)

)LJXUH ����� 6FKHPDWLF RI WUDQVSRUW LQ D VHPL�TXDQWL]HG VWDWH DORQJ WKH OLQH /�� VWDUWLQJ IURP WKH ��� ���� UHIHUHQFH

VWDWH� 7KH GDVKHG OLQH RQ WKH HGJH RI WKH ERWWRP OD\HU UHSUHVHQW D ��� )4+ HGJH VWDWH� 4XDVLSDUWLFOHV LQ WKLV PRGHO

FRQVLVW RI DQ HOHFWURQ LQ WKH QHDUO\�HPSW\ WRS OD\HU �ZKLWH VSKHUH� ERXQG WR D SDLU RI DQ\RQV �TXDVL�KROHV� ZLWK WRWDO

FKDUJH 2e/3LQ WKH ERWWRP OD\HU� �B�� :KHQ FXUUHQW LV GULYHQ LQ WKH ERWWRP OD\HU� DOO WKH FXUUHQW FDQ EH FDUULHG E\ WKH

��� HGJH VWDWH �EODFN DUURZ�� ZKLOH WKH TXDVLSDUWLFOHV UHPDLQ VWDWLRQDU\� �C�� &XUUHQW ćRZLQJ RQ WKH WRS OD\HU LV FDUULHG
VROHO\ E\ WKH TXDVLSDUWLFOHV� GXH WR WKH DEVHQFH RI DQ HGJH VWDWH RQ WKH WRS OD\HU� +HQFH� D GULYH FXUUHQW I LQ WKH WRS
OD\HU GUDJV DORQJ D FXUUHQW − 2I/3 LQ WKH ERWWRP OD\HU� ZKLFKPXVW EH FDQFHOHG E\ DQ HGJH FXUUHQW 2I/3 LQ WKH RSSR�
VLWH GLUHFWLRQ� 7KLV UHTXLUHV WKDW WKHUH EH D +DOO YROWDJH LQ WKH ERWWRP OD\HU�V drag

xy = (2I/3)(3h/2e2) = I(h/e2)�
7KXV ZH KDYH TXDQWL]HG GUDJ LQ WKLV FRQĆJXUDWLRQ� GHVSLWH QR TXDQWL]HG +DOO HIIHFW LQ WKH WRS OD\HU�

���



A
4BNQMF GBCSJDBUJPO EFUBJMT

"�� �% ঑঎ঝ঎ছঘজঝছঞঌঝঞছ঎ 4ঝঊঌঔ঒গঐ

)FSF * EFTDSJCF UIF QSPDFTT PG TUBDLJOH WBSJPVT �% NBUFSJBM MBZFST JOUP B IFUFSPTUSVDUVSF� 5IJT NFUIPE

BTTFNCMFT UIF TUBDL XJUIPVU DPOUBNJOBUJOH UIF DSJUJDBM MBZFST XJUI QPMZNFS PS TPMWFOU
 LFFQJOH UIFN

JO UIFJS QSJTUJOF DPOEJUJPO� 5IJT JT BDIJFWFE CZ QJDLJOH VQ B UPQ I#/ MBZFS XJUI B QPMZNFS TUBNQ

BOE QJDLJOH VQ UIF TVCTFRVFOU MBZFST XJUI UIF UPQ I#/� 5IVT UIF HSBQIFOF MBZFST BOE I#/ MBZFST

���



PUIFS UIBO UIF UPQ MBZFS BSF OFWFS JO EJSFDU DPOUBDU XJUI UIF QPMZNFS TUBNQ� "U UIF FOE PG QJDL�VQT


XF EFQPTJU UIF TUBDL PO UIF MBTU MBZFS PS PO B GSFTI 4J0��4J TVCTUSBUF� 5IF XIPMF QSPDFTT SFMJFT PO

EJ୭GFSFOU CFIBWJPST PG 11$ 	1PMZQSPQZMFOF DBSCPOBUF
 BU EJ୭GFSFOU UFNQFSBUVSFT� #FMPX ��$
 11$

BDUT MJLF B TPMJE
 BOE DBO CF TNPPUIMZ QFFM P୭G GSPN B TVCTUSBUF� 'SPN ��$ UP BCPVU ��$
 11$ HPFT

UISPVHI B HMBTT USBOTJUJPO BOE JT WFSZ TUJDLZ� *U DSBXMT BDSPTT UIF TVCTUSBUF XIFO NBLJOH DPOUBDU XJUI

PS EFUBDIJOH GSPN B TVCTUSBUF� "U UIJT TUBHF
 UIF DPOUBDU CPVOEBSZ DBO CF QSFDJTFMZ DPOUSPMMFE UIF

UFNQFSBUVSF PS [�QPTJUJPO PG UIF NBOJQVMBUPS� "U BCPVU ������$
 11$ UPUBMMZ NFMUT EPXO BOE CF�

DPNF MFTT TUJDLZ UP UIF TUBDL
 TP XF DBO EFQPTJU UIF TUBDL PO UIF TVCTUSBUF�

* ୮ୢSTU QSFQBSF �% NBUFSJBM ୯୳BLFT UISPVHI NFDIBOJDBM FYGPMJBUJPO� * VTF 4DPUDI HSFFO NBHJD UBQF

GPS FYGPMJBUJPO� "G୴FS TQSFBEJOH B TJOHMF DSZTUBM PG I#/ PS HSBQIJUF PO B UBQF VOUJM JU DBO DPWFS UIF

XIPMF BSFB PG B 4J0��4J DIJQ 	 ���DN JO EJNFOTJPO
 'JH� "��

 UIF UBQF JT UBQFE EPXO PO B 4J0� DIJQ�

* TDSBUDI UIF UBQF VTJOH B TNBMM HMBTT WJBM ୮ୢMMFE XJUI XBUFS UP NBLF UIF UBQF BEIFSF XFMM XJUI UIF TVC�

TUSBUF� 5IFO UIF UBQF JT QFFMFE P୭G UIF 4J0� TVCTUSBUF TMPXMZ PWFS B DPVQMF PG NJOVUFT� "G୴FS ୮ୢOEJOH

UIF ୯୳BLFT PG EFTJSFE UIJDLOFTT BOE HFPNFUSZ
 * VTF OPO�DPOUBDU NPEF "'. UP DPO୮ୢSN UIF DMFBOOFTT

PG UIF ୯୳BLFT� %JSUZ ୯୳BLFT BSF UIFO BCBOEPOFE� (SBQIFOF MBZFS OVNCFS JT FYUSBDUFE GSPN UIF DPO�

USBTU PG HSFFO DIBOOFM BDSPTT UIF HSBQIFOF FEHF� ���ॎ DPOUSBTU DPSSFTQPOE UP B TJOHMF MBZFS HSBQIFOF


XIJMF �����ॎ JT GPS CJMBZFS HSBQIFOF� I#/ XJUI UIJDLOFTT CFUXFFO �����ON VTVBMMZ BQQFBST CMVF UP

HSFFO
 XIJMF UIJDLFS ୯୳BLFT MPPLT HSFFO UP ZFMMPX BOE UIJOOFS ୯୳BLFT BSF QVSQMF UP CMVF�

���



)LJXUH $��� 6FRWFK WDSH DIWHU VSUHDGLQJ K%1 FU\VWDO RQ LW WKURXJK UHSHWLWLYH VWLFNLQJ DQG SHHOLQJ�

glass slide
PDMS

PPC

Transparent tape

)LJXUH $��� 6WUXFWXUH RI WKH 33& WUDQVIHU VWDPS�

���



)LJXUH $��� ,PDJH RI D WUDQVIHU VWDPS RQ D JODVV VOLGH�

"���� 1ছ঎ঙঊছ঒গঐ ঝছঊগজএ঎ছ জঝঊখঙ

5IF USBOTGFS TUBNQ JT NBEF PG 11$
 USBOTQBSFOU UBQF BOE 1%.4 PO B HMBTT TMJEF 	'JH� "��
'JH� "��
�

11$ JT UIF QPMZNFS JO EJSFDU DPOUBDU XJUI UPQ I#/ MBZFS� 5IF USBOTQBSFOU UBQF QSFTTFT UIF 1%.4

CMPDL EPXO PO UIF HMBTT TMJEF BOE IBT HPPE BEIFTJPO UP UIF 11$ ୮ୢMN� 4P 11$ XJMM OPU GBMM P୭G UIF

1%.4 CMPDL EVSJOH QJDL�VQ� * VTF UIF TDPUDI USBOTQBSFOU UBQF GSPN �.� 5IF 1%.4 CMPDL QSPWJEFT

B FMBTUJD CBTF GPS UIF USBOTGFS TUBNQ XIJDI BMTP NBLF JU FYUSVEF GSPN UIF HMBTT TMJEF�

'JSTU DVU B QJFDF PG 1%.4 BCPVU 3 ∼ 5NN JO TJ[F GSPN B QSF�NBEF 1%.4 TIFFU BOE MBZ JU EPXO

PO B DMFBO HMBTT TMJEF� 5IFO XF UBQF B USBOTQBSFOU UBQF PO UIF 1%.4 CMPDL� -BTU UIF 11$ ୮ୢMN JT

EFQPTJUFE PO UPQ� #FMPX
 * OBSSBUF UIF QSPDFEVSFT PG NBLJOH 1%.4 TIFFU BOE 11$ ୮ୢMN�

���



1ছ঎ঙঊছ঒গঐ 1%.4

5IF 1%.4 JT NBEF CZ NJYJOH UIF 1%.4 FMBTUPNFS XJUI DVSJOH BHFOU JO ���� SBUJP� * NJY UIFN XJUI

B EFEJDBUFE NJYFS BU ����SQN GPS POF NJOVUF� "G୴FS NJYJOH
 UIFSF XJMM CF B MPU PG CVCCMFT JO UIF NJY�

UVSF� 5IF CVCCMFT DBO CF SFNPWFE CZ TFUUJOH JO B WBDDVN PS EFGPBNJOH XJUI B DFOUSJGVHF 	����SQN

GPS � NJO
�

"G୴FS NJYJOH
 XF QPVS JU POUP B 1FUSJ EJTI XJUI HMBTT TMJEFT JO JU� *G VOJGPSN UIJDLOFTT 1%.4 JT

EFTJSFE
 TBOEXJDI UXP DVU HMBTT TMJEF QJFDFT CFUXFFO UXP PSJHJOBM HMBTT TMJEFT
 TP 1%.4 JO CFUXFFO

XJMM CF UIF TBNF UIJDLOFTT BT B HMBTT TMJEF� 5IFO CBLF JU JO B PWFO BU ��$ GPS � IPVST�

1ছ঎ঙঊছ঒গঐ 11$ 	1ঘকঢঙছঘঙঢক঎গ঎ ঌঊছঋঘগঊঝ঎


%JTTPMWF ��H 11$ JO ���N- "OJTPMF
 TUJS JU PWFSOJHIU BU ��$ XJUI B NBHOFUJD TUJS� "G୴FS 11$ DPN�

QMFUFMZ EJTTPMWFE
 ୮ୢMUFS JU UISPVHI B ���VN ୮ୢMUFST� * GPVOE UIBU NBOZ ���VN ୮ୢMUFST PO UIF NBSLFU EPFT

OPU XPSL QSPQFSMZ� 5IF XPSLJOH POF XF VTF BSF 8IBUNBO "VUPWJBM TZSJOHFMFTT ୮ୢMUFST XJUI ���VN

15'& NFNCSBOF�

"G୴FS UIF 11$ TPMVUJPO JT NBEF
 * TQJO JU PO B DMFBO TJMJDPO DIJQ BCPVU �DN�CZ��DN JO TJ[F� 5IF

TQJOOFS TFUUJOH BSF ����SQN�T BDDFMFSBUJPO
 �NJO EVSBUJPO
 BOE TQFFE VTVBMMZ CFUXFFO ���������SQN�

5IF TQFFE JT OPU DSJUJDBM VOMFTT BJNJOH GPS B TQFDJ୮ୢD 11$ UIJDLOFTT� "G୴FS TQJOOJOH
 CBLF UIF 11$

DIJQT PO B IPU QMBUF BU �����$ GPS �NJOT PS MPOHFS UP SFNPWF BMM UIF BOJTPMF TPMWFOU�

5P QBWF UIF 11$ ୮ୢMN PO UIF USBOTQBSFOU UBQF
 * VTF B PQBRVF UBQF UP HSBC UIF QQD ୮ୢMN BOE TVT�

QFOE JU PWFS B IPMF PO UIF PQBRVF UBQF� 'JSTU QVODI B IPMF 	BCPVU �NN JO EJBNFUFS
 PO B HSFFO

���



NBHJD UBQF VTJOH B IPMF QVODIFS� $PWFS UIF 11$ DIJQ XJUI UIF PQBRVF UBQF BOE BMJHO UIF IPMF UP

B DMFBO BSFB PO UIF 11$� 1VU EPXO UIF UBQF BOE QSFTT BMM BSPVOE UIF IPMF UP NBLF TVSF UIF UBQF BE�

IFSF UP 11$� $BSFGVMMZ QFFM UIF UBQF P୭G UIF 11$ DIJQ VOUJM B TNBMMFS DPSOFS JT FYQPTF� *G UIF 11$

NFNCSBOF EJE OPU DPNF VQ XJUI UIF UBQF
 TDSBUDI UIF FYQPTFE DIJQ DPSOFS XJUI UXFF[FST BOE QVU

UIF UBQF CBDL EPXO PO UIF DIJQ BOE QFFM JU P୭G BHBJO� 5IJT TIPVME CF BCMF UP SFNPWF UIF 11$ GSPN

UIF TJMJDPO DIJQ BOE TVTQFOE JU PWFS UIF IPMF� *G 11$ EPFT OPU DPNF P୭G
 JU JT MJLFMZ UIBU UIF TJMJDPO

DIJQ JT EJSUZ� *G UIF 11$ PWFS UIF IPMF JT XSJOLMFE
 CBLF JU BU �����$ VOUJM JU CFDPNFT ୯୳BU� "G୴FS UIBU


DBSFGVMMZ MBZ JU PO UPQ PG UIF USBOQBSFOU UBQF�1%.4 TUBNQ BOE NBLF HPPE BEIFTJPO CZ QSFTTJOH PO

UIF UBQF BSPVOE UIF TVTQFOEFE 11$� *G UIF 11$ JT OPU DPNQMFUFMZ ୯୳BU
 CBLF JU BU ��$ VOUJM JU ୯୳BUUFOT

PVU�

5P SFVTF UIF TJMJDPO DIJQ
 TPOJDBUF UIF DIJQT JO BDFUPOF BOE UIFO *1" GPS �� NJOT FBDI� #MPX ESZ

UIF DIJQT BG୴FS TPOJDBUJPO�

"���� $ঘক঍ ঙ঒ঌঔঞঙ

4঎ঝঞঙ

5IF ୮ୢSTU I#/ MBZFS JT VTVBMMZ QJDLFE VQ XJUI TP DBMMFE DPME QJDL�VQ NFUIPE� 'JSTU QVU UIF USBOTGFS

TUBNQ HMBTT TMJEF JO UIF NJDSP�NBOJQVMBUPS DMBNQ XJUI UIF QQD GBDJOH EPXO 	'JH� "��
� 6TVBMMZ *

BQQMZ B TNBMM UJMU PO UIF USBOTGFS HMBTT TMJEF TP UIBU * LOPX XIFSF UIF TUBNQ XJMM ୮ୢSTU MBOE PO UIF TVC�

TUSBDUF� .BLF TVSF UIF TUBSUJOH UFNQFSBUVSF JT CFMPX ��$� 'JOE UIF ୮ୢSTU I#/ MBZFS BOE UVSO PO UIF

WBDVVN UP ୮ୢY UIF DIJQ PO UIF TUBHF� 'PS 11$ QJDL VQ UP XPSL
 VTVBMMZ UIF UPQ I#/ MBZFS OFFE UP CF

���



)LJXUH $��� 7KH WUDQVIHU VWDJH�

1 2 3

)LJXUH $��� &ROG SLFN�XS RI ĆUVW K%1 OD\HU� ,Q WKH ĆUVW SDQHO� 33& KDYH \HW FRQWDFWHG WKH K%1 �F\DQ ćDNH QHDU WKH

FHQWHU�� 7KH UDLQERZ FRORUV DUH WKH LQWHUIHUHQFH SDWWHUQ EHWZHHQ 33& DQG WKH VXEVWUDWH� 7KH DSSURDFKLQJ GLUHFWLRQ LV

IURP WRS WR ERWWRP� 2Q WKH WRS OHIW FRUQHU� 33& DOUHDG\ WRXFKHG WKH VXEVWUDWH� ZKLFK FDQ EH VHHQ IURP WKH VROLG JROG

FRORU� 2Q WKH VHFRQG SDQHO� WKH 33& DOUHDG\PDGH FRQWDFW ZLWK WKH K%1 ćDNH� 7KLUG SDQH� SSF ĆOP LV EHHQ OLIW�XS� +DOI

RI WKH K%1 ćDNH LV SLFNHG XS� WKH SLFNHG XS SDUW ZLOO ORRN DOPRVW WUDQVSDUHQW� ZKLOH WKH SDUW QRW SLFNHG XS LV VWLOO F\DQ�

