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ABSTRACT

In this thesis, we develop Fabry-Pérot quantum Hall interferometers in graphene and measure
anyon braiding in the fractional quantum Hall effect. Our results demonstrate the potential of van
der Waals materials for constructing quantum coherent electronic devices with advanced functional-
ities in order to unveil a wealth of physics that is otherwise inaccessible via transport measurements.
We begin by first demonstrating clear Aharonov-Bohm resistance oscillations in integer quantum Hall
states, overcoming a major technical challenge of “Coulomb dominated” oscillations, which plagued
decades of experiments in traditional semiconductor-based platforms. Next, we develop an improved,
density-tunable interferometer and measure tunable Coulomb coupling between copropagating inte-
ger edge states, revealing the physics behind anomalous interference phase jumps and Aharonov-Bohm
oscillation frequency doubling in the integer quantum Hall effect. Similar observations in other semi-
conductor platforms had been unexplained for a decade. The combined theoretical developmentsand
precise tuning knobs added by our work enable further experiments probing correlations in strongly
coupled one-dimensional chiral edge channels. Finally, we observe robust Aharonov-Bohm oscilla-
tions in two distinct fractional quantum Hall states, filling fractions v = 1/3 and v = 4/3, and
discover 3-state telegraph noise consistent with localized anyon number fluctuations, which we put
to use to directly measure the %ﬂ abelian anyon braiding phase in both states. This final work enables
further experiments to demonstrate control of the localized anyon number and eventually measure
the braiding properties of non-abelian anyons in even-denominator fractional quantum Hall states.
Many open questions, such as whether non-abelian order describes these states, how robust topologi-
cal order really is, which excitations belong to which fractional states in real devices, and whether we
can build a technology leveraging the exotic physics of the fractional quantum Hall effect will soon

be directly addressable.
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10 see a world in a grain of sand
And a beaven in a wild flower,
Hold infinity in the palm of your hand

And eternity in an bour.

William Blake

Introduction

ONE 1s DRAWN to studying physics by the desire to explain and predict phenomena. There has been
great success in finding elementary principles regarding fundamental particles, such as quarks, elec-
trons, and photons, and describing higher-level phenomena such as protons, neutrons, atoms, and
their interactions in terms of the fundamental particles. Moving to higher levels, the utility of the

original objects often wanes; for example, we find little use of quarks, electrons, or even atoms in



explaining the boiling of water. Rather, we must consider the intermolecular forces between HoO
molecules, which emerge as new objects, each composed of two hydrogen atoms bonded by shared
electrons to oxygen. Nevertheless, in many cases, the properties of the emergent objects can be de-
rived directly from their constituents. The charge of a proton is the sum of the charges of the quarks
it contains, while the charge of a nucleus is the sum of the charges of the protons it consists of. Such
hierarchical patterns of emergent objects composed of different, more fundamental objects repeat
across physics and the sciences in general. One often begins the study of physics with a strong belief
in the principle of reductionism, that properties of complex systems can always be constructed from
simpler, fundamental objects and laws.

However, one is eventually faced with exceptions which prove more interesting than the rule. In
the condensed matter systems of concern in this thesis, which are composed of periodically arranged
atoms bonded together to form crystals with enormous numbers of itinerant electrons, reductionism
must be abandoned in favor of a new principle called emergence. Even though we can write down
microscopically correct Hamiltonians and imagine solving for equations of motion for the electrons
in the crystal, we would not know what information to glean from the vast number of equations that
would come out, let alone how to solve for such equations including interactions. In other words,
the scale and complexity of the problem precludes efforts to construct phenomena from microscopic
fundamentals. Instead, to make progress, we cut off the hierarchy and search for new organizational
principles and objects within (and emerging from) the more complex level, often without reference
to any fundamental constituents. The phrase “more is different” summarizes this sentiment "»*.

While hints of this idea existed in previous physical theories including the statistical mechanics
of the 19th century, it has grown to increasing prominence in condensed matter physics since the
experimental discovery of the quantum Hall effect in 1980 by von Klitzing, Dorda, and Pepper >*.
In this pioneering experiment, it was found that the Hall conductivity oy of electrons confined to

a two-dimensional (2D) plane and exposed to a strong out-of-plane magnetic field becomes exactly



quantized in integer multiples of % while the longitudinal conductivity oy, vanishes, where e is the
electron and A is Planck’s constant. The observation that a large-scale chunk of material, including
countless numbers of electrons, defects, and impurities, could exhibit electrical conductivity that is
precisely quantized in units of fundamental constants caused a paradigm shift in condensed matter
physics.

Theory rapidly developed and explained the exact quantization using certain global properties that
are insensitive to microscopic details and thus apply equally well to any two-dimensional electron sys-
tem in a large enough magnetic field 5:6:7:8:9 Surprisingly, this emergent phenomena called the znzeger
quantum Hall effect can be explained using single-particle quantum mechanics (neglecting electron-
electron interactions) and the concepts of localized and extended states. Moreover, the exact integer
quantization can be understood to be of an essentially zopological origin. The set of electron wave-
functions describing quantum Hall states fall into distinct classes defined by a topological invariant
i.e. Chern number, also called TKNN invariant in this specific case, which exactly corresponds to the
integer Hall conductivity . Changing the integer Chern number requires a global change of the set of
occupied states, hence the quantization is robust against local perturbations. In more practical terms
for an experimentalist, the integer Chern number and quantized Hall conductivity are directly related
to the presence of extended states, called edge states, that necessarily exist at the boundaries of a finite
two-dimensional sample with populated Landau levels”. The edge states closest to the Fermi level
(also called edge channels) carry the current at low energies in the system while all bulk states are local-
ized, and the quantization arises from the fact that the current propagates ballistically in each Landau

level’s edge states *®* %113

. For the experimental discovery of the integer quantum Hall effect, von
Klitzing was awarded the 1985 Nobel prize in Physics, while the 2016 Nobel laureates were awarded
for theoretical developments in topological phases of matter including the TKNN invariant.

In the midst of the developing theoretical understanding of the integer quantum Hall effect, an ex-

perimental surprise came in 1982 when Tsui, Stérmer, and Gossard discovered that the Hall conduc-



tivity could also be quantized in fractional multiples of % In particular, they observed a Txy plateau at
precisely % % with an associated oy minimum '#. In a groundbreaking insight, Laughlin showed that
this fractional guantum Hall effect arises from a novel many-body quantum ground state that admits
fractionally charged particles as excitations'>. The proposed ground state, now called the Laughlin
state, naturally minimizes the residual electron-electron Coulomb interactions present in the system,
which are thus essential to stabilizing the fractional quantum Hall effect, and opens an energy gap

within the fractionally-filled Landau level 1

. The fact that a system composed of many interacting
electrons, each with charge e, could spontaneously reorganize itself and host charge % quasiparticles
is a somewhat mind-boggling example of emergence, with many open questions'7, but the existence
of fractionally charged quasiparticles is intimately tied to the robustness of the measured fractional
quantum Hall plateaus. Additionally, the charge has been directly measured by resonant tunneling *%,

19202122 “and several other techniques®**+*3, so the existence of such fraction-

quantum shot noise
ally charged quasiparticles is well-verified. Tsui, Stérmer, and Laughlin were awarded the 1998 Nobel
Prize in Physics for discovering “a new quantum fluid with fractionally charged excitations”.

Related to yet even more surprising than fractional charge (after all, quarks also have charge %),
these fractional quantum Hall quasiparticles were then shown to have a property unlike any other
known particles; they obey neither fermionic nor bosonic exchange statistics 2627 - Therefore, frac-
tional quantum Hall quasiparticles are the first examples of anyons, particles postulated to exist in 2D
systems that can aquire “any” phase upon identical particle exchange, unlike fermions or bosons 28,29,
Exchange statistics has a profound impact on the behavior of indistinguishable particles in quantum
mechanics. For example, the Pauli exclusion principle of electrons and consequently the major struc-
ture of the periodic table of elements follows from the fact that electrons are fermions, while many
optical phenomena follow directly from the fact that photons are bosons. As an exception to the

fermion-boson dichotomy, anyons exhibit fundamentally unique emergent properties, and certain

anyons are expected to enable fault-tolerant topological quantum computation >3 133334,



1.1 ORGANIZATION OF THIS THESIS

This thesis aims to experimentally measure the exchange statistics of anyons in the fractional quantum
Hall effect realized within a single-atom thick crystal of carbon atoms called graphene. In particular,
we construct edge state interferometers in graphene, where the conductance of the interferometer
depends on the self-interference condition of the injected current carried around a confined cavity.
We first demonstrate the self-interference condition by measuring Aharonov-Bohm interference of
electrons in the integer quantum Hall effect in Chapter 4. We then probe the tunable coupling be-
tween co-propagating integer edge channels and the unexpected consequences of this coupling in an
improved interferometer design in Chapter s. Finally, we measure interference in the fractional edge
statesof v = 1/3 and v = 4/3, from which we can extract the anyon’s fractional charge as well as the
braiding phase shift when the localized quasiparticle number changes in Chapter 6. These form the
core results of this thesis, culminating with direct measurements of the abelian anyon exchange statis-
tics through their braiding phase. Before presenting the results, we begin by reviewing the essential

theoretical background in Chapter 2 and the experimental methods in Chapter 3.
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Nothing in life is to be feared, it is only to be understood.
Now is the time to understand more,

s0 that we may fear less.

Marie Curie

Quantum Hall Anyons in Graphene

AN INTRODUCTORY physics student may be surprised to learn that the three-body problem is not
analytically solvable. In this thesis, we study condensed matter physics, which concerns the 1023—b0dy
problem. Actually, the two-dimensional (2D) materials we use with areas ~ 1 pm? have only about
1000 mobile electrons to consider in the states we study. Nevertheless, in these kinds of systems, closed-

form solutions are certainly hopeless. One may be further surprised that even brute-force classical



computations are hopeless. Simply recording the quantum state of 1000 interacting electron spins
alone requires 21000 coefficients. Current estimates are that all of the known matter in the visible
universe amounts to about ~ 108 bits of information *5, which is unfortunately hundreds of orders
of magnitude short of even being able to record the complete state, let alone simulate any dynamics.
With every bit in use, the most we could record would be a state of about 265 interacting electrons.
Allis not lost. Out of the complexity of the dancing electrons, patterns emerge that almost mirac-
ulously we can begin to understand. In this chapter, we shall outline the basic phenomenology and
robust patterns that emerge when electrons are confined to 2D and placed in large magnetic fields. It
turns out that electrons in such a system can and do break the rules that we are familiar with in our
ordinary three-dimensional (3D) universe; that is to say, they can behave as emergent particles called
anyons, which are unlike all other particles known to exist. Here, we begin by outlining the theoretical
foundation of anyons. Then, we proceed with describing the important aspects of the 2D electron sys-
tem we use, graphene, and the theoretical understanding of the integer and fractional quantum Hall
effects in this material. Finally, we explain the tool of electronic interferometry, which we employ in
the rest of this thesis to experimentally probe quantum Hall electrons and the emergent anyons in

graphene.

2.1 IDENTICAL PARTICLES IN TWO DIMENSIONS: EMERGENT ANYONS

In introductory quantum mechanics we are taught that there are two fundamental types of indistin-
guishable (identical) particles that can exist, fermions and bosons (see e.g. refs.>*37). The standard
justification for this claim is that the physical situation must be unchanged if we make any permuta-

tion P of the IV indistinguishable particle’s coordinates so that we have the constraint

|U(P{z1,29,....a5}) > = | (21, T2, ..., 2N ) |?



where W is the complex-valued many-body wavefunction and z; € R? stands for the spatial coordi-
nate (for simplicity) of particle 7 existing in ordinary d-dimensional space R?. If we now consider the
simplest possible permutation F;;, which is simply the exchange z; <+ x; from which all more com-
plex permutations can be constructed, then we are told that the constraint implies that the eigenvalues
of P;; must be £1, because repeated action is the identity, Pﬁ U = [W. Explicitly, for the case of two

indistinguishable particles we have the exchange statistics
\IJ(ZEQ, 1'1) = P12‘I’(l’1, IL‘Q) = :E\I’(l'l, 1'2)

where the option +1 defines the particles as bosons and —1 defines fermions. This trivially extends to
N indistinguishable particles. Though at first glance the argument appears reasonable, we find that it
is unsatisfactory upon close inspection, as it seems to simply reflect a redundancy in our labeling. The
particles are meant to be physically indistinguishable, yet we subtly distinguished them in specifying
an ordering of x; in the wavefunction, which we attempt to correct after the fact using the constraint.
It is unclear why physical consequences should emerge from our notational inadequacy. It is also
unclear to what extent the constraint should practically hold, without considering the physical process
that corresponds to permuting the indices. Most importantly, why are £1 the only solutions when
any phase factor would satisfy the original constrain? It turns out that this argument only happens
to give the right exchange statistics for particles living in three or more spatial dimensions (d > 3)
and indeed is incorrect for lower dimensions. The reason for this becomes clear when we construct a
more rigorous argument that properly accounts for the curvature and topology of the indistinguishable
particles’ configuration space from the beginning, before constructing wavefunctions.

We now briefly sketch why anyons, particles with anyonic exchange statistics (i.e. not +1), are
mathematically possible in two spatial dimensions, d = 2, and why indeed only bosons and fermions

are allowed in d = 3. Our discussion follows the original paper*® and Wen*. See the chapter by



Myrheim in ref. 38 for more details. A particular configuration of NV indistinguishable particles existing

in ordinary d-dimensional space R s simply the set of points
x = {x1, T, ...,xn} C R

where, in order to make the particles indistinguishable, we need to enforce that the order in which we
list the particle positions is arbitrary, so that the two sets  and Pz which differ by a permutation P
represent the same configuration of the /V-particle system. The set of all possible permutations P of

RN in our

N objects is called the symmetric group S, which acts as a group of transformations on
case. The proper configuration space for a system of IV indistinguishable particles is thus restricted to
the set R4 with the identification that Pz = z for any x € RN and any P € Sn. We label this

restricted set R4 /S, We can now simplify to center-of-mass and relative coordinates so that
RN /Sy =R? x (R‘“N =/ SN)

where R? is the center-of-mass configuration space and R%(N=1) /Sy is the relative configuration
space. To enable visualization, we now specialize to the case of two indistinguishable particles (N =
2), though the results generalize to N > 2 particles38, and we focus on the relative configuration
space, which contains the curvature and nontrivial topology that affect exchange statistics.

Two indistinguishable particles existing in a two-dimensional plane (d = 2) have a relative config-

uration space given by

R?/Sy = {r [rn—rrr0}

where = 71 — 73 is the relative coordinate of the two particles, which from now on is simply a point
in the relative coordinate space. The identification r ~ —7r encodes the fact that the particles are

identical, and we have removed the point = 0 because the identification 7 ~ —r is singular at this
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point. Removing = 0 physically corresponds to enforcing a hard-core repulsion between particles,
which, though not strictly necessary, prevents some inessential subtleties in defining the topology.

The space R? /S5 locally looks similar to R?. In fact, in any small neighborhood of points that
excludes the origin, the two spaces are isometric (R2 /S2 is locally flat). Globally, however, R? /S
differs drastically in the sense that it is a curved space, where the global curvature arises from the sin-
gular point at the origin, 7 = 0. The global curvature can be visualized from our vantage point of
IR? by observing that the space R? /.Sy is actually a circular cone of half-angle 30°. This construction
is shown in Fig. 2.1a. Since the space is locally flat, identical particles should indeed behave as distin-
guishable particles as long as they are forbidden from exchanging coordinates i.e. as long as they are
only allowed to take “trivial” paths through coordinate space, which correspond to 7 staying within
some local neighborhood and not winding around the origin (hence, never physically exchanging co-
ordinates).

Now, in order to define exchange statistics, we need to define what happens to wavefunctions liv-
ing in such configuration spaces upon the action of particle exchange. We will not go into the details
required to do this rigorously, which involves defining the quantum state as an object called a fiber
bundle and ensuring that it satisfies certain gauge invariance conditions (see ref.?*). In the end, defin-
ing the state in globally curved space puts a constraint on the wavefunction and whether the space’s
curvature induces a force. Namely, we have either (I) a possibly multi-valued wavefunction with no
force (maintaining free particles) or (II) a single-valued wavefunction with a possible force induced by
the curvature. We choose option (I) to see the exchange statistics more directly.

The action of particle exchange is the process of moving along a closed path in the space R?/S5
from 7 to —r, which due to the identification are the same point somewhere on the conical surface.
We see that any exchange loop necessarily requires winding around the singularity at the origin and
that there are distinct classes of particle exchange loops given by different integer windings around

the singularity. These exchange paths cannot be deformed into one another and, crucially, cannot be
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Figure 2.1: Configuration space of indistinguishable particles in 2D. (a) The space R2 /SQ can be visualized by considering
a circle C' in the 2D plane, viewed from the top. In order to identify 7 ~ —7 i.e. make every point coincide with its
reflection across the origin O, we take a slice along the dashed line. Then, rotate the two parts (blue and pink edges) in
opposite directions until they line up with the corresponding blue/pink dots. This transformation ensures that every point
will exactly overlap with its reflection, and the circle C' now wraps twice around the origin. The achieve this, the space
becomes curved, forming a cone tipped at the origin. The reader is encouraged to perform this exercise with a roughly
circular piece of paper! (b) Classes of closed loops in the space with winding numbers n,,,, where n,, = 0 corresponds to
a trivial loop (no exchanges), n,, = 1 corresponds to a single exchange, etc. The cone can equivalently be flattened and
represented as the upper half-plane with the positive and negative real line identified. In any case, the origin is singular.
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deformed back into a trivial loop which does not wind i.e. there exist non-contractible loops in config-
uration space. Hence, there are distinct exchanges distinguished by their winding number around the
singularity n,,, € Z, as shown in Fig. 2.1b. Closed loops with 7, # 0 are allowed to physically difter
from the identity operation, so the simplest case is to allow one-dimensional, unitary operations on the
wavefunction W, which is now multi-valued. In particular, we are now allowed to have ¥ — ey
under the action of a winding given by n,,, where we arbitrarily choose that positive windings are
counterclockwise. The free parameter 6 thus categorizes the type of indistinguishable particles that
we have. It describes the global phase that the many-particle wavefunction acquires upon particle ex-

change. In summary, we have the allowed exchange statistics in 2D

U(xe,x1) = eiialll(xl,acg)

where the 31 defines counterclockwise/ clockwise exchange. We name these types of particles anyons.

It turns out that the existence of non-contractible loops, paths that cannot be smoothly deformed
back to the trivial loop or a single point, defines the space as topologically non-trivial i.e. not szmply
connected. A simply connected space can be defined as one in which all loops are deformable into each
other so all loops are contractible. Anyons are allowed to exist in 2D because the identical particle con-
figuration space is globally curved and topologically non-trivial. The integer numbers n,, € Z that
exist and get assigned to the distinct loops in the space characterize the space’s topology. In particular,
we say that Z is the fundamental group of R*/S. In the N particle case in d = 2, the fundamental
group becomes By which is called the braid group (B2 = Z). Since particle exchange operations in
2D correspond to a representation of the braid group operating on the wavefunction, exchanges of
various winding numbers are commonly called braids. In contrast, the configuration space’s funda-
mental group for the IV particle case in d > 3 is actually the permutation group S, and this is why

the allowed exchange statistics are -1, which we will now derive.
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For the case of two indistinguishable particles in three dimensions (d = 3), the relative configu-
ration space R3 /S2 is also globally curved, while it is locally flat and isometric to R3 for any neigh-
borhood excluding the origin. The space is the set of all 7 € R3 with the condition 7 ~ —7, and
a singularity at the origin 7 = 0 that again we can exclude. We can break up the space by realizing
that R3 /S5 is the Cartesian product of the line (0, 00) with the surface of a 3D sphere centered at
the origin with all antipodal points identified. Unfortunately, we cannot visualize the whole space,
but it suffices to consider the spherical surface, which is physically equivalent to considering a fixed
separation |r| between the particles. Exchange paths correspond to loops which connect the identi-
fied antipodal points on the sphere. By examining the possible closed loops in this space, we observe
that the single exchange loop (Fig. 2.2b) necessarily wraps halfway around the sphere (thus halfway
winding around the singularity that still exists in the center of the sphere) and cannot be deformed
back into a trivial loop (Fig. 2.2a) while holding the endpoints fixed. Hence, all single exchange paths
are non-contractible. However, the double-exchange loop (Fig. 2.2c) that winds fully around the
surface and returns to its starting point can be smoothly deformed back to a trivial loop or a point,
so physically we have that two exchanges must be equivalent to the identity operation. Deforming
the double-exchange path along the spherical surface completely avoids the singularity at the origin,
and this is the benefit of 3D space. The technical name for this fact is that the configuration space is
doubly connected, because there are two classes of closed loops passing through any point. The funda-
mental group of the configuration space is simply S = Zs which can at most be represented by the
phases =1 upon particle exchange. We say then that only fermions and bosons exist in 3D because
the identical particle configuration space is doubly connected.

In this section, we have seen that mathematically consistent quantum theories exist in 2D with in-
distinguishable particles called anyons, which have non-trivial exchange statistics. The fact that we
only have fermions and bosons in 3D was shown to be a consequence of the simpler topology of the

configuration space of identical particles in 3D compared to 2D. Though these concepts are mathe-
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Figure 2.2: Configuration space of indistinguishable particles in 3D. (a) Considering a fixed separation between the par-
ticles, the relevant part of the space RS/SQ is a spherical surface with a singularity at the origin and every antipodal
point identified. A trivial closed loop identical to the identity operation is shown. (b) A closed loop corresponding to a
single exchange of the particles. This loop effectively winds the singularity once. (c) A closed loop corresponding to a
double-exchange of the particles. This loop can be smoothly wound around the sphere and deformed into a trivial loop.

matically correct and beautiful, we now may wonder whether they are realized in physical reality; to
what extent mathematical truths correspond to physical reality in general is a deep question, which
I for one do not know the answer. The surprising answer in the case of anyons is that they are in-
deed realized when we confine electrons to move in 2D and allow sufhiciently strong electron-electron

interactions in a large magnetic field, as we shall soon see.

2.2 GRAPHENE: ATOMICALLY THIN ELECTRONS

Through the rapid technological progress following the invention of the solid-state transistor, nu-
merous platforms emerged in which electrons could be confined to effectively 2D surfaces*?. Most
notably, the silicon metal-oxide-semiconductor field-eftect transistor allowed realization of the 2D
electron system in which the integer quantum Hall effect was discovered?, and higher electron mo-
bility 2D electrons realized in GaAs-AlGaAs heterojunctions enabled the discovery of the fractional
quantum Hall effect’#. In the many years since the initial discovery, the GaAs quantum well plat-

form has made many orders of magnitude improvement in mobility by reducing disorder from the
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molecular beam epitaxy growth of the materials, enabling the observation of a plethora of emergent
correlated states like Wigner crystals and new fractional quantum Hall states*°. The ultimate spatial
confinement (quantum well width) realizable in the ultra-high mobility GaAs platform is still of order
~ 10 nm, however, which is the width at which surface and interface roughness induced scattering
begins to degrade performance*'. The finite thickness of the electron layer limits the energy gaps at-
tainable for fractional quantum Hall states, such that the largest energy gaps measured via transport
so far are roughly A /3 ~ 7 Kand Ag/p ~ 820 mK for the states at v = 1/3and v = 5/2,
respectively +»#°. This limitation can be overcome by stabilizing fractional quantum Hall states in
intrinsically two-dimensional materials, as we will see.