���



UIJDLFS UIBO ��ON� *G UIF UPQ I#/ JT UIJOOFS UIBO ��ON
 JU JT WFSZ EJ୭୮ୢDVMU UP QJDL VQ BT UIFSF JT OPU

FOPVHI FEHF GPS UIF 11$ UP HSBC PO� *O UIJT TJUVBUJPOT
 TUJDLJFS USBOTGFS QPMZNFS TVDI BT 1$ 	1PMZDBS�

CPOBUFT
 DBO CF VTFE�

.ঊঔ঒গঐ ঌঘগঝঊঌঝ

�� 'JOE B DMFBO BSFB PO UIF 11$ TUBNQ BOE BMJHO JU XJUI UIF EFTJSFE ୯୳BLF�

�� -PXFSJOH UIF USBOTGFS TUBNQ VOUJM UIF DPOUBDU CPVOEBSZ JT DMPTF UP UIF ୯୳BLJOH CFJOH QJDLFE VQ�

�� )FBU VQ UIF TVCTUSBUF UP �����$ VOUJM UIF XIPMF ୯୳BLF JT DPOUBDUFE CZ UIF TUBNQ� 1SFTT EPXO UIF

TUBNQ CJU NPSF
 BT UIF CPVOEBSZ VTVBMMZ KVNQT CBDL TMJHIUMZ EVSJOH QFFMJOH P୭G�

1঎঎ক঒গঐ ঘএএ

�� /PX EFDSFBTF UIF TFU UFNQFSBUF UP ��$ BOE XBJU GPS JU UP DPPM EPXO UP ��$�

�� -JG୴ VQ UIF TUBNQ XJUI B TUFBEZ TQFFE OPU UP GBTU OPS TMPX� *EFBMMZ XF XBOU JU UP CF BT TMPX BT QPT�

TJCMF
 CVU UIF QQD XJMM TUJDL UP UIF TVCTUSBUF BOE KVNQT GSPN POF USBQQFE MJOF UP UIF OFYU JG HPJOH UPP

TMPXMZ� 4P QSBDUJDBMMZ
 UIF QFFMJOH P୭G JT EPOF GBJSMZ RVJDLMZ
 PWFS UZQJDBMMZ ��T UP �NJO�

�� .PTU PG UIF UJNF
 UIF ୯୳BLF JT UIFO QJDLFE VQ� *G OPU
 USZ UIJT BHBJO PS BQQSPBDI GSPN B EJ୭GFSFOU EJ�

SFDUJPO� *G QBSU PG UIF ୯୳BLF JT QJDLFE VQ XIJMF UIF PUIFS QBSU SFNBJOT PO TVCTUSBUF 	TUJMM TUBZ POF QJFDF


'JH� "��

 IFBUJOH VQ UIF TUBHF CBDL UP ��$ BOE TMPXMZ SBJTF UIF TUBNQ� "T UIF 11$ CFJOH QFFMFE P୭G


UIF QBSU PG I#/ PO UIF 11$ PG୴FO DBO ESBH UIF SFNBJOJOH QBSU PG I#/ PO UIF TVCTUSBUF VQ BT XFMM�

���



1 2

3 4

)LJXUH $��� +RW SLFNXS RI ĆUVW JUDSKLWH OD\HU ZLWK K%1 OD\HU RQ 33&� �� $OLJQ WKH K%1ZLWK WKH JUDSKLWH ćDNH EHIRUH

PDNLQJ FRQWDFW� 7KH ZKLWH VHPL�WUDQVSDUHQW ćDNH LQ WKHPLGGOH LV WRS K%1� ZKLOH WKH JUDSKLWH LV WKH SXUSOH FRORU OD\HU

XQGHUQHDWK WKH K%1� �� K%1 MXVW VWDUW WR FRQWDFW WKH JUDSKLWH ćDNH� �� 7KH K%1 LV LQ IXOO FRQWDFW ZLWK WKH WR�EH�SLFNHG�

XS JUDSKLWH� 7KLV LV WKH SRLQW , VWDUW WR OLIW XS WKH 33& ĆOP� �� 7KH JUDSKLWH LV QRZ SLFNHG XS�

���



"���� )ঘঝ ঙ঒ঌঔঞঙ

4VCTFRVFOU QJDL VQ TUFQT BSF PG୴FO EPOF BU �����$
 BT JU JT NPSF DPOUSPMMBCMF BOE QSFDJTF UIBO UIF

DPME QJDL�VQ NFUIPE� 'JH� "��TIPX UIF QSPDFTT PG QJDLJOH VQ HSBQIJUF XJUI B I#/ PO 11$ TUBNQ�

5IJT TUFQ JT TJNJMBS UP UIF DPME QJDL�VQ JO NBOZ XBZT� )PXFWFS
 UIFSF BSF TPNF LFZ EJ୭GFSFODFT BT

XFMM�

�� 4UBSU BU ��$
 BMJHO UIF QJDLFE VQ ୯୳BLFT XJUI UIF ୯୳BLF�UP�CF�QJDLFE�VQ CFGPSF 11$ UPVDIFT UIF

TVCTUSBUF� -FBWF TPNF TQBDF PO UIF UPQ I#/ MBZFS CFZPOE UIF ୯୳BLF�UP�CF�QJDLFE�VQ 	'JH� "�� ୮ୢSTU

QBOFM
� 5IJT NFBOT UIF ୯୳BLF�UP�CF�QJDLFE�VQ DBO CF GVMMZ DPOUBDUFE CZ UIF UPQ I#/ CVU BU UIF TBNF

UJNF UIF UPQ I#/ JT OPU JO GVMM DPOUBDU XJUI UIF TVCTUSBUF 	UIJSE QBOFM JO 'JH� "��
� 5IJT NBLFT TVSF

XF DBO QFFM UIF TUBDL P୭G UIF TVCTUSBUF JOTUFBE PG ESPQQJOH JU EPXO�

�� )FBU VQ UIF TVCTUSBUF UP BCPVU ��$ BOE QSFTT EPXO PO UIF 11$ TUBNQ� #FGPSF UIF UXP ୯୳BLFT TUBSU

UP UPVDI
 DIFDL UIF BMJHONFOU BHBJO� *G UIF BMJHONFOU JT TMJHIUMZ P୭G
 NPWF UIF NBOJQVMBUPS UP SFBMJHO

UIF ୯୳BLFT� 8IFO UIF 11$ JT JO DPOUBDU XJUI TVCTUSBUF
 JU NPWFT TMPXMZ BT JG JU JT ESBHHJOH BMPOH PO UIF

TVCTUSBUF� "U UIJT QPJOU
 UIF 11$ DPOUBDU CPVOEBSZ TIPVME CF RVJUF DMPTF UP UIF ୯୳BLFT� *G OPU
 QSFTT

EPXO UIF TUBNQ NPSF�

�� *ODSFBTF UIF UFNQFSBUVSF BOE MFU UIF 11$ TMPXMZ NBLFT DPOUBDU� #F DBSFGVM OPU MFU UIF UXP ୯୳BLFT

TOBQ POUP FBDI PUIFS WFSZ RVJDL
 BT UIFZ VTVBMMZ UFOE UP EP TP XIFO ୯୳BLFT ୮ୢSTU UPVDI� *G UIF DPOUBDU

IBQQFOT GBTU
 SBJTF UIF 11$ TMJHIUMZ UP TUPQ UIF TVEEFO NPWFNFOU� -FU UIF ୯୳BLFT TMPXMZ NBLJOH

DPOUBDU VOUJM UIF ୯୳BLF�UP�CF�QJDLFE�VQ NBEF GVMM DPOUBDU	'JH� "�� QBOFM �
� 5IJT TIPVME IBQQFO

CFMPX ��$�

���



�� 3BJTF UIF NBOJQVMBUPS
 CFGPSF UIF UPQ I#/ JT UPUBMMZ ESPQQFE POUP UIF TVCTUSBUF BHBJO� "OE LFFQ

SBJTJOH JU TMPXMZ CZ IBOE PS BVUP�DMJDLFS 	���VN QFS ����T
 VOUJM UIF 11$ JT DPNQMFUFMZ EFUBDIFE

GSPN TVCTUSBUF� 5IF UFNQFSBUVSF PG UIJT TUFQ TIPVME CF �� ��$� 5IF QFFMJOH QSPDFTT VTVBMMZ MBTU ���

�� NJOT�

"���� %঎ঙঘজ঒ঝ঒গঐ ঝ঑঎ জঝঊঌঔ

1VUUJOH EPXO UIF TUBDL JT TJNJMBS UP UIF IPU QJDL�VQ GPS UIF DPOUBDUJOH QBSU� "MJHO UIF ୯୳BLFT BOE

TMPXMZ IFBU VQ UP NBLF UIF DPOUBDU KVTU BT CFGPSF� )PXFWFS
 UIF EFTJSFE DPOUBDU UFNQFSBUVSF BU UIF

TUBDL GPS UIJT TUFQ JT BCPWF ��$� )JHIFS UFNQFSBUVSF IFMQT SFEVDF CVCCMFT� "MTP XIFO QVUUJOH EPXO


XF XBOU UIF TUBDL UP CF JO DPNQMFUF DPOUBDU XJUI UIF TVCTUSBUF JOTUFBE PG MFBWJOH B DPSOFS PS FEHF

VQ PO UIF 11$ 	'JH� "�� MFG୴
� "G୴FS GVMM DPOUBDU
 IFBU UIF TVCTUSBUF UP ���$
 BU UIF TBNF UJNF SBJTF

UIF USBOTGFS TUBNQ JG 11$ CPVOEBSZ JT NPWJOH UPP GBS CFZPOE UIF TUBDL� 5IFO MJG୴ UIF 11$ TMPXMZ

	���VN QFS ����T

 XIJDI TIPVME OPX EFUBDI GSPN UIF TUBDL 	'JH� "�� SJHIU
�

"G୴FS UIF 11$ JT DPNQMFUFMZ QFFMFE P୭G GSPN UIF TVCTUSBUF
 DMFBO UIF 11$ SFTJEVF CZ TPBLJOH JO

BDFUPOF GPS � NJOT� "OE BOOFBM JO ���$ WBDDVN BOOFBMFS GPS �� NJOT� 5IF WBDVVN MFWFM JT VTVBMMZ

CFMPX 1 × 10−6 torr
 CVU * GPVOE JU JT OPU DSJUJDBM�

"�� /ঊগঘ�এঊঋছ঒ঌঊঝ঒ঘগ

*O UIJT TFDUJPO
 * DPWFS NFUIPET BOE SFDJQFT GPS FUDIJOH UIF TUBDLJOH
 NBLJOH FEHF DPOUBDUT BOE GBC�

SJDBUJOH NFUBM HBUFT� 6TVBMMZ EFWJDF GBCSJDBUJPO TUBSU XJUI EFQPTJUJOH NFUBM BMJHONFOU NBSLT� * NFB�

TVSF UIF EJTUBODF GSPN UIF TUBDL UP UIF MFG୴ BOE CPUUPN FEHF PG UIF TVCTUSBUF BOE VTF UIJT DPPSEJOBUF

���



1 2

)LJXUH $��� 'URSSLQJ GRZQ WKH ĆQLVKHG VWDFN DW ���&� �� 7KH VWDFN LQ WKHPLGGOH LV GURSSHG GRZQ RQ WKH VXEVWUDWH

ZLWK 33& OD\HU VWLOO RQ WRS� �� 7KH 33& LV VORZO\ SHHOHG RII� DQG WKH VWDFN VWD\HG RQ WKH VXEVWUDWH�

UP QMBDF UIF BMJHONFOU NBSLT BSPVOE UIF TBNQMF� 'PS UIF TBNQMFT XJUI HSBQIJUF UPQ HBUF
 UPQ HBUF

JT ୮ୢSTU QBUUFSOFE XJUI )42 NBTL BOE 3*& FUDIJOH� 5IFO UIF TUBDL JT QBUUFSOFE JOUP ୮ୢOBM HFPNFUSZ

XJUI BOPUIFS )42 NBTL BOE FUDIJOH TUFQ� 1.." NBTL JT VTFE GPS NFUBM EFQPTJUJPO GPS DPOUBDUT

BOE NFUBM HBUFT� -BTU JG NPSF MBZFS PG UPQ HBUFT BSF OFFEFE
 B "-% "M�0� MBZFS JT EFQPTJUFE PWFS UIF

XIPMF TVCTUSBUF� "EEJUJPOBM NFUBM UPQ HBUFT PS DPOUBDU HBUFT BSF QBUUFSOFE PO UPQ PG UIF "-% MBZFS�

"���� 1.." খঊজঔ ঊগ঍ ঎টঊঙঘছঊঝ঒ঘগ

'PS UIF TUFQT JOWPMWJOH 1.." NBTLT 	BMJHONFOU NBSLT
 DPOUBDUT BOE NFUBM HBUFT

 * VTF B EPVCMF

MBZFS 1.." SFDJQF GPS FBTJFS MJG୴ P୭G� �� 4QJO 1.." ��� "� BU ����SQN
 ����SQN�T BDDFMFSBUJPO

GPS POF NJOVUF� �� #BLF BU ���$ GPS UXP NJOVUFT� �� 4QJO 1.." ��� "� BU ����SQN
 ����SQN�T

BDDFMFSBUJPO GPS POF NJOVUF� �� #BLF BU ���$ GPS UXP NJOVUFT� .BLF TVSF UIF DIJQ JT DPPM CFGPSF

TQJOOJOH UIF TFDPOE MBZFS BOE TUBSU UIF TQJOOFS SJHIU BXBZ BG୴FS ESPQQJOH UIF SFTJTU UP BWPJE CPUUPN

���



)LJXUH $��� )DEULFDWLRQ GHVLJQ� /HIW� RYHUYLHZ RI ELJ IHDWXUHV �DERXW �PP�E\��PP�� (DFK ERQGLQJ SDG �JROG FRORU

UHFWDQJOHV� LV VSOLW LQWR WZR SDUWV� , ERQG RQ WKH RXWVLGH SDGV ĆUVW� LI WKHUH 6L2� LV SXQFKHG WKURXJK GXULQJ ERQGLQJ� WKH

RXWVLGH SDGV ZLOO EH XQOLQNHG E\ VFUDWFKLQJ RII WKH FRQQHFWV EHWZHHQ WZR ERQGLQJ SDGV� DQG LQQHU SDGV ZLOO EH XVHG

RQ VHFRQG DWWHPSW� 5LJKW� ]RRPHG�LQ YLHZ RI WKH VDPSOH� 7KH RSWLFDO LPDJH LV WDNHQ ULJKW DIWHU GHSRVLWLQJ DOLJQPHQW

PDUNV� 7KH GHHS EOXH FRORU OLQHV DUH HGJH RI WRS JUDSKLWH JDWH HWFKPDVN� 7KH SXUSOH FRORU RXWOLQH LV IRU HWFKLQJ WKH

GHYLFH LQWR ĆQDO JHRPHWU\� 7KH \HOORZ RXWOLQHV DUH FRQWDFWV WR JUDSKHQH OD\HUV DQG JUDSKLWH JDWHV� 7KH OLJKW EOXH

FRORUHG OLQHV DUH IRU FRQWDFW JDWHV�

���



1.." MBZFS HFUUJOH EJTTPMWFE� * XSJUF UIF 1.." NBTL JO &MJPOJY '��� BU 2000uC/cm2 BOE ��ON

QJUDI� 5IF 1.." JT EFWFMPQFE JO *1"�.*#, 	���
 EFWFMPQFS GPS �NJO CFGPSF SJOTJOH JO *1"�

5IF NFUBMT BSF UIFO FWBQPSBUFE POUP UIF TBNQMF XJUI 1.." NBTLT� 'PS BMJHONFOU NBSLT BOE

NFUBM HBUFT
 UIF ୮ୢMN RVBMJUZ JT OPU DSJUJDBM BOE HPPE WBDVVN JT OPU OFFEFE� )PXFWFS
 GPS UIF FEHF

DPOUBDUT
 HSFBUFS DBSF NVTU CF UBLFO BT UIF ୮ୢMN RVBMJUZ JT DSJUJDBM GPS HPPE DPOUBDUT� * VTF B UIFSNBM

FWBQPSBUPS GPS UIF DPOUBDUT BOE MFU JU QVNQ EPXO UP MPX 10−7 torr� 5P FOTVSF HPPE FEHF DPOUBDUT


DPOUJOVPVT SPUBUJPO BOE B TNBMMFS UJMF BOHMF 	����EFH
 DBO IFMQ UIF NFUBM DPWFS BMM TJEF PG FUDIFE TUBDL�

" TIPSU $)'� 3*& FUDI DBO BMTP IFMQ NBLF CFUUFS DPOUBDU CZ FYQPTJOH B GSFTI HSBQIFOF JOUFSGBDF�

"���� )42 খঊজঔ ঊগ঍ ঎ঝঌ঑঒গঐ

)42 NBTL JT VTFE GPS UIF FUDIJOH TUFQT
 BT JU JT B OFHBUJWF SFTJTU 	XSJUUFO QBSU XJMM SFNBJO BG୴FS EF�

WFMPQNFOU
 BOE JU SFTJTU FUDIJOH CFUUFS UIBO 1.."� #FDBVTF XSJUUFO )42 UVSOT JOUP HMBTT BOE

IBSE UP SFNPWF
 XF VTF B UIJO 1.." CV୭GFS MBZFS CFMPX UIF )42 NBTL� 'JSTU
 1.." ��� "� JT

TQVO PO UIF TVCTUSBUF BU ����SQN GPS B NJOVUF BOE CBLFE BU ���$ GPS UXP NJOVUFT� 5IFO )42 JT

TQVO BU ����SQN BT XFMM XJUI OP TVCTFRVFOU CBLF� 5IF )42 JT XSJUUJOH PO &MJPOJY '��� BT XFMM BU

950uC/cm2 BSFB EPTF� *U JT EFWFMPQFE JO .'ୖ$% �� EFWFMPQFS GPS UISFF NJOVUFT CFGPSF SJOTFE JO

%* XBUFS� )42 JT TFOTJUJWF UP NPJTUVSF BOE TIPVME CF TUPSF JO B GSJEHF� * QPVS )42 GSPN UIF PSJH�

JOBM CPUUMF UP B TNBMMFS DPOUBJOFS BG୴FS XBSNJOH VQ UIF CPUUMF UP SPPN UFNQFSBUVSF UP BWPJE XBUFS

DPOEFOTBUJPO� &BDI UJNF
 )42 JT QPVS PVU GSPN UIF TNBMMFS DPOUBJOFS BG୴FS XBSNJOH VQ UP SPPN

UFNQFSBUVSF� #PUI DPOUBJOFST TIPVME CF TFBMFE XJUI B QBSB୮ୢMN�

'PS UIF UPQ HSBQIJUF FUDI
 ୮ୢSTU POF NJOVUF PG 0� QMBTNB JT VTFE UP SFNPWF UIF UIJO 1.." MBZFS

���



VOEFSOFBUI UIF FUDI NBTL� 5IF 0� QMBTNB IBWF MJUUMF F୭GFDU PO I#/� 5IFO B QMBTNB XJUI $)'� BT

UIF NBJO JOHSFEJFOU JT VTFE UP FUDI I#/ MBZFS CVU JU XJMM TUPQ PO UIF UPQ HSBQIJUF MBZFS BT $)'� JT

OPU F୭GFDUJWF JO FUDIJOH HSBQIJUF� "OPUIFS SVO PG 0� FUDI JT VTFE UP FUDI UIF UPQ HSBQIJUF BOE TUPQT

BU UIF TFDPOE I#/ MBZFS� )42 FUDI NBTL JT UIFO SFNPWFE CZ TPDLJOH JO BDFUPOF GPS B GFX NJOVUFT�

'PS UIF EFWJDF FUDI
 0� QMBTNB JT BMTP SVO ୮ୢSTU UP SFNPWF UIJO 1.."� "OE UIFO $)'� QMBTNB JT

VTFE UP QBUUFSO UIF SFTU PG UIF TUBDL JODMVEJOH HSBQIFOF� *O DFSUBJO DBTFT
 0� BOE $)'� NJHIU OFFE

UP SVO BMUFSOBUJOHMZ JG UIFSF JT HSBQIJUF BCPWF UIF DPOUBDU BSFB� *O UIFTF DBTFT
 NBLF TVSF $)'� JT UIF

MBTU FUDIJOH TUFQ�

"���� "-% ঊগ঍ ঌঘগঝঊঌঝ ঐঊঝ঎জ

*O PSEFS UP EFQPTJU NFUBM HBUF BCPWF UIF EFWJDF 	GPS UPQ HBUF PS DPOUBDU HBUFT

 BO JOTVMBUJOH MBZFS

NVTU CF EFQPTJUFE ୮ୢSTU� 0UIFSXJTF UIF PWFSMBQ CFUXFFO NFUBM HBUFT BOE HSBQIFOF FEHF XJMM TIPSU

UIF HBUFT XJUI HSBQIFOF� * DIPPTF "M�0� BT UIF JOTVMBUJOH MBZFS� "-% EFQPTJUJPO DBO DPWFS BMM TJEFT

PG UIF EFWJDF BOE NFUBM MFBET
 UIVT JT BO JEFBM XBZ PG HSPXJOH UIF "M�0� MBZFS� )PXFWFS
 EVF UP UIF

IZESP�QIPCJD OBUVSF PG I#/ BOE HSBQIFOF
 "-%
 XIJDI VTF XBUFS BT QSFDVTPS
 EPFT OPU HSPX PO

UIF TUBDL� 4P * FWBQPSBUPS B UIJO MBZFS 	���ON
 PG BMVNJOVN PO UIF TUBDL ୮ୢSTU� "G୴FS UBLJOH JU PVU PG

UIF FWBQPSBUPS
 BJS XJMM PYJEJ[F UIF BMVNJOVN UP "M�0�� 5IJT UIJO MBZFS PG "M�0� BDUT BT B TFFE MBZFS

GPS UIF SFTU PG "-% "M�0� HSPXUI� * VTVBMMZ HSPX UIF "-% BU ���$ GPS ��ON���ON�

"G୴FS UIF "-% TUFQ
 BO NFUBM HBUF JT EFQPTJUFE XJUI 1.." NBTL� * BMXBZT USZ UP NJOJNJ[F

UIF PWFSMBQ CFUXFFO NFUBM HBUFT BOE PUIFS NFUBM DPOUBDUT
 UP SFEVDF UIF DIBODF PG HBUFT MFBLT XJUI

HSBQIFOF DPOUBDUT�

���



B
5IFPSZ PG JOUFSMBZFS GSBDUJPOBM RVBOUVN

)BMM F୭GFDU

5IF BQQFOEJY JT SFMFWBOU UIFPSZ XSJUUFO CZ 1SPG� #FSUSBOE )BMQFSJO XJUI NJOPS DIBOHFT�

���



#�� $ঘখঙঘজ঒ঝ঎ এ঎ছখ঒ঘগ ঝছঊগজএঘছখঊঝ঒ঘগ ঊগ঍ )ঊকক ছ঎জ঒জঝ঒ট঒ঝঢ

ni = (νiB/φ0 ) JT UIF FMFDUSPO EFOTJUZ JO MBZFS i
 XIFSF i = (A,B) MBCFMT UIF UPQ BOE CPUUPN MBZFS


SFTQFDUJWFMZ� *G XF BUUBDI UXP JOUSBMBZFS ୯୳VY RVBOUB BOE POF JOUFSMBZFS ୯୳VY RVBOUVN
 UIF $IFSO�

4JNPOT ୮ୢFME TFFO CZ DPNQPTJUF GFSNJPOT JO MBZFS i JT

bi = φ0 (2ni + ni∗), 	#��


XIFSF i∗ EFOPUFT UIF MBZFS PQQPTJUF UP i� "G୴FS TVCTUSBDUJOH UIF $IFSO�4JNPOT ୮ୢFME
 UIF SFNBJOJOH

NBHOFUJD ୮ୢFME TFFO CZ UIF $'T JO MBZFS i JT

∆i = B − bi 	#��


XIFSFB JT UIF BQQMJFE NBHOFUJD ୮ୢFME� 8F NBZ UIFO EF୮ୢOF F୭GFDUJWF -BOEBV MFWFM ୮ୢMMJOH GBDUPST GPS

UIF $'T CZ

pi ≡ φ0ni/∆i. 	#��


8F DBO OPX PCUBJO &R� ����

8F DPOTJEFS BO JO୮ୢOJUF TZTUFN
 XIFSF UIF WPMUBHF HSBEJFOUT BSF QSPEVDFE CZ VOJGPSN FMFDUSJD

୮ୢFMET JO UIF SFTQFDUJWF MBZFST
 BOE XF DBO OFHMFDU BOZ DPOUSJCVUJPOT EVF UP FEHF DVSSFOUT BSJTJOH GSPN

EJ୭GFSFODFT JO UIF DIFNJDBM QPUFOUJBMT BU UIF UXP FEHFT� 8JUI DPNQPTJUF GFSNJPO USBOTGPSNBUJPO


���



DVSSFOUT j⃗i JO UIF UXP MBZFST XJMM HFOFSBUF $IFSO�4JNPOT FMFDUSJD ୮ୢFMET��
���

e⃗i = φ0 ẑ × (2⃗ji + j⃗i∗) 	#��


5IFO
 *G BO FMFDUSJD ୮ୢFME E⃗i JT BQQMJFE UP MBZFS i
 UIF DPNQPTJUF GFSNJPOT JO MBZFS iXJMM GFFM BO F୭GFD�

UJWF FMFDUSJD ୮ୢFME

F⃗i = E⃗i − e⃗i. 	#��


*O UIF MJNJU PG XFBL FMFDUSJD ୮ୢFMET
 XF VTF MJOFBS SFTQPOTF BOE XSJUF

Eiα = − e
∑

j,β

ρ̂iα,jβjjβ , Fiα = − e
∑

j,β

ρ̂cfiα,jβjjβ 	#��


XIFSF ρ̂cf JT 4 × 4 SFTJTUJWJUZ NBUSJY GPS $'T� 5IVT XF IBWF�

ρ̂ = ρ̂CS + ρ̂cf , 	#��


#�� 2ঞঊগঝ঒ণ঎঍ ঊগ঍ 4঎খ঒�2ঞঊগঝ঒ণ঎঍ 'ছঊঌঝ঒ঘগঊক )ঊকক 4ঝঊঝ঎জ

'VMMZ RVBOUJ[FE GSBDUJPOBM )BMM TUBUFT DBO BSJTF JG CPUI pA BOE pB BSF JOUFHFST� 5IFO
 BU MFBTU XJUIJO

NFBO ୮ୢFME UIFPSZ
 UIFSF XJMM CF BO FOFSHZ HBQ GPS DSFBUJPO PG BOZ LJOE PG FYDJUBUJPO
 BOE UIF TUBUF

TIPVME CF TUBCMF BHBJOTU TNBMM DIBOHFT JO UIF DIFNJDBM QPUFOUJBM PG FJUIFS MBZFS� 8IFO UIFSF JT B DPN�

QMFUF FOFSHZ HBQ
 UIFSF XJMM CF F୭GFDUJWFMZ OP FYDJUFE RVBTJQBSUJDMFT BU TV୭୮ୢDJFOUMZ MPX UFNQFSBUVSFT

JO BOZ PG UIF DPNQPTJUF�GFSNJPO -BOEBV MFWFMT
 TP UIFSF XJMM CF OP EJTTJQBUJPO
 BOE UIF SFTJTUJWJUZ

���



NBUSJY XJMM CF HJWFO CZ &R� ����

)PXFWFS
 XF NBZ BMTP DPOTJEFS B TJUVBUJPO XIFSF POMZ POF PG UIF ୮ୢMMJOH GBDUPST
 TBZ pB JT BO JOUF�

HFS� 5IJT NFBOT UIBU UIFSF TIPVME CF FOFSHZ HBQ GPS DIBOHJOH pB CVU OPU GPS pA� UIF HSPVOE TUBUF

FOFSHZ TIPVME WBSZ DPOUJOVPVTMZ XJUI pA
 JG pB JT IFME ୮ୢYFE� 8JUI TPNF TJNQMF BMHFCSB
 POF DBO

TIPX UIBU UIF SFTVMUJOH ୮ୢMMJOH GBDUPST MJF PO B TUSBJHIU MJOF
 XJUI

νA + ανB = 1 , α =
2pB + 1

pB
. 	#��


8F SFGFS UP HFOFSJD TUBUFT BMPOH UIFTF MJOFT
 BU QPJOUT XIFSF POMZ POF PG UIF PDDVQBUJPO OVNCFST

pA, pB JT JOUFHFS
 BT TFNJ�RVBOUJ[FE GSBDUJPOBM )BMM TUBUFT�

"T BSHVFE JO DIBQUFS �
 JG UIF ESJWF DVSSFOU JT BQQMJFE UP MBZFS #
 UIFSF XJMM CF OP EJTTJQBUJPO� *O

UIF QSFTFOU MBOHVBHF
 UIJT JT CFDBVTF F⃗A = 0
 JO UIBU DBTF
 BOE UIF $'T PG UZQF # SFTJEF JO $'ୖ--T

UIBU BSF DPNQMFUFMZ GVMM� $POTFRVFOUMZ
 XF DBO TUJMM VTF &R� ��� UP DPNQVUF UIF )BMM SFTJTUJWJUJFT�

5IVT ρ̂Bxy BOE ρ̂dragxy TIPVME TUJMM SFNBJO RVBOUJ[FE
 XJUI WBMVFT (2 + 1/pB 
 BOE �
 SFTQFDUJWFMZ�

)PXFWFS
 JG ESJWF DVSSFOU JT BQQMJFE UP MBZFS "
 UIFO F⃗A XJMM CF OPO[FSP
 BOE UIFSF XJMM HFOFSBMMZ

CF EJTTJQBUJPO EVF UP TDBUUFSJOH PG UIF $'T CZ JNQVSJUJFT
 5IFSFGPSF