Graphene is perhaps the ultimate 2D material, consisting of a single layer of carbon atoms in a
hexagonal lattice. The effective “electronic thickness” has been measured to be about 0.26 nm (ref.#?),
which likely arises from the finite extent of the conducting electrons’ wavefunctions that occupy the
7 bands normal to the layer. Nevertheless, electrons in graphene are confined 10 to 100 times more
strongly than in GaAs. It has been somewhat a mystery why graphene can exist in the first place. In-
deed, the so-called Hohenberg-Mermin-Wagner theorem states that true long range order is not possi-
ble for many purely 2D systems*++5:4°, even crystalline order #7, yet it need not apply for finite samples.
Nevertheless, it was surprising when the single-atom thick crystal of carbon atoms was experimen-
tally isolated from bulk graphite crystals using the simple “scotch-tape” method in 2004 (ref. **), and
shortly after its unique electronic properties were discovered by measuring the quantum Hall effect
in the 2D crystal#>5°. The 2010 Nobel prize in physics was awarded for the isolation and control of
graphene and its unique electronic properties, which are the starting point of this thesis. Interestingly,
the tight-binding model of graphene was discussed and solved already in 1947, long before its eventual
experimental isolation 5'. Here, we review graphene’s electronic structure, focusing on the important
symmetries and degeneracies that arise and become important later in understanding the quantum

Hall effects in graphene. See the standard literature for more details 3*5%54,
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Graphene consists of a single layer of carbon atoms covalently bonded together into a hexagonal lat-
tice. An isolated Carbon atom has filled electron orbitals given by (1s)?(25)?(2p)*. To form bonds
in a solid-state crystal, the (2s) and (2p) electrons usually hybridize, for example in the best known
solid form of carbon, diamond, they hybridize to four sp® orbitals, which naturally tend to establish a
tetrahedral bonding pattern in 3D. These bonds essentially localize all of the available electrons, mak-
ing diamond an exceptional electrical insulator with a ~ 5 ¢V bandgap. On the contrary in graphene,
the (2s) and (2p) electrons hybridize instead to three sp? orbitals, which naturally arrange themselves
at 120° angles in the plane to form a honeycomb (hexagonal) lattice tiling 2D space. This bonding
leaves behind essentially p. orbitals, oriented normal to the plane, which have vanishing overlap with
the other orbitals and collectively form 7 bonds throughout the plane, allowing for electronic conduc-
tion that we can treat in the tight-binding approximation (see refs.555¢ about tight-binding models).
The low-energy electronic properties of graphene that are important for this thesis are well-described
by a tight-binding model thatincludes only nearest-neighbor hopping, but we will comment on higher
order corrections to the band structure in the following.

To proceed with the tight-binding calculation, we notice that the honeycomb lattice can be de-
scribed by a hexagonal Bravais lattice with a two-atom basis, with the two carbon atoms in the basis

labeled A and B, as shown in Fig. 2.3a. The lattice vectors are given by

(3, \/5) ag — (3, —\/5),

a] =

|
|

where a =~ 0.246 nm. The carbon-carbon bond length is about 0.142 nm. It helpful to view this
arrangement as two separate groups of A and B atoms, which each form triangular lattices themselves

that we call the A and B sublattices. The reciprocal lattice (Fig. 2.3b) is simply given by another
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hexagonal lattice rotated 90° from the original lattice, with reciprocal lattice vectors given by
2 2
blzi(l, \/§> b2:i(1, —\/5)
3a a

that can be verified to satisfy a; - bj = 27T5ij. The most important points in the first Brillouin zone
(B.Z.), the so-called Dirac points where the low-energy physics occurs, as we will see, are located at the

particular crystal momenta defined as the valleys K and K’ given by

P 1 P 1
K=2"1(1,—), w=1(1,-—).
3a V3 3a V3

Now, to carry out the tight binding calculation, we note that the nearest neighbors in real space to

any A atom are the three atoms on B sites given by the relative displacements

5y = (1, \/3) Sy = (1, —\/5), J3 = a(—1, 0)

[\CRRS]
(VRS

while the nearest neighbors to every B atom are the surrounding A atoms at —d;. Denoting the cre-
ation operator for an electron occupying a conduction orbital centered on atom i’ in the A sublattice
with spin o by aig and the creation operator for an electron on atom ” in the B sublattice with spin
o by bl , then the nearest-neighbor tight-binding Hamiltonian has the simple form

],0°

7‘[ = —t Z aiabjﬂ + H.c.
(ij).o

where H.c. is the Hermitian conjugate of the explicit terms (i.c. b;r »0i,o) and t ~ 3 eV to fit to experi-
ments, though the value does not affect our conclusions. In the following we will drop the spin index,
which does not contribute to lowest order due to extremely weak intrinsic spin-orbit coupling at the

K/K' points’7, and remember that the solutions will be spin-degenerate to a good approximation.
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k.a

Figure 2.3: Graphene lattice and low-energy band structure. (a) Hexagonal lattice of graphene with A (black) and B (red)
sublattices labeled. (b) Reciprocal lattice of graphene with the first Brillouin zone (B.Z.) shaded in pink and high symmetry
I and K/K’ points indicated. (c) Energy bands E'1 (k) from the nearest-neighbor tight-binding model, with Dirac cones
at the inequivalent K and K’ valleys. We see the emergence of cones from a 2D system again!

We can simplify the Hamiltonian then diagonalize it directly by enforcing the translational invari-

ance of the lattice and going to Fourier (reciprocal) space. We use the (conventional) transforms

aT(Ri) = Z akelk Ri | b(Ry) = b = Z bq e la Ry

keB Z. qEB Z

where R; is the vector giving the location of the lattice site i’ and IV is the total number of sites. Rewrit-
ing the nearest-neighbor condition using the relative displacements vectors 5J- and introducing the

Fourier transforms to the Hamiltonian, we find

He D(Re+8) +He. = —= 3 3 eaheReleagly, e
ij k,q€eB.Z.
— Y Y e, Nzeﬂw D) 4 He.
i k,qeB.Z
:—tz Z e Zk‘slaTbk + H.c.
j keB.Z

so that we can naturally represent the wavefunctions in the form of spinors ¢, = (ay, b)), whose
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components correspond to the amplitudes of the state with momentum k on the A and B sublattices,

and we thus arrive at the purely off-diagonal Hamiltonian in this basis

H=—t> vl Vi
k

which we can rewrite as

H =" ¢{h(k)y
k

where

For a given k, we can diagonalize this matrix to find the energy bands

Ex(k) = £ |A(k)]

= +1ty/3+2cos[k- (6 — 82)] + 2 cos [k - (82 — 83)] + 2 cos [k - (83 — d1)]

== ,|3+ 2cos (\/gkya) + 4 cos (?l@a) cos (;km)

that we plot in Fig. 2.3c. We get two bands since there are two atoms in the basis, and recall that
each band is spin-degenerate. Since each carbon contributes one free electron to the 7 bands, we get
by taking spin into account that the band E_ (k) is exactly filled while the band E (k) is empty in
undoped graphene. Therefore, the Fermi surface is unusual: it consists of two ‘Fermi points’, one at K
and the other at K’ where the bands touch with E4 (K) = E4 (K’) = 0. This means that graphene
is a zero-gap semiconductor with a vanishing density of states at the Fermi. More importantly for this
thesis, it means that the low-energy (low-doping) electronic properties are determined by the details

of the band structure near the valleys K and K, which we now derive.
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The band structure at small momentum q around the K valley, defined as q = k — K can be

derived by expanding A (k) to linear order in q around q = 0. From the explicit expression

3
Ak) = —tZe_ik'éj = —t (eikxa 1 e~ iakxacyg <\é§kya>>

j=1

we find that the expansion around K is given by

= 0 ik (igx + gy) -

k=K 2

Ak(q) ~ —QteiK"aq - Vi <€_igkxacosé§kya>

Plugging in the known constants, we have that the Fermi velocity vp = 32%‘; ~ 105 m/s, and we note

a e expansion for sma aroun ives e complex conjugate o e same expression. is
that the exp f 1l d K’ gives th pl jugate of th p It
iKia

conventional to factor out an overall phase —ie***?, which can be removed by choosing a gauge, so

that we may write

Ak (q) = hop (g — igy) = Ak (a).

Since we need to expand the Hamiltonian around both valleys to describe the full low energy theory,
we can add the valley index £ = +1 where +1 (—1) is for q around the K (K') valley, respectively.

Then for both valleys the Hamiltonian at low energies (small q) can be written in the form

0 4x — i8q
he(q) = hup "| = hroe-q

qx + 1€qy 0

where o0¢ = (04,£0y) and 0 are the standard Pauli matrices, here in the pseudospin basis of the
weight on the A and B sublattices. At either valley, diagonalizing the Hamiltonian gives the linearly

dispersing cones (Dirac cones) that can be seen emanating from the K and K’ points in Fig 2.3¢:

e(q) = thor|q].
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Thus we have an eftective low energy model which is mathematically the same in its spinor structure
and linear dispersion as that of massless (i.e. ultra-relativistic) fermions proposed by Dirac 5%, with the
speed of light ¢ replaced by the Fermi velocity v and the real spin replaced by a pseudospin related to
the graphene sublattices, so we may call it a Dirac theory with Dirac quasiparticle excitations. We note
that the Dirac excitations near K are not the antiparticles of those near K'. The particles/antiparticles
are the two possible combinations of A and B sublattice polarizations within a single valley i.e. the

eigenstates of h¢(q) given by

1 oi€0a/2

9y
YE(q) = ,  0q = arctan ( >
¢ V2 4 o—1€0q/2 4 qx

with energies €(q) = *hvp|q|. Alsorecall that the real spin has remained a degeneracy as have the two
inequivalent valleys. Real spin and valley each separately provide SU(2) symmetries, which combine
to give an overall SU(4) symmetry. Therefore, there are 4 species of Dirac quasiparticles/antiparticles
i.e. 4-fold degenerate Dirac cones contributing to the low energy transport, one for each combination
of valley index and real spin projection. Nevertheless, the similarity has led to several analogues of
relativistic effects that were able to be measured in graphene, such as Klein tunneling and the Klein-
Schwinger effect5”°. We will see how the Dirac cones lead to the formation of a unique series of
“relativistic” Landau levels under a perpendicular magnetic field in the next section.

In completing this discussion, it is important to note the robustness of the Dirac cones; in fact
they are protected by Co7 symmetry, the combination of spatial inversion symmetry Co and time-
reversal symmetry 7. If neither symmetry is broken, the approximate Dirac cones at low energy sur-
vive, though possibly displaced in momentum°’. Next-nearest neighbor and higher terms in the tight-
binding Hamiltonian do not break C», so they preserve the Dirac cones, though they produce distor-

tions at higher energies (e.g trigonal warping) and particle-hole asymmetry away from the valleys.
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2.3 LANDAU LEVELS AND QUANTUM HALL FERROMAGNETISM

In this section, we begin reviewing aspects of the quantum Hall effects needed to understand the
experiments presented in this thesis, most notably regular and “relativistic” Landau levels, localized
states, and symmetry breaking in graphene. Good introductions can be found in the notes by Tong®,
book by Jain ©*, and review articles in ref. .

The plethora of quantum Hall effects emerge from a deceptively simple looking microscopic Hamil-
tonian, that of electrons in a perpendicular magnetic field with Coulomb interactions. We begin by
turning off Coulomb repulsion so that we can derive the relevant single-particle states. The Hamilto-
nian for a non-relativistic electron occupying free 2D space with a constant magnetic field V x A =
BZis given by

= eA)?
H—Qm(p eA)

where e is the electron charge (assumed positive: 1.602... x 10719C), and m is the free electron mass.
We can solve for the spectrum directly in a gauge-independent manner by using the gauge-invariant

mechanical momentum IT = p — €A, so that the Hamiltonian becomes

1
- (m2412).
7 2m<x+ Y

By definition, 11 and I1; are canonically conjugate variables, satisfying the commutator

A ho2
[HX,HY]:iheB:i<> . =y — Gnm
g e B[T]

where we have found the only length scale of the problem, called the magnetic length fy. We sce that

the Hamiltonian is mathematically equivalent to that of a harmonic oscillator. Therefore, to solve

for its spectrum by analogy to the harmonic oscillator, we can define the canonical raising/lowering
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(ladder) operators to satisfy the commutator [a, CLT] =1las

B+, a= IT, — 411,)
y y

RN
V2h

so that the Hamiltonian becomes

c 1 B
’th/; (aaT+aTa>:7wc (aTa—i—2), wcze—.

This form directly gives us the spectrum of an electron in a magnetic field i.e. Landau levels
1
EN:th<N+2), N=0,1,2,..

We call N the orbital index, and the eigenstate | N') the N'th Landau level. It is important to recall
the physical picture at this point. Classically, we expect an electron in a magnetic field to follow uni-
form circular motion i.e. cyclotron orbits at the cyclotron frequency w. defined above. The Landau
levels arise from quantization of the circular motion, but the center of the orbit, the so-called guiding
center, has not entered the problem yet. This is because there is no spatial dependence in the Hamil-
tonian, so that formally each eigenvalue N is infinitely degenerate due to the infinite possibilities of
placing the guiding center throughout the 2D plane. This fact can be restated by defining the canoni-
cally conjugate operators for the spatial coordinate of the guiding center, which then themselves pro-
duce an infinite ladder of states for a given [V i.e. infinite degenerate states within each Landau level
(see refs. ©>%5). Similarly, there is an extensive degeneracy of each Landau level for finite systems. The
number of degenerate states in a finite system can be counted by fixing a gauge (canonically either the
Landau or symmetric gauge), and one finds that each Landau level has exactly one state per magnetic
flux quantum ¢g = % piercing the sample. Thus, the degeneracy is ’2)—? where A is the area of the

finite 2D region exposed the the uniform magnetic field B, in this case. We can also say that there are
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B

1 . . . .
%0 = states per unit area. Then we can define the important quantity called the filling factor v,

which is simply the ratio of the number of electrons to the number of flux quanta piercing the sample:

noo

V= 27T€Bn = ?,

where n is the 2D density of electrons. In the absence of interactions and at temperature 7' = 0, the
filling factor (also simply called filling) v then gives the number of occupied single-particle Landau
levels in the system, where non-integer values correspond to filling a portion of a level’s degenerate
states. We continue to use ¥ to name states even when there are strong interactions in the system and
the single-particle picture breaks, such as for quantum Hall ferromagnets and fractional quantum
Hall effects, because these states emerge from the non-interacting Landau levels and have similar basic
phenomenology, albeit different internal structures and excitations.

So far we have discussed Landau levels that form for an electron in free 2D space. It turns out
that a very similar spectrum forms in GaAs quantum wells, with the simple replacement of the free
electron mass m by an effective mass m* ~ 0.067 m due to the parabolic band structure. In graphene,
however, this is not the case, and we must consider the effect of the graphene band structure on the
single-particle Landau levels that form in a finite out-of-plane magnetic field. We now have two valleys

€ so keeping the same convention as in the free space case, we can define ladder operators

. ¢ .
al = —or (I i€TL) - ag = ﬁ (I, —i€lL),  a—y =d,.

It suffices to consider the effective low energy Hamiltonian h¢(q) and similarly assume the minimal

coupling®® q — IT = q — eA so then

0 TL—i€l|  VZhop [0 a
M, +i€ll, 0 B \af o

hg(q) — hUF
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We see that the square of the Hamiltonian is a diagonal matrix given by

h2_2<wa>2 acal 0 _2<th>2 alac+1 0
£ = — = — )
tp 0 agag tp 0 agag

so that the Landau levels for graphene are given by

2h 2h
Ey = :i:\fEBUF V|N| = sgn(N) fBUF

y IN|, N=0,41,+2, ..

which is the same spectrum for each valley and spin. However, the eigenstates in each valley are given
by different combinations of the free-space orbital Landau level wavefunctions | N') defined previously.
For example, the eigenstates of h41 i.e. at the K valley, in our convention, are given by
oo = | U] e = eMINZ
0) [INT)

The fact that graphene’s single-particle Landau levels are in general mixtures of orbital Landau level
wavefunctions with different components on the A and B sublattices leads to some interesting dif-
ferences between the states that can form through interactions and symmetry breaking in graphene.
Most notably, this difference could account for the absence of even-denominator fractional states ob-
served in the N = 1 Landau level as well as the existence of novel even-denominator states in the
N = 3 level for graphene®”. There have also been differences in the odd-denominator fractional se-
quences observed with different index NV in grapheneés’(’9’7°’7l. However, the N = 0 Landau level in
graphene is unique since the full weight is on a single sublattice. Effectively this locks the valley index
and sublattice polarization, removing a degree of freedom and making the N = 0 Landau level of
graphene equivalent to that of GaAs, leading to similar states”*, though the observed sequence and

excitations can differ between || < 1and |v| > 1 when valley-anisotropic interactions are present”>.
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Observing how graphene’s Landau levels evolve with magnetic field and comparing to those of
GaAs in the same range in Fig. 2.4a shows that, at the single-particle level, graphene has unprecedent-
edly large energy gaps, especially at relatively low magnetic fields. Graphene’s Landau level spectra
measurements using scanning tunneling microscopy agree to within a factor of two in energy with
this single-particle theory”#75, and the large energy gap between Eq and FEq has allowed the v = 2
quantum Hall effect to even be observed at room temperature”®. If we visualize the density of states
as a function of energy, the single particle picture gives us a series of delta functions at each Fy, each
of height 4% due to the SU(4) symmetry (Fig. 2.4b), but in realistic scenarios a finite amount of
external disorder causes a broadening of each energy level shown in Fig. 2.4c. This is because a disor-
der potential breaks translational invariance: there are now some potential “valleys” where electrons
would prefer to localize, corresponding to states at lower energy and “hills” where electrons would re-
quire higher energy to occupy randomly dispersed throughout the 2D system, which we could draw
as some roughness or blurring of the originally flat Landau levels. Semi-classically, the guiding centers
of electrons in cyclotron orbits will drift along equipotential curves of Visorder the disorder potential
landscape (i.e. they drift perpendicular to the gradient, V Vjisorder) and so can get trapped locally even
in the presence of an applied external electric field. Localized states are those which are sufficiently
strongly perturbed by the disorder so that they become trapped, cover a finite spatial extent, and do
not contribute to the zero-frequency conduction in the 7" = 0 limit. In contrast, extended states (de-
localized states) are those which are not sufficiently perturbed by the disorder to get trapped, so that
they still contribute to the zero-frequency conduction at 7' = 0. We picture these states as percolating
paths through the disorder potential landscape””.

The presence of disorder to break translational invariance and create localized states in the Landau
level tails turns out to be crucial to the quantum Hall effects. In fact, one can show that a system
which has translational invariance must always have a Hall conductance given by the classical formula

(see Girvin’s chapter in Ref.?® in particular). Therefore, some mechanism of breaking translational
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Figure 2.4: Graphene single-particle Landau levels. (a) Plot of graphene Landau levels’ (blue) evolution with magnetic field
Bfor —10 < N < 10, where En ~ é ~ \/E Extremely large energy gaps form, especially between the N = 0
and N = 1 Landau levels. Some Landau levels expected for GaAs are shown (red dashes) for comparison, which are linear
in B and have nearly an order of magnitude smaller gap F/;y — Ej at the largest field shown. At low fields the difference
is even more dramatic. (b) Density of single-particle states for graphene at a large magnetic field B. Each single-particle
Landau level is perfectly flat in energy and has 4% states per unit area, where the 4 comes from the combined spin and
valley degeneracy, so the density of states are represented by delta functions. (c) Density of single-particle states in the
same condition at (b) but now including the effect of a small disorder potential. Disorder breaks translational invariance

and gives each Landau level a finite width, requiring the classification of states as either localized or extended.
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invariance is required to observe anything else, like the rich physics of the quantum Hall effects. Ac-
tually, breaking this symmetry does not need to be done by disorder; it has been proposed to also
spontaneously break in the absence of disorder due to quasiparticle Wigner crystal formation in frac-
tional quantum Hall states 78, Even in integer quantum Hall states, there is experimental evidence
from single-electron transistor probes of the localized states that the single-particle picture of disorder-
induced localization breaks down at moderate B fields and is replaced by more subtle Coulomb driven
screening effects that promote localization””. Nevertheless, it suffices to think of the translational
symmetry breaking and the resulting localized states as arising from small residual disorder for under-
standing the basic picture, and we can adopt the nomenclature that disorder means any translational
symmetry breaking terms. The existence of extended states (percolating paths) near the center of the
Landau levels are also essential to explain the quantum Hall effect. In particular, the extended states
that necessarily exist near the boundary of finite samples, called edge states are essential to explaining
what is measured in low-frequency transport experiments”. These edge states carry the low energy
non-equilibrium currents that we inject and measure in the sample. We discuss edge states and the
way that we measure Hall conductance in detail in the next section.

Before ending this section, we must point out the consequences of the single-particle Landau levels
on the expected quantization of oy in the quantum Hall regime and why more than the single-particle
Landau levels are seen in high-quality samples. In the classical theory, we know that the Hall conduc-
tivity, which is commonly used to measure charge carrier density n, is given by Oyy = % where we are
using the convention that electrons give positive conductivity. In the presence of both localized and
extended states, however, we need to be careful since localized states cannot contribute to the conduc-
tivity. We want to understand what happens to oy, when we change the filling factor v of graphene’s
Landau levels shown in Fig. 2.4c. Changing v is most simply accomplished by tuning the overall den-
sity of electrons directly using an electrostatic gate voltage V,; which serves as a capacitor plate coupled

to the graphene, so that n = C'V,; where C'is the capacitance per unit area. Alternatively, we could

29



change magnetic field. Note that increasing magnetic field will increase the number of states in each
Landau level, reducing v (schematically moving the Fermi level downwards in Fig. 2.4c). Each disor-
der broadened Landau level has an overall density of states, 4%, so that filling all the states of a single
level requires a density n = 4%. If there are no localized states, the classical equation for oy, holds
so that we would expect a fully filled level to contribute a conductivity oy, = 4% 5= 4%. Though
the classical equation no longer needs to hold with disorder, it turns out that it still gives the correct
result for filled Landau levels. First, the same result can be properly calculated from the single-particle
quantum states of a (disorder-free) finite sample in an external electric field by summing over the cur-
rents of each state. Second and more importantly, the existence of localized states does not alter the
total current, as first showed by Prange for a delta-function impurity model ®°. This is because, quite
surprisingly, the remaining extended (delocalized) states carry additional current to exactly compen-
sate for the current lost by the localized states. The argument is closely related to Laughlin’s famous
charge-pump argument, which proves that any system (including disorder) that can be adiabatically
evolved into ideal Landau levels without having states cross the Fermi level has an exactly quantized
Hall conductances>*°.

In summary, populating the total band of extended states within a Landau level contributes the full
conductivity oy, = 4%. Once the extended states are filled, further increasing v through localized
states contributes nothing to 7y, so we theoretically have a constant plateau until the next band of
extended states are filled. Simultaneously, limr_,o 0,x = 0 while the Fermi level is at the localized
states, since they cannot carry current, while 0 is a finite nonuniversal value when the Fermi level is
within the extended states. The fact that Oy isa finite measurable plateau while oy, and Ry vanish
when the Fermi level is in the localized states is a bit subtle, but the picture will be made clear when
we consider the edge states that are carrying the current in finite samples. Nevertheless, the single-
particle theory gives a series of plateaus occurring at oyy = :I:Qé, :I:Gé, :I:l()% , ... corresponding to

v = £2,£6,£10, ..., which were exactly seen in the first quantum Hall transport experiments 5.
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Figure 2.5: Symmetry broken Landau levels. The degenerate single-particle Landau levels spontaneously break spin and
valley symmetry due to the combination of Coulomb repulsion and exchange interaction, forming fully polarized Landau
levels, each acquiring a quarter of the original states. The symmetry broken states of N = 0 level are shown.