 UIF QSFEJDUJPO PG &R� ��� UIBU

ρ̂Bxy = (2 + 1/pA) DBOOPU CF USVTUFE�

*O DPOUSBTU UP UIF TFNJ�RVBOUJ[FE DBTF
 XF NBZ DPOTJEFS UIF VORVBOUJ[FE DBTF
 XIFSF CPUI pA

BOE pB BSF OPO�JOUFHFS� *O UIJT DBTF XF IBWF QBSUJBMMZ ୮ୢMMFE -BOEBV MFWFMT GPS DPNQPTJUF GFSNJPOT

PG CPUI TQFDJFT� /PX
 FWFO JO UIF BCTFODF PG EJTPSEFS
 DPNQPTJUF GFSNJPOT PG UIF UXP UZQFT XJMM

TDBUUFS P୭G FBDI PUIFS
 VOMFTT UIFJS ESJG୴ WFMPDJUJFT BSF JEFOUJDBM� 5IF WFMPDJUJFT XJMM POMZ CF FRVBM JG

���



UIF FMFDUSJDBM ୮ୢFME JT JEFOUJDBM JO UIF UXP MBZFST
 XIJDI JT OPU UIF DBTF JO UIF ESBH FYQFSJNFOUT XF BSF

DPOTJEFSJOH� 5IVT XF XPVME FYQFDU UP ୮ୢOE EJTTJQBUJPO FWFO JO UIF BCTFODF PG JNQVSJUJFT�

'PS VORVBOUJ[FE TUBUFT BMPOH UIF TZNNFUSJD MJOF νA = νB 
 JG XF XFSF BQQMZ FRVBM DVSSFOU EFO�

TJUJFT JO UIF UXP MBZFST
 UIF FMFDUSJD ୮ୢFMET XPVME BMTP CF FRVBM JO UIF UXP MBZFST� 5IFSFGPSF
 JO UIF

BCTFODF PG EJTPSEFS
 UIFSF TIPVME CF OP EJTTJQBUJPO JO UIJT DBTF
 BOE UIFSF XJMM CF OP MPOHJUVEJOBM

WPMUBHF ESPQ JO FJUIFS MBZFS� 0O UIF PUIFS IBOE
 JG UIF DVSSFOUT BSF FRVBM BOE PQQPTJUF JO UIF UXP MBZ�

FST
 UIF FMFDUSJD ୮ୢFMET TIPVME CF PQQPTJUF JO UIF UXP MBZFST
 BOE UIFSF XPVME CF EJTTJQBUJPO EVF UP UIF

TDBUUFSJOH CFUXFFO DPNQPTJUF GFSNJPOT JO PQQPTJUF MBZFST
 JG pA BOE pB CPUI OPU JOUFHFST� *O UIJT

DBTF
 JO UIF BCTFODF PG JNQVSJUJFT
 XF XJMM IBWF OPO[FSP MPOHJUVEJOBM FMFDUSJD ୮ୢFMET XIJDI BSF FRVBM

BOE PQQPTJUF JO UIF UXP MBZFST�

5IF MPOHJUVEJOBM WPMUBHF JO B ESBH FYQFSJNFOU
 XIFSF DVSSFOU ୯୳PXT POMZ JO POF MBZFS
 NBZ CF PC�

UBJOFE CZ BEEJOH UIF UXP QSFWJPVT DBTFT� 8F TFF UIBU JO UIF BCTFODF PG EJTPSEFS
 UIF MPOHJUVEJOBM FMFD�

USJD ୮ୢFME TIPVME SFNBJO FRVBM BOE PQQPTJUF JO UIF UXP MBZFST
 J�F�
 GPS UIF VORVBOUJ[FE TUBUFT BMPOH

UIF TZNNFUSZ MJOF
 XF TIPVME IBWF ρdragxx = − ρdrivexx . &YQFSJNFOUBM SFTVMUT BMPOH UIF TZNNFUSZ MJOF

BSF BU MFBTU BQQSPYJNBUFMZ DPOTJTUFOU XJUI UIJT FYQFDUBUJPO
 TVHHFTUJOH UIBU TDBUUFSJOH CFUXFFO UIF

UXP UZQFT PG DPNQPTJUF GFSNJPOT JT NPSF JNQPSUBOU UIBO UIF TDBUUFSJOH CZ EJTPSEFS JO UIJT DBTF�

#�� 2ঞঊজ঒ঙঊছঝ঒ঌক঎জ

'PS B GVMMZ RVBOUJ[FE TZTUFN
 XJUI B QSPQFS FOFSHZ HBQ
 UIF FMFNFOUBSZ FYDJUBUJPOT BSF GPVOE UP CF

RVBTJQBSUJDMFT BOE RVBTJ�IPMFT
 XJUI GSBDUJPOBM DIBSHFT UIBU BSF QSFDJTFMZ RVBOUJ[FE JO FBDI PG UIF

���



UXP MBZFST� "T BO FYBNQMF
 XF NBZ DPOTJEFS UIF HBQQFE TZNNFUSJD DBTF BU (2/5, 2/5)� (FOFSBMJ[JOH

UIF -BVHIMJO QSPDFEVSF ��
 XF NBZ HFOFSBUF B RVBTJQBSUJDMF CZ JOTFSUJOH B [FSP�EJBNFUFS TPMFOPJE

BU B QPJOU r⃗0 
 BOE UVSOJOH PO DVSSFOU JO UIF TPMFOPJE TP UIBU JU DPOUBJOT QSFDJTFMZ POF RVBOUVN PG

NBHOFUJD ୯୳VY� 4JODF XF IBWF B TZNNFUSJD TZTUFN XJUI UPUBM ୮ୢMMJOH νtot = 4/5
 UIJT QSPDFEVSF XJMM

FYQFM ��� PG BO FMFDUSPO DIBSHF GSPN UIF WJDJOJUZ PG r⃗0 JO FBDI MBZFS
 BOE TFOE JU UP UIF CPVOEBSZ PG

UIF TBNQMF� *G XF OPX EFQPTJU BO FYUSB FMFDUSPO BU QPJOU r⃗0 JO MBZFSA
 XF XJMM IBWF DSFBUFE BO �"آ

UZQFأ RVBTJQBSUJDMF
 XJUI ��� PG BO FMFDUSPO DIBSHF JO MBZFSA
 BOE ���� JO MBZFSB
 GPS B UPUBM DIBSHF

PG �F��� 8F NBZ DSFBUF BO أ�UZQF"آ RVBTJ�IPMF
 XJUI ���� PG BO FMFDUSPO DIBSHF JO MBZFSA
 BOE ���

JO MBZFSB
 VTJOH UIF SFWFSTF QSPDFEVSF
 XIFSF XF DIBOHF UIF TJHO PG UIF ୯୳VY UISPVHI UIF TPMFOPJE

BOE SFNPWF BO FMFDUSPO GSPN MBZFS "� 5ZQF�# RVBTJQBSUJDMFT PS RVBTJ�IPMFT DBO CF DSFBUFE JO UIF

TBNF XBZ
 CZ BEEJOH PS TVCUSBDUJOH UIF FMFDUSPO JO MBZFS #� #Z BEEJOH PS TVCUSBDUJOH RVBTJQBSUJDMFT

PS RVBTJ�IPMFT PG UZQF "
 XF DBO TIJG୴ UIF ୮ୢMMJOH GBDUPST (νA, νB) BMPOH UIF MJOF -�
 XJUI TMPQF ����


XIFSFBT CZ BEEJOH PS TVCUSBDUJOH RVBTJQBSUJDMFT PG UZQF #
 XF NPWF BMPOH UIF MJOF -�
 XJUI TMPQF �����

*G UIF EFOTJUZ PG RVBTJQBSUJDMFT JT TV୭୮ୢDJFOUMZ TNBMM
 TP UIBU UIFZ EP OPU PWFSMBQ
 XF DBO DPOUJOVF

UP UBML BCPVU RVBTJQBSUJDMFT XJUI RVBOUJ[FE DIBSHFT� "U TPNF QPJOU
 IPXFWFS
 UIF DIBSHF BTTPDJBUFE

XJUI B QBSUJDVMBS RVBTJQBSUJDMF CFDPNFT BNCJHVPVT
 BOE POMZ UIF UPUBM DIBSHF JO FBDI MBZFS JT XFMM

EF୮ୢOFE� *G POF QSPHSFTTFT GBS FOPVHI GSPN UIF 	���
���
 TUBUF BMPOH UIF MJOF -� XJUI TMPQF ����
 POF

XJMM QBTT UISPVHI B OVNCFS PG TUBUFT XJUI pB = − 2 BOE JOUFHFS pA� *G PVS $' NPEFM JT TUJMM B DPSSFDU

EFTDSJQUJPO PG UIF TZTUFN
 UIFO UIF HSPVOE TUBUFT TIPVME CF GVMMZ RVBOUJ[FE TUBUFT
 XJUI DPNQMFUF

FOFSHZ HBQT� 5IFO
 JG UIF UFNQFSBUVSF JT XFMM CFMPX UIF FOFSHZ HBQ
 UIF DIBSHFE FYDJUBUJPOT XJMM CF

RVBTJQBSUJDMFT BOE RVBTJ�IPMFT
 XJUI RVBOUJ[FE DIBSHFT
 XIJDI XJMM HFOFSBMMZ OPU CF UIF TBNF BT UIPTF

���



BU 	���
 ���
� )PXFWFS
 JO FBDI DBTF
 XF DBO ୮ୢOE RVBTJQBSUJDMFT XJUI NJOJNBM UPUBM DIBSHF BOE XJUI B

SBUJP PG DIBSHFT PG ���� CFUXFFO MBZFS # BOE MBZFS "� 'PS FYBNQMF
 BU UIF FOE QPJOU 	�
���
 XF XPVME

୮ୢOE RVBTJQBSUJDMFT XJUI DIBSHF � JO MBZFSA BOE ���� JO MBZFSB� 	8F NBZ VOEFSTUBOE UIJT RVBTJQBSUJ�

DMF BT B CPVOE TUBUF PG BO FMFDUSPO JO UIF FNQUZ MBZFS XJUI B QBJS PG e/3 RVBTJ�IPMFT JO UIF MBZFS XJUI

νi = 2/3�
 *O GBDU
 JU BQQFBST UIBU UIF $' NPEFM XIFSF FBDI $' TFFT UXP ୯୳VY RVBOUB BUUBDIFE UP

$'T JO UIF TBNF MBZFS BOE POF GPS UIF PQQPTJUF MBZFS JT OPU UIF DPSSFDU EFTDSJQUJPO GPS GSBDUJPOT XJUI

νA ≤≈ 0.2
 CVU UIF FYBNQMF JMMVTUSBUFT UIF QPJOU� .PSF HFOFSBMMZ
 GPS GVMMZ RVBOUJ[FE TUBUFT MPDBUFE

PO UIF UIF MJOF
 XF XPVME ୮ୢOE RVBTJQBSUJDMFT XIPTF DIBSHFT JO UIF UXP MBZFST BSF HJWFO CZ

qA = 3qT , qB = − 2qT , qT =
pA + 1

4pA + 3
, 	#��


XJUI qT CFJOH UIF UPUBM DIBSHF PG UIF RVBTJQBSUJDMF� 5IVT JO BMM UIFTF DBTFT
 POF DPVME NPWF BMPOH UIF

TFNJ�RVBOUJ[FE MJOF CZ BEEJOH RVBTJQBSUJDMFT PG UIF EFTJHOBUFE UZQF�

5SBOTQPSU QSPQFSUJFT PG B TFNJ�RVBOUJ[FE TUBUF DBO CF VOEFSTUPPE JO UFSNT PG UIF QSPQFSUJFT PG

RVBTJQBQSUJDMFT
 XJUIPVU SFGFSSJOH UP UIF NPUJPO PG $'T� "U B QPJOU PO -� XJUI νtop TMJHIUMZ MFTT UIBO

���
 XF NBZ EFTDSJCF UIF HSPVOE TUBUF BT UIF RVBOUJ[FE 	���
���
 TUBUF
 XJUI B OPO[FSP EFOTJUZ PG UZQF�

" RVBTJ�IPMFT� *G B DVSSFOU JT TFOU UISPVHI UIF CPUUPN MBZFS 	MBZFS #

 UIF DVSSFOU DBO CF DBSSJFE CZ

UIF RVBOUJ[FE CBDLHSPVOE TUBUF
 XIJDI BT XF IBWF TFFO XJMM HFOFSBUF B )BMM WPMUBHF JO MBZFS " UIBU

JT ��� UIF )BMM WPMUBHF JO MBZFS #� 4JODF UIF UZQF�" RVBTJ�IPMFT IBWF B DIBSHF SBUJP PG ����
 UIF FMFDUSJD

୮ୢFMET JO UIF UXP MBZFST FYFSU OP OFU GPSDF PO UIF RVBTJ�IPMFT� "MTP
 DVSSFOU DBSSJFE CZ UIF CBDLHSPVOE

TUBUF FOHFOEFST OP MPOHJUVEJOBM FMFDUSJD ୮ୢFME JO FJUIFS MBZFS� $POTFRVFOUMZ
 JU JT DPOTJTUFOU UIBU UIF

���



RVBTJQBSUJDMFT XJMM OPU NPWF BOE UIFSF JT OP EJJTTJQBUJPO� #Z DPOUSBTU
 JG UIF DVSSFOU JT BQQMJFE UP MBZFS

"
 UIF )BMM ୮ୢFME JO MBZFS " XJMM CF ��� UJNFT UIF ୮ୢFME JO MBZFS #
 TP UIFSF XJMM CF B OFU GPSDF PO UIF

RVBTJ�IPMFT� *G UIF RVBTJ�IPMFT BSF OPU QJOOFE
 UIFZ XJMM NPWF VOEFS UIJT GPSDF BOE EJTTJQBUJPO XJMM

SFTVMU�

#�� 5঑঎ 	���
 ���
 4ঝঊঝ঎

5IF EJTDVTTJPO BCPWF IBT CFFO DPODFSOFE XJUI TUBUFT XIFSF BU MFBTU POF PG UIF QBSBNFUFST pA, pB JT

BO JOUFHFS
 BOE UIF HSPVOE TUBUF DBO CF VOEFSTUPPE VTJOH B NFBO ୮ୢFME UIFPSZ PG OPO�JOUFSBDUJOH $'T�

5IJT JT OPU UIF DBTF GPS UIF RVBOUJ[FE )BMM TUBUF BU 	���
 ���

 XIFSF pA = pB = − 3/2� /PX XF

IBWF POF GVMM F୭GFDUJWF -BOEBV MFWFM
 BOE POF IBMG�GVMM MFWFM GPS FBDI TQFDJFT PG $'� 'PS UIF IBMG�GVMM

MFWFM
 XF NVTU UBLF JOUP BDDPVOU JOUFSBDUJPOT CFUXFFO UIF $'T� 8F TIBMM BTTVNF UIBU UIFSF JT B QBJSJOH

CFUXFFO QBSUJDMFT PG POF TQFDJFT BOE IPMFT JO UIF PUIFS
 TP UIBU UIF XBWF GVODUJPO GPS DPNQPTJUF

GFSNJPOT JO UIF QBSUMZ�୮ୢMMFE MFWFM DBO CF EFTDSJCFE CZ UIF GBNJMJBS 	���
 TUBUF� "MUFSOBUJWFMZ
 XF NBZ

TBZ UIBU UIFSF JT B TVQFS୯୳VJE #PTF DPOEFOTBUF PG FYDJUPOT GPSNFE GSPN UIF DPNQPTJUF GFSNJPOT� *O

UIJT TUBUF
 UIFSF DBO CF OP EJ୭GFSFODF JO UIF F୭GFDUJWF FMFDUSJD ୮ୢFME F⃗i GFMU CZ UIF $'T JO EJ୭GFSFOU MBZFST


SFHBSEMFTT PG BOZ EJ୭GFSFODF JO UIF DVSSFOUT CFUXFFO MBZFST� .PSFPWFS
 JG DVSSFOU JT EJTUSJCVUFE TP UIBU

UIF $'T IBWF UIF TBNF WFMPDJUZ JO UIF UXP MBZFST
 UIFO JOUFSBDUJPOT CFUXFFO UIF $'T QMBZ OP SPMF
 BOE

UIF F୭GFDUJWF ୮ୢFME TIPVME IBWF UIF TBNF WBMVF BT GPS VODPVQMFE MBZFST
 F⃗i = ẑ × j⃗/(pA + pB)
 XIFSF

j⃗ JT UIF UPUBM DVSSFOU EFOTJUZ JOU UIF UXP MBZFST� 5IJT JNQMJFT UIBU UIF )BMM SFTJTUJWJUZ NBUSJY GPS $'T JT

HJWFO CZ &R� ����

���



8F NBZ DPOUSBTU UIFTF SFTVMUT XJUI XIBU POF NJHIU IBWF GPVOE GSPN TPNF BMUFSOBUF NPEFMT PG

UIF 	���
 ���
 TUBUF� 'PS FYBNQMF
 POF DPVME IBWF TVQQPTFE UIBU UIF RVBOUJ[BUJPO SFTVMUFE CFDBVTF

$'T JO UIF IBMG�GVMM --T GPSN $PPQFS QBJST TFQBSBUFMZ XJUIJO FBDI MBZFS
 JO BOBMPHZ XJUI UIF NPEFMT

UIBU IBWF CFFO QSPQPTFE UP FYQMBJO UIF '2) TUBUF BU ν = 5/2 JO (B"T��� 5IJT XPVME SFTVMU JO B

EJBHPOBM GPSN GPS UIF $' )BMM SFTJTUJWJUZ NBUSJY
 JEFOUJDBM UP UIBU JO &R� ��� PG UIF NBJO UFYU� "MUFS�

OBUJWFMZ
 POF DPVME IBWF JNBHJOFE UIBU $PPQFS QBJST BSF GPSNFE CFUXFFO $'T JO PQQPTJUF MBZFST 	BT

PQQPTFE UP QBJSJOH CFUXFFO $'T BOE IPMFT
� 5IJT XPVME SFTVMU JO B $' )BMM SFTJTUBODF NBUSJY QSP�

QPSUJPOBM UP

⎛

⎜⎜⎝
1 − 1

− 1 1

⎞

⎟⎟⎠ � *O FJUIFS PG UIFTF DBTFT
 UIF SFTVMUT QSFEJDUFE GPS UIF )BMM ESBH SFTJTUJWJUZ

XPVME EJTBHSFF XJUI PVS FYQFSJNFOUBM SFTVMUT�

4NBMM EFWJBUJPOT GSPN UIF TUBCMF QPJOU 	���
 �
�
 BMPOH UIF MJOF XIFSF νtot = 6/7DBO CF BDIJFWFE

CZ BEEJOH WPSUFY FYDJUBUJPOT
 XIJDI IBWF UPUBM DIBSHF [FSP CVU OPO�[FSP DIBSHF JO FBDI MBZFS TFQB�

SBUFMZ� "MUIPVHI UIFSF XJMM CF BO FOFSHZ DPTU GPS BEEJOH UIFTF WPSUJDFT
 JU JT QMBVTJCMF UIBU UIF FOFSHZ

DPTU NBZ CF TNBMMFS UIBO UIF FOFSHZ UP BEE B RVBTJQBSUJDMF XJUI OFU DIBSHF EJ୭GFSFOU GSPN [FSP� *O

UIJT DBTF
 POF TIPVME ୮ୢOE B WBMMFZ PG SFMBUJWFMZ TUBCMF DPO୮ୢHVSBUJPOT BMPOH UIF MJOF νtotal = 6/7
 JO

UIF WJDJOJUZ PG 	���
 ���
� 5IFTF TUBUFT BSF TJNJMBS UP UIPTF JO UIF WBMMFZT FNBOBUJOH GSPN RVBOUJ[FE

TUBUFT XJUI JOUFHFS p JO UIF TFOTF UIBU UIFZ BSF BDIJFWFE CZ BEEJOH UP UIF QBSFOU TUBUF RVBTJQBSUJDMFT

PG B TJOHMF UZQF
 XIJDI IBWF B ୮ୢYFE SBUJP PG UIF DIBSHF JO FBDI MBZFS� 5IFSFGPSF
 JG UIF SBUJP PG UIF FMFD�

USJD ୮ୢFMET JO UIF UXP MBZFST JT QSPQFSMZ DIPTFO
 UIF RVBTJQBSUJDMFT XJMM OPU GFFM B GPSDF BOE DBO SFNBJO

TUBUJPOBSZ
 FWFO JO UIF BCTFODF PG QJOOJOH
 BOE UIFSF XJMM CF OP EJTTJQBUJPO�

*O UIF QSFTFOU DBTF
 UIF BCTFODF PG EJTTJQBUJPO TIPVME PDDVS JG UIF FMFDUSJD ୮ୢFMET BSF FRVBM JO UIF

���



UXP MBZFST� *G UIF FMFDUSJD ୮ୢFMET VOFRVBM
 UIF RVBTJQBSUJDMFT XJMM NPWF
 XIJDI XJMM MFBE UP EJTTJQBUJPO

JG UIFSF JT TDBUUFSJOH EVF UP JNQVSJUJFT� )PXFWFS
 UIF EJTTJQBUJPO XPVME TUJMM WBOJTI JO UIF BCTFODF PG

JNQVSJUJFT
 BT UIFSF JT POMZ POF UZQF PG RVBTJQBSUJDMF
 BOE UIFZ XPVME BMM ESJG୴ BU UIF TBNF WFMPDJUZ�

8F NBZ OPUF UIBU GPS TNBMM EFWJBUJPOT GSPN UIF TZNNFUSJD QPJOU
 TUBUFT BMPOH UIF MJOF νtotal =

6/7DBO CF QBSBNFUSJ[FE CZ (pA = − 3/2 + ϵ, pB = − 3/2 − ϵ)� )PXFWFS
 GPS MBSHFS WBMVFT

PG ϵ
 UIF SFTVMUJOH ୮ୢMMJOH GBDUPST EP OPU MJF PO UIJT MJOF CVU SBUIFS PO B DVSWF XIJDI QBTTFT UISPVHI

UIF QPJOUT 	�
�
 BOE 	�
�
� *O BOZ DBTF
 PODF UIF EFWJBUJPO GSPN 	���
 ���
 CFDPNFT MBSHF
 JOUFSBDUJPOT

CFUXFFO RVBTJQBSUJDMFT XJMM CF JNQPSUBOU
 BOE XF DBOOPU TBZ NVDI BCPVU UIF SFTVMUJOH TUBUF�

*O PVS FYQFSJNFOUT
 XF TFF TPNF FWJEFODF GPS TFNJ�RVBOUJ[FE TUBUFT BMPOH B MJOF PG TMPQF �� JO UIF

WJDJOJUZ PG UIF QPJOU 	���
 ���
� )PXFWFS
 UIFTF TUBUFT EP OPU FYUFOE WFSZ GBS GSPN TZNNFUSJD ୮ୢMMJOH


BOE XF EP OPU TFF FWJEFODF GPS DVSWBUVSF PG UIF MJOF�

#�� 3঎কঊঝ঒ঘগ ঝঘ ঝছ঒ঊক ঠঊট঎এঞগঌঝ঒ঘগজ

5IF NFBO ୮ୢFME HSPVOE TUBUFT UIBU XF IBWF EFTDSJCFE JO UIF MBOHVBHF PG GFSNJPOT DPVQMFE UP $IFSO�

4JNPOT ୮ୢFMET
 IBWF EJSFDU DPVOUFSQBSUT JO UIF MBOHVBHF PG $' USJBM XBWF GVODUJPOT
 JOUSPEVDFE CZ

+BJO ��� 5IF USJBM XBWF GVODUJPO DPSSFTQPOEJOH UP B TUBUF XJUI $' ୮ୢMMJOHT (pA, pB) DBO CF XSJUUFO BT

Ψ = PLLLΨpA, pB{zi, wk}
∏

i<j

(zi − zj)
2
∏

k<l

(wk − wl)
2
∏

i,k

(zi − wk), 	#���


XIFSF zi BOEwk BSF UIF QPTJUJPOT PG FMFDUSPOT JO UIF UXP MBZFST
 JO DPNQMFY DPPSEJOBUFT
ΨpA, pB{zi, wk}

JT UIF XBWF GVODUJPOT GPS B TFU PG OPO�JOUFSBDUJOH FMFDUSPOT JO B TUBUF XJUI pA ୮ୢMMFE --T JO MBZFS " BOE

���



pB ୮ୢMMFE --T JO MBZFS #
 UIF PQFSBUPS PLLL SFQSFTFOUT QSPKFDUJPO UP UIF MPXFTU --
 BOE XF IBWF

PNJUUFE UIF TJOHMF�QBSUJDMF (BVTTJBO GBDUPST�

*O UIF DBTF PG PVS RVBOUJ[FE )BMM TUBUF BU 	���
 ���

 DPSSFTQPOEJOH UP pA = pB = 1
 UIF XBWF

GVODUJPOΨpA, pB JT BMSFBEZ DPO୮ୢOFE UP UIF MPXFTU --
 BOE UIF QSPKFDUJPO PQFSBUPS DBO CF PNJUUFE�

5IF XBWF GVODUJPO JO UIJT DBTF NBZ CF XSJUUFO BT

Ψ331 =
∏

i<j

(zi − zj)
3
∏

k<l

(wk − wl)
3
∏

i,k

(zi − wk), 	#���


XIJDI JT JEFOUJDBM UP UIF )BMQFSJO 	���
 XBWF GVODUJPO GPS BO '2) TUBUF XJUI νtot = 1/2
 XIJDI JT

DPOTJEFSFE B QPTTJCMF NPEFM GPS TVDI PCTFSWFE TUBUFT JO XJEF (B"T RVBOUVN XFMMT�

"OPUIFS JOUFSFTUJOH DBTF JT HFOFSBMJ[BUJPO PG UIF 	���
���
 TUBUF UP B TUBUF XJUI pA = pB = 1/2� *G

UIF GVODUJPOΨpA, pB JT DIPTFO UP CF UIF )BMQFSJO 	���
 XBWF GVODUJPO
 XIJDI JT B EFTDSJQUJPO PG UIF

JOUFSMBZFS DPIFSFOU *2) TUBUF XJUI FRVBM ୮ୢMMJOH JO UIF UXP MBZFST
 UIFO UIF ୮ୢOBM XBWF GVODUJPO UBLFT

UIF GPSN�

Ψ332 =
∏

i<j

(zi − zj)
3
∏

k<l

(wk − wl)
3
∏

i,k

(zi − wk)
2, . 	#���


5IJT JT KVTU UIF )BMQFSJO 	���
 XBWF GVODUJPO XIJDI XBT QSPQPTFE GPS UIF HSPVOE TUBUF BU νtot = 2/5


GPS B DPMMFDUJPO PG TQJO���� FMFDUSPOT XJUI OFHMJHJCMF ;FFNBO TQMJUUJOH�

���



C
"OPNBMPVT ESBH JO CJMBZFS HSBQIFOF

EPVCMF�MBZFS VOEFS [FSP NBHOFUJD ୮ୢFME

$�� 4঒ঐগ ছ঎ট঎ছজঊক ঘএ $ঘঞকঘখঋ ঍ছঊঐ ঒গ ঍ঘঞঋক঎ ঋ঒কঊঢ঎ছ ঐছঊঙ঑঎গ঎

5IF $PVMPNC ESBH NFBTVSFNFOUT JO EPVCMF CJMBZFS HSBQIFOF VOEFS [FSP NBHOFUJD ୮ୢFME XFSF NP�

UJWBUFE CZ TFBSDIJOH PG BO FYDJUPO DPOEFOTBUF QIBTF� *OTUFBE
 BO VOFYQFDUFE ESBH TJHOBM BSJTFT� "T

���
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)LJXUH &��� &RXORPE GUDJ LQ ELOD\HU JUDSKHQH GRXEOH�OD\HU DW KLJK DQG ORZ WHPSHUDWXUHV XQGHU ]HURPDJQHWLF ĆHOG� ,Q

ERWKPHDVXUHPHQWV� WKH GUDJ VLJQDO LV GLYLGHG LQWR IRXU TXDGUDQWV E\ FKDUJH QHXWUDO OLQHV RI WKH WRS DQG ERWWRP OD\HUV�

7KH QHXWUDOLW\ SRLQW LV VKLIWHG EHWZHHQ WZRPHDVXUHPHQWV DV WKH\ DUH WDNHQ IURP WZR GLIIHUHQW WKHUPDO F\FOHV�

EJTDVTTFE JO UIF JOUSPEVDUJPO
 MPOHJUVEJOBM ESBH SFTJTUBODF EVF UP NPNFOUVN USBOTGFS PS FYDJUPO

DPOEFOTBUJPO JT OFHBUJWF XIFO DBSSJFS UZQFT PG CPUI MBZFST BSF UIF TBNF BOE JT QPTJUJWF XIFO UIF UXP

MBZFST IBWF PQQPTJUF DBSSJFS UZQFT� 5IJT JT JOEFFE XIBU XBT PCTFSWFE BU SFMBUJWF IJHI UFNQFSBUVSFT JO

CJMBZFS HSBQIFOF EPVCMF MBZFS 	'JH� $�� MFG୴
�

)PXFWFS
 VQPO DPPMJOH EPXO
 UIF TJHO PG UIF ESBH TJHOBM SFWFSTFE 	'JH� $�� SJHIU

 J�F�
 JT QPTJUJWF

XIFO CPUI MBZFST IBWF UIF TBNF DBSSJFS UZQF BOE WJDF WFSTB� "OE UIJT SFWFSTFE ESBH TJHOBM
 XIJDI XF

DBMM OFHBUJWF ESBH BT JU JT OFHBUJWF PG XIBU JT FYQFDUFE
 CFDPNF NPSF QSPOPVODFE BU MPXFS UFNQFSB�

UVSFT� 5IF USBOTJUJPO CFUXFFO OPSNBM ESBH BOE OFHBUJWF ESBH VTVBMMZ IBQQFOT JO UIF UFNQFSBUVSF

SBOHF PG �������,�

���
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Drag 3
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c d
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e f

)LJXUH &��� 1HJDWLYH GUDJ HIIHFW LQ GLIIHUHQW PHDVXUHPHQW JHRPHWU\� ,Q WKH ORFDO VHWXS �SDQHO E�� QHJDWLYH GUDJ HIIHFW

DOUHDG\ GRPLQDWH DW ORZ GHQVLWLHV XQGHU ���.� ZKLOH GUDJ VLJQ RI QRQ�ORFDO VHWXSV �G DQG I� DUH VWLOO QRUPDO DFURVV DOO

GHQVLW\ UDQJH� D� F� H� GUDJ DORQJ H�K OLQHFXW� ZKHUH ZH FDQ VHH WKH VLJQ UHYHUVDO RFFXUV DW ���. LQ WKH ORFDO VHWXS� ZKLFK