For non-integer v (partial filling) of a Landau level, a large number of degenerate states need to be
filled across space while ensuring that Pauli exclusion is obeyed, since we are dealing with indistinguish-
able electrons (aside: what if we instead enforced 2D statistics?). Including Coulomb interactions
then naturally leads to symmetry breaking, because in a fully polarized spin/valley state, the spatial
wavefunction needs to be antisymmetric, causing exchange interaction. Each electron is surrounded
by an “exchange hole”, effectively increasing the separation of particles and reducing the Coulomb
energy**. Thus, the fully polarized states are the most energetically favorable, and spontaneous sym-
metry breaking occurs due to the electron-electron interactions: the phenomenon called guantum
Hall ferromagnetism. In graphene, quantum Hall ferromagnetism manifests as a breaking of the spin

8182 shown

and valley degeneracies of each single-particle Landau level into 4 fully polarized levels
schematically in Fig. 2.5. Breaking both symmetries is favored in clean samples and moderate mag-
netic fields, so that the full sequence of integer quantum Hall plateaus are now generally observed:

v = £1,4+2, 43, ... where generally every state alternates in real-spin polarization though they can

also have combined spin-valley polarizations outside of N' = 0. Spin degeneracy also breaks in GaAs.
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A unique point about graphene is the state that forms at half-filling of the N = 0 Landau level,
v = 0 ie. doped near zero carrier density or “charge neutrality”. At zero magnetic field, this point
shows insulating behavior due to the vanishing density of states, and in early samples its resistance grew
dramatically in magnetic field**. In higher-quality samples, it became clear that the v = 0 stateis gen-
erally consistent with a canted anti-ferromagnet phase that is spin-unpolarized **. This is because the
state is prevented from fully polarizing in both spin and valley simultaneously, so the competition de-
termines the state. Applying an in-plane magnetic field to boost the Zeeman energy drove a transition
to a fully ferromagnetic phase® which was theoretically predicted to be an analog of the quantum
spin Hall state with a pair of helical, counter-propagating edge modes®5%*%7 . A similar regime was
also reached by strongly screening the Coulomb energy to be smaller than Zeeman using proximity
effect to SrTiO3, a material with an extremely large dielectric constant®®. The nature of the states that
can be realized under different experimental conditions remains an open research question 89,9091 byt
in the samples studied in this thesis, we only observe signatures of a large bulk gap and the absence of

edge states near v = 0. Therefore, we can view graphene as a “trivial” charge insulator at neutrality.

2.4 EDGE STATES AND BALLISTIC CURRENT

Recall that Landau levels in the presence of disorder have both localized and extended states. The
localized states are sufficiently strongly perturbed by the disorder potential variations that they do not
contribute to conductivity, while extended states can connect the source and drain and contribute
to conductivity in the 7' = 0 limit. As first shown by Halperin, extended states must exist at the
boundaries (edges) of any finite sample, and these so-called edge states are essential to explaining the
transport properties of quantum Hall states”?*'°. In particular, they help us to understand why real
measurements of 0y are possible and still show the proper value when all of the states in the bulk are

localized near integer v, and edge states carry the low energy currents required for our experiments.
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To consider what happens for a finite sample, we need to incorporate a confining potential into the
Hamiltonian, so that states must have vanishing occupancy at the boundaries. For demonstration pur-
poses, we work with the single-particle Hamiltonian of the free electron case (the results are expected
to be the same for graphene when all symmetries are broken). We begin by considering an infinite or
periodic sample along both = and y and fixing a useful gauge A = (0, Bz, 0) for the symmetry of

the confining potential we will consider later. The original Hamiltonian in this gauge becomes

1 2 ]3,2( 1 o ~\ 2 ﬁ)% 1 2 [ A hk ?
M= p—eA)Y =50+ am (by—eB2)" = 54 gm? (&= -

where we have replaced p, with its eigenvalue /ik in the last step, since p, commutes with the Hamil-

tonian. This is identical to the Hamiltonian of a quantum harmonic oscillator with a minimum of

potential centered at zg = 77}2(]: = % = k2, so that the momentum in y is tied to the spatial posi-

tion xg. The eigenstates take the form of plane waves along y and harmonic oscillator wavefunctions

in = with various centers: ¢ (z,y) = ﬁeiky fx(x), where Ly is the length along y. The eigenstates
y

are infinitely degenerate due to the arbitrary parameter k, with energies given by Eyy = hw (N + )

as found before without fixing a gauge.

We now consider what happens when we constrain the x coordinates to a finite extent. This is
achieved by adding in a confinement potential V o, () which is flat for some region but ascends to
infinity outside, so that states will be forbidden by an increasing energy cost towards the boundary of
the sample. If we assume that Voo, () changes smoothly on the scale of the magnetic length g, so

that it can be treated as a constant over each of the eigenstates already derived, then the potential can

be added in perturbatively as a continuous shift to each state’s energy:

1 hk
E=hov | N+ = —
c ( + 2> +‘/conf. <€B)
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Figure 2.6: Edge states and Hall transport measurement. (a) The lowest two electron-like symmetry broken Landau levels
of graphene with disorder and a confining potential along x. The Fermi levels (dashed lines) corresponding to the center

of the v = 1 and ¥ = 2 plateaus are marked. (b) Top-down schematic of a Hall transport measurement in ¥ = 1 where
there is a single chiral edge channel.

Two of these energy levels across x, including the effect of disorder, are shown schematically in Fig.
2.6a. The effect of disorder is to localize states towards the center of the sample, far from the edges,
while states that disperse at the sample edges must eventually necessarily become extended states, as
the confining potential diverges while Viisorder remains bounded. We call these extended states at the
edge the edge states. Semi-classically, the edge states are cyclotron orbits that experience £/ x B drift
perpendicular to the electric field £, which is determined by the gradient of the confining potential.

From the quantum solution, we get the same result since we have that the wave packet group velocity

is given by
W LOE. 1 OV
Y hok eB Oz |,_,,
Since this is of opposite signs at & = gy and T = —Tqq, the edge state currents are chiral, flowing

around the boundary of the sample in a fixed direction perpendicular to the boundary (Fig. 2.6b).
These edge states are effectively states of 1D wires that are forced to conduct in one direction. When
the system is near integer v, all low energy non-equilibrium current injected in must flow through the

edge states near the Fermi level. At = 1, we say that 1 chiral edge channel contributes.
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To calculate the conductance at v = 1, we enforce a fixed voltage bias and calculate the current
generated by it, exactly as we may perform the measurement. Using the Landauer-Biittiker formal-
ism 13:03:5¢ ¢o analyze the transport problem, we assume that the DC voltage applied, V/, leads to a
chemical potential difference Ay = eV between the opposite right and left moving edge states (we
assume V' is too small to generate significant electrostatic potential gradients and continue the con-
vention of positive electron charge). We can view the effect of V' as raising the Fermi level of the
right-moving edge up to i = eV and leaving the left-moving edge unchanged, defined as 0. There-
fore, we simply need to add up the currents carried by the right-moving edge states between 0 and 1
to get the current along §:

S n 2

P
3

where we have assumed that the occupancy of states ny, is a step function. Since we measure the Hall
voltage V,y as the difference between the bottom edge and top edge (Fig. 2.6b), we see that V, is exactly
V that we have applied. Therefore, extending to the case of v edge channels, we have that the Hall
conductivity oy, = I/%. Itis now easy to see why the quantized plateaus are robust and why oy — 0.
The reason for both is the fact that the current is ballistic, or in other words dissipationless, #nless
extended states percolate through the bulk (e.g. near v ~ %) Ballistic means that there is vanishing
probability for the injected current to backscatter. Backscattering would require a wavepacket on the
right-moving edge to tunnel through all of the localized states in the bulk to reach the left-moving edge
and return to the source contact, which is exceedingly unlikely for any Hall bar that is wide compared
to the magnetic length (more precisely the localization length). Since there is no such backscattering,
the entire right-moving edge channel is fixed at the chemical potential of the source, u, while the

upper edge channel is fixed at 0. Therefore, the measured V,, will be simply (1 — 1) /e = 0 so that

Ry = VIX" = 0. Similarly, o is zero since the current is flowing entirely perpendicularly to V.
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In the Landauer-Biittiker language, a single-channel, one-dimensional wire with a disordered re-
gion in its center has a conductance given by G' = %t where ¢ is the probability for an electron to be
transmitted through the disordered region. We say that we have conductance from transmission, and
the transmission probability ¢ can be calculated via scattering matrices or non-equilibirum Green’s
functions methods for many models'*. We see that in our case, we have perfect transmission ie. t = 1
for each edge channel around integer v. For this reason, we can consider the edge channels as perfect
1D wires. However, we note that this only holds within the edge channels themselves and not where
they meet the source/drain. There is inevitable dissipation when the “hot” edge at chemical potential
o must enter the drain contact at 0, as well as when the “cold” edge at 0 must suddenly equilibrate up
to p entering the source. These sudden jumps in the chemical potential lead to so-called “hot spots”
at these two points in the quantum Hall sample. Applying a large enough voltage bias can even cause
magnons (i.e. spin waves) to be launched into the quantum Hall bulk from from the hot spots, which
opens the door for spin transport and novel probes of the bulk states?3:9495:9¢,

In closing this section, we note that the edge channels themselves acquire a width in the presence of
Coulomb interactions and disorder. Accounting for these effects leads to the famous self-consistent
screening model of the edge channels, where it is found that near the edge of the sample, the quantum
Hall state spontaneously forms a series of alternating compressible and incompressible stripes ' 197556,
The extended states which cross the Fermi level now become compressible stripes pinned to the Fermi
level, and the nonequilibrium current continues to flow in these regions while equilibrium currents
flow in the incompressible regions. We discuss this model more to understand our data in chapter s.

Lastly, since graphene is a 2D electron system with an exposed surface, unlike GaAs, a variety of
probes have been able to directly image the edge channels, such as Kelvin probe microscopy**, scan-
ning SQUID microscopy””'°°, and scanning tunneling microscopy '°*. There are also interesting
older experiments in GaAs that imaged signatures of the “hot spots” generated by the equilibration

of chemical potential at the corners of the contacts'°*.
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2.5 FracTIONAL QUANTUM HALL ANYONS AND TOPOLOGICAL QUANTUM BITS

Up until now, we have mostly neglected the effect of electron-electron interactions, except in dis-
cussing quantum Hall ferromagnetism. It turns out that, even after all degeneracies are broken and
we have the fully polarized Landau levels from Fig. 2.5, if we have clean enough samples with a large
enough inter-electron Coulomb interaction energy . ~ % (i.e. requiring larger B in general), then
the electrons can spontaneously reorganize to new ground states with their own bulk gaps and edge
states at particular fractional values of v. These rich phenomena are called the fractional guantum
Hall effects, and here we will primarily consider the state at v = é as the simplest and most relevant
state for this thesis. We actually investigate both the v = % andv = % fractional quantum Hall states
in graphene, which are formally equivalent to the state in GaAs due to the lack of sublattice structure
within the N = 0 Landau level of graphene, so we can restrict ourselves to discussing the state at
v = 1 in GaAs and seeing how anyon quasiparticles with fractional charge and statistics emerge from
the so-called Laughlin state'>*“%. Good modern overviews can be found in refs. ©>1°3:1041°5

To gain insight into the many-body quantum state that can describe v = %, we need to begin by un-
derstanding the wavefunctions for many electrons filling degenerate states in the lowest Landau level,
which we have yet to write down. It is most convenient in this discussion and our positive electron

. . _ 1 _ 1 - 1 ~ .
charge convention to use the symmetric gauge A = —5r x B = —5yBZ + 52 Bj corresponding to

amagnetic field B = BZ, so the annihilation operator for the free 2D electron Hamiltonian becomes

133 . 14 ( . ( o .0 ) ieB . ) . < z >
a=— (I, —4l)= —=— | —th| — —i— | — — (x+1¢ =—ivV2 (- + 050

V2h ( 2 V2h dr dy g (eti) arg P
where we have used p, = —ih% etc. and defined z = = + iy and 0 = % (% — 28%) It is then

readily seen that any single particle wavefunction in the lowest Landau level (i.e. N = 0), defined by
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ap = 0, must be given by
e
Uz 2) = f2)e B

where f(2) is any holomorphic function and |2|?> = zZ. This is the one-body state. The simplest
possible form of f(2) is a polynomial, and since angular momentum is a good quantum number for
this radially symmetric gauge, the N = 0 Landau level is actually macroscopically degenerate (like in

all gauges) with states that can be enumerated by the angular momentum quantum number [:

1 |Z‘2

PYi(z) ~ e , 1=0,1,2...

The state with quantum number [ is localized on a ring of radius r = V20,

A general many-body state for N particles must be of the form

1 N
T Z;:;\ZJP

\11(217 LR ZN) = f(zla EES) ZN)e

where f(z1, ..., 2N) is analytic in all variables and must obey anti-symmetry under exchange of any
two particles z; <> 2j, since the underlying electrons are fermions. In order to write the state of N
indistinguishable electrons filling the explicit orbitals v/; above, we need to take a Slater determinant
of the orbital momentum polynomials to get the form of f(z1, ..., 2n). This particular Slater deter-

minant is called the Vandermonde determinant and has a convenient form:

27 29 2N
e
[z, an) = | S = H(Zj — 2)
: : j<k
zi\l_l z;\I_l zg_l
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so that the full many-body state at v = 1, up to the normalization constant, can be expressed as

1N
\Ill(zl’ ~--’ZN) = H(ZJ _ Zk)e 103 ZJ—1|ZII
i<k

Laughlin’s wavefunction ' 510 for the v = % state, where m is an odd integer is of a similar form.

It was discovered to be

1z izl
Uy /m (21,5 2N) :H(zj—zk)me agg ==
j<k

which satisfies the antisymmetric condition since 1m is odd. Laughlin postulated this form as a varia-
tional wavefunction for a model Hamiltonian '°, and it was shown both to be the exact solution for

106

a variety of model Hamiltonians *°® and to have > 99% numerical overlap to exact states that can be

in

Wl

computed®?. We can see that the state ¥'; /3 (i.e. m = 3) indeed corresponds to filling factor v =
the thermodynamic (large N) limit because if we single out a particular coordinate, say z1, and count
the maximum power that it will be raised to in the prefactor, we find a maximum term ~ ZT(N_I).
Therefore, the maximum angular momentum is m(N — 1) ~ mN which corresponds to a state
that is localized at a radius of v/2mN/p. The total area of the states is simply then A = 2mmN/{3
so that the number of states is ﬁ = mN. Therefore, since we have N electrons filling mN states,
v=12=1= % as required. See the original papers (particularly the charge-pump/flux thread-
ing thought experiment, which is clearest in the Corbino geometry”) for the proof that the state is
indeed incompressible and has the observed Hall conductivity oy, = %% The existence of the bulk
energy gap at this filling essentially implies the fractional charge which is pumped per each flux quan-
tum, which implies the fractionally quantized Oxy- Moreover, from the explicit wavefunction we can

see that the state very efficiently minimizes Coulomb interactions by maintaining space between elec-

trons, since ¥ vanishes very quickly with an m-th order zero if any particles coincide. In a real system,
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Coulomb interactions will be slightly screened so that the state should not vanish as quickly, and the
zeros do not exactly coincide with the electron coordinates 5. Nevertheless, the state gets the basic
properties correct, accurately yielding the experimental results, and it is believed to be in the same
“universality class” as any realistic state ®*.

We now discuss how we can see the two most important properties of the quasihole and quasipar-
ticle excitations above this ground state, their fractional charge and fractional statistics, from the form
of the wavefunction itself. The wavefunction for a state with a quasi-hole at coordinate 7 in the 2D

(complex) plane can be reasonably approximated as

. -1y 3N 152
PR | R

i=1 j<k

so that W and the corresponding electron density completely vanish at the point 7, which can phys-
ically represent a sharp defect site which pokes a hole in the fluid. Perhaps more accurately, it’s an
anti-vortex of the fluid. Interestingly, we can see that if we have 3 such holes in the same location,
the wavefunction is similar to that which we would get if we had added an electron by hand at a fixed
coordinate of 7). However, since the coordinate is a fixed parameter and not a dynamical variable (in
particular it is absent from the exponential), from the perspective of the other electrons it behaves like
an absence of an electron i.e. a hole. If the electron is charge —e then the combination of 3 quasiholes
is charge +e and hence a single quasihole has charge +£. Quasiparticles would have charge —%.

To see the fractional statistics, we need to compute what happens when we take a state with two
quasiholes and adiabatically exchange their coordinates. As first calculated by Arovas*7, we can con-

sider a state of two quasiholes

N 1 N 2
3 _@ Zj:;‘zﬂ

\111/3,771,772 (Zlv R ZN) = N(nla"h) H(Zi - 771)(Zi - 7]2) H(Zj — Zk) e

i=1 j<k
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where N (11,732) is 2 normalization constant. Arovas then computed the adiabatic phase acquired

when winding one quasihole around the other, which is the Berry phase 7' ~, formally given by

i = j{d7<‘lf(771(7),772)

o won).m))

where 7 parametrizes the path that takes the quasihole coordinate 771 (7) on a loop once counterclock-
wise back to its starting point, winding once around the coordinate 72. It was found that the Berry

phase in the case of the general ¥y /,,, Laughlin state with two quasiholes is exactly

2w & 2 o
= ii 21 = 17 + 296xchange

7 meo m  m o

where the parameter fcychange = 7, is the phase that would be acquired for a single exchange '* that
characterizes the anyon statistics. The factor of 2 in front of Ge,change is simply because the full winding
back to the original coordinate is equivalent to two exchanges '®”. The first term in +y is the Aharonov-

110,111

Bohm phase acquired by winding the charge = quasihole around a loop enclosing a total mag-

netic flux ® = AB. We will see that the phase that we can extract from our interferometer measure-
ments is to lowest order given by exactly the same equation.

Beyond the Laughlin state which describes the fractions at v = % and their hole-conjugate states
v=1-— % (e.g. % and % form = 3) there exists a whole sequence of states at other odd-denominator
fractions evident in experiments*° (see also our data in chapter 6). It is possible to understand many
of these states, for example the states at v = 2 and v = 2 as emerging from the Laughlin state

106,26

via successive condensation of residual quasiparticle excitations , so we may call them “hierarchy

states”. The composite fermion approach pioneered by Jain also gives an explanation for the so-called

“Jain series” of states at v = %, %, %, ... extending from v = % (as the first in the sequence) and many

112,6

other deep insights into the fractional states 3. These sequences of states have also been observed in
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graphene, where the transport gap of for example v = % has already been observed tobe A /3 > 20K
(refs."'>"'#), larger than the state-of-the-art in GaAs*°.

Beyond the hierarchy and Jain states, there are also even-denominator fractional quantum Hall
states, for example 7 = 3 first observed in GaAs by Willet et al.’’5 and more recently many states
observed in bilayer graphene, includingat v = :i:% , :i:%, :I:%, % in several experiments ' 17:1 18119 g
well as quarter-filling states *'?. These bilayer graphene states are particularly exciting because the en-
ergy gaps appear to be nearly an order-of-magnitude larger than their GaAs counterparts, for example
A7/5 ~ 5 — 10 Kin bilayer graphene '** compared to Aj /5 ~ 0.81 Kin GaAs*. Several candidate
states were proposed to explain the fractional quantum Hall effect at filling factor v = 2 in GaAs that
are expected to extend to any even-denominator state that may be stabilized. These are various types of
paired states '*">1*» 123124125 'most notably the Moore-Read Pfaffian, anti-Pfaffian, and PH-Pfafhian
states that host non-abelian anyon quasiparticles 126 These can be viewed as paired states of composite
fermions with various pairing symmetries 7. Non-abelian anyons obey non-abelian exchange statis-
tics, so that the space of states for a collection of indistinguishable non-abelian quasiparticles at fixed
positions is necessarily degenerate. When non-abelian quasiparticles are exchanged adiabatically, the
effect is a matrix operation on the space of degenerate states i.e. a change of the many-body wavefunc-
tion within the degenerate subspace. In contrast, 2belzan anyons would only acquire a phase, such as
Ocxchange = 7, that we saw before.

Anyons with non-abelian exchange statistics are expected to enable the field known as topological
quantum computation*>?", where states encoded within the degenerate subspace could store infor-
mation in a way that is “topologically protected” i.e. if we imagine preparing a state through quasi-
particle exchange operations, undoing or destroying such information would require uncontrolled
noise to precisely undo each exchange operation, in the right order. Since the exchanges are physically
equivalent to braids of particle trajectories in spacetime, such a loss of information would be akin to

a physical knot spontaneously undoing itself. We know from experience, however, that knots, like
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an aggressively tied shoelace, can be very challenging to undo. In fact, there are sophisticated knots
called quipus that the Incan civilization famously used to record information, and the oldest known
quipus from the ancient Andean civilizations are still knotted together after enduring over 5000 years
of environmental noise '**"*. Storing and processing information with anyons promises to be the
electronic equivalent of the quipu. Moreover, the stability of operations would be exponentially en-
forced by the separation between the quasiparticles in configuration space, say spatially for simplicity,
so exchanges or braids themselves could be performed in a fault-tolerant way.

The fractional quantum Hall effect at even-denominators remains the most convincing and well-
established platform expected to host non-abelian anyons, though the direct evidence for their exotic
exchange properties remains elusive. We note that there have been great (and often controversial) ef-
forts to stabilize states that may host such quasiparticles using other materials such as superconductor-

semiconductor hybrids '***3*

, and there has also been progress in directly preparing such states and
demonstrating braiding using existing superconducting quantum processors >*"33,

More generally, fractional quantum Hall states represent a new class of physical systems that obey
an emergent principle called topological order. Phases of matter with topological order, called topo-
logical states or topological phases, have long-range entanglement within their many-body wave func-
tions3*. Other states with topological order include proposed spin liquids'*5**37 and chiral su-
perconductors'**. However, despite the name, topological insulators and superconductors 3% *4°
should not have long-range entanglement and topological order in the same sense, making the zoo
of quantum-topological phases of matter rather subtle and complicated **4. There is much work left
to do in classifying and understanding the possible topological orders and their physical realizations.

In the fractional quantum Hall states in particular, the topological order leads to a deep connection
between the edge states, which we can probe through transport measurements, and the bulk states and
excitations, akin to a bulk-boundary correspondence "+'°*. We naively expect there to be excitations
1

on the edge which have the same charge and exchange statistics as those localized in the bulk at v = 3
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2.6 EDGE STATE INTERFEROMETERS

Since we saw that the chiral, 1D edge states carry the low-energy current through the device with-
out backscattering or dissipation and furthermore the typical drift velocity at the edge is quite fast
(~ 105 m/s as we measure in chapter 4), it follows that the phase coherence of current carried through
the edge channels can practically be maintained over long distances, hundreds of microns in some cases.
This long phase coherence length has allowed the exploration of a variety of electronic analogues of
experiments typically performed in the field of quantum optics such as single and double-slit interfer-
ence phenomena. See refs. '#>'43 for good reviews. The essential element of many of these experiments
is the use of electrostatic gates to guide the paths that the edge channels take through the device and
force the edge channels of opposite chirality to selectively tunnel at particular points. These tunneling
points are then tunable backscattering sites, analogous to partially silvered mirrors or beamsplitters in
quantum optics. We call the split-gate structures required to create these electron beamsplitters “quan-
tum point contacts” (QPCs), since the structure is physically identical to the canonical point contact
structures used to discover conductance quantization at zero magnetic field '#+*3.

Although the first experiment to observe signatures of phase coherence and interference in integer
quantum Hall edge channels was already done in 1989 (ref.*“”), the theoretical proposal to use such
structures to measure signatures of anyons in the fractional quantum Hall regime arrived in 1996 with
the proposal of the two point-contact interferometer for quantum Hall systems'*®. The general idea
is that the edge currents can be thought of as adiabatic transport of quasiparticles winding around
localized quasiparticles that naturally exist, assumed pinned to defects or otherwise static spatially but
varying in overall number. Measuring conductance oscillations then enables direct observation of the
fractional charge and statistics of the quasiparticles, as well as probing the Luttinger liquid nature of
the 1D edge channels'*®. There have been immense efforts to realize the proposal in the GaAs quan-

tum well platform, as highlighted in Fig. 2.7. These efforts were pioneered by the Heiblum group with
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Figure 2.7: Edge state interferometers in GaAs. Images of the various quantum Hall edge state interferometers stud-

jed in GaAs quantum wells over the last two decades, in roughly chronological order: Heilblum **>, Goldman 146:147:148

Heiblum 149,150Y Marcus 151,152,153,154Y Kang 155,1567 Willett 157,158,159,160’ Heiblum 161,162Y Manfra 163,164,165,166.

the first Mach-Zehnder style edge state interferometer in 2003, which showed robust Aharonov-Bohm
oscillations in integer edge channels'#5. There were then a series of experiments by the Goldman,
Heiblum, Marcus, Kang, and Willett groups changing to the Fabry—Pérot geometry and discovering
strong signatures of fractional charge in the devices, though clear signatures of the anyon statistics re-
mained elusive. Finally, clear signatures of the statistics in v = % came around 2020 from the Manfra
group, enabled by specialized quantum well heterostructures that incorporated screening well layers.
In the following chapters, we will comment on the relevant results in GaAs in more detail, especially
the discoveries by the Manfra group that were made while this thesis work was in progress.

In this thesis, we will continue to focus on the Fabry—Pérot geometry, which is analogous to the

178, We show a schematic

the ubiquitous optical interferometer and identical to the original proposa
of the Fabry—Pérot interferometer measurement in Fig. 2.8. Here, the coherent beam of photons

in an optical interferometer is replaced by a coherent current, which we can model as a stream of
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Figure 2.8: Fabry-Pérot quantum Hall interferometer. Schematic of the interferometer geometry used in this thesis, the
electronic analogue of the Fabry-Pérot cavity common in optics. The ballistic edge states carry the low energy current,
which has a probability to backscatter at the two quantum point contact gate structures (marked QPC1 and QPC2) where

the opposite chirality edge states are pushed close enough together to tunnel. The conductance across the cavity, ex-

tracted most accurately from the ratio % but also related to “transmission” and “reflected” resistances (V—dT, and IK:
D

respectively), where I is the measured drain current, will oscillate according to the phase 6 acquired by winding counter-
clockwise around the cavity, which includes contributions from braiding around localized quasiparticles in the bulk. The
localized quasiparticles (n = 5) are shown schematically in the cavity. Gray regions are gates.

electron wavepackets that overlap and are much larger than the cavity perimeter in the DC transport
limit. The wavepackets propagate ballistically along the chiral edge channels as previously seen. To
construct a Fabry—Pérot interferometer, we introduce two QPCs in series to allow two points where
backscattering can now occur. The conductance across the cavity (i.c. from the source on the left
side to the drain on the right) can be modeled in the Landauer-Biittiker formalism by obtaining the
single-particle transmission amplitude at the Fermi energy. If we model each QPC as a structureless
tunneling point, where QPC ’i’ has an amplitude of transmitting the wavepacket through T; (from
left to right) and an amplitude of reflecting to the opposite chiral edge p;, where |p;|? = 1 — |;|?

neglecting inelastic processes, then we can find the total transmission amplitude by summing over the

amplitudes for all current paths, assuming an infinite phase coherence length:
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where 6 is the winding phase of a particle counterclockwise around the central cavity and we have used

the fact that |p;| < 1. The conductance G = \% is then proportional to the transmission probability

given by

t = ’T’2 = |T1’2|T2’2 )
1+ |p1[?|p2|? — 2|p1p2|cos(8)

If the adiabatic theorem holds and the quasiparticles carrying the current on the edge have the same
charge €* and statistical phase Ocychange as those in the bulk, we expect that the winding phase 6 is

equivalent to the Berry phase y derived previously. In experimental terms we should have

g — 0.¢ Ahe)B

+ nb,
e o

where A(Vpg) is the total area of the cavity, tunable by the “plunger gate” voltage Vpg and 6, =
29€Xchange is the winding phase of an edge quasiparticle around an individual quasiparticle in the bulk.
We assume a net number 7 of localized quasiparticles (formally the number of quasiparticles - num-
ber of holes) static in the bulk over the duration of the measurement. In the decades since this pro-
posal, the theory has developed to account for important corrections to the predictions for realistic
devices, most importantly the residual Coulomb coupling between the localized charges and the edge

169,170,104,171

charges . We will see that in our devices, this capacitive coupling is effectively negligible

due to efficient screening in the van der Waals platform with nearby atomically-flat graphite gates.
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2.7  SUMMARY

In this chapter, we have seen how 2D systems can have emergent particles called anyons, and that these
exotic particles with fractional charge and statistics (and perhaps more exotic non-abelian statistics) are
expected to exist in certain fractional quantum Hall states. We introduced how graphene is in some
sense an ideal, clean 2D platform which hosts robust fractional quantum Hall states. Lastly, we have
described the history and promise of quantum Hall interferometers to probe anyon exchange statistics.

We now move on to construct and measure such interferometers in graphene.
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1 fear not the man who has practiced 10,000 kicks once...

1 fear the man who has practiced one kick 10,000 times.

Bruce Lee

Experimental Methods

3.1 ASSEMBLING VAN DER WAALS HETEROSTRUCTURES

We need to take special care in how we fabricate our devices to ensure that after lengthy fabrication
procedures we are left with graphene with low enough disorder that we can observe strong symmetry
broken and fractional quantum Hall states at reasonable magnetic fields. This is quite an art, since we

need to handle and control atomically-thin materials. The current state-of-the-art involves encapsulat-
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ing graphene between insulating hexagonal boron nitride (hBN) layers *7*, usually of order 10—50 nm
thick, as well as conducting graphite gates'7*'7#, which are simply ~ 5 nm thick crystals containing
enough layers of graphene to behave as effectively metallic graphite. Encapsulating graphene in these
other 2D van der Waals materials serves several purposes. First of all, graphene is mechanically unsta-
ble on its own; it would tend to spontaneously crumple up if it were free standing at room temper-
ature 75179177 Therefore, the earliest graphene devices were made by depositing the graphene onto
SiOg substrates, which is an exposed, chemically polished surface of oxide that graphene tends to stick
well to. However, perhaps for the same reasons that it sticks well to the relatively rough and disor-
dered oxide, graphene tends to be doped and have relatively poor electronic mobility on such surfaces.
Instead of sticking it to an oxide, encapsulating graphene between atomically-flat hBN flakes pins the
graphene between the van der Waals layers while squeezing out residual disorder such as bubbles at
the interface 7%, as we will see. The result is a graphene layer with a much larger electron mobility.
Furthermore, encapsulating the hBN layers with top and bottom graphite layers serves to further en-
hance the quality of transport in the graphene, since the metallic layers will screen out external charge
disorder that would have been able to leak through the dielectric hBN on its own.

To create the van der Waals flakes of graphene and hBN that we work with, we follow the sur-
prisingly simple “scotch tape” method originally pioneered to create graphene flakes**'7? with a few
modifications and improvements. First, we mechanically cleave graphene and hBN from bulk crystal
using thermal release tape (enter part number), which leaves less residue than scotch tape. The tape
containing exfoliated flakes is then brought into contact with SiO2 at 100 °C and baked for 1 minute.
The tape is then allowed to naturally cool to room temperature over 10 minutes, then it is slowly re-
moved (by mechanically pulling with tweezers) from SiO2. The result is that a random distribution of
thin van der Waals flakes will be left stuck to the SiO2. We then search through the flakes and identify
good candidates for creating a vertical heterostructure (akin to a sandwich of flakes, one on top of the

other). Creating this heterostructure follows a procedure called “stacking” that we now describe.
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To proceed with stacking, we use a polycarbonate (PC) polymer-based dry transfer method. PC
films are made using 8 wt% solution; droplets of solution are squeezed between two glass slides and
left to cure at room temperature. The transfer stamp is made by placing a small block of polydimethyl-
siloxane (PDMS) (Gel-pak) cut into a diamond shape ( 8 x 5 mm) on the glass slide and transferring
the PC film on top of it (PC film extends laterally beyond the PDMS block, adhering to the glass slide).
Therefore, the stamp consists of a glass slide, PDMS block, and PC film as shown in Fig. 3.1a. The
stamp is baked at 180 °C for 20 — 30 minutes to ensure the film is pinned to the glass slide. After
baking, the adhesion between PC-Glass slide is higher than adhesion between PC-PDMS, therefore
selecting a larger PC film than PDMS will ensure the film remains fully attached during transfer. The
main advantage of a diamond shaped stamp compared to a standard square stamp is that the diamond
stamp has 50% less contact area compared square stamp. This reduced contact area decreases the prob-
ability of the PC film getting stuck on the substrate and failure of the transfer.

Stacking starts by placing the glass slide with the stamp in a micro-manipulator under a microscope
and picking up a large flake of graphite (~ 80 x 80 pum). The transfer stage is heated to 50 °C and
a graphite flake (~ 4 — 6 nm thick) is pressed into contact with PC while lowering the stamp ata 1°
tilt angle to the plane. The stage is then heated to 110 °C and cooled down to 80 °C with natural
convection. During cool down the stamp is lifted mechanically to pick up the graphite flake. Subse-
quent layers are picked up by replicating the same procedure. It is crucial that subsequent layers are
fully covered by previous layers to utilize the van der Waals force to assist in picking them up. After all
flakes (graphite-hBN-graphene-hBN-graphite) are picked up on the stamp with desired orientations,
a clean substrate is heated to 160 — 180 °C and the stack is pressed on SiO3 to remove bubbles and
hydrocarbons trapped in between the layers 7%, The stacking phase finishes by placing the substrate
containing the stack in Chloroform for a minimum of 3 hours, followed by annealing in vacuum at
300 °C to partially remove the polymer residue and enhance the adhesion to the substrate.

More details on the transfer method for each layer are shown in Fig. 3.1b. For each pick up the
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Figure 3.1: Stacking procedure. (a) Components of the PC stamp. (b) Pick up process. The stamp is tilted 1° alongside
longitudinal axis of diamond shape contact area (not shown in figure). (c) Optical image of graphite on the stamp after
picking it up. Itis common to see folds or cracks on graphite due to the large lateral area of the flake and thermal expansion,
but they are not fixed until the last step. (d) Optical image of graphite-hBN on stamp. (e) Graphite-hBN-graphene on
stamp. (f) Graphite-hBN-graphene-hBN on stamp. Most bubbles are formed during this step at the interface of graphene.
(g) Optical image of stack graphite-hBN-graphene-hBN-graphite on stamp. (h) Stack on SiO5 after laminating at 160 °C
to 180 °C. During this step bubbles are pushed to the edges of the flakes or accumulate at defects and folds.
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contact is initiated at 50 °C and a 1° tilt angle. The flake is brought into contact with the stamp while
the temperature is raised to ~ 100 — 110 °C, and the flake is picked up during natural convection
cool down at a temperature range below 90 °C. In our transfer method, graphite is used for the top
layer. Compared to the more common hBN assisted pick up method (i.e. using hBN as the top layer),
this simplifies the etching process when fabricating our devices. Optical images of the stack assembly
progress are shown in Fig. 3.1¢-h. Selecting a large flake of graphite as the top layer provides an assistive
van der Waal force for picking up subsequent layers.

One of the most critical steps in this method is the drop sequence shown in Fig. 3.2. After all the
layers are picked up on the stamp, the stage is heated to ~ 160 — 180 °C and the stack is pressed
to the substrate. This method has proven to remove the bubbles with an approximately 70% success
rate. However, it requires precise control of wave front to achieve a sufficiently slow and steady rate
of expansion, which remains challenging. Now that the stack is stuck to the substrate, along with
melted and rehardened PC, we remove the PC residue by immersing in Chloroform and annealing
the stack at 300 °C for 3 hours (as previously mentioned) to ensure that it adheres to the substrate
and will remain mechanically and chemically stable through subsequent processing, which are the
nanolithography processes outlined in the next section.

We note in closing the discussion on stacking that a variety of improvements to the technique have
been made since the fabrication of the samples used in this thesis. Itis a quickly changing art. Mostim-
portantly, it has been found that using dome-shaped PC stamps has generally been able to reduce over-
all bubble formation in stacks by allowing the stamp contact area to generally move more smoothly
than in the flat stamps described above. To create a dome, we can mix our own PDMS in two separately
cured parts. The first forms a solid stamp that can be placed on the glass slide using a hole puncher,
and the second less cured half is then dropped onto the bottom half using a pipette and allowed to
cure on a flat surface, which naturally creates a dome. Second, the quality and thickness of PC film

can be controlled precisely by dropping the PC droplets dissolved in Chloroform directly onto SiO2
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180°C

Figure 3.2: Cleaning van der Waals interface. Here we show snapshots of the stack during the lamination on SiO9 and
“bubble pushing” process. The stamp is tilted ~ 1° and mechanically pressed onto a SiO surface at a fixed temperature
of 180 °C. Arrows indicate the direction of wave front movement. (a) The wave front of the PC in contact with the SiOg
approaches the stack. (b-c) As the wave front smooths out at temperatures above the glass transition temperature of PC,
the visible bubbles and fold defects are pushed along the contact front. (d) When the stack has been fully pressed onto
the substrate, bubbles have been moved and pinned to the outer edge of graphene flake. A second line of bubbles are
visible at the bottom of the stack where the graphene was cracked.
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substrates while spinning at 6000 rpm. The film then naturally reaches a desirable thickness and uni-
formity. The PC film can then be peeled oft from the SiO2 using scotch tape and redeposited onto
the dome of PDMS or other type of stamp.

Throughout this thesis, we primarily report data taken from 3 characteristic devices made from 3
different stacks. Chapter 4 reports on an interferometer device with a top (bottom) hBN thickness
of 50 (17) nm, as well as a single QPC device with a top (bottom) hBN thickness of 31 (74) nm.
Throughout both chapters 5 and 6, we report data taken from the same device, which consists of a
top (bottom) hBN thickness of 49 (27) nm.

These relatively thin hBN dielectric layers serve a dual purpose of bringing the conducting graphite
layers close to the graphene, which tends to screen interactions within the graphene channel. We be-
lieve that this is crucial for observing Aharonov-Bohm oscillations in the device, as similar graphene-
based devices without close screening layers displayed Coulomb-dominated oscillations 180 T jkewise,
GaAs devices approaching the small areas of our device displayed Coulomb-dominated oscillations ' >*".
It required special sample growth utilizing screening wells to reduce the interactions sufficiently strongly
(but not enough to ruin fractional states) to drive the device into the Aharonov-Bohm regime and ob-

serve fractional interference, which was only achieved in the most recent devices '®3641¢5.

3.2 CONSTRUCTING GATE-DEFINED INTERFEROMETERS

Now that we have large-area stacks without too many visible surface residues or bubbles (checked with
atomic force microscopy), we can begin constructing interferometer devices. The general fabrication
order is shown in Fig. 3.3, which we now describe.

We fabricate devices from the stacks using standard nanolithography processes involving electron-
beam lithography, reactive ion etching, and thermal evaporation of metals. Throughout the process

the stacks are kept adhered to doped Si substrates with a 285 nm thick layer of SiO. All electron-beam
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lithography steps are performed using a Rath 150 series 30 keV beam and polymethyl methacrylate
(PMMA) type resists. We cure all resists by baking at 180 °C for at least 5 minutes on a hotplate
before exposure. Typical exposure doses range from 450 — 500 uC' - cm™2, except for 100 nm or
narrower lines used in the top graphite trench etches, which requires 1000 pC' - cm ™2 due to the
reduced proximity exposure. After exposure, we develop all PMMA masks by letting the sample sit
for 2 minutes in a solution consisting of 3 parts isopropanol to 1 part deionized water, by volume,

which is chilled at 5 °C, followed by rinsing in pure isopropanol and blow drying in nitrogen.

graphlte ‘

graphene
hBN
graphite

N A
\ \

Figure 3.3: Nanofabrication process schematic. (1) Etch the top graphite into the desired shape; it must extend from the

bottom graphite (recolored blue) to avoid drastic filling factor changes or PN junctions from forming at the contacts, since
we use the Si back gate to dope electrons and the Cr/Pd/Au edge contacts naturally dope electrons. (2) Etch through
the entire stack to define desired geometry and distinct regions for contacts. (3) Deposit edge contacts to the exposed
graphene and bottom graphite regions, as well as leads to the bridge locations. (4) Deposit gold air bridge contacts to top
graphite. Note: this device would also have 2 additional bridges to contact the other regions that are separated after the
next step. (5) Etch 70 — 100 nm width lines into the top graphite to define the split-gates.

The device geometry is first defined by reactive ion etching in O2/CHF3 plasmas using a PMMA
resist (950A6, spun 3000 rpm) patterned by electron-beam lithography as the etch mask. This etching
is accomplished in two steps: firsta pure O plasma (30 W) etch of the top graphite, then a process with

O2 + CHEFj3 to etch through the entire stack where needed. Edge contacts to the exposed graphene
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are then made by using a double-layer PMMA mask (MMA EL6 bottom layer, spun 3000 rpm, and
495A4 top layer, spun 3000 rpm) for a stronger undercut and CHF3 etching through the top and
into the bottom hBN, followed by thermal evaporation of 2/7 /150 nm of Cr/Pd/Au at an angle with

rotation according the standard edge contact recipe in ref. 182

. Then, air bridges are patterned using a
bilayer PMMA process (495 A4 bottom layer, spun 2000 rpm, and MMA EL9 top layer, spun 2500
rpm) followed by a short 20 s O2 plasma PMMA residue clean and thermal evaporation of 2/7/350
nm Cr/Pd/Au. The suspended regions receive 40% of the full dose, leaving the bottom PMMA layer
intact to later be dissolved in acetone. For the full interferometer devices, the air bridge to contact the
middle graphite gate region is not deposited at this step; it is instead deposited after the lines in the
top graphite are etched. To etch the ~ 70 — 100 nm width trenches into the top graphite, a thinner
PMMA resist (495A4 spun at 1000 rpm) is used and again a reactive ion etch with weak Oz plasma
alone is performed in short ~ 30 s steps. In between etching steps, the two-probe resistances between
each bridge-contacted gate are checked until they are all separated (> Gf2 resistance), such that the
hBN is minimally etched and line width is minimized. Fig. 3.3 shows the fabrication process of a

single QPC device in flowchart form. The fabrication process for interferometer devices follows the

same sequence of steps, except that additional bridges are added to contact various regions (Fig. 3.4).

3.3 PERFORMING LOW ELECTRON TEMPERATURE TRANSPORT MEASUREMENTS

In addition to the need for alow-disorder device, an interference experiment in the fractional quantum
Hall regime requires extremely low electron temperatures for large enough phase coherence of the
interfering quasiparticle wavefunction, which necessitates measurements in a well-tuned He3 — He?
dilution fridge and, crucially, carefully designed electronic filtering.

Therefore, we perform the experiments in chapters s and 6 in an Oxford MX 400 dilution fridge

with base temperature of 20 mK. All DC transport lines are thermalized through Thermocoax cables
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Figure 3.4: Interferometer fabrication. (a) Finished stack adhered to substrate with each flake highlighted. This is the stack
used for the experiments in chapters 5 and 6. (b) Stack after etching processes were completed, before edge contacts are
made to the graphene layer and before any trenches or bridges are made. (c) Top-down scanning electron microscopy (SEM)
image highlighting the narrow width lines etched out of the top graphite layer to create 8 separate top graphite gates. (d)
Tilted view SEM image highlighting the suspended bridge gates over the two QPCs as well as the bridge contacts to the

various separate top graphite gate regions.
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and 3 Sapphire plates between room temperature and the mixing chamber before breaking out into
copper wire to feed into a custom passive component filter PCB assembly. This circuit consists of three
Mini-Circuits LECN-xxxx+ low pass filters (stepped down in frequency cutoff from 5000 MHz-1800
MHz-80 MHz) followed by a single-pole RC filter (R = 10 k€2, C = 3.3 nF). While the engineered
RC cutoffis 4.8 kHz, the practical cutoft is significantly lower (we estimate a cut-off as low as 50 Hz
when the sample resistance is high) due to the device’s many contacts to the same 2DEG, allowing the
capacitor of the measurement lines to be weighted by the others seen through the device’s resistance.
The PCB uses 370HR as the dielectric base material and the trace finish coating uses an immersion
silver process with no strike layer. An exposed ring of the ground plane is clamped to a soft gold-coated
copper enclosure that is directly connected to the mixing chamber copper chassis. The enclosure also
acts as a Faraday cage around the PCB components. This thermalizing and filtering scheme (shown
in Fig. 6.6) ensures low electron temperature likely within a few mK of the fridge base temperature.

Most top graphite gate regions and the bridge gates are controlled with a home-made 16-bit digital-
to-analog converters (DACs), while the silicon backgate is supplied a constant voltage, usually ~ 40 V
using a Keithley 2400. Special care is taken to ensure that the middle gate (Virg), which sits above the
interferometer cavity and sets its density, and the plunger gate (Vpg), are as electrostatically stable as
possible to ensure high interferometer visibility and minimal dynamical effects. To this end, these two
gates are controlled with additional custom built 20-bit DACs based around the ADs791 integrated
circuit. Each channel uses its own ovenized Zener diode voltage reference circuit that has been run
continuously for over 3 months with efforts made to thermally insulate it from the rest of the circuitry
and environment. This results in an overall DAC outputdrift of < 11 uV/day. The output noise floor
of the DAC is < 25 nV/+/Hz within a 100 kHz measurement bandwidth.

We perform the measurements using low-frequency lock-in amplifier techniques with SR830 lock-
in amplifiers, SR 5 60 voltage preamps, and Ithaco 1211 current preamps. For interferometer and QPC

measurements, we typically voltage bias using the SR 830 connected to a voltage-divider to apply 15 uV
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to the sample, resulting in current of order 100 pA to minimize reduction of the oscillation visibility
due to finite-bias effect. We measure Hall data using 1 mV bias at 1.0777 Hz to minimize capacitive
contribution and increase the resulting measurement accuracy of 'V, and V. In contrast, the major-
ity of the interference data was measured at 73.77 Hz, allowing fast enough sampling (~20 samples/s)
to resolve the telegraph noise events. However, due to filter attenuation, the amplitude of the signal
was partially attenuated at this frequency. As we only consider conductance oscillations due to the
interference, i.e. G on top of the mean conductance, this attenuation does not affect our results and
conclusions. Lastly, to achieve accurate QPC calibrations, where we need accurate values of conduc-
tance G, as well as when we measure oscillation visibilities, we instead use an intermediate frequency
of 11.117 Hz that reduces measurement time while getting accurate enough values.

An exception to the above apparatus and measurement modalities is in chapter 4, where we mea-
sure in a Leiden wet dilution system with base temperature 32 mK and without aggressive filtering.
Therefore, in this chapter the electron temperature is likely significantly higher, around 100 mK or
more offset from the mixing chamber temperature. In addition in chapter 4, we measure using less
optimized lock-in amplifier techniques with an ac excitation current of 1 nA at 17.77 Hz applied to
the sample. Graphite gates are all controlled with the 16-bit DACs through only room temperature
RC filters, and bias dependence is taken by adding a DC current in series and afterwards integrating to
give voltage. The relatively high electron temperature likely led to the absence of oscillation signatures

in fractional edge states at the time of those measurements.

3.4 SUMMARY

In this chapter, we described the construction of van der Waals heterostructures and fabrication of
interferometer devices, as well as the low-frequency lock-in measurement modalities we employ. The

remainder of this thesis focuses on the physics that we discover using graphene interferometers.

6o



All that is gold does not glitter,
Not all those who wander are lost;
The old that is strong does not wither,

Deep roots are not reached by the frost.