EHFRPHV ���. IRU GUDJ �� 7KH VLJQ UHYHUVDO IRU GUDJ� KDSSHQV DW DQ HYHQ ORZHU WHPSHUDWXUH WKDQ ���.� D� F� H LQVHWV�

FRUUHVSRQGLQJPHDVXUHPHQW JHRPHWULHV�

���



$�� 1ঘজজ঒ঋক঎ ঌঊঞজ঎ ঘএ ঝ঑঎ গ঎ঐঊঝ঒ট঎ ঍ছঊঐ

'VSUIFS JOWFTUJHBUJPO TIPXT UIBU UIF DSPTTPWFS UFNQFSBUVSF GSPN OPSNBM ESBH UP OFHBUJWF ESBH EF�

QFOET PO UIF NFBTVSFNFOU HFPNFUSZ 	'JH� $��
� 'PS UIF MPDBM ESBH TFUVQ 	%SBH �

 XIFSF WPMUBHF

MFBET JO UIF ESBH MBZFS BSF DMPTFTU UP DVSSFOU MFBET PO UIF ESJWF MBZFS
 UIF USBOTJUJPO UFNQFSBUVSF JT UIF

IJHIFTU� "OE CFMPX UIF DSPTTPWFS UFNQFSBUVSFT 	BU ���,

 UIF BOPNBMPVT ESBH JT NVDI TUSPOHFS 	PS�

EFS PG �� UJNFT
 JO UIF MPDBM TFUVQ DPNQBSJOH XJUI OPO�MPDBM TFUVQT 	%SBH � BOE %SBH �
� 5IJT MBSHF

EJ୭GFSFODF DBOOPU CF TJNQMZ FYQMBJOFE CZ UIF HFPNFUSJD GBDUPS� 5IF ୮ୢSTU BQQFBSBODF PG OFHBUJWF ESBH

JO UIF MPDBM TFUVQ BOE UIF GBTU EFDBZ PG OFHBUJWF ESBH TJHOBM BXBZ GSPN DVSSFOU MFBET TVHHFTUT UIBU UIF

OFHBUJWF ESBH JT BO JOUFSGBDF F୭GFDU CFUXFFO DPOUBDUT BOE HSBQIFOF� 8F EP OPUF UIBU VQPO DPPMJOH

UP FWFO MPXFS UFNQFSBUVSF 	���,

 UIF EJ୭GFSFODF PG ESBH SFTJTUBODF GSPN EJ୭GFSFOU DPO୮ୢHVSBUJPOT

CFDPNFT TNBMMFS
 SFDPWFSJOH B HFPNFUSJD GBDUPS F୭GFDU�

" QPTTJCMF FYQMBOBUJPO UP UIFTF PCTFSWBUJPOT DBO CF GPVOE JO UIF FOFSHZ ESBH NFDIBOJTN 	'JH� $��
�

&OFSHZ ESBH EFTDSJCFT UIF ESBH F୭GFDU DBVTFE CZ FOFSHZ USBOTGFS JO CFUXFFO UXP HSBQIFOF MBZFST BOE

XFSF QSPQPTFE UP FYQMBJO UIF $PVMPNC ESBH F୭GFDU PCTFSWFE BU EPVCMF OFVUSBMJUZ QPJOU JO HSBQIFOF

EPVCMF MBZFST ��
��� )FSF JO PVS FYQFSJNFOU
 UIF MPDBMJUZ PG OFHBUJWF ESBH TJHOBM TVHHFTUT JU JT SFMBUFE

UP UIF JOUFSGBDF CFUXFFO DVSSFOU DBSSZJOH HSBQIFOF MBZFS BOE ESJWF MBZFS DPOUBDUT� * UIVT QSPQPTF UIF

GPMMPXJOH FYQMBJOBUJPO�

0O UIF ESJWF MBZFS
 ESJWF DVSSFOU DSFBUFT B IFBUJOH PS DPPMJOH F୭GFDU BU UIF JOUFSGBDF CFUXFFO HSBQIFOF

BOE NFUBM DPOUBDUT EVF UP UIF 1FMUJFS F୭GFDU 	'JH� $��
� 5IJT DSFBUFT B UFNQFSBUVSF HSBEJFOU JO UIF

ESJWF MBZFS
 XIJDI JT USBOTNJUUFE UP ESBH MBZFS UISPVHI JOUFSMBZFS FOFSHZ USBOTGFS
 SFTVMUJOH JO B UFN�

���



QFSBUVSF HSBEJFOU PO UIF ESBH MBZFS BT XFMM� 0O UIF ESBH MBZFS
 UFNQFSBUVSF HSBEJFOU HFOFSBUFT UIFS�

NPFMFDUSJD WPMUBHF UISPVHI 4FFCFDL F୭GFDU�

"TTVNJOH QFSGFDU UIFSNP�FRVJMJCSBUJPO CFUXFFO MBZFST
 XF IBWF UIF ESBH SFTJTUBODF�

ρdrag =
ΠdriveSdrag

κdrive + κdrag
=

§driveSdrag

L(σdrive + σdrag)
	$��



 JO XIJDIΠ JT UIF 1FMUJFS DPF୭୮ୢDJFOU
 S JT UIF 4FFCFDL DPF୭୮ୢDJFOU
 κ JT UIFSNBM DPOEVDUBODFT� 6T�

JOH UIF SFMBUJPOTIJQ CFUXFFO 1FMUJFS BOE 4FFCFDL DPF୭୮ୢDJFOU BT XFMM BT UIF 8JFEFNBOO؛'SBO[ MBX


TFDPOE IBMG PG FR� $�� DBO CF PCUBJOFE� 5IJT QSPQPTFE FYQMBOBUJPO ୮ୢSTU QSPWJEFT UIF DPSSFDU TJHO GPS

OFHBUJWF ESBH F୭GFDU BT DBO CF TFFO JO 'JH� $��
 XIJDI JT QPTJUJWF XIFO CPUI MBZFST BSF EPQFE UIF TBNF�

"MTP JU FYQMBJOT UIF MPDBMJUZ PG OFHBUJWF ESBH TJHOBM JO UIF NFEJVN UFNQFSBUVSF SBOHF BT UIF UFNQFSB�

UVSF HSBEJFOU JT WFSZ MPDBM EVF UP UIFSNBM FRVJMJCSBUJPO CZ QIPOPOT BXBZ GSPN UIF DPOUBDU JOUFSGBDF�

8IFO QIPOPOT GBEF BXBZ BU MPXFS UFNQFSBUVSFT 	���,

 UIF UFNQFSBUVSF HSBEJFOUT DBO FYQBOE

GVSUIFS BOE HFOFSBUF OFHBUJWF ESBH JO UIF OPO�MPDBM DPO୮ୢHVSBUJPOT BT XFMM� -BTUMZ
 NPNFOUVN ESBH

TJHOBM EJFT P୭G BT T 2 XIFO UFNQFSBUVSF JT MPXFSFE CVU UIF 4FFCBDL DPF୭୮ୢDJFOU EFDBZT TMPXFS UIBO T �

"T DBO CF TFFO JO UIF QVCMJTIFE TUVEZ PG UIFSNPFMFDUSJD F୭GFDU JO HSBQIFOF ���
 S/T CFDPNFT MBSHFS BU

MPXFS UFNQFSBUVSFT� 5IJT XJMM NBLF UIF FOFSHZ ESBH NPSF QSPOPVODFE BU MPXFS UFNQFSBUVSFT DPN�

QBSJOH XJUI NPNFOUVN ESBH
 BHSFFJOH XJUI UIF PCTFSWFE UFNQFSBUVSF EFQFOEFODF� *O GPMMPXJOH

TBNQMFT
 XF VTFE MPOHFS HSBQIFOF MFBET
 XIJDI TFQBSBUFT UIF HSBQIFOF�NFUBM JOUFSGBDF GVSUIFS BXBZ

GSPN UIF DIBOOFM BOE TVQQSFTTFT UIF OFHBUJWF ESBH F୭GFDU�

���



Seebeck effect

Peltier 
effect

)LJXUH &��� 6FKHPDWLF RI HQHUJ\ GUDJ� *ROG FRORU EORFNV UHSUHVHQW PHWDO FRQWDFWV� 5HG �EOXH� FRORU UHSUHVHQWV KLJKHU

�ORZHU� WHPSHUDWXUH�

���
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<��> B , (FJN BOE * 7 (SJHPSJFWB� 7BO EFS 8BBMT IFUFSPTUSVDUVSFT� /BUVSF
 ���	����

��؛���� KVM
����� *44/ ���������� EPJ� ��������OBUVSF������ 63- %11-ǥȇȇ444ǣ+ �&ǣ+)*ǣ+&%ǣ$,3ȇ
-2�*"!ȇǑǒǗǗǖǓǑǖ�

<��> 1VMJDLFM "KBZBO
 1IJMJQ ,JN
 BOE ,BVTUBW #BOFSKFF� 5XP�EJNFOTJPOBM WBO EFS 8BBMT NBUF�
SJBMT� 1IZTJDT 5PEBZ
 ��	�

��؛��� TFQ ����� *44/ ��������� EPJ� ��������15�������� 63-
%11-ǥȇȇ-%60& 01,!�6ǣ0 &1�1&,+ǣ,/$ȇ!,&ȇǐǏǣǐǏǕǒȇ��ǣǒǣǒǑǘǖ�

���



<��> +�1� &JTFOTUFJO� &YDJUPO $POEFOTBUJPO JO #JMBZFS VBOUVNތ )BMM 4ZTUFNT� "OOVBM
3FWJFX PG $POEFOTFE .BUUFS 1IZTJDT
 �	�

���؛���� NBS ����� *44/ ���������� EPJ�
��������BOOVSFW�DPONBUQIZT��������������� 63- %11-ǥȇȇ444ǣ�++2�)/"3&"40ǣ,/$ȇ
!,&ȇ��0ȇǐǏǣǐǐǓǕȇ�++2/"3Ǹ ,+*�1-%60ǸǏǒǐǐǐǒǸǐǒǒǗǒǑ�

<��> ( ) -FF� &MFDUSPO UVOOFMJOH UISPVHI BUPNJDBMMZ ୯୳BU BOE VMUSBUIJO IFYBHPOBM CPSPO OJUSJEF�
"QQM� 1IZT� -FUU�
 ���������
 ����� 63- %11-ǥȇȇ!5ǣ!,&ǣ,/$ȇǐǏǣǐǏǕǒȇǐǣǒǕǕǑǏǓǒ�

<��> - #SJUOFMM� 'JFME�F୭GFDU UVOOFMJOH USBOTJTUPS CBTFE PO WFSUJDBM HSBQIFOF IFUFSPTUSVDUVSFT�
4DJFODF
 
���؛������� ����� 63- %11-ǥȇȇ!5ǣ!,&ǣ,/$ȇǐǏǣǐǐǑǕȇ0 &"+ "ǣǐǑǐǗǓǕǐ�

<��> #� /� /BSP[IOZ BOE "� -FWDIFOLP� $PVMPNC ESBH� 3FWJFXT PG .PEFSO 1IZTJDT
 ��	�
�
������
 NBZ ����� *44/ ���������� EPJ� ��������3FW.PE1IZT����������� 63- %11-ǥ
ȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�"3�,!�%60ǣǗǗǣǏǑǔǏǏǒ�

<��> .+ ,FMMPHH� 5IFTJT� &WJEFODF GPS FYDJUPOJD TVQFS୯୳VJEJUZ JO B CJMBZFS UXP�EJNFOTJPOBM FMFD�
USPO TZTUFN� ����
 ����� 63- %11-ǥȇȇ1%"0&0ǣ)&�/�/6ǣ �)1" %ǣ"!2ȇǒǏǗǏȇ�

<��> "OUUJ�1FLLB +BVIP BOE )FOSJL 4NJUI� $PVMPNC ESBH CFUXFFO QBSBMMFM UXP�EJNFOTJPOBM
FMFDUSPO TZTUFNT� 1IZTJDBM 3FWJFX #
 ��	�

����؛����� GFC ����� *44/ ���������� EPJ�
��������1IZT3FW#��������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣ
ǓǖǣǓǓǑǏ�

<��> 5 + (SBNJMB
 + 1 &JTFOTUFJO
 " ) .BD%POBME
 - / 1GFJ୭GFS
 BOE , 8 8FTU� .VUVBM GSJDUJPO
CFUXFFO QBSBMMFM UXP�EJNFOTJPOBM FMFDUSPO TZTUFNT� 1IZT� 3FW� -FUU�
 
����؛������� ����� 63-
%11-ǥȇȇ!5ǣ!,&ǣ,/$ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǕǕǣǐǑǐǕ�

<��> 1� 4PMPNPO
 1� 1SJDF
 %� 'SBOL
 BOE %� -B 5VMJQF� /FX QIFOPNFOB JO DPVQMFE USBOTQPSU
CFUXFFO �% BOE �% FMFDUSPO�HBT MBZFST� 1IZTJDBM 3FWJFX -FUUFST
 ��	��

����؛����� OPW �����
*44/ ���������� EPJ� ��������1IZT3FW-FUU��������� 63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇ
ǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǕǒǣǑǔǏǗ�

<��> 6 4JWBO
 1 . 4PMPNPO
 BOE ) 4IUSJLNBO� $PVQMFE FMFDUSPO�IPMF USBOTQPSU� 1IZT� 3FW� -FUU�


����؛������� ����� 63- %11-ǥȇȇ!5ǣ!,&ǣ,/$ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǕǗǣǐǐǘǕ�

<��> 3� 7� (PSCBDIFW
 B� ,� (FJN
 .� *� ,BUTOFMTPO
 ,� 4� /PWPTFMPW
 5� 5VEPSPWTLJZ
 *� 7�
(SJHPSJFWB
 B� )� .BD%POBME
 4� 7� .PSP[PW
 ,� 8BUBOBCF
 5� 5BOJHVDIJ
 BOE -� B� 1POP�
NBSFOLP� 4USPOH $PVMPNC ESBH BOE CSPLFO TZNNFUSZ JO EPVCMF�MBZFS HSBQIFOF� /B�

���



UVSF 1IZTJDT
 �	��

���؛���� PDU ����� *44/ ���������� EPJ� ��������OQIZT����� 63-
%11-ǥȇȇ444ǣ+�12/"ǣ ,*ȇ!,&#&+!"/ȇǐǏǣǐǏǒǗȇ+-%60ǑǓǓǐ�

<��> 4 ,JN� $PVMPNC ESBH PG NBTTMFTT GFSNJPOT JO HSBQIFOF� 1IZT� 3FW� #
 ���������
 ����� 63-
%11-ǥȇȇ!5ǣ!,&ǣ,/$ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǗǒǣǐǕǐǓǏǐ�

<��> .� 5JUPW
 3� 7� (PSCBDIFW
 #� /� /BSP[IOZ
 5� 5VEPSPWTLJZ
 .� 4DI¼UU
 1� .� 0TUSPWTLZ

*� 7� (PSOZJ
 "� %� .JSMJO
 .� *� ,BUTOFMTPO
 ,� 4� /PWPTFMPW
 "� ,� (FJN
 BOE -� "� 1POP�
NBSFOLP� (JBOU .BHOFUPESBH JO (SBQIFOF BU $IBSHF /FVUSBMJUZ� 1IZTJDBM 3FWJFX -FU�
UFST
 ���	��
�������
 PDU ����� *44/ ���������� EPJ� ��������1IZT3FW-FUU������������ 63-
%11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǐǐǐǣǐǕǕǕǏǐ�

<��> ,BZPVOH -FF
 +JBNJO 9VF
 %BWJE $� %JMMFO
 ,FOKJ 8BUBOBCF
 5BLBTIJ 5BOJHVDIJ
 BOE
&NBOVFM 5VUVD� (JBOU 'SJDUJPOBM %SBH JO %PVCMF #JMBZFS (SBQIFOF )FUFSPTUSVDUVSFT� 1IZT�
JDBM 3FWJFX -FUUFST
 ���	�
�������
 KVM ����� *44/ ��������� EPJ� ��������1IZT3FW-FUU�����
������� 63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǐǐǖǣǏǓǕǗǏǒ�

<��> +VTUJO $�8� 4POH BOE -FPOJE 4� -FWJUPW� )BMM ESBH BOE NBHOFUPESBH JO HSBQIFOF� 1IZTJDBM
3FWJFX -FUUFST
 ���	��
�������
 TFQ ����� *44/ ��������� EPJ� ��������1IZT3FW-FUU������������
63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǐǐǐǣǐǑǕǕǏǐ�

<��> +VTUJO $ 8 4POH BOE -FPOJE 4� -FWJUPW� )BMM ESBH BOE NBHOFUPESBH JO HSBQIFOF� 1IZTJDBM
3FWJFX -FUUFST
 ���	��

�؛�� NBS ����� *44/ ��������� EPJ� ��������1IZT3FW-FUU������������
63- %11-ǥȇȇ�/5&3ǣ,/$ȇ��0ȇǐǒǏǒǣǒǔǑǘ3ǐ�

<��> 1 # -JUUMFXPPE
 1 3 &BTUIBN
 + . + ,FFMJOH
 ' . .BSDIFUUJ
 # % 4JNPOT
 BOE . ) 4[ZNBO�
TLB� .PEFMT PG DPIFSFOU FYDJUPO DPOEFOTBUJPO� +PVSOBM PG 1IZTJDT� $POEFOTFE .BUUFS
 ��
	��

����4؛�����4 TFQ ����� *44/ ���������� EPJ� ���������������������������� 63-
%11-ǥȇȇ01� (0ǣ&,-ǣ,/$ȇǏǘǔǒǸǗǘǗǓȇǐǕȇ&ʛǒǔȇ�ʛǏǏǒ�

<��> " " )JHI
 + 3 -FPOBSE
 " 5 )BNNBDL
 . . 'PHMFS
 - 7 #VUPW
 " 7 ,BWPLJO
 , - $BNQ�
NBO
 BOE " $ (PTTBSE� 4QPOUBOFPVT DPIFSFODF JO B DPME FYDJUPO HBT� /BUVSF
 ���	����
�

�؛��� NBS ����� *44/ ���������� EPJ� ��������OBUVSF������ 63- %11-ǥȇȇ!5ǣ!,&ǣ,/$ȇ
ǐǏǣǐǏǒǗȇ+�12/"ǐǏǘǏǒ�

<��> + " 4FBNPOT
 $ 1 .PSBUI
 + - 3FOP
 BOE . 1 -JMMZ� $PVMPNC ESBH JO UIF FYDJUPO SFHJNF JO
FMFDUSPO�IPMF CJMBZFST� 1IZT� 3FW� -FUU�
 ���������
 ����� 63- %11-ǥȇȇ!5ǣ!,&ǣ,/$ȇǐǏǣ
ǐǐǏǒȇ�%60�"3�"11ǣǐǏǑǣǏǑǕǗǏǓ�

���



<��> )POHLJ .JO
 3B୮ୢ #JTUSJU[FS
 +VOH�+VOH 4V
 BOE "� .BD%POBME� 3PPN�UFNQFSBUVSF TVQFS୯୳V�
JEJUZ JO HSBQIFOF CJMBZFST� 1IZTJDBM 3FWJFX #
 ��	��
�������
 TFQ ����� *44/ ���������� EPJ�
��������1IZT3FW#����������� 63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣ
ǖǗǣǐǑǐǓǏǐ�

<��> .BYJN ,IBSJUPOPW BOE ,POTUBOUJO &GFUPW� &MFDUSPO TDSFFOJOH BOE FYDJUPOJD DPOEFOTBUJPO
JO EPVCMF�MBZFS HSBQIFOF TZTUFNT� 1IZTJDBM 3FWJFX #
 ��	��
�������
 EFD ����� *44/ �����
����� EPJ� ��������1IZT3FW#����������� 63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ
�%60�"3�ǣǖǗǣǑǓǐǓǏǐ�

<��> "� 1FSBMJ
 %� /FJMTPO
 BOE "� 3� )BNJMUPO� )JHI�5FNQFSBUVSF 4VQFS୯୳VJEJUZ JO %PVCMF�
#JMBZFS (SBQIFOF� 1IZTJDBM 3FWJFX -FUUFST
 ���	��
�������
 BQS ����� *44/ ����������
EPJ� ��������1IZT3FW-FUU������������ 63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ
�%60�"3�"11ǣǐǐǏǣǐǓǕǗǏǒ�

<��> . ;BSFOJB
 " 1FSBMJ
 % /FJMTPO
 BOE ' . 1FFUFST� &OIBODFNFOU PG FMFDUSPO�IPMF TVQFS୯୳V�
JEJUZ JO EPVCMF GFX�MBZFS HSBQIFOF� 4DJFOUJ׹D SFQPSUT
 ������
 KBO ����� *44/ ���������� EPJ�
��������TSFQ������ 63- %11-ǥȇȇ444ǣ+�12/"ǣ ,*ȇ0/"-ȇǑǏǐǓȇǐǓǐǑǏǗȇ0/"-Ǐǖǒǐǘȇ
#2))ȇ0/"-Ǐǖǒǐǘǣ%1*)�

<��> #FSUSBOE *� )BMQFSJO� 5IFPSZ PG UIF RVBOUJ[FE )BMM DPOEVDUBODF� )FMW� 1IZT� "DUB �����ԓ���


���؛����� �����

<��> *� #� 4QJFMNBO
 +� 1� &JTFOTUFJO
 -� /� 1GFJ୭GFS
 BOE ,� 8� 8FTU� 3FTPOBOUMZ FOIBODFE
UVOOFMJOH JO B EPVCMF MBZFS RVBOUVN IBMM GFSSPNBHOFU� 1IZTJDBM 3FWJFX -FUUFST
 ��
	��

����؛����� KVO ����� *44/ ��������� EPJ� ��������1IZT3FW-FUU��������� 63-
%11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǗǓǣǔǗǏǗ�

<��> . ,FMMPHH
 * # 4QJFMNBO
 + 1 &JTFOTUFJO
 - / 1GFJ୭GFS
 BOE , 8 8FTU� 0CTFSWBUJPO PG RVBO�
UJ[FE )BMM ESBH JO B TUSPOHMZ DPSSFMBUFE CJMBZFS FMFDUSPO TZTUFN� 1IZTJDBM SFWJFX MFUUFST
 ��
	��
�������
 NBS ����� *44/ ���������� EPJ� ��������1IZT3FW-FUU����������� 63-
%11-ǥȇȇ',2/+�)0ǣ�-0ǣ,/$ȇ-/)ȇ��01/� 1ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǗǗǣǐǑǕǗǏǓ�

<��> % /BOEJ
 B % , 'JODL
 + 1 &JTFOTUFJO
 - / 1GFJ୭GFS
 BOE , 8 8FTU� &YDJUPO DPOEFOTBUJPO
BOE QFSGFDU $PVMPNC ESBH� /BUVSF
 ���	����

�؛���� BVH ����� *44/ ���������� EPJ�
��������OBUVSF������ 63- %11-ǥȇȇ444ǣ+ �&ǣ+)*ǣ+&%ǣ$,3ȇ-2�*"!ȇǑǑǘǐǓǐǕǓ�

���



<��> & 5VUVD
 . 4IBZFHBO
 BOE % " )VTF� $PVOUFS୯୳PX NFBTVSFNFOUT JO TUSPOHMZ DPSSFMBUFE
(B"T IPMF CJMBZFST� &WJEFODF GPS FMFDUSPO�IPMF QBJSJOH� 1IZT� 3FW� -FUU�
 ��������
 �����
63- %11-ǥȇȇ!5ǣ!,&ǣ,/$ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǘǒǣǏǒǕǗǏǑ�

<��> . ,FMMPHH
 + 1 &JTFOTUFJO
 - / 1GFJ୭GFS
 BOE , 8 8FTU� 7BOJTIJOH )BMM SFTJTUBODF BU IJHI
NBHOFUJD ୮ୢFME JO B EPVCMF�MBZFS UXP�EJNFOTJPOBM FMFDUSPO TZTUFN� 1IZT� 3FW� -FUU�
 ��������

����� 63- %11-ǥȇȇ!5ǣ!,&ǣ,/$ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǘǒǣǏǒǕǗǏǐ�

<��> 9� 'FOH
 4� ;FMBLJFXJD[
 )� /PI
 5� 3BHVDDJ
 5� (SBNJMB
 -� 1GFJ୭GFS
 BOE ,� 8FTU� /FHBUJWF
&MFDUSPO %SBH BOE )PMFMJLF #FIBWJPS JO UIF *OUFHFS VBOUVNތ )BMM 3FHJNF� 1IZTJDBM 3FWJFX
-FUUFST
 ��	��

����؛����� PDU ����� *44/ ���������� EPJ� ��������1IZT3FW-FUU��������� 63-
%11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǗǐǣǒǑǐǘ�

<��> +� -PL
 4� ,SBVT
 .� 1PIMU
 8� %JFUTDIF
 ,� WPO ,MJU[JOH
 8� 8FHTDIFJEFS
 BOE .� #JDIMFS�
4QJO F୭GFDUT JO UIF NBHOFUPESBH CFUXFFO EPVCMF RVBOUVN XFMMT� 1IZTJDBM 3FWJFX #
 ��	�
�
������
 KBO ����� *44/ ���������� EPJ� ��������1IZT3FW#����������� 63- %11-ǥȇȇ)&+(ǣ
�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǕǒǣǏǓǐǒǏǔ�

<��> 'FMJY WPO 0QQFO
 4UFWFO 4JNPO
 BOE "EZ 4UFSO� 0TDJMMBUJOH 4JHO PG %SBH JO )JHI -BOEBV
-FWFMT� 1IZTJDBM 3FWJFX -FUUFST
 ��	��
�������
 BVH ����� *44/ ���������� EPJ� ��������
1IZT3FW-FUU����������� 63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣ
ǗǖǣǐǏǕǗǏǒ�

<��> / 1 3 )JMM
 + 5 /JDIPMMT
 & ) -JO୮ୢFME
 . 1FQQFS
 % B 3JUDIJF
 B 3 )BNJMUPO
 BOE ( B $
+POFT� 'SJDUJPOBM ESBH CFUXFFO QBSBMMFM UXP�EJNFOTJPOBM FMFDUSPO HBTFT JO B QFSQFOEJDVMBS
NBHOFUJD ୮ୢFME� +PVSOBM PG 1IZTJDT� $POEFOTFE .BUUFS
 �	��

���-؛���-� ����� *44/ �����
����� EPJ� ��������������������������� 63- %11-ǥȇȇ01� (0ǣ&,-ǣ,/$ȇǏǘǔǒǸǗǘǗǓȇǗȇ
&ʛǒǘȇ�ʛǏǏǐǪ("6ʛ /,00/"#ǣǕǘǒ ǖǖ�Ǘǘǒ�#Ǘ ""ǘǘǓǗ� ǖǐ"ǒǔǗǗǖǒ �

<��> "MFY ,BNFOFW BOE : 0SFH� $PVMPNC ESBH JO OPSNBM NFUBMT BOE TVQFSDPOEVDUPST� %JBHSBN�
NBUJD BQQSPBDI� 1IZTJDBM 3FWJFX #
 ��	��

 ����� 63- %11-ǥȇȇ',2/+�)0ǣ�-0ǣ,/$ȇ-/�ȇ
��01/� 1ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǔǑǣǖǔǐǕ�

<��> , 'MFOTCFSH
 #:, )V
 "1 +BVIP
 BOE +. ,JOBSFU� -JOFBS�SFTQPOTF UIFPSZ PG $PVMPNC ESBH
JO DPVQMFE FMFUSPO TZTUFNT� 1IZTJDBM 3FWJFX #
 ��	��

 ����� 63- %11-ǥȇȇ',2/+�)0ǣ�-0ǣ
,/$ȇ-/�ȇ��01/� 1ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǔǑǣǐǓǖǕǐ�

���



<��> #� /BSP[IOZ BOE *� "MFJOFS� .FTPTDPQJD 'MVDUVBUJPOT PG UIF $PVMPNC %SBH� 1IZTJDBM 3FWJFX
-FUUFST
 ��	��

����؛����� KVO ����� *44/ ���������� EPJ� ��������1IZT3FW-FUU���������
63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǗǓǣǔǒǗǒ�

<��> #� /BSP[IOZ
 *� "MFJOFS
 BOE "EZ 4UFSO� .FTPTDPQJD 'MVDUVBUJPOT PG UIF $PVMPNC %SBH BU
ν����� 1IZTJDBM 3FWJFX -FUUFST
 ��	��

����؛����� BQS ����� *44/ ���������� EPJ� ��������
1IZT3FW-FUU��������� 63- %11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǗǕǣ
ǒǕǐǏ�

<��> 2JKJO $IFO
 +FMFOB 4UBKJD
 4IJOB 5BO
 BOE ,� -FWJO� #$4୔#&$ DSPTTPWFS� 'SPN IJHI UFNQFS�
BUVSF TVQFSDPOEVDUPST UP VMUSBDPME TVQFS୯୳VJET� 1IZTJDT 3FQPSUT
 ���	�

��؛�� KVO ����� *44/
���������� EPJ� ��������+�1):43&1������������� 63- %11-0ǥȇȇ444ǣ0 &"+ "!&/" 1ǣ
 ,*ȇ0 &"+ "ȇ�/1& )"ȇ-&&ȇ�ǏǒǖǏǐǔǖǒǏǔǏǏǐǏǕǖ�

<��> .PIJU 3BOEFSJB BOE &EXBSE 5BZMPS� $SPTTPWFS GSPN #BSEFFO�$PPQFS�4DISJF୭GFS UP
#PTF�&JOTUFJO $POEFOTBUJPO BOE UIF 6OJUBSZ 'FSNJ (BT� "OOVBM 3FWJFX PG $PO�
EFOTFE .BUUFS 1IZTJDT
 �	�

���؛���� NBS ����� *44/ ���������� EPJ� ��������
BOOVSFW�DPONBUQIZT��������������� 63- %11-ǥȇȇ444ǣ�++2�)/"3&"40ǣ,/$ȇ!,&ȇ
ǐǏǣǐǐǓǕȇ�++2/"3Ǹ ,+*�1-%60ǸǏǒǐǐǐǒǸǐǒǒǗǑǘ�

<��> 5� #PVSEFM
 -� ,IBZLPWJDI
 +� $VCJ[PMMFT
 +� ;IBOH
 '� $IFWZ
 .� 5FJDINBOO
 -� 5BSSVFMM

4� +� +� .� '� ,PLLFMNBOT
 BOE $� 4BMPNPO� &YQFSJNFOUBM 4UVEZ PG UIF #&$ୖ#$4 $SPTTPWFS
3FHJPO JO -JUIJVN �� 1IZTJDBM 3FWJFX -FUUFST
 ��	�
�������
 KVM ����� *44/ ����������
EPJ� ��������1IZT3FW-FUU����������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ
�%60�"3�"11ǣǘǒǣǏǔǏǓǏǐ�

<��> $� "� 3FHBM
 .� (SFJOFS
 BOE %� 4� +JO� 0CTFSWBUJPO PG 3FTPOBODF $POEFOTBUJPO PG
'FSNJPOJD "UPN 1BJST� 1IZTJDBM 3FWJFX -FUUFST
 ��	�
�������
 KBO ����� *44/ ����������
EPJ� ��������1IZT3FW-FUU����������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ
�%60�"3�"11ǣǘǑǣǏǓǏǓǏǒ�

<��> .� #BSUFOTUFJO
 "� "MUNFZFS
 4� 3JFEM
 4� +PDIJN
 $� $IJO
 +� )FDLFS %FOTDIMBH
 BOE
3� (SJNN� $PMMFDUJWF &YDJUBUJPOT PG B %FHFOFSBUF (BT BU UIF #&$ୖ#$4 $SPTTPWFS� 1IZTJ�
DBM 3FWJFX -FUUFST
 ��	��
�������
 NBZ ����� *44/ ���������� EPJ� ��������1IZT3FW-FUU����
������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǘǑǣǑǏǒǑǏǐ�

<��> .� 8� ;XJFSMFJO
 $� "� 4UBO
 $� )� 4DIVODL
 4� .� '� 3BVQBDI
 "� +� ,FSNBO
 BOE 8� ,FU�
UFSMF� $POEFOTBUJPO PG 1BJST PG 'FSNJPOJD "UPNT OFBS B 'FTICBDI 3FTPOBODF� 1IZTJDBM 3F�

���



WJFX -FUUFST
 ��	��
�������
 NBS ����� *44/ ���������� EPJ� ��������1IZT3FW-FUU�����������
63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǘǑǣǐǑǏǓǏǒ�

<��> .� (� 3JFT
 "� /� 8FO[
 (� ;¼SO
 -� #BZIB
 *� #PFUUDIFS
 %� ,FEBS
 1� "� .VSUIZ
 .� /FJEJH

5� -PNQF
 BOE 4� +PDIJN� 0CTFSWBUJPO PG QBJS DPOEFOTBUJPO JO UIF %��VBTJތ #&$ୖ#$4
$SPTTPWFS� 1IZTJDBM 3FWJFX -FUUFST
 ���	��
�������
 KVO ����� *44/ ��������� EPJ� ��������
1IZT3FW-FUU������������ 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣ
ǐǐǓǣǑǒǏǓǏǐ�

<��> .� #BMEP
 6� -PNCBSEP
 BOE 1� 4DIVDL� %FVUFSPO GPSNBUJPO JO FYQBOEJOH OVDMFBS NBUUFS
GSPN B TUSPOH DPVQMJOH #$4 BQQSPBDI� 1IZTJDBM 3FWJFX $
 ��	�

���؛���� BVH ����� *44/
���������� EPJ� ��������1IZT3FW$�������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ
�%60�"3�ǣǔǑǣǘǖǔ�

<��> ,B[VOPSJ *UBLVSB� 4USVDUVSF DIBOHF PG $PPQFS QBJST JO DPMPS TVQFSDPOEVDUJWJUZ $SPTTPWFS
GSPN #$4 UP #&$ /VDMFBS 1IZTJDT "
 �������D؛���D
 NBS ����� *44/ ���������� EPJ�
��������4���������	��
�������� 63- %11-0ǥȇȇ444ǣ0 &"+ "!&/" 1ǣ ,*ȇ0 &"+ "ȇ
�/1& )"ȇ-&&ȇ�ǏǒǖǔǘǓǖǓǏǑǏǐǔǑǒǒ�

<��> -JOHKJF %V
 9JOXFJ -J
 8FOLBJ -PV
 (FSBSE 4VMMJWBO
 ,BJ $IBOH
 +VOJDIJSP ,POP
 BOE 3VJ�
3VJ %V� &WJEFODF GPS B UPQPMPHJDBM FYDJUPOJD JOTVMBUPS JO *O"T�(B4C CJMBZFST� /BUVSF
$PNNVOJDBUJPOT
 �	�
�����
 EFD ����� *44/ ���������� EPJ� ��������T������������������ 63-
%11-ǥȇȇ444ǣ+�12/"ǣ ,*ȇ�/1& )"0ȇ0ǓǐǓǕǖǸǏǐǖǸǏǐǘǗǗǸǐ�

<��> ;� ;IV
 3� %� .D%POBME
 "� 4IFLIUFS
 #� +� 3BNTIBX
 ,� "� .PEJD
 '� '� #BMBLJSFW
 BOE
/� )BSSJTPO� .BHOFUJD ୮ୢFME UVOJOH PG BO FYDJUPOJD JOTVMBUPS CFUXFFO UIF XFBL BOE TUSPOH
DPVQMJOH SFHJNFT JO RVBOUVN MJNJU HSBQIJUF� 4DJFOUJ׹D 3FQPSUT
 �	�
�����
 EFD ����� *44/
���������� EPJ� ��������T������������������ 63- %11-ǥȇȇ444ǣ+�12/"ǣ ,*ȇ�/1& )"0ȇ
0ǓǐǔǘǗǸǏǐǖǸǏǐǕǘǒǸǔ�

<��> %� +©SPNF
 5� .� 3JDF
 BOE 8� ,PIO� &YDJUPOJD *OTVMBUPS� 1IZTJDBM 3FWJFX
 ���	�

���؛����
KVO ����� *44/ ��������9� EPJ� ��������1IZT3FW��������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ
!,&ȇǐǏǣǐǐǏǒȇ�%60�"3ǣǐǔǗǣǓǕǑ�

<��> +�-� 5BMMPO BOE +�8� -PSBN� 5IF EPQJOH EFQFOEFODF PG 5� ؛ XIBU JT UIF SFBM IJHI�5D QIBTF
EJBHSBN 1IZTJDB $� 4VQFSDPOEVDUJWJUZ
 ���	���

��؛��� KBO ����� *44/ ���������� EPJ�
��������4���������	��
�������� 63- %11-0ǥȇȇ444ǣ0 &"+ "!&/" 1ǣ ,*ȇ0 &"+ "ȇ
�/1& )"ȇ-&&ȇ�ǏǘǑǐǓǔǒǓǏǏǏǐǔǑǓǏǪ3&�ȅʋȆǒ�&%2��

���



<��> .PIJU 3BOEFSJB
 +J .JO %VBO
 BOE -JI :JS 4IJFI� #PVOE TUBUFT
 $PPQFS QBJSJOH
 BOE #PTF
DPOEFOTBUJPO JO UXP EJNFOTJPOT� 1IZTJDBM 3FWJFX -FUUFST
 ��	�

���؛���� GFC ����� *44/
��������� EPJ� ��������1IZT3FW-FUU�������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣ
ǐǐǏǒȇ�%60�"3�"11ǣǕǑǣǘǗǐ�

<��> 5PN 5JNVTL BOE #SZBO 4UBUU� 5IF QTFVEPHBQ JO IJHI�UFNQFSBUVSF TVQFSDPOEVDUPST� BO
FYQFSJNFOUBM TVSWFZ� 5FDIOJDBM SFQPSU
 ����� 63- %11-ǥȇȇ&,-0 &"+ "ǣ&,-ǣ,/$ȇ
�/1& )"ȇǐǏǣǐǏǗǗȇǏǏǒǓǸǓǗǗǔȇǕǑȇǐȇǏǏǑȇ-!#�

<��> *OUJ 4PEFNBOO
 *UBNBS ,JNDIJ
 $IPOH 8BOH
 BOE 5� 4FOUIJM� $PNQPTJUF GFSNJPO EVBMJUZ GPS
IBMG�୮ୢMMFE NVMUJDPNQPOFOU -BOEBV MFWFMT� 1IZTJDBM 3FWJFX #
 ��	�
�������
 GFC ����� *44/
���������� EPJ� ��������1IZT3FW#����������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣ
ǐǐǏǒȇ�%60�"3�ǣǘǔǣǏǗǔǐǒǔ�

<��> (VOOBS .¶MMFS
 4UFWFO )� 4JNPO
 BOE &EXBSE )� 3F[BZJ� 5SJBM XBWF GVODUJPOT GPS
ν�������� RVBOUVN )BMM CJMBZFST� 1IZTJDBM 3FWJFX #
 ��	��
�������
 NBS ����� *44/ �����
����� EPJ� ��������1IZT3FW#����������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ
�%60�"3�ǣǖǘǣǐǑǔǐǏǕ�

<��> +BTPO "MJDFB
 0MFYFJ *� .PUSVOJDI
 (� 3FGBFM
 BOE .BUUIFX 1� "� 'JTIFS� *OUFSMBZFS $PIFSFOU
$PNQPTJUF 'FSNJ -JRVJE 1IBTF JO VBOUVNތ )BMM #JMBZFST� 1IZTJDBM 3FWJFX -FUUFST
 ���	��
�
������
 EFD ����� *44/ ���������� EPJ� ��������1IZT3FW-FUU������������ 63- %11-0ǥ
ȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǐǏǒǣǑǔǕǓǏǒ�

<��> &� 5VUVD BOE .� 4IBZFHBO� *OUFSBDUJPO BOE EJTPSEFS JO CJMBZFS DPVOUFS୯୳PX USBOTQPSU BU
୮ୢMMJOH�GBDUPS POF� 1IZTJDBM 3FWJFX #
 ��	�
�������
 BVH ����� *44/ ���������� EPJ� ��������
1IZT3FW#����������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǖǑǣ
ǏǗǐǒǏǖ�

<��> &� 5VUVD
 .� 4IBZFHBO
 BOE %� "� )VTF� $PVOUFS୯୳PX NFBTVSFNFOUT JO TUSPOHMZ DPSSF�
MBUFE (B"T IPMF CJMBZFST� &WJEFODF GPS FMFDUSPO�IPMF QBJSJOH� 1IZTJDBM 3FWJFX -FUUFST
 ��
	�

�؛������� KVM ����� *44/ ��������� EPJ� ��������1IZT3FW-FUU����������� 63-
%11-ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǘǒǣǏǒǕǗǏǑ�

<��> 5� 4� -BZ
 :� 8� 4VFO
 )� $� .BOPIBSBO
 9� :JOH
 .� #� 4BOUPT
 BOE .� 4IBZFHBO� "OPNB�
MPVT UFNQFSBUVSF EFQFOEFODF PG UIF DPSSFMBUFE ν�� RVBOUVN )BMM F୭GFDU JO CJMBZFS FMFD�
USPO TZTUFNT� 1IZTJDBM 3FWJFX #
 ��	��

�����؛������ EFD ����� *44/ ��������� EPJ�

���



��������1IZT3FW#���������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣ
ǔǏǣǐǖǖǑǔ�

<��> 9JBPNFOH -JV
 ,FOKJ 8BUBOBCF
 5BLBTIJ 5BOJHVDIJ
 #FSUSBOE *� )BMQFSJO
 BOE 1IJMJQ ,JN�
VBOUVNތ )BMM ESBH PG FYDJUPO DPOEFOTBUF JO HSBQIFOF� /BUVSF 1IZTJDT
 ��	�

���؛����
NBZ ����� *44/ ��������� EPJ� ��������/1):4����� 63- %11-ǥȇȇ444ǣ+�12/"ǣ ,*ȇ
!,&#&+!"/ȇǐǏǣǐǏǒǗȇ+-%60ǓǐǐǕ�

<��> 4� .� (JSWJO BOE "� )� .BD%POBME� .VMUJDPNQPOFOU VBOUVNތ )BMM 4ZTUFNT� 5IF 4VN PG
5IFJS 1BSUT BOE .PSF� *O 1FSTQFDUJWॶ JO VBOUVN؝ )BMM 
FDUT׸& QBHFT ����؛��� 8JMFZ�7$)
7FSMBH (NC)
 8FJOIFJN
 (FSNBOZ
 ����� *4#/ �������������� EPJ� ����������������������
DI�� 63- %11-ǥȇȇ!,&ǣ4&)"6ǣ ,*ȇǐǏǣǐǏǏǑȇǘǖǗǒǔǑǖǕǐǖǑǔǗǣ %ǔ%11-ǥȇȇ!5ǣ!,&ǣ
,/$ȇǐǏǣǐǏǏǑȇǘǖǗǒǔǑǖǕǐǖǑǔǗǣ %ǔȅʋȆǔ�+%11-ǥȇȇ,+)&+")&�/�/6ǣ4&)"6ǣ ,*ȇ
!,&ȇǐǏǣǐǏǏǑȇǘǖǗǒǔǑǖǕǐǖǑǔǗǣ %ǔȇ02**�/6�

<��> 4UFWFO . (JSWJO� 5IF ,PTUFSMJU[�5IPVMFTT 1IBTF 5SBOTJUJPO� #PVMEFS 4DIPPM -FDUVSF
 QBHFT

��؛� ����� *44/ ���������� 63- %11-ǥȇȇ�,2)!"/0 %,,)ǣ6�)"ǣ"!2ȇ0&1"0ȇ!"#�2)1ȇ
#&)"0ȇ#&)"0ȇ(,01"/)&17Ǹ1%,2)"00ǣ-!#�

<��> #� *� )BMQFSJO BOE %BWJE 3� /FMTPO� 3FTJTUJWF USBOTJUJPO JO TVQFSDPOEVDUJOH ୮ୢMNT�
+PVSOBM PG -PX 5FNQFSBUVSF 1IZTJDT
 ��	���

���؛���� TFQ ����� *44/ ���������� EPJ�
��������#'��������� 63- %11-ǥȇȇ)&+(ǣ0-/&+$"/ǣ ,*ȇǐǏǣǐǏǏǖȇ�	ǏǏǐǐǕǘǗǗ�

<��> %� $� 5TVJ
 )� -� 4UPSNFS
 BOE "� $� (PTTBSE� 5XP�EJNFOTJPOBM NBHOFUPUSBOTQPSU JO
UIF FYUSFNF RVBOUVN MJNJU� 1IZTJDBM 3FWJFX -FUUFST
 ��	��

����؛����� NBZ ����� *44/
��������� EPJ� ��������1IZT3FW-FUU��������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣ
ǐǐǏǒȇ�%60�"3�"11ǣǓǗǣǐǔǔǘ�

<��> 3� #� -BVHIMJO� "OPNBMPVT RVBOUVN )BMM F୭GFDU� "O JODPNQSFTTJCMF RVBOUVN ୯୳VJE XJUI
GSBDUJPOBMMZ DIBSHFE FYDJUBUJPOT� 1IZTJDBM 3FWJFX -FUUFST
 ��	��

����؛����� NBZ ����� *44/
��������� EPJ� ��������1IZT3FW-FUU��������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣ
ǐǐǏǒȇ�%60�"3�"11ǣǔǏǣǐǒǘǔ�

<��> 5BQBTI $IBLSBCPSUZ BOE 1FLLB 1JFUJM¤JOFO� 'SBDUJPOBM RVBOUVN IBMM F୭GFDU BU IBMG�୮ୢMMFE
MBOEBV MFWFM JO B NVMUJQMF�MBZFS FMFDUSPO TZTUFN� 1IZTJDBM 3FWJFX -FUUFST
 ��	��

����؛�����
����� *44/ ��������� EPJ� ��������1IZT3FW-FUU��������� 63- %11-0ǥȇȇ�/5&3ǣ,/$ȇ-!#ȇ
ǐǔǏǑǣǏǐǒǓǏǣ-!#�

���



<��> +BJOFOESB +BJO� $PNQPTJUF GFSNJPOT
 WPMVNF ����������� $BNCSJEHF 6OJWFSTJUZ 1SFTT

$BNCSJEHF
 ����� *4#/ �������������� EPJ� ��������$#0�������������� 63-
%11-ǥȇȇ"�,,(0ǣ �*�/&!$"ǣ,/$ȇ/"#ȇ&!ȇ���ǘǖǗǏǔǐǐǕǏǖǔǕǐ�

<��> +� ,� +BJO� $PNQPTJUF�GFSNJPO BQQSPBDI GPS UIF GSBDUJPOBM RVBOUVN )BMM F୭GFDU� 1IZTJDBM
3FWJFX -FUUFST
 ��	�

���؛���� KVM ����� *44/ ��������� EPJ� ��������1IZT3FW-FUU��������
63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǕǒǣǐǘǘ�

<��> #� *� )BMQFSJO� 4UBUJTUJDT PG VBTJQBSUJDMFTތ BOE UIF )JFSBSDIZ PG 'SBDUJPOBM VBOUJ[FEތ )BMM
4UBUFT� 1IZTJDBM 3FWJFX -FUUFST
 ��	��

����؛����� BQS ����� *44/ ���������� EPJ� ��������
1IZT3FW-FUU��������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǔǑǣ
ǐǔǗǒ�

<��> %� :PTIJPLB
 "� )� .BD%POBME
 BOE 4� .� (JSWJO� 'SBDUJPOBM RVBOUVN )BMM F୭GFDU JO UXP�
MBZFSFE TZTUFNT� 1IZTJDBM 3FWJFX #
 ��	�

����؛����� KBO ����� *44/ ��������� EPJ� ��������
1IZT3FW#��������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǒǘǣǐǘǒǑ�

<��> 7� 8� 4DBSPMB BOE +� ,� +BJO� 1IBTF EJBHSBN PG CJMBZFS DPNQPTJUF GFSNJPO TUBUFT� 1IZTJDBM
3FWJFX # � $POEFOTFE .BUUFS BOE .BUFSJBMT 1IZTJDT
 ��	�

�������؛������� BVH ����� *44/
��������� EPJ� ��������1IZT3FW#����������� 63- %11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣ
ǐǐǏǒȇ�%60�"3�ǣǕǓǣǏǗǔǒǐǒ�

<��> .BJTTBN #BSLFTIMJ BOE 9JBP�(BOH 8FO� /PO�"CFMJBO UXP�DPNQPOFOU GSBDUJPOBM RVBOUVN
)BMM TUBUFT� 1IZTJDBM 3FWJFX #
 ��	��
�������
 ����� *44/ ���������� EPJ� ��������1IZT3FW#�
���������� 63- %11-0ǥȇȇ',2/+�)0ǣ�-0ǣ,/$ȇ-/�ȇ-!#ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǗǑǣ
ǑǒǒǒǏǐ%11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǗǑǣǑǒǒǒǏǐ�

<��> 4DPUU (FSBFEUT
 .JDIBFM 1� ;BMFUFM
 ;MBULP 1BQJÇ
 BOE 3PHFS 4� ,� .POH� $PNQFUJOH "CFMJBO
BOE OPO�"CFMJBO UPQPMPHJDBM PSEFST JO ν � � � � � � � � RVBOUVN )BMM CJMBZFST� 1IZTJDBM 3F�
WJFX #
 ��	��
�������
 NBZ ����� *44/ ���������� EPJ� ��������1IZT3FW#����������� 63-
%11-0ǥȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�ǣǘǐǣǑǏǔǐǒǘ�

<��> :� 8� 4VFO
 -� 8� &OHFM
 .� #� 4BOUPT
 .� 4IBZFHBO
 BOE %� $� 5TVJ� 0CTFSWBUJPO PG B ����
GSBDUJPOBM RVBOUVN )BMM TUBUF JO B EPVCMF�MBZFS FMFDUSPO TZTUFN� 1IZTJDBM 3FWJFX -FUUFST
 ��
	�

����؛����� NBS ����� *44/ ��������� EPJ� ��������1IZT3FW-FUU��������� 63- %11-ǥ
ȇȇ)&+(ǣ�-0ǣ,/$ȇ!,&ȇǐǏǣǐǐǏǒȇ�%60�"3�"11ǣǕǗǣǐǒǖǘ�

���



<��> +� 1� &JTFOTUFJO
 (� 4� #PFCJOHFS
 -� /� 1GFJ୭GFS
 ,� 8� 8FTU
 BOE 4POH )F� /FX GSBDUJPOBM
RVBOUVN )BMM TUBUF JO EPVCMF�MBZFS UXP�EJNFOTJPOBM FMFDUSPO TZTUFNT� 1IZTJDBM 3FWJFX
-FUUFST
 ��	�
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