J.R.R. Tolkien

Integer Aharonov-Bohm Interference

Interferometers probe the wave-nature and exchange statistics of indistinguishable particles, for exam-
ple electrons in the chiral one-dimensional edge channels of the quantum Hall effect (QHE). Quan-
tum point contacts can split and recombine these channels, enabling interference of charged particles.
Such quantum Hall interferometers (QHIs) can unveil the exchange statistics of anyonic quasipar-
ticles in the fractional quantum Hall effect (FQHE). Here, we present a fabrication technique for

QHISs in van der Waals (vdW) materials and realize a tunable, graphene-based Fabry-Pérot (FP) QHI.
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The graphite encapsulated architecture allows observation of FQHE at B = 3 T magnetic field and
precise partitioning of integer and fractional edge modes. We measure pure Aharonov-Bohm inter-
ference in the integer QHE, a major technical challenge in small FP interferometers, and find that
edge modes exhibit high visibility interference due to large velocities. Our results establish vdW het-
erostructures as a versatile alternative to GaAs-based interferometers for future experiments targeting
anyonic quasiparticles.

While interferometry techniques originated in the domain of optics, electron-based interferometry
has become a powerful probe of coherent quantum phenomena. The optical FP interferometer mea-
sures self-interference in a cavity formed between two reflectors'®3. In a two-dimensional electronic
system (2DES) in the QHE regime, quantum point contacts (QPCs) that control the number of trans-
mitting one-dimensional (1D) electronic channels serve as tunable reflectors (i.e., beamsplitters) '+*.
Combining two QPCs in the 2DES, FP interferometers '¢7'57:5315915° and related QHIs "#5"4° were

1'%, the magnetic flux contained in the

realized in semiconductor heterojunctions. In the FP QH
area between the QPCs induces single-particle interference via the Aharonov-Bohm (AB) effect. It
has been heavily investigated as a platform for topological quantum computation using the FQHE?*.
However, as both experimental and theoretical studies showed !5 12169161181 /Coulomb charging ef-
fects can obscure the AB interference signal, which has prevented realizations of the platform. While
the charging effect is more significant in small area FP interferometers, small interferometers are prefer-
able for resilience against decoherence. This longstanding hurdle was addressed only recently, where
Coulomb interactions were suppressed by incorporating screening layers in proximity to the 2DES 3.
While this approach enabled observation of AB interference in the FQHE regime, the presence of
global screening layers limits the versatility and tunability. Encouragingly, strong signatures of abelian

164

anyon braiding were recently seen in such GaAs heterojunctions "4, and signatures of their exchange

statistics were seen in collision experiments 184,

Graphene provides an alternative platform. Recent studies on ultraclean hBN/graphite encapsu-
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lated graphene vdW heterostructures report FQHE states at moderate magnetic fields, as well as even-
denominator FQHE states which may host non-Abelian anyons **7. The large energy gaps of these
states, ease of tuning the density, and, crucially, the ability to engineer the paths of the edge modes
with local gates '®® make graphene vdW heterostructures a promising platform to realize versatile in-
terferometers. Importantly, the graphite gate and thin hBN dielectric layers should serve to suppress
charging effects without additional screening layers.
A few quantum-coherent devices have previously been fabricated in graphene-based vdW

heterostructures 5987188189190 \While QHE interference was observed in Mach-Zehnder interferom-

eters built across a graphene pn junction '7'9*

, scattering at the physical edge served as uncontrolled
beam splitters in these devices, limiting tunability and coherence. Furthermore, recent local probe
measurements have shown that edge modes near etched graphene edges suffer from dissipation due
to counterflowing edge modes?”. Therefore, to increase the edge mode coherence length, which is
essential for high visibility interference, we electrostatically defined QHIs to enforce bulk separation
from the etched edges of graphene. Additionally, this design allows an electrostatically defined, sharp
confining potential, which should prevent edge state reconstruction and maintain large edge mode
velocities''. Aiming at the goal of implementing a QHI in the FQHE, we developed vdW stacking
and fabrication techniques (outlined in Chapter 3) to realize a FP QHI in a high mobility graphene
heterostructure. In this chapter, we observe widely tunable AB interference with no charging effects,
allowing us to extract edge mode phase coherence lengths and velocities to support the claims made

above. We demonstrate the versatility of our QPC design with operation in the FQHE, enabling fur-

ther experiments probing anyons in graphene, such as the experiment discussed in Chapter 6.
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Figure 4.1: Gate-defined Fabry-Pérot interferometer in graphene. False color Scanning Electron Microscopy image of a
FP device. Contacts are yellow and bridges connecting to each region of the top graphite layer are blue. Scale bar: 2 pm.
The paths of the chiral edge states are shown for interference of the inner edge in v = 2

4.1 DESIGN OF THE GRAPHENE-BASED INTERFEROMETER

Figure 4.1 shows an electron microscope image of a representative device out of 4 devices we studied,
consisting of a graphene active layer encapsulated in hBN insulating layers and top/bottom graphite
gates. An image of the device that we actually measured is shown in Fig. 4.2a (since scanning elec-
ton microscopy tends to degrade devices). A FP QHI requires two QPCs where edge channels are
brought sufficiently close to induce backscattering, shown schematically in Fig. 4.2b. There are 8
Ohmic contacts C),, where n = 1 : 8, four on each side of the interferometer, to source current and
detect transmission and reflection by measuring the chemical potential of the QHE edges. We employ

a double-ground scheme, which enables us to confirm that no bulk conductance is present *>°. Each
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Figure 4.2: Fabry-Pérot device and measurement schematic.(a) Optical image of the FP device measured in this chapter.
Note that unlike in the electron microscope image in Fig. 4.1, the actual device measured has an additional bridge and
separated gate such that there are 4 top gates to control the QPCs: 2 gates each. Scale bar: 2 m. (b) Schematic of a FP
QHI at filling factor 2 illustrating interference of the second Landau level edge (inner edge). Each QPC is realized by a pair
of split gates, and a plunger gate (PG) tunes the area enclosed by the interfering edge (shaded red). For each QPC, the top
graphite gates (inset illustrations) enable control of filling factors in the bulk v, split gates 15, and QPC saddle point Vqpc.
Current (1 nA) is injected into C'; while C'y and Cy are grounded. We measure V5 = Vo_3and Vg = Vo_ 7.
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ith QPC (¢ = 1,2) may be described by two parameters: the probability of transmitting (¢;) and

reflecting (7; = 1 — t;) a quasiparticle on the edge, where reflecting means backscattering to the op-

posite chiral edge. Note that we have now defined t; = |t;|% and 7; = |p;|*. Note also that reflection

and transmission coefficients refer only to current which is carried by the portioned edge. Neglecting

dephasing, the probability for a quasiparticle emitted in the edge channel from C' to transmit through

(1=r1)(1—-r2)

TFrira—2y/riracos(d)’ where 0 is the

both QPCs and reach the ground contact Cy is given by tpp =

phase acquired by a propagating particle in one revolution around the perimeter of the FP cavity.

4.2 TUNABLE QUANTUM POINT CONTACT ARCHITECTURE

Since graphene has no intrinsic bandgap, creating a QPC for edge states requires different implemen-
tation than in gapped semiconductors. For the ubiquitous QPC in a semiconductor, the Fermi level
under the split gates needs to be set in the intrinsic band gap, depleting electronic states from the
region. In graphene, we use the Landau level gaps that form in the QHE regime in an analogous
way '2>194, Figure 4.3a shows transmission and reflection measurements for a QPC, demonstrating
the operation of a single QPC device for bulk filling g = 2. We measure the voltage difference V1
(VR) between the transmitted (reflected) edge states and the incoming edge states as defined in Fig. 4.2.
The transmission and reflection coefficients are related to the transmission resistance Rt = % and
reflection resistance Rp = %, where I is the total injected current. The reflection probability (per
partitioned edge) is obtained for non-integer QPC filling vqpc from 7 = [vqpc| — %Vﬁ, where
Rq = e% is the quantum resistance of a single channel and [vqpc | is the smallest integer greater than
or equal to vgpc. Experimentally, we find a ~ 10% reduction in measuring Rg when the QPC is
open (fully transmitting) due to the two-ground scheme used for our measurement and an imperfect
edge state equilibration in one of the grounds.

Each edge mode can be tunably transmitted separately by tuning the gates in the device simultane-
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Figure 4.3: Tunable QPCs and oscillations controlled by plunger gate. (a) Tunable single QPC device (inset: optical image).
Scale bar: 2 pum. A 2D map of QPC operating points for g = 2 is shown; % as a function of Vs and Vqpc (see Fig. A.1
for gate voltages on each). The outer two top gates compensate to keep 15 = 2 as the bottom gate sweeps along the
horizontal axis. Top split gates scan the vertical axis. White dashed lines show transitions between regions of quantum Hall
states /s or Ugpc. The black dashed line marks constant filling under the split gates, vs = 0, and changing Vqpc- Line-cuts
along the black dashed line measuring % (red) and % (blue) demonstrate QPC operation for g = 2. (b) Transmission %
across each QPC measured separately (as shown in the inset figures) as a function of Vqpc. The star symbol indicates Vqpc
corresponding to an operating point with reflection 0.14 and 0.51 of the inner edge for QPC1 and QPC2, respectively.
(c) FP interference at the inner edge of 5 = 2 as a function of plunger gate voltage for QPC operating points shown in
Fig. 4.1d. Vg = 0 corresponds to the filling under the plunger gate pg = (. Top inset: temperature dependence of
the oscillation visibility.
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ously at a fixed magnetic field, since all regions are separately gated by the etched top graphite layer.
This enables us to keep v and split-gate filling v/s constant while different edge channels are parti-
tioned by tuning vqpc using the bottom graphite and split gates. The 2D plot (inset of Fig. 4.3a)
demonstrates the full range of tunability for vg = 2, while line-cuts are taken for s = 0. Even in
vg = 6ata QPC width of 150 nm, we can measure full transmission of all 6 edge modes (see Fig. A.1),
which means the average edge mode width is less than 12 nm. This mode width is comparable to the
magnetic length, [g = \/% = 9nm for B = 8T, in agreement with the single-particle picture.
The capability to independently tune vp, vs, and vgpc for a given magnetic field while preserving

high-mobility samples presents an advantage of our platform.

4.3 FABRY-PEROT INTERFEROMETER

By cascading two QPCs in series, we construct a FP interferometer device (illustrated in Fig. 4.2). In
this FP device, each QPC is tuned using their respective split-gates and a common graphite bottom
gate. In Fig. 4.3b, we display line-cuts of R for independently measured QPCs in the range of 0 <
vqre < 2 while the split gate voltages are set to s = 0. We can either partition the inner edge
mode by adjusting gates in the range 1 < vgpc < 2 or the outer edge mode using 0 < vqpc < 1.
We observe the transmissions through the two QPCs are nearly identical in the plateau region but
differ along the plateau transitions, where they show fluctuations. These fluctuations differ between
thermal cycles, indicating that the residual disorder configuration near the QPCs determines them.
We observe fewer fluctuations in the single QPC device (Fig. 4.3a), which has a thicker bottom hBN
(74 nm) compared to the FP device (17 nm). We expect that increased distance from the screening
bottom gate reduces compressible state formation near the saddle point of the QPC potential, which
is consistent with the proposed mechanism for transmission fluctuations being resonant charging of

compressible, localized states in the QPC region 5.
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Tuning to partial transmission through both QPCs allows interference. Our FP device uses a side
plunger gate (with voltage Vpg) between the two QPCs to modify the QHE edge mode trajectory
within the FP cavity. Figure 4.3¢ shows the simultaneously measured reflection and transmission
across the FP as a function of Vpg. We set the bulk (including the FP cavity region) to vg = 2
while vs = 0 and partition the inner edge channel with QPC reflection probabilities 71 = 0.51
and r9 = 0.14, left and right respectively. The outer edge channel passes fully through both QPCs.
Oscillatory Rt and Rg are observed as a function of Vpg. They sum to a constant Ij—s, demon-
strating that transport is governed solely by edge states. The oscillation visibility, calculated from
V = (RoRmax — RT/R,min)%, is ~ 11% at T'" = 30 mK and persists through 7" = 200 mK (top
inset of Fig. 4.3¢). Recall that we expect the electron temperature to be significantly higher than this

mixing chamber temperature.

4.4 AHARONOV-BOoHM vs. COULOMB DOMINATED OSCILLATIONS

The observed oscillatory behavior of R1(Vpg) in the FP QHI can be attributed to the AB effect that
modulates the interference phase . As we scan Vpg, the enclosed effective area A occupied by the
interfering edge mode changes. At a fixed B, this area change 6 A is related to the added (subtracted)
charge 6Q) = e]‘;% in 0 A, where ¢g = % Since 6Q) ~ CggdVpg, where Cgg is the capacitance
between the edge channel and plunger gate, the plunger gate modulates the total interference phase
0 = 27 BA by 60 = 2w B4, leading to 66 ~ 27 Ctaltie,

An explicit demonstration of the AB interference in our QHI is achieved by measuring the transmis-
sion/reflection through it as a function of variations in both the magnetic field, 0 B, and the plunger
gate voltage, 6 Vpg. The expected phase evolution for a single revolution around the FP interferometer
perimeter is given by % ~ ‘%}B + %. Figure 4.4 shows the measured Rr (B, Vpg) in four

operating regimes of the QPCs’ reflection coefficients, from relatively open (Fig. 4.4a) to pinched
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Figure 4.4: Aharonov-Bohm (AB) dominated Fabry-Pérot interference. (a-d) Transmission resistance Rt = % oscillations

as a function of magnetic field B and plunger gate Vg, showing clear AB oscillations. Filling factors are 5 = 2 and
Vs = (. We measure interference of the inner edge state. Reflection values 11 and 75 of left and right QPCs, respectively,
are stated above each figure and visibility in percentage at the lower-left corner. In the upper panel of each plot we show
a line cut as a function of the plunger gate along the white dashed line. Vo = 0 corresponds to the filling under the
plunger gate 1pg = 0. (e-h) 2D-fast Fourier transform (FFT) of the transmission resistance plots (a-d), respectively, as a
function of area and plunger gate periodicity. In the insets of figs. (f), (g), and (h) we illustrate the origin of each peak in
the FFT signal. Higher harmonics appear when the QPCs are pinched (large 7;), physically corresponding to contributions
from single-particle trajectories that make multiple revolutions around the interferometer area.

(Fig. 4.4d). A periodically repeating stripe pattern (so-called pyjama plot), whose constant phase (i.c.,
08 = 0) inclination agrees with ‘AB interference’, 5‘%/% = —% < 0, is observed. We find that
the slope of the stripe % remains negative for the interference from both inner and outer QH edges
(Fig. A.8), further supporting the AB interference scenario. The magnetic field periods, seen in the
2D-FFT (Fig. 4.4¢-h), match an integer multiplicity of the enclosed flux in the lithographically de-
fined area of A = 3 pm?. The periodicity in Vg yields an edge-gate capacitance Cgg that agrees with
electrostatic considerations (Fig. A.ro). Utilizing the wide tunability of our QPCs, we can correlate
the visibility of the AB oscillations with the reflection coefficients of both QPCs to extract a phase

coherence length for exponential suppression (see Appendix A). For the inner edge of g = 2, this

70



process yields a characteristic phase coherence length, Lo = 8.0 pm, larger than the perimeter of the
cavity, P = 6.8 pm. We remark that the AB oscillations observed in our FP QHI are robust; for
different 7; values and different v, we always observe a negative 5?/% slope, characteristic of AB in-
terference. The appearance of higher harmonics in the 2D FFT in the pinched QPC limit (Fig. 4.4h)
suggests that the edge modes can maintain phase coherence during multiple round trips around the
cavity.

Measurements in similar area FP QHIs fabricated in GaAs structures often displayed a different
behavior: lines of constant phase in the B vs. Vpg plane had zero (field independent) or positive
slopes 55", This complicated behavior of the FP QHI, referred to as ‘Coulomb-dominated (CD)’**?,
is associated with strong Coulomb coupling between the interfering edge mode and the localized quasi-
particle states in the bulk. The two regimes, AB and CD, can be understood employing a classical ca-
pacitive model. Defining § = %, then& — 0(§ — 1) defines the AB (CD) regime, respectively.
Here, Cgp is the capacitance between the interfering mode and the compressible puddle of localized
charges in the bulk, and Cf is the total capacitance of the compressible bulk puddle to ground 169,161
Experimentally, there is a trade-off between making the interferometer smaller (to increase coherence)
and minimizing the interaction parameter {. Our device, with two hBN insulating layers (¢, = 4),
separating the bottom (top) graphite gate 17 (50) nm away, is estimated to have { < 0.1 and a

charging energy scale % ~ 8 peV, comparable to the screened GaAs FP QHI'3.

4.5 COHERENCE LENGTHS AND EDGE MODE VELOCITIES

In our graphene FP QHI, the interfering edge mode is guided by a barrier set by the large Landau level
gap underneath a biased graphite gate. This unique scheme allows us to investigate the decoherence
mechanism of edge modes. Fig. 4.5a shows a wide range of AB oscillations of the inner edge of vg = 2

as a function of plunger gate voltage Vpg, where the filling fraction underneath the gate vpg varies
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Figure 4.5: Gate vs. etch defined interferometer. (a) Ry oscillations as a function of the filling factor under the plunger
gate Upg spanning —1 to 2. As Vp¢ increases, the interfering edge’s capacitance to the plunger gate increases, thereby
reducing the oscillation period. As p transitions from 1 to 2, visibility collapses due to interaction with compressible
regions followed by propagation of the edge state along the etched graphene boundary. (b) 1D FFT of RT(B) converted
to units of area as a function of Vpg showing 3 distinct regimes: . Interference is gate-defined, showing the expected area
of 3 pm2 (blue arrow) and additional harmonics. Il. Suppressed oscillation due to bulk conductance under the plunger
gate. lll. Suppressed interference region due to etch-defined propagation of the interfering edge matching a fabricated
areaof 7.5 },Lm2 (red arrow). (c) Extracted coherence length as a function of plunger gate filling for regime | (blue) and 11
(red) from 3 },Lm2 and 7.5 }Lm2 areas, respectively. The value plotted for the etch defined edge (red) is extracted only for
the portion of propagation along the etched region, where we split the perimeter in the visibility formula into two parts:
alength 1.8 um (etch defined) whose coherence length we extract (plotted here) and a length 12 um (gate defined) with
coherence length 8 LLm. See Appendix A for more details. Uncertainty estimation for the gated (etched) coherence length

is +2 um (+0.4 pum).
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between —1 and 2. The oscillations exhibit a reduced gate periodicity as the filling vpg increases,
resulting from an increased C'gg as the edge mode moves closer to the plunger gate. The visibility of
the AB oscillations does not change appreciably in the range vpg < 1, suggesting that distance from
the copropagating outer edge mode (vpg = —1) and depletion/compressible state under plunger
gate (—1 < vpg < 1) do not play a role in decohering the interfering inner edge mode. However, the
visibility drops for vpg > 1. Three different regimes appear in this range. First, for 1 < vpg < 1.4
(regime I) — the outer edge mode moves away, while the interfering inner mode interferes with a slowly
reducing visibility. For 1.4 < vpg < 1.6 (regime II), inner and outer modes are separated by a
compressible region, which either decoheres the interfering mode or lowers the mode’s velocity (due to
asofter potential). For 1.6 < vpg (regime III), the two edge modes approach the physical edge of the
graphene layer, and the AB oscillation visibility is more than an order of magnitude suppressed. The
1D Fourier transform of R(B) plotted as a function of vpg (Fig. 4.5b top) shows that the enclosed
area increases from 3 pum? (regime I) to 7.5 pum? (regime I1T), equal to the combined area underneath
the plunger gate and the FP cavity. We estimate the characteristic dephasing length Lo ~ 0.9 pm
for the portion of propagation along the etched graphene edge in regime III (Fig. 4.5b bottom). We
attribute this strong dephasing to the proximity of the interfering edge mode to the etched physical
edge of the graphene layer. Indeed, a recent scanning probe study showed the presence of local counter
propagating edge states and multiple dangling bonds at the etched graphene edge®”.

To increase visibility, one may engineer the edge states to increase Lg. In our graphene-based FP
QHI this goal can be achieved by (i) shielding the interfering edge mode from etched edges and charge
puddles by guiding the edges via electrostatics and utilizing other compressible QHE edges for screen-
ing; and (ii) sharpening the electrostatic barrier potential to increase the edge mode velocity vedge,

196 Applying a finite source-drain bias Vsp on the in-

which can be estimated from bias dependence
terfering mode produces additional modulation, R1(Vsp). Due to the self-interference condition,

each time a full wave packet occupies the interferometer a constructive interference occurs yielding a
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Figure 4.6: Edge mode velocity and comparison of oscillations in different filling factors. (a) R oscillations as a function
of source-drain bias Vsp and Vpg showing a tilted checkerboard pattern. Edge mode velocity is estimated from the lobe
structure. Upper panel shows a cut of the data along the white dashed line. (b) Comparing oscillation in the different edges
at filling factor 2 (upper) and 3 (lower) as a function of plunger gate. Plunger gate periodicity, visibility, edge mode velocity,
and coherence length are written next to each plot. Coherence length error is estimated to be &2 wm, and velocity error
is £0.2 - 105m/s. For more information on plunger gate periods and AB interference of all edges, see Fig. A.9

_L
hvedge

phase shift of 27 = eVsp (Refs. 10319615%) However, we note that the bias dependence shown
in Fig. 4.6a differs from those previously reported; we see a tilted checkerboard pattern, as also seen
in a concurrent graphene work *?7. The tilt is caused by an asymmetric potential drop in the cavity,
possibly because energy relaxation processes are not strong enough to equilibrate the chemical poten-
tial within this length scale **7. From the periodic modulation along the positive slope lines seen in
Rt (Vsp, Veg) (Fig. 4.6a), we estimate Vedge = 4.5 - 10° m/s for the inner edge channel of v = 2,
comparable to the velocity extracted from the temperature dependence of visibility (Fig. A.11). We
further probe the interference on other edge modes; the extracted phase coherence lengths and veloc-
ities are summarized in Fig. 4.s5b. The edge mode velocities are systematically more than a factor of

2 larger than those reported in the screened GaAs device 163

, consistent with sharper confining po-
tentials in our vdW heterostructure. Interestingly, we find that interfering the middle edge of filling
factor 3, in the configuration (v, [Vqrc|) = (3,2), gives rise to the highest visibility (| vqpc] is

the largest integer smaller than vqpc). We attribute this enhancement in visibility to screening from
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both the etched physical edge and the bulk, by outer and inner edge modes, respectively, as well as to
increased edge mode velocity for the middle edge, possibly due to the electrostatic profile between the

surrounding compressible strips and the gates.
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Figure 4.7: Aharonov-Bohm interference of an integer edge with a fractional bulk filling. (a) F2xx fan diagram, demonstrat-
ing fractional states forming at B = 3 T. (b) Measurement of Ryx and Ryy demonstrating fully developed fractional
QHE states at 75 = 8/3 and 7/3 ,B =8T. (¢ % of the left and right QPCs, red and blue respectively, showing
integer and fractional edge partitioning. Blue and red star symbols represent the QPC configuration corresponding to the
integer (blue) and fractional (red) edge state partition while the bulk filling factor is 8/3. (d) Schematic diagrams of the
edge configuration for the two QPC working points. Blue (red) marks illustrate interference configurations of an integer
(fractional) edge. (e) 2D map of the operating points of the QPC at 15 = 8/3; % as a function of s and Vqpc, tuned
by the top split gates and bottom graphite gate, respectively. (f) Tuning to the marked point (white dot) in (e), we measure
interference of the innermost integer edge. Vo = 0 corresponds to the filling under the plunger gate 1o = 1. Lower
panel: ZIT- measurement (in k{2) tuned to interfere an integer (blue) and a fractional (red) edge for 15 = 8/3.

In Fig. 4.7a, we demonstrate the quality of our graphite encapsulated FP with FQHE realized at
magnetic fields as low as 3 T. Fig. 4.7b shows a well-developed fractional state for vg = 7/3 and 8/3
(see SI6 for other fractions). Due to the tunability of the QPCs, we can partition integer as well as

fractional edge modes, as shown in Fig. 4.7¢ for vg = 8/3. The interference paths for each case are
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illustrated in Fig. 4.7d. Tunability of an individual QPC in a FQHE state is demonstrated in Fig. 4.7e.
By careful tuning, we observe high visibility interference for the integer edge modes (Fig. 4.7f) while
keeping the bulk at an insulator fractional filling. Interfering the fractional mode did not result in
visible AB interference, due to relatively high base temperature (~ 60 mK) and insufhicient electronic
filtering in the measurement system such that decohering and phase-averaging processes dominate the

fractional mode on a length scale much smaller than the interferometer perimeter.

4.6 CONCLUSION

Interference of exotic excitations in the FQHE has been pursued for many years in GaAs heterostruc-
tures. A major roadblock to observing exchange statistics has been isolating the AB interference from
charging effects. In this chapter, we demonstrated a graphene-based FP QHI that shows AB inter-
ference in the integer QHE, absent of charging effects, along with QPCs that operate in the FQHE.
In the following chapters, we will introduce fully independent control of the two separated QPC re-
gions, smaller perimeter devices, and lower electron temperature measurements to probe interference
in the FQHE. Other promising directions include extending our QHI design utilizing graphite gates

to investigate anyonic excitations in other vdW heterostructures, including bilayer graphene“7’“6

199,200,201

and WSey (ref."%%). Furthermore, graphene can be coupled to superconductors to create

novel interferometry devices *°* and topological phases >34,
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One must imagine Sisyphus happy.

Albert Camus

Strongly Coupled Integer Edge States

Electronic interferometers using the chiral, one-dimensional (1D) edge channels of the QHE can
demonstrate a wealth of fundamental phenomena. The recent observation of phase jumps in a FP
interferometer revealed anyonic quasiparticle exchange statistics in the fractional QHE. When multi-
ple integer edge channels are involved, FP interferometers have exhibited anomalous AB interference
frequency doubling, suggesting putative pairing of electrons into 2e quasiparticles. In this chapter, we

use a highly tunable graphene-based QHE FP interferometer to observe the connection between inter-
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ference phase jumps and AB frequency doubling, unveiling how strong repulsive interaction between
edge channels leads to the apparent pairing phenomena. By tuning electron density in-situ from fill-
ing factor v < 2 to v > 7, we tune the interaction strength and observe periodic interference phase
jumps leading to AB frequency doubling. Our observations demonstrate that the combination of re-
pulsive interaction between the spin-split # = 2 edge channels and charge quantization is sufficient
to explain the frequency doubling, through a near-perfect charge screening between the localized and
extended edge channels. Our results presented in this chapter will show that interferometers are sen-
sitive probes of microscopic interactions and enable future experiments studying correlated electrons
in 1D channels using density-tunable graphene.

Electrons in 1D quantum systems exhibit striking phenomena, including the breakdown of Fermi
liquid theory and quasiparticle formation in favor of collective modes**>. Likewise, electrons con-
fined to two dimensions and subjected to perpendicular magnetic fields exhibit the QHEs*. Although
the microscopic details of QHE states are still an active area of research””'°°, their low-energy trans-

port properties are known to be governed by chiral, 1D edge channels”>' 9%

. These edge channels
(ECs) conduct charge ballistically, allowing for phase-coherent electronic experiments *#5>'4*, In par-

167,168,169 (o performed extensively in GaAs, culminating

ticular, electronic FP QHE interferometry
in the observation of interference phase jumps as evidence for anyonic statistics of fractional quasiparti-
cles 104105:206,104 Recently, FPs were developed in graphene, which showed AB interference of integer
ECs*7:197:2%8 | with oscillation periodicity set by the magnetic flux quantum for electrons ¢g = %
Our previous design, as discussed in Chapter 4, utilized graphite gates encapsulating the graphene
channel, which screened bulk charges. Without such screening layerslso, however, interferometers
exhibit ‘Coulomb dominated’ (CD) behavior in which strong coupling of the interfering EC to local-
ized compressible states in the bulk determines the oscillation periodicity and obscures the expected
169,151,150,161 .

AB oscillations

When bulk charges were strongly screened, GaAs FPs showed unexpected doubling of the AB oscil-
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lation frequency and shot noise corresponding to charge 2e when interfering the outermost EC with
the bulk of the interferometer in filling 2.5 < v < 4.5, suggesting a possibility of ‘pairing’ of elemen-
tary charges*®”. Furthermore, the coherence and periodicity of the interfering outer EC were related
to the coherence and the enclosed flux of the adjacent inner EC*'°, and the ‘pairing’ phenomena
only occurred when the outer two modes belonged to the same spin-split Landau level ***. Indepen-
dently, single-electron capacitance measurements in GaAs quantum dots revealed that tunneling into
the edge of the dot corresponded to the entrance of two electrons rather than one for v > 2, and that
near v = 2.5 the charging peaks follow doubled magnetic flux frequency*'*. Mechanisms of electron

pairing are important questions in emergent phenomena, e.g. high-temperature superconductivity **3

116,118 However,

and the even-denominator fractional QHE states in GaAs*'* and bilayer graphene
theoretical work concerning FP interferometers was able to explain the doubled AB oscillation fre-
quency based on a microscopic model without explicit introduction of electron pairing, though ex-
plaining other related phenomena in GaAs remains challenging's.

In this chapter, we experimentally address the microscopic mechanism of coupling between QHE
edges by elucidating the relation between AB oscillation phase jumps and frequency doubling, em-
ploying a highly tunable QHE FP interferometer with strongly screened bulk charge in graphene. We
observe periodically modulating interference phase jumps on the outer EC leading to nearly doubled
AB oscillation frequency as we increase the electron density in-situ, unveiling a density-induced tran-
sition which was not explored in GaAs. We find that strong repulsive interactions between the out-

ermost pair of spin-split ECs can explain both the observation of interference phase jumps and the

approximately doubled interference frequency, without invoking pairing arguments.
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5.1 IMPROVED INTERFEROMETER DESIGN AND TUNING

We designed a graphene-based FP interferometer tuned by a local gate array (Fig. 5.1a). The FP cavity
is defined electrostatically using separated graphite top-gates, which ensures a high channel quality
and allow a high degree of density tunability in-situ. Metal bridges contact each top-gate, and we
additionally suspend metal bridges over the two quantum point contacts (QPCs), illustrated in Fig.
s.1b. By applying voltages Vopc, and Vigpc, to these suspended bridge gates, we can tune the trans-
mission of each QPC independently while keeping the filling factor of the surrounding regions fixed.
See Appendix B for more details on how this is done.

In our experiments, we measure the diagonal conductance Gp, as defined in Fig. s.1b and Fig.
B.1. In the regime that we study, Gp = %I/Qpc where vgpc counts the number of edge channels
transmitted through the device, with a partially transmitted channel counted as fraction'®'9+. To
characterize the QPC transmissions, we measure Gp as a function of the bottom-gate voltage and
split-gate voltage for each QPC with the bulk of the interferometer tunedtov = 2at B = 6 T
(Fig. B.3). Atv = 2, there are two spin-split Landau levels, of which the lower energy spin species
hosts an EC closer to the effective boundary of the sample. Hence, we refer to the EC belonging
to the lower (higher) energy spin species as the ‘outer’ (‘inner’) EC. Once appropriate bottom-gate
and split-gate voltages are set, we tune Vopc, and Vqpc,, voltages applied on the suspended bridges
to control the individual QPC transmissions. Fig. s.1c and Fig. 5.1d show the measured Gp as a
function of Vopc, and Vpc., respectively, with the other QPC fully open (ie. vgpc, = 2 and
vqQrc: = 2, respectively). Gp exhibits plateaus at (0, 1, 2) %, corresponding to (neither, outer, both)
ECs transmitted. In this regime, we define Tgpc = GD£2 as the transmission of the QPC>'®, where
0 < Tqpc < 1 corresponds to a partially transmitted outer EC and 1 < Tiypc < 2 corresponds to a
partially transmitted inner EC.

Tuning to partial transmission of the inner EC for both QPCs, Topc, = Tqpc, = 1.5, we observe
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Figure 5.1: Highly tunable Fabry-Pérot interferometer in graphene. (a) False-colour scanning electron microscopy image
of a Fabry-Pérot (FP) device identical to the device measured here. The graphite top-gate layer is selectively etched to
form 8 separated top-gates (purple). Metal bridges (blue) connect to each graphite top-gate region and two additional
bridges (yellow) suspend over the quantum point contacts (QPCs). The lithographic area of the interferometer cavity (area
A=1.16 umz ) is defined by the central hexagonal top-gate. Scale bar: 1 ptm. (b) Simplified schematic of the FP tuned
so that filling factors Vg = Vmg = Vre = 2 and UVsgy = Vpg = Vsgp = O illustrating interference of the partitioned
outer edge channel (EC) (red) while the inner EC (blue) forms a closed annulus inside the FP. Voltage V; applied to the
top-gate labeled ‘¢’ tunes the local filling factor ;. Voltages Vqpcs and Vigpca applied to the suspended metal bridges
selectively gate the QPC constrictions through the etched graphite gaps, tuning the QPC transmissions. We measure
the diagonal conductance Gp = # where VD and I, are measured voltages in (=£) probes and drained current,
respectively. In addition to magneticDﬁeIdE,) we tune the interference phase using voltage Viyg on the ‘middle gate’ or Vg
on the ‘plunger gate’. (c) Conductance as a function of VQpc1 with VQPC2 =7V e TQpcz = 2) demonstrating QPC1
tunings to interfere outer EC (red dot) and inner EC (blue dot) in = 2. See Fig. B.3 for QPC tuning details and voltages
set on the other gates to form the necessary QPC saddle-points to acquire this data. (d) Same type of plot as (c), but
demonstrating QPC2 operation instead of QPC1. (e-f) Characteristic FP oscillations as a function of Vg for the inner EC
and outer EC, respectively, at the QPC tunings indicated in (c) and (d). Vertical dashed lines indicate edges of plateaus of
filling factor pg. All data is at fixed magnetic field B = 6 T.
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high-visibility conductance oscillations as a function of plunger gate voltage Vpg, which tunes the fill-

ing factor vpg under the plunger gate, in Fig. s.1e. Similarly, we tune to Tqpc, = Tgpc, = 0.5

and measure conductance oscillations on the outer EC in Fig. s.1f. In both cases, oscillations are

largest for vpg < 0, which corresponds to a fully gate-defined interference path since electrons are de-

pleted under the plunger gate. Increasing vpg brings the interfering edge closer to the etched graphene
boundary, inducing dephasing*”. Notably, the inner EC oscillations survive until vpg = 2, when
it flows close to the etched boundary of the graphene, while the outer EC reaches the boundary by
vpG = 1. Another difference is the apparent irregularity of the oscillations on the outer EC compared

to the inner EC, which we will understand in this chapter.

5.2 PHASE JUMPS AND AB OSCILLATION FREQUENCY TRANSITION

High-visibility oscillations allow us to probe the dependence of interference phase § on magnetic field

variation § B and gate voltage variations, which distinguishes the AB from the CD regimes ' ¢5:27:197,

For small variations in field and gate voltages in the AB regime, we expect

00 AéB  ChgoWi Cmco V)
90 4 GreoVee | OmcoVmG

27 b0 e e

, where A, Cpg, and Cyg, are the (approximately constant) area enclosed by the interfering EC, in-
terfering EC — plunger gate capacitance, and interfering EC — middle gate capacitance, respectively.
Importantly, Vig also directly tunes the electron density in the interferometer, so sweeping Vi
over a large range will change the FP cavity filling factor vpg. To calibrate the filling that we expect in
the cavity, we first measure standard Hall conductance in the region gated by Vi g (see Fig. B.2) and
observe conductance plateaus (Fig. 5.2a). Since the top gates are identically coupled to the channel di-
rectly beneath them, an identical sweep of Vi will tune vy through the same filling factors. Data in

the remaining panels of Fig. 5.2 were taken with the QPCs set to Tqpc, = Tpc, = 0.5 i.e. partially
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transmitting the outer EC. Near the lowest density of the vy = 2 plateau (Fig. 5.2b), we observe a

oVbg
55 with

typical AB interference pattern. Constant phase stripes (060 = 0) trace out a negative slope
magnetic field period AB yielding K—OB = 1.13 um?, matching the designed area A = 1.16 um?.
Plunger gate period AVpg yields ﬁvpc =192V~ Increasing v using Vg reveals more com-
plicated interference patterns in Fig. §.2¢c-d. Periodic shifts in the interference pattern persist and
modulate until near the center of v\ = 4, as seen in Fig. 5.2¢, when a simple stripe pattern returns.
However, now % = 2.32 um? and A#Vpc = 36.3 V1, both approximately doubled from Fig.
s.2b. Since A is fixed, a doubling of % indicates oscillations with % = 2—he periodicity instead of
¢o so that 22703 = 1.16 pm?. Similarly, assuming a fixed Cpg, then ﬁm doubling corresponds to
adding twice as many electrons to the system per flux quanta. Both could be interpreted as an effective
charge e* = 2e for the interfering particle, as argued in GaAs****'>*'*  but our observations indicate
a different interpretation in our graphene-based interferometer.

Importantly, we can observe the entire density-tuned transition to the AB frequency-doubled regime
at fixed B by sweeping Vg and observing oscillations with Vpg, as shown in Fig. 5.2f. Remarkably,
the frequency transition occurs continuously. From the top panel, ¢ interference is apparent. As
VMg increases, periodic phase jumps begin to appear. Both the Vg spacing and magnitude of the

. . . . o 11
phase jumps increase, until eventually the most apparent periodicity corresponds to -3 oscillations

(i.e., doubled frequency 2¢; ).

To better understand the phase jumps, we use a general relation between charge and phase in FP
interferometers'7". When a single EC passes through the two constrictions with weak backscattering,
the interference phase seen by the device at zero temperature is = 27Q + 6y, mod 27, where @)
is the total electron charge (in units e) in the region between the two scattering points and 6 is a
constant for small variations in B, Vpg, and Vyg. In our experimental regime, v > 2, we expect
this relation to hold with Q = Q1 + (2, where Q1 is the total charge residing in the lowest spin-

split Landau level and Q2 is the charge in the higher energy spin state (and also higher Landau levels).
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Figure 5.2: Density-tuned Aharonov-Bohm frequency doubling transition of outer EC. (a) Hall conductance ny in the
region gated by V|, demonstrating that V| (equivalently, any of the top gates) tunes the filling I underneath it at a fixed
magnetic field B = 6 T. Coloured dots indicate the filling (set by equivalent Vg voltages) at which interference data are
shown in (b-e); vertical dashed lines show the range of Vg swept for (f). Top inset: schematic of compressible regions
expected in the FP cavity when V},g is swept. (b-e) Conductance (& oscillations on the outer EC with Vpg and B, for
each of the indicated Vjyg values. (f) G oscillations on the outer EC with Vpg and Viyg, for Viug swept continuously over
the transition from apparent % to 2—he oscillations periodicity, at B = 6 T. G, is plotted as a percentage of % deviation
from the average value calculated for each fixed Vg linecut and subtracted off. Further phase jumps or periodicity
changes are not observed past Viys & 1.7 V (checked up to ¥ = 7). QPCs are retuned to maintain transmissions
Tarct = Tapcz = 0.5 over the dataset while 1 g = Vpg = 2 and Vs = Vsgz = 0 are fixed.
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(21 can vary continuously since the outer EC is connected to the source and drain charge reservoirs.
In contrast, (2 is required to be integer, as the corresponding energy levels are isolated through the
incompressible QHE bulk. An integral change in ()2 has no observable effect on the interference
signal unless it produces a non-integral change in ()1 due to Coulomb coupling between the two types
of charge. Hence, we can redefine ¢ to include only the charge 1 in the lowest spin-split Landau
level, and the values ()1 in the ground state of the interferometer determine 6. Following similar

models used to understand the CD regime 165,161,181

and considering small changes in Q1 and @2, we
expand the change in ground state energy £/ = K16Q% + KgéQ% + 2K120Q10Q)2, where K; is
the charging energy of the charge species 7 and K12 describes the mutual capacitive coupling between

them. Energetic stability requires that | 12| 2 < K, K. Within this capacitive coupling model, when

()2 increases by 1, the charge ()1 correspondingly decreases by a discrete (generically non-integral)

amount AQ)1 to screen the added charge, leading to a phase shift %? =AQ1 = — %
By taking 1D fast Fourier transforms (FFTs) along lines parallel to the phase jumps '¢4'%5 we extract

several values of % near the center of the periodicity transition in Fig. 5.3a. We observe that the

locations where the phase jumps occur (marked by dashed lines in Fig. 5.3b) follow a steeper slope

than the slope g“,/; < of constant phase lines of the main interference oscillation in the Vi - Vo

planes. A steeper slope also occurs in the B - Vpg plane (Fig. s5.2c-d). Moreover, these phase jump

lines have negative slopes 6(;%0 < 0, like the constant phase lines of AB oscillations. This observation

is in sharp contrast to the phase jumps reported in the FP interferometer operated in the fractional

QHE regime '®#'% or in the FP interferometer operated in the integer CD regime '®', where phase

jump lines follow positive slope ‘Sg/gc > 0. The different slope suggests a different structure to the

energy levels that are being populated in our sample. Considering that the outer EC is partitioned at
the QPCs, while the inner ECs are well isolated, we hypothesize that the charging events seen as phase
jumps represent charge added to the annular, closed inner EC, illustrated in Fig. 5.3. The dominant

coupling K19 is directly between the outer and inner v = 2 ECs. Any charges added to higher Landau
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Figure 5.3: Phase jump extraction in the transition regime. (a) Phase 6 of the 1D FFT extracted along linecuts parallel to
the phase jumps in (b). The phase is evaluated at the dominant frequency in the FFT amplitude spectrum for the linecuts
in between phase jumps. A linear increase in phase extracted from regions without phase jumps is subtracted off to make
the phase jump magnitude evident as the vertical shift between plateaus in panel (a). From this data we extract an average
A/2 ~ —0.47, reflecting approximately half of an electron repelled from the outer EC for each charge added to the
inner EC within this range of Vs. Inset: illustration of the coupling /19 between the outer and inner ECs contributing
to the phase jumps. (b) Conductance G'p oscillations on the outer EC with Vpg and Viyg near the center of the transition
regime showing periodic phase jumps along the dashed black lines. Note that increasing Vi adds electrons to the system
or equivalently increases phase, so the phase jumps correspond to negative shifts in phase i.e., repulsion of electrons from
the FP cavity. Similar interference patterns are observed in both the strong and weak QPC backscattering regimes (Fig.
B.4) as well as at elevated temperatures (Fig. B.5).
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levels or to localized states in the bulk are not measurably coupled to the outer EC, presumably because

of effective screening by the gates.

5.3 ABFREQUENCY DOUBLING FROM STRONGLY COUPLED QHE EDGE STATES

We provide further evidence for capacitively coupled QHE edges tuning the AB frequency in Fig. 5.4.
At fixed Vg in the transition regime, we compare interference in the B-Vpg plane for the inner EC,
Fig. 5.4a, to the outer EC, Fig. 5.4c. This direct comparison is only possible because we can control
QPC transmissions independently of bulk filling. We observe that the slope of the oscillation maxima
on the inner EC (dotted lines in Fig. 5.4a) matches the slope of the phase jump lines on the outer EC
(dotted lines in Fig. s.4c). Reducing the transmission for the inner EC, the interference maxima in
Fig. 5.4a become sharper charging resonances, corresponding to charge Q2 — ()2 + 1 through the
inner EC. When the transmission of the inner EC vanishes, the inner EC is fully disconnected from
the source and drain charge reservoirs, and the outer EC is now partitioned at the QPCs to form a
new interference path (shown in the left inset in Fig. 5.4c). Since the bulk density and electrostatic
configurations for Fig. 5.4a and Fig. 5.4c are identical, the regions in between the phase jump lines in
Fig. 5.4c correspond to fixed (2, and we see that the interference phase on the outer EC shifts when
the charge on the inner EC discretely changes.

Taking Fourier transform of the interference signal provides further understanding of interactions
between the two ECs involved in the interference. Figure 5.4b(d) shows the 2D FFT of the conduc-
tance oscillations in Fig. 5.4a(c). For interference of the inner EC (Fig. 5.4b), we observe a simple FFT
pattern of peaks corresponding to the fundamental frequency of the inner EC f;, a vector containing
the peak position in the 2D FFT, and its harmonics (n f;, where n is an integer). The FFT pattern of
the outer EC interference (Fig. 5.4d) exhibits a more complicated lattice of Fourier peaks. If we label

one of the dominant peaks as the fundamental frequency of the outer EC, f,,, we can then identify
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the rest of the peaks by addition or subtraction of the same vector f; evidentin the inner EC data. The
lowest order peaks correspond to the sum fo4i = f, + fi and the difference fo; = fo — fi. We show
a similar Fourier lattice construction in Fig. B.7 for interference in the B-Vjg plane.

By tuning VMg, we modulate the filling factor of the interferometer cavity in a wide range and
observe the evolution of the interference patterns and corresponding peaks for the outer (inner) EC
in Fig. B.7 (Fig. B.8). Asin Fig. 5.2, phase jumps appear only within the periodicity transition.
Fig. s.4e shows the average magnitude of individual phase jumps as a function of Vyg. We find
that the phase jump continuously evolves from % ~ 0 for VMg < 0.6 V through the periodicity
transition to % ~ —1for Vmg > 1.6 V, corresponding to the strongly coupled limit K2/ K7 ~ 1.
The transition regime marked by non-trivial phase jumps spans from the appearance of the inner EC
(VMc =~ 0.6 V) to the strongly coupled outer two EC limit (Vg ~ 1.6 V).

The Fourier peaks’ evolution tuned by Vi provides further insight into the interaction between
ECs. Fig. s.4f displays the normalized Fourier peak intensity as a function of V. The amplitude of
the Fourier peak f, decays through the transition regime (0.6 V' < Vpg < 1.6 V), replaced by fo.; as
the dominant peak. We plot the magnetic field frequency multiplied by ¢ (Fig. 5.4g) and the plunger
gate frequency (Fig. s.4h), respectively, for each of the lowest-order peaks fo, fi, fo+i> and foi asa
function of Viyg. At the beginning of the transition regime where the ECs are not interacting, both
foand fo; approach the corresponding AB frequency ¢, 1= 7 through the designed area. As Vi
increases, however, f, stays nearly unchanged, while f,; increases to reach the doubled value 2¢ L
The experimental observation that the dominant peak in the frequency-doubled regime corresponds
to fo+i precludes the possibility of 2e charge pairing within the outer EC alone.

Instead, our frequency-doubled regime arises from Coulomb interaction between the spin-split
ECs combined with charge quantization on the inner EC (see Appendix B for more details). Elec-
trons would naturally tend to enter the inner EC at frequency f;, but, due to charge quantization,

cannot enter continuously. Hence, as the magnetic flux increases continuously, the area enclosed by
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Figure 5.4: Comparison of inner and outer EC interference and couplings across transition. (a) Conductance GG oscillations
on the inner EC (Tgpcs = Tigpca = 1.5) with Vg and B, for Viyg = 1.2 V. Dotted black lines highlight conductance
maxima. Left inset: illustration of inner EC interference configuration. (b) 2D FFT of the GG oscillations in (a) showing
peak f; (vector corresponding to blue arrows) and its harmonics, where @5 = h/e. (c) G oscillations on the outer EC
(Tqpcs = Tapca = 0.5) at the same density set by Viyg. Dotted black lines with identical slope to (a) highlight phase
jumps. Left inset: illustration of outer EC interference configuration. (d) 2D FFT of oscillations in (c) showing the peaks
fo (red arrows), f..i, and f,; and their harmonics. (e) Magnitude of the phase jump on the outer EC as a function of
VM. Each data point is averaged over a ~ (.25 V range in Vjyg; error bars indicate 1 standard deviation in this range.
Unfilled data points represent zero observable phase jumps over the range, hence we infer a magnitude of 0 or —1. ny
of the device taken in an identical measurement to Fig. 5.2a, reflecting the expected filling v, is plotted for reference. Top
inset: cartoon of the outer and inner EC evolution with increasing Vjyg. (f) Magnitudes I, I,;, and I, of the respective
peaks fo, foui» and fo. as a function of Viyg. 1o, Loy, and I, are normalized by the sum I, + I, + I, to show their
relative contributions. Each data point is extracted from a 2D FFT (Fig. B.7). (g) Magnetic field frequency multiplied by
Dy for peaks fo, fi, fosi»and fo_; tracked through the transition. Note that f; is measured from a separate measurement
of interference on the inner EC (Fig. B.8). (h) Same as (g) but for plunger gate frequency. Horizontal dashed lines in (g-h)
indicate the corresponding f, and 2 f,, values before the transition. Black (red) dots show calculated f, + f; from outer
and inner EC data, which match the peaks identified as f,.; and f,., respectively.
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the inner EC must shrink to maintain fixed charge. During this shrinking process, electron charge is
transferred continuously into the interior, leaving missing electron charge between the outer and in-
ner ECs. In the strongly coupled EC limit, this missing charge attracts an equal charge onto the outer
EC for screening. In the absence of this screening effect, charge is continuously added to the outer EC
with frequency f, according to the increased AB phase. In the coupled ECs, the combination of the
screening-induced charge and the natural AB effect results in the outer EC charging at a frequency
fos+i- Therefore, the interference phase follows f,4i. In addition to this continuous charging effect,
electrons can tunnel into the inner EC from the external reservoirs. As previously discussed, each elec-
tron addition repels some electron charge from the outer EC, causing the negative interference phase
shifts that we observed. For larger values of Vi, as the bulk density increases, the inner and outer
EC move closer together, and the system approaches the strong coupling limit, where the phase jumps
are close to —27 and unobservable, reflecting a full electron charge screening. Moreover, as the inner
and outer ECs asymptotically enclose the same area, set by the confining potential of the device, the
frequency fo.; approaches 2¢; .

We note that a concurrent work also observed apparent AB frequency tripling, corresponding to
the sum of the three v = 3 edge channel frequencies*'7. The framework that we developed here can
be expected to naturally explain this observation, since in devices utilizing the graphene crystal edge,
the sharp confining potential can lead to multiple ECs developing within a few magnetic lengths of
the edge '°'. The combination of reduced spatial separation and reduced screening by nearby graphite
gates may account for the observation of apparent tripling, arising from the outer EC screening both

internal localized ECs.
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5.4 (CONCLUSION

We have investigated phase jumps and AB frequency modulation in a highly tunable graphene QHE
FP interferometer with coupled co-propagating edge modes. We identify thatinterference phase jumps
are related to the single electron charging events in the inner EC, and the transition of the AB fre-
quency can be connected to the corresponding screening effect of the outer EC. As Vyg increases,
the EC coupling becomes strong and the AB frequency doubles, indicating a near-perfect screening
between the ECs. Thus, our experimental observation supports the proposal that AB frequency dou-
bling can be explained without explicitly introducing electron pairing within the outer two ECs*'5. In
other words, a half flux quantum introduced in the two strongly coupled ECs can bring a full charge
from the external reservoir and a 27 evolution of the observed interferometer phase.

Our observations do not exclude the possibility of further correlation effects in the strongly cou-
pled ECs; instead, the tunably coupled ECs discovered here provide a system to test the emergence of
electron correlations in 1D systems*'®. However, AB frequency multiplication, which we explained
within a single particle picture, cannot substantiate the correlation effect. Further experiments prob-

ing the transition from the weakly to strongly coupled limit, such as shot noise***'%**°, finite-bias

165,221 223,224,225,226

dependence , energy relaxation***, and high-frequency transport will provide fur-
ther insight into the ground state and excitations. More generally, inter-edge screening could affect
interferometry in fractional fillings containing multiple ECs*"16%1¢21¢¢ though fractional QHE ex-
periments so far appear to be in the weak coupling regime>*"'*°. The recent observations of interfer-
ence in fractional quantum Hall states using similar bilayer and monolayer graphene devices 27228229
will enable further experiments to probe the interacting co-propagating fractional QHE edge modes,
where it remains unclear whether the strong coupling regime can be realized between fractional edge

channels.
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He not busy being born is busy dying.

Bob Dylan

Fractional Interference: Anyon Braiding

and Fluctuations

The search for anyons, quasiparticles with fractional charge and exotic exchange statistics, has inspired
decades of condensed matter research. Quantum Hall interferometers enable direct observation of
the anyon braiding phase via discrete interference phase jumps when the number of encircled local-

ized quasiparticles changes. Here, we observe this braiding phase in both the v = % and % frac-
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tional quantum Hall states by probing three-state random telegraph noise (RTN) in real-time. We
find that the observed RTN stems from anyon quasiparticle number 7 fluctuations and reconstruct
three Aharonov-Bohm oscillation signals phase shifted by 2%, corresponding to the three possible in-
terference branches from braiding around n mod 3 anyons. Our methods presented in this chapter
can be readily extended to interference of non-abelian anyons.

The fractional quantum Hall (FQH) effects, where electrons are confined to two spatial dimen-
sions and exposed to large magnetic fields, have long been predicted to host emergent fractionally
charged excitations that obey neither fermionic nor bosonic exchange statistics ' #>¢2723%1°4, These
quasiparticles fall into two classes, abelian and non-abelian anyons, associated with FQH states at dif-
ferent filling factors v. For abelian anyons, exchanging two quasiparticles (i.e. braiding) results in the
many-body wavefunction acquiring a complex phase, as demonstrated by anyon collision and interfer-

184164 For non-abelian anyons, the wavefunction evolves by a unitary transfor-

ometry experiments
mation, enabling fault-tolerant topological quantum computation that has yet to be experimentally
realized 3>-31:3%33:34,

FQH FP interferometers enable direct measurements of the anyon braiding phase '**'%°. By par-
tially backscattering current at two QPC constrictions, the conductance through the FP cavity modu-
lates with the phase accumulated by edge-traveling quantum Hall (QH) quasiparticles*°#*°°. When
the number of localized cavity quasiparticles encircled by the interfering edge changes, the resulting
phase shift in the interference signal is equivalent to twice the fundamental exchange phase (mod-
ulo 27) '°-1%4, However, because the observed discrete phase jumps represent charging events in the
cavity, resultant Coulomb coupling between the bulk and edge must be accounted for when extract-

165

ing the anyon braiding phase from a small number of phase jump events'®>. Consequently, miti-

gating Coulomb coupling while maintaining electrostatic tunability has been a major challenge in
163,164

semiconductor-based interferometers

Graphene-based interferometers offer several advantages for realizing anyon braiding, both for the
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abelian and non-abelian cases. First, both QPCs'9+*3* and interferometers '97-207:18:208:232:217 exhibjt
robust electrostatic tunability for integer QH states. Second, graphite gates reduce Coulomb cou-

pling to reveal AB oscillations**”

, which previously required complex quantum well structures in
GaAs'»'%4, Simultaneously, these atomically-flat gates enhance FQH states by screening out charge
disorder '7>'7# while allowing precise control of QPC transmission *°7*3>*3# and FP cavity filling fac-

3%, Encouragingly, bilayer graphene has displayed a multitude of even-denominator FQH states

tor
which may host non-abelian anyons with relatively large energy gaps*'7>'**%122235 Here we report
direct observation of abelian anyon braiding using high-visibility Aharonov-Bohm interference and

anyon fluctuations in single atomic layer graphene.

6.1 TUNING FOR FRACTIONAL QUANTUM HALL INTERFERENCE

297,232 on 3 het-

We construct our device by performing previously described nanolithography steps
erostructure consisting of monolayer graphene encapsulated with both insulating hexagonal boron
nitride '7* and conducting graphite layers. By gating with separated top graphite regions, we define
the interferometer cavity and construct two QPCs that introduce backscattering between the opposite
chirality QH edge channels (Fig. 6.1a). The quality of the graphene is maintained in part thanks to the
encapsulating graphite gates, as evident by well-developed FQH states (Fig. 6.1band c)atT" = 20 mK.
Unlike previous FQH interferometers in GaAs, we can tune the electron density in-situ in graphene to
access many FQH states while holding the magnetic field fixed. Here we set magnetic field B = 12T
(unless noted otherwise) and change density to tune between filling factors v = %, v=1,andv = %,
enabling a direct comparison of interference between each state.

We begin by tuning the device such that the interferometer cavity and adjoining contact regions are

setto v = % by applying appropriate voltages Vima, Vi, and Vrg. The cavity boundary is defined

by setting the plunger gate (Vpg) and QPC split-gate regions (Visg/rsc) to lie within v = 0. Two
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Figure 6.1: Graphene FQH interferometer telegraph noise. (a) False-color scanning electron microscope image of a rep-
resentative device depicting an interference measurement with a single edge channel. Scale bar: 1 pm. We measure
the conductance G = I,/(V" — Vi) where I, is the measured drain current and ViE are the measured voltages
at the indicated locations. The top graphite gate is etched into 8 separately tunable regions controlled by voltages V|,
Vise: Ve, Vs Vrsa, and Virg. Additionally, voltages Vi gg/reg applied to suspended bridges above the two QPCs inde-
pendently set their transmissions. See Fig. C.1 for more details. (b) Hall conductivity o, and longitudinal conductivity
O, measured with contacts in the left reservoir of the device highlighting the robust plateaus at v = 0, % 1, and %‘,
the quantum Hall states that we study. (c) Derivative of o, showing the expected magnetic field dependence of the
well-developed quantum Hall states. (d) Conductance (G across the left/right QPC tuned by V[ gc/rac With the right/left
QPC deactivated and the bulk in v = %. See Fig. C.2 for details. Inset: schematics of the edge channel configuration
and tunneling at a QPC. As V{gg/rag increases, the constriction opens and transmits the outer integer edge (pink) first
and eventually transmits the inner fractional edge (blue). (e) Three-state RTN in the conductance GG when the fractional
edge of v = % is weakly backscattering, corresponding to the tuning Vigg = 1.37 V and Vzgg = 1.01 V, marked

by the black and purple dots, respectively in (d), which are chosen to set G ~ 1.28 % or roughly 15% backscattering
at each QPC. Top inset: cartoons of the three possible interference branches from braiding around 7 (mod 3) anyons,
corresponding to the three conductance levels. Right inset: histogram of the conductance over time with 1000 bins. (f)
Extracted sinusoidal oscillations from histograms over approximately 8 minutes for each Vp voltage. Each data point
shows the central conductance value of a gaussian fit to a histogram peak, shaded by the total counts summed under the

gaussian. See Fig. C.3 for similar data in v = %
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additional metallic bridge gates over the QPCs (V1 pg/rBG) allow for independent control of QPC
transmissions while keeping all other gates fixed. The conductance across each QPC evolves from near
0 to a plateau at %, and finally to near 4 % with increasing V1 gG/rBG, Where e is the electron charge
and h is Planck’s constant (Fig. 6.1d). The resonances in the conductance in these scans indicate a
relatively soft confining potential at this QPC tuning***'%5. It is then straightforward to tune each

QPC to weakly backscatter the fractional edge channel of v = % by setting V1 gG/rBG as indicated in

Fig. 6.1d.

6.2 THREE-STATE ANYON TELEGRAPH NOISE

By measuring the conductance through the interferometer with the fractional edge of v = 3 weakly
backscattering at both QPCs, we discover sporadic switches between three discrete levels as a func-
tion of time i.e. three-state RTN (Fig. 6.1¢). From a histogram showing how these levels are weighted
over 8 minutes, we extract the average conductance and the total weight in time associated with each

207,163,150,

level. Then, we step the plunger gate Vpg to modify the area '53, or equivalently the total

232,171

charge contained in the FP cavity, and repeat the process. Plotting the resulting average conduc-
tance values shaded by their weight in time as a function of Vpg reveals three interwoven, phase-shifted
sinusoidal oscillations (Fig. 6.1f).

Each sinusoid represents one of the three n (mod 3) possible phase “branches” associated with
braiding the interfering edge quasiparticles around a system composed of 72 § abelian anyons *¢*3723%,
By fitting the phase shift between the sinusoids using an improved measurement style (see next sec-
tion), we are able to extract the braiding phase to high precision. Demonstrating exchange statistics
with RTN is a departure from the method used in previous interferometer studies, in which discrete
phase jumps in the continuously modulating AB phase O45(B, Vpg) were argued to represent the

165,

addition or subtraction of a quasiparticle in the interferometer bulk 164165166 Thege studies rely on
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modulating the AB phase using magnetic field B and plunger gate Vpg to probe irregularly spaced
phase jumps due to anyon localization. In order to extract the anyon braiding phase, however, the ex-
perimentally observed phase jumps need to be analyzed with consideration given to the electrostatic
coupling between the QH edge and localized bulk states. These analyses often become complicated as
the bulk-edge capacitive coupling, the position of the chemical potential relative to the bulk Landau
levels, and interferometer area A can drastically impact interference behavior, such as pivoting the
interference signal into the well-studied “Coulomb-dominated” regime'®*'¢515%5:17°_ Tt has also
been shown that integer quantum Hall fillings can produce similar fractional phase jumps owing to
the Coulomb coupling effect described above */7:23 181,239,

The measurement scheme presented in our work, i.e. observing a time-dependent interference

phase 6(t) through the RTN signal, offers a key benefit in this regard. Here the parameters (B, Vp¢)

used to modulate the AB phase

*A(Vpg)B
Oas(B, Vog) = QWEA
e o
can be held fixed while the quasiparticle number n(¢) fluctuates in time. Then, the expression for the

total interference phase may be simplified as
0(t) = 0ap(B, VbG) + n(B, Vi, t) 0, — Oap + n(t) 0,

where 0, = %” is the braiding phase for an €* = £ anyon around a localized counterpart (assuming
that Coulomb interactions are well screened) and ¢¢ = % Considering the 27 periodicity of 0, the
resulting braiding phase can only be one of three values varying by %ﬂ, reflecting the total number of
localized anyons n(t) (mod 3) at a given time. The device accordingly remains static in configurable

parameter space (B, Vpg) while observing conductance switching from real-time fluctuations n(t).
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Therefore, as this method demonstrates the existence of all three branches associated with the exchange
statistics of charge £ anyons, we construct a complete representation of the state’s braiding outcomes

near a fixed device configuration set by B, Vpg, and density (tuned via V).

6.3 AHARONOV-BOHM MAGNETIC FIELD DEPENDENCE

Measuring how the magnetic field B changes the total interference phase is crucial in determining
if the interferometer falls into the AB or Coulomb-dominated regime '®>**. We start for compar-
ison with the v = 1 integer QH state. By repeatedly sweeping the plunger gate, we observe the
expected single-sinusoidal oscillations devoid of phase jumps (Fig. 6.2a). As we change B, we observe
magnetic-field dependent AB interference (Fig. 6.2b), where the magnetic field period A By yields

an area Ad) B, = 0.80 m?, as expected for interference of electrons in v = 1. A similar measure-

mentiny = % with varying B and Vpg produces an irregular 2D map because repeated plunger gate
sweeps are not consistent due to the frequent RTN fluctuations (Fig. 6.2c). However, we observe that
each plunger gate scan contains stochastic switching between 3 sinusoidal branches, again shifted by
%ﬂ (Fig. 6.2d). By superimposing 100 of these sweeps and plotting the histogram of total recorded
conductance values over Vpg, we are able to sample enough instances of the AB oscillation signal of
each branch to recreate the three interwoven sinusoids seen in the previous measurement technique
discussed in Fig. 6.1. Figure 6.2¢ exhibits the three interwoven branches at different magnetic fields.
As the magnetic field decreases (from the top to bottom panels), we observe that each branch con-
tinuously drifts towards increasing Vpg values, creating a negative slope of constant phase (dashed
line) analogous to the integer case of Fig. 6.2b. For v = %, the corresponding flux super-periodicity

ABj 3 (the magnetic field period for a single branch to return to its initial Vp coordinate) yields

A?}?f/s = 0.83 4 0.04 um?. See Fig. 6.3D for the linear fit that yields this value. This value is what

one expects for interfering € quasiparticles such that g — e/% = 3¢o. We similarly observe AB in-
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Figure 6.2: Aharonov-Bohm magnetic field trend of v = % branches. (a) 100 repeated Vp sweeps in v = 1, where
each sweep takes 35 s, demonstrating the temporal stability of oscillations in the integer state. (b) Magnetic field de-
pendence of the oscillations in = 1 demonstrating Aharonov-Bohm periodicity; the magnetic field period yields

_%o_

AB = 0.80 1m?, consistent with a small reduction of the area enclosed by the edge state within the designed area
of 1.1 p,m2. (c) 100 repeated Vi sweepsin v = % using the same sweeping parameters as in (a), demonstrating the
stochastic fluctuations induced by the RTN that could easily be mistaken for structure-less noise, especially if averaged
over by a slow sweep. (d) 6 of the Vg sweeps plotted to demonstrate switching between the three sinusoidal branches
within a single scan. (e) 2D histograms showing the probability of measuring a given conductance for each Vg value and
its trend with the magnetic field. All three branches (partially highlighted) are made evident by this plot, and each branch
trends identically with a flux super-period in the magnetic field corresponding to § anyons. Note that (e) is effectively
presenting the AB oscillation demonstrated in the B versus Vpg plane for the v = 1 case, where RTN is present during

3
each scan of Vpg.
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terference and a flux super-periodicity on the fractional edge of v = % (Fig. C.4), whereas the integer
edge shows typical electron AB interference with no observable RTN. Note that even if the charge
within the interferometer fluctuates in the integer case, the change in the interference phase caused by
integer changes in electron charge will be a multiple of 27 and therefore unobservable'7*.

The fact that all tested configurations show AB interference (i.c. a negative slope of constant phase
with respect to Vpg and B) instead of Coulomb-dominated effects indicates that our graphene inter-
ferometer is sufficiently screened by the graphite gates to suppress long-range Coulomb interaction,

169,164,16

as required for observing braiding signatures 5. Furthermore, the observed 3¢9 magnetic-flux

super-period in both v = % andv = % agrees with the 3¢ super-period observed near the center of

164,105 suggesting that the quasiparticle gap is

therv = % plateau in GaAs-based FP interferometers
large enough to prevent continuous addition of quasiparticles*+°.

The repeated sweep method exhibited in Fig. 6.2, which includes hundreds of phase jumps, pro-
vides an opportune data set to extract a precise value for the anyon braiding phase and associated
uncertainty (see Appendix C for detailed methodology). The fitting involves sorting each data point
by least-squares proximity to sinusoidal fit functions of various phase offsets, as shown in Fig. 6.3a.
By doing this procedure for each dataset at fixed B and properly accounting for the uncertainty, we
can quantify the value of the anyon braiding phase. For the subplots shown in Fig. 6.2¢, each contain-
ing 100 repeated sweeps and several hundred branch switches, we extract an average braiding phase
of 2mr(0.3336 £ 0.0051), or 120.1° = 1.8°. This is extracted as an average over the full range of B
values shown in Fig. 6.3¢c. The phase shift closely agrees with the theoretical value %’T and with the

164165 and anyon collider '+ experiments. Additionally,

value extracted from previous interferometer
the smallness of the fitting error to the theoretical value %ﬁ, which neglects Coulomb corrections to

the interferometer area with each quasiparticle fluctuation, demonstrates that Coulomb corrections

are indeed negligible in our device.
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Figure 6.3: Phase fitting and uncertainty. (a) Scatter plot of 100 overlaid plunger gate sweepsin = 1/3at B = 12T,
each sweep containing multiple phase jumps between branches (same data set shown in topmost histogram of Fig. ??e).
Dashed lines in to top plot show the results of the function fitting method described in Appendix C, and the bottom
plot shows the results of sorting the same data points by least-squares proximity to the fit functions. (b) Phases of the
sinusoidal fits of each of the three branches across the seven data sets with magnetic field as shown in Fig. ??e. ¢ and ¢3
are shifted by 277 /3 and 47 /3 respectively to overlap the three phases, illustrating how close to 27 /3 the relative phase
difference is between each pair of the three branches for a given magnetic field. Error bars (1 standard deviation found
from the bilinear regression fit) are smaller than the displayed data points. The dashed line shows a linear regression fit of
¢1, giving an interferometer area of 0.83 4= 0.04 um2 from the expected Aharonov-Bohm phase of a single branch. (c)
Phase differences between the three branches plotted in (b). The grey dashed line/bar indicates the average/one standard
deviation, 120.1° £ 1.8°, or 271'(0.3336 + 0.0051). The error bars indicate one standard deviation of the sum of the
two individual phases used for finding the difference, found from a bilinear least-squares regression of each sorted data

set with its associated fitted function.

6.4 TELEGRAPH NOISE ACROSS THE QUANTUM HALL PLATEAU

We gain insight into the nature of the quasiparticle fluctuations by tracking how the RTN evolves with
density (filling) across the FQH plateau. Figure 6.4a exhibits subsets of 50 minute measurements of
the conductance, showing the Vg dependent RTN across the v = % plateau. The trace colors
indicate the select values of Vi that correspond to the subrange of the v = % QH plateau as shown
in Fig. 6.4b.

Of immediate note are clear changes in both the switching rate and amplitude as Vg steps across

the plateau. The average switching rate from the complete so minute traces, Ts_l, shown in Fig. 6.4c,
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Figure 6.4: Telegraph noise dependence on filling in v = % (a) Conductances versus time taken at different values for
Ve, indicated by color bar. The 300 seconds shown are from longer 50 minute datasets. (b) Hall data taken from the left
half of the device with density tuned via V. The dashed lines indicate the associated range shown for V¢ in (c-e) below.
The color scale on g, spans from 20 mK (blue) to 600 mK (red). (c) Average branch switching rate along the plateau.
Error bars indicate uncertainty associated with the switching identification algorithm and background noise (see section
2 of). (d) Standard deviation of conductance computed for G(t) at fixed Vyg. (e) The spectral densities of conductance
plotted on a log-log scale (traces are arbitrarily vertically shifted by ordering of Vjyg). Dotted lines are fit to the power law
dependence f “ in the low frequency regime. Inset cartoons indicate the anyonic quasiparticle density of states versus
energy, with the vertical dashed lines indicating the Fermi level for a given filling. (f) The exponent v extracted from the
fits of the power spectrum in (e) within the frequency range associated with the RTN.
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exhibits steep rises near the edges of the plateau and a relatively constant switching rate in between.
Figure 6.4d shows the standard deviation, og, of the diagonal conductance G(t), providing a direct
measure of switching amplitude.

The striking behavior of the anyon branch switching rate and amplitude along the plateau reveals
that the quasiparticle fluctuations and coherence are closely correlated with the compressibility of the
FQH state. A natural explanation would be that the switching rate increases as the number of localized
states and anyon trapping sites increases near the edges of the FQH plateau. However, a simple increase
in the individual switching rates of a constant number of traps across the plateau cannot be ruled out
from this observation alone.

The noise spectral density of the diagonal conductance, Sg, can provide additional information
supporting the hypothesis of an increasing trap number near the edge of the plateau. Figure 6.4e
shows S as a function of frequency f, obtained from the Fourier transform of G(t) at various Vi
values across the plateau region. We find that Sg( f) follows a power law scaling behavior ~ f in the
low frequency regime corresponding to the RTN signal. Figure 6.4f exhibits the scaling exponent «
obtained from the line fits shown in Fig. 6.4e. In the middle of the plateau, the exponent o remains

241 However, near the

close to —2, which is expected from RTN with a single switching timescale
edges o sharply increases and deviates from this stable value. It is known that when many instances
of RTN with different switching timescales are convolved together, Sg is expected to approach 1/ f,
ora = —1***. Accordingly, the change of c near the edges of the plateau suggests that there are
more unique switching timescales at the edge of the plateau than in the middle. This observation, to-

gether with the switching rate behavior discussed above, supports that the increased branch switching

incidents are indeed associated with increased localized anyon states in the bulk.
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6.5

TEMPERATURE SCALING OF TELEGRAPH NOISE

We also study how the RT'N changes as a function of temperature T'. Figure 6.5a shows G/(t) near the

middle of the v = % plateau at 7" ranging from 20 mK to 220 mK.

3G (e%/h)

B=12T

220 mK

T 200mK

180 mK

L WAL U LA R LT YL S Ty

60 mK i
AU L U LA UL UM el Ul A Ly

F 40 mK 1
R TULL UL UL LU Y WL L o

120 mK
bl S U U

T00mK ' :
e T UV

80 mK

A e

OmK :

0mK_ 1

| W I-.ZOmKH’l HW

0 200 400
time (s)

b

1G] (e2/h)

. (Hz)

600

0.05 .
o |8G| ~ exp(-T/T,)
o o
Y, @ T,=110 mK
N
N
N
0.02
°.0
N
\ N
| S
0.01 : AN
1 b\\
o
0 50 100 150 200 250
T (mK)
3
tl )
o |
a 1
0.8
By
a
g8
0.2 .
) l
“e
0.05 o
c®—-®
0.05 0.1 0.15 0.2 0.25
Tv|“2 (mK.h'Z)

Figure 6.5: Temperature dependent telegraph noise and visibilityin v = % (a) Conductance versus time taken at different

temperatures 1T". The 600 seconds shown are subsets of longer 50 minute datasets used for subsequent analysis. (b)

Oscillation visibility extracted from Vpg sweep measurements (21 repeated scans averaged per point). The exponential

decay fit to the oscillation visibility results in a characteristic temperature Ty = 110 mK. (c) Low-temperature saturation
and high-temperature activation of the average switching rate 7'5_1 observed for two fillings: at the center and at the edge
of thev = % plateau, as shown in the insets. Shown fit lines follow the empirical formula of Eq. 2., where Tgs = 22 K

(middle of plateau) and Tts = 9.5 K (edge of plateau), which correspond to VRH hopping lengths of 130 nm and 300 nm,

respectively 243244
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As temperature increases, the switching amplitude decreases corresponding to a decrease in AB
oscillation visibility. Figure 6.5b shows separately measured AB oscillation visibility as a function of
T using plunger gate sweep measurements (similar to Fig. 6.2¢c-¢). The visibility decreases following
an exponential decay as 7" increases, with a characteristic energy scale 7y = 110 mK similar to that
observed in v = % in GaAs'®*. The fact that the exponential decay continues to the lowest base
temperature indicates that our electron temperature is likely within a few mK of the mixing chamber
temperature, thanks to our aggressive filtering and thermalization methods.

In addition to the decrease in visibility, the RT'N also shows an increase in switching rate as temper-
ature increases. Figure 6.5c shows temperature dependent 7,~! for two representative data sets, one
at the center (red) and the other at the edge (yellow) of the plateau. While the switching rate increases
quickly at the high temperature limit, there is a dramatic flat saturation of 7,~! for both data sets at
low temperatures, below about 100 mK and 50 mK for the plateau center and edge, respectively. We
find that an empirical formula which combines a term motivated by an Efros-Shlovskii (ES) form
of variable-range hopping (VRH)*#5>4¢ with an additional temperature-independent transition rate
7'_1-

50 *

= gt () e T

N

can provide a reasonable fit to the data as shown by the dashed lines in Fig. 6.5¢. Here 7, }(T') ~ 1/T
and TFs is the characteristic ES VRH temperature scale. Although VRH has been used in the past to
model longitudinal conduction caused by localized states in the quantum Hall effect>4¢>43:247:23 | the
physical mechanism behind the temperature scaling of 7,1 here remains nebulous.

Although we were able to provide evidence that the anyon fluctuations are closely associated with
the number of anyon localized states, and that they have consistent temperature scaling properties, a
precise mechanism for their origin remains unclear. Based on the uniformity of the AB-modulating

sinusoids in Figs. 6.1f and 6.2¢, we postulate that the anyons are neither hopping from nor getting
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Figure 6.6: Wiring schematic and effect of shielding on telegraph noise. (a) Schematic of cryostat wiring and shielding. As
detailed in Chapter 3, we measure in an Oxford MX400 wet He3/He4 dilution fridge with transport wiring that is carefully
designed to achieve a low electron temperature. This is achieved by the choice of wiring materials, thermalization fixtures,
and electronic filters, which are mounted at various temperatures to the probe as indicated. Moreover, we find that
radiation shielding has a strong effect on the telegraph noise switching rate. In the data presented previously, we have
used a single (standard) radiation shield thermalized to 100 mK. Here, we show the reduction in switching rate achieved
by adding an additional sample shield (shown in the inset) directly thermalized to the coldfinger of the fridge at 20 mK.
The sample shield is constructed with gold-plated Cu, and the inner surface is coated with a black epoxy-based infrared
absorbing material (Berkeley black**®). (b) 60 repeated Vi sweeps in v = 1/3 at the same tuning as Fig. 6.2c, which
contain many branch switching events, often within a single sweep. (c) Identical scan at an identical tuning in v = 1/3
measured during a second cooldown including the additional sample shield. Oscillations show a drastically enhanced
temporal stability reflecting a stable quasiparticle number on a time scale of tens of minutes to hours. Observations of a

similar stability time were made in ref.?%’ .
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trapped within regions close to the QPCs, as even small changes in environmental charge would dras-
tically change their tunings and the resultant visibility of the interference signal over time. We also
observe that enclosing the sample in an additional radiation shield strongly reduces the switching rate
(Fig. 6.6), indicating that photons stimulate the fluctuations. Presumably the photons are radiated
off of the 100 mXK shield itself or penetrating through from higher temperature stages in the fridge
or surrounding environment. Since subtle changes make a large difference, we hope that the anyon
number can be stabilized completely with enhanced shielding, and we anticipate that it could be con-
trolled in future works via coupling to photons at proper frequencies. Lastly, although fluctuations

have not been reported in GaAs interferometry experiments '¢165:164160,162

and more recently in bi-
layer graphene*#, the presence of slower or faster switching timescales could make initial observations

of anyon fluctuations challenging with standard DC measurement techniques.

6.6 CONCLUSION

In this chapter, we have shown that anyonic quasiparticle fluctuations and the resulting RTN in a FP
interferometer can be used as a powerful tool to exhibit the complete set of braiding phases present in
abelian states. These techniques pave the way for future interferometer measurements of non-abelian
anyon braiding in even-denominator FQH states (especially in bilayer graphene) where the small en-
ergy gap may enhance the RTN and limit the range of AB phase modulation achievable. Several the-
oretical studies have already discussed which signatures would be expected in such a case where RTN

is present for non-abelian states *3%237:23

. Moreover, our ability to observe the slow equilibration of
anyons enables future experiments to probe nontrivial anyon dynamics and to dynamically control
anyon number in similar devices. This is particularly relevant to the ultimate goal of constructing

a topological qubit with non-abelian anyons, which requires an understanding of how to selectively

control and modulate the quasiparticle number *5**5252,
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Still round the corner there may wait
A new road or a secret gate,

And though I oft have passed them by,
A day will come at last when I

Shall take the bidden paths that run
West of the Moon, East of the Sun.

J.R.R. Tolkien

Discussion and Outlook

In this thesis, we have studied Fabry-Pérot interferometers constructed from the chiral quantum Hall
edge states of graphene. We have seen that highly-visible resistance or conductance oscillations allowed
us to probe a variety of fundamental features of the quantum Hall effects including the Aharonov-
Bohm phase, edge state coherence length, edge channel velocity, inter-edge state coupling, quasipar-
ticle charge, and especially the anyon braiding phase. In doing so, interferometry has proven to be

a powerful tool in sensing the microscopic nature of quantum Hall states, unveiling the subtle phe-
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nomena at the level of individual electrons and quasiparticles that can manifest with emergent (highly-
nontrivial!) phenomena at larger scales. For example, we saw in chapter s that capacitive coupling
between internal electronic degrees of freedom, two integer quantum Hall edge states, can produce
phenomenology that to the outside world may look like electron pairingi.e. frequency doubling of the
measured interference phase. Open questions remain about the nature of the correlated state between
the the edge channels in graphene *'7 and its relation to the state in GaAs*°**'>'5>'5 that can be clari-
fied with further measurements in the highly-tunable graphene devices we developed, such as whether
shot noise becomes doubled along with frequency. The extent to which capacitive correlations be-
tween different species of electrons could lead to pairing phenomenology in general is an open and
important question, especially in systems like high temperature superconductors which host many
competing phases that all seem to emerge from microscopic repulsion®'?. Furthermore, in chapter
6 we directly measured the fractional charge and anyon braiding phase of localized quasiparticles in
v = Landv = 4, which we saw agreed closely with the theoretical expectation from Laughlin’s state

184,164,

and agreed with the values previously measured in GaAs 165 We discovered that, despite anyon

fluctuations and known non-ideal characteristics of real devices, the braiding phase is extremely well-
quantized, yielding an average magnitude of 27(0.3336 £ 0.0051), or 120.1° 4= 1.8°. This enforces
that the fractional quantum Hall states are topologically ordered, necessarily hosting the robust and
universal quasiparticles that we have been able to directly probe in the first material platform other
than GaAs.

Besides characterizing the braiding phase of abelian anyons, the development of interferometers
in graphene extends the search for more exotic non-abelian anyons, which are theoretically hosted in
even-denominator fractional quantum Hall states and predicted to be useful for topological quantum
computation®"*'4, The search in GaAsat v = 2 has yielded a variety of promising features, though
interpreting the interference signatures remains challenging in light of the limited tunability of the de-

vices, particularly the lack of density tunability and inaccessibility of control experiments *57:'5:169:104,



I'anticipate that van der Waals materials can overcome the challenges to probe these more subtle states,
as we have already demonstrated robust tunability in the other fractional states, and our fractional
quantum Hall interferometer device architecture has already been largely reproduced by other groups
in monolayer**? and bilayer graphene**7. Several very robust even-denominator states have been dis-

covered in bilayer graphene & 17:1 1811

2. Texpect that probing interference in these various states will
yield great insights into the nature and promise of non-abelian order. Very recently, Aharonov-Bohm
interference was seen in the various even-denominator states of bilayer graphene, but the signature
of non-abelian quasiparticles remains elusive **°. Perhaps more importantly, since the quantum Hall
effects are simply one example of topological states of matter and graphene is just one example of
a 2D van der Waals material with interesting topological states, I hope that the interferometry tech-
niques developed in this thesis will enable many exciting future directions. One of the most exciting
directions would be using similar gate-defined interferometers to probe the recently discovered frac-
tional quantum anomalous Hall effects?5»*54:255:256:257 especially the plethora of states that are ac-

cessible via conventional transport within rhombohedral graphene systems %25,

The prospect of

topologically-robust quasiparticles analogous to fractional quantum Hall anyons existing in zero or

very low magnetic fields holds great promise for technological applications.






Additional information for chapter 4

A.1 QPC OPERATION

Fig. 4.3a demonstrates a single QPC device operating with bulk filling factor vg = 2. In Fig. A.1, we
show the same QPC operating in vg = 1 (a, d); vg = 2 (b, ¢); and vg = 6 (c, f). We give the exact
voltages used on the gates to create the three QPC plots in Fig. A.1h. Thus, we demonstrate control

of the QPC transmission over a wide range of filling factors.
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Figure Horizontal axis (left, right) Vertical axis (bottom, top) |
Ve [V] Vic [V] | Vse [V]
(a)
vg =1 (-3,0) (1.608, 0.339) (0,2)
(b)
vg =2 (-4,4) (2.500, -0.960) (-2,6)
(€)
Vic vg =6 (-4.4) (4.000, 0.550) (-2,6)

Figure A.1: QPC operating at various bulk fillings. 2D maps of the operating points of the QPC for (a) g = 1; (b)
Vg = 2;and (c) g = 6 are shown; % as a function of s and Vqpc, tuned by the top split gates and bottom graphite
gate, respectively. All other topgates gates in the system compensate to keep the filling 5 as the bottom gate sweeps on
the horizontal axis. The black-solid line in the 2D map represents a constant filling under the split gate, s = 0, and a
continuous change in Vqpc. Line-cuts along the black line measuring % and % blue and red, respectively, are shown for
(d)vg = 1;(e) g = 2; and (f) g = 6. (g) Labels of gate voltages. (h) Table of gate voltages applied to collect data in
panels (a), (b), and (c). Note that this QPC device has a bottom hBN (74 nm) about twice as thick as the top hBN (31 nm).
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Next, we list the exact voltages that were applied to each gate to produce Fig. 4.3b in the main text,

the transmission of each separate QPC in the FP device, summarized in Fig. A.2

a b
Figure Horizontal axis (left, right)
Vec V]| Vie[V] Vic [V] Vsai [Vl | Vsa: [V)
Red | | | [ |
Vre curve (0,0.5) (1.248, -0.386) | (-0.193,-1.907) | (-0.145,-2.443) | (1.248.-0.386)
(Left
QPC)
Blue |
curve (0,0.5) (1.248, -0.386) | (-0.193,-1.907) = (1.248,-0.386) | (-0.165, -2.463)
(Right
QFPC)

Figure A.2: Gate voltages used to set QPC operating points for interferometer. (a) Labels of gate voltages. (b) Table of
gate voltages applied to collect data in Fig. 4.3b. Note that this FP device has a bottom hBN (17 nm) significantly thinner
than the top hBN (50 nm). Vg, refers to the split gates defining the left QPC (reflection coefficient 1) while Vg, refers
to the split gates defining the right QPC (reflection coefficient 7).

A.2 PHASE COHERENCE LENGTH ANALYSIS

By including a finite phase coherence length L (precisely a length for dephasing by a factor e~ !) into
the single-particle model, we find that the coherent oscillatory contribution (including a constant term

t1t2) to the transmission probability of the Fabry-Pérot (FP) interferometer is given by

(1 — 7’1)(1 — 7’2)
1+ 1"17‘2672% — 2,/rrac0s(0)e”

P
L

where P is the perimeter of the interference loop. P = 6.8 um for the FP device demonstrated
in Chapter 4 and in the simulations shown. Our model is analogous to the standard treatment of
coherent transmission through a double-barrier structure (e.g. pg. 252 — 261 in ref.'?) where here
we consider a single mode with a phase  given by the Aharonov-Bohm effect of the interference loop.

As a function of 71 and 79, the visibility (normalized peak-to-peak amplitude of oscillations) is then
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proportional to

(1—?”1)(1—’[’2) _ (1—7“1)(1—7“2)

Vo(ry,ma; L) Y3 y 5P _p
1+ riree T —2y/riracos(0)e™ T 1+ ryrge” °T + 2,/r1racos(0)e T

which we plot as a percentage of Max [Vy(r1, 72; 1 — 00)] = 1 for various values of the phase coher-

ence length L in Fig. A.3.
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Figure A.3: Theoretical plots of oscillation amplitude and shape with finite phase coherence. The theoretical visibility
is plotted as a percentage of Max [V (71, 251 — 00)] = 1 versus r'1 and 3 for (a) L — 00, (b) L = 100 pm, and
(c) L = 10 um. In all plots we have P = 6.8 pm, the actual perimeter of our FP interferometer. 7., corresponding to
the maximum amplitude V{ (’rmaxa T max; L) shifts to smaller values as L is reduced, and the decay of the amplitude away
from the maximum point is uniquely determined by L. For two characteristic values 7 = 0.9 (blue) and r = 0.1 (red),
we plot the shape of the oscillations with & in for the corresponding situations (d) L — oo, (e) L = 100 pm, and (f)
L = 10 pum. Asr — 1, the oscillations are sharp due to contributions from multiple revolutions, but the amplitude is
suppressed with decreasing L.For r < 1, the oscillations are asymptotically sinusoidal since only the contribution from
a single revolution around the cavity effectively contributes.

We see generally that the maximum visibility is achieved for 71 = 79 = r and that in the case of

infinite phase coherence (L — 00) the oscillations achieve maximum visibility as 7 — 1. Moreover,
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as — 1 the shape of oscillations becomes sharp, as interference terms corresponding to multiple rev-
olutions around the loop all contribute fully to the coherent sum. However, as L is reduced to smaller
finite values, the most visible configuration shifts to 7 < 1. As L is reduced, the contributions of mul-
tiple revolution paths to the interference are suppressed exponentially, which modifies the visibility
for all values of 7y and 75. By fitting the measured visibility of oscillations, V' = (R1max — RT;min) %
for integer vg, to Vjy(71, 72; L) as a function of 71 and 73, which were extracted from each QPC trans-
mission data (Fig. 4.3b) separately, we may extract a characteristic phase coherence length L. We show

a particular fit for the inner edge of v = 2 in Fig. A.4a, from which we extract L = 8.1 pum.

a i coherence length - 8.1[um]

Figure A.4: Extracting phase coherence length from oscillation amplitude. (a) With 5 = 2, the inner edge (second LL) is
partitioned by setting 1 < Vape < 2 for each QPC. We show the measured visibility of oscillations, V' = (RT,max —
RT,min)%i (i.e. normalized peak-to-peak amplitude as a percentage of the maximum possible oscillation f—g = 6.45 k2
here), plotted versus Vqpc of one of the QPCs, along with the theoretical value from 1 (rmax, Tmax; L = 8.1},Lm). The
other QPC is also varying similarly, though it experiences different transmission resonances, along this scan (as in Fig.
?22b). Hence, the x-axis is changing both 71 and 79, which we extract from the separate QPC scans. Using the extracted
characteristic phase coherence length . = 8.1pm, we calculate the expected visibility, which fits reasonably to the
measured points particularly at intermediate transmissions. (b) We show the theoretical plot for L. = 8.1um with a
scatterplot of each data point that we measured as a function of "1 and 7'5. The scatter points fit best to this theoretical
plot. Hence, we extract L = 8.1um, and repeating this fit method for different edges allows comparison between
coherence lengths.

The value reported in Chapter 4 of 8.0 pm is the average of several such fits, each sampling various
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points of the 2D map over reflection coefhicients (Fig. A.4b), with an estimated uncertainty of £2 um.
We show several fits to a different sampling of points for a few values L, along with their mean-least-

squares (MLS) difference to the data, in Fig. A.s.
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Figure A.5: Example fitting to a particular sampling of visibility over QPC transmissions. (a) Mean-least-squares (MLS)
difference of the data to the theoretical prediction for a range of possible phase coherence length L. This fit yielded a
minimum error for L = 8.4 pm. However, there is clearly a range of comparable fits, yielding a conservative uncertainty
estimate of £2 pm. (b) Plots of the measured visibility (blue) as well as the theoretical visibility (red) for three given L.
The prediction for L. = 8.4 um fits the data the best, while L = 5.4 um (11.4 pm) consistently under (over) estimates
the data. The x-axis is changing both 71 and 75 along the curves shown in Fig. 4.3b. Here, only bottom graphite gate
voltage ‘/I,gg is displayed, though in fact all topgates are also swept to corresponding values to maintain g = 2, s = 0
along the x axis.

An additional point is the calculation of the etch-defined edge channel coherence length vs. the
coherence length of the gated-defined channel region, which is shown in Fig. 4.5b. Here the analysis

is identical to the analysis we performed before, however the decaying coefhicient is split into two parts,
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one describing the decoherence along the gated region and one along the etch region:

(1 — rl)(l — TQ)

B €
1+ 7"17"2672(L§+Le> - 2\/7Wcos(9)ei(f§+%)

typ =

where P; and P, are the perimeter length of the gated and etched regions, respectively. Lg and L, are
the coherence length of the gated and etched regions, respectively. In the analysis we set Py = 12 um
and P. = 1.8 pmaccording to the fabrication parameters, and we also set Ly = 8.0 pm b as extracted
from the above analysis when the edge was propagating only along a gated region. Then, fitting the
visibility with fixed 1, 72, Lg, Py, and P to various L. using MLS to choose the best fit, we calculate
L. as a function of vpg which is shown in Fig. 4.5b (red curve).

Moreover, in region III of Fig. 4.sb, the oscillation is very weak due to the short phase coher-
ence length L. ~ 0.9 pum along the etched region compared to the length of the etched region
P. = 1.8 um and the longer gated region. While the data suffer from small signal/noise ratio in
this regime, a FFT transformation reveals a small peak, above the noise level, at a corresponding area
of 7.5 um? which is expected from fabrication parameters. To make sure that this not an artifact
from FFT, we show in Fig. A.6 the bare signal as a function of B and corresponding FFT for the
plunger gate corresponding to vpg = 1.67. Furthermore, we show a pajama plot and its 2D FFT in
Fig. A.7, where the AB interference lines of constant phase can be seen with again a magnetic field

period corresponding to a flux quantum threading the expected area.
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Figure A.6: Ry(B) and its Fourier transform taken at 1/pg = 1.67, corresponding to region Ill in Fig. 4.5b.
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Figure A.7: Ry(Vpg, B) and its 2D-FFT near pc = 1.67, corresponding to region 1l in Fig. 4.5b.
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A.3 INTERFERENCE IN VARIOUS BULK INTEGER FILLINGS AND PLUNGER GATE CAPAC-

ITANCE

We observe Aharonov-Bohm interference for all integer edge modes in g = 2 and vg = 3, as sum-
marized in Fig. A.8. The magnetic field values shown are relative to 8 T, and Vg is relative to a filling

vpG = 0 under the plunger gate.

a .. VK]

\\M)
7.4um
2.4:10°m/s

-100 V,. [mV]

Figure A.8: AB interference in the (B s VPG) plane for various integer edges. (a) Outer edge of 15 = 2;0 < Vape < 1.
(b) Inner edge of g = 2; 1 < Vgpc < 2. (c) Outer edge of 5 = 3; 0 < vgpe < 1. (d) Middle edge of 15 = 3;
1 < vgpe < 2. (e) Innermost edge of g = 3; 2 < vgpc < 3. Importantly, we see that the maximum characteristic
coherence length and edge mode velocity (both inset in bottom-right) is achieved for the middle edge of 5 = 3, where
the interfering edge is screened by adjacent compressible edges. The effective area of the interferometer shrinks from the
middle edge to the innermost for /5 = 3, as seen from the magnetic field period increasing, which is consistent with the
trend of the electrostatic profile (e.g. considering an increasing depletion length reducing the cavity area); however, the
magnitude of the change cannot be judged without a detailed simulation.

The oscillation period in plunger gate voltage is inversely proportional to the mutual capacitance

of the interfering edge and the plunger gate Cgg. In Fig. 4.4a we saw that the oscillation period de-
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creases as Vpg increases, since Cg increases as the edge channel moves closer to the plunger gate (PG).
Moreover, in Fig. 4.5a the outermost edge, closest to PG, shows the smallest period, corresponding to
the largest Cgg, while the higher LL edges show progressively larger periods, corresponding to smaller
Crg. The PG periods for different edges are summarized in Fig. A.9. We attribute the large difterence
in Cgg to both different spatial separations of the interfering edge to the gate as well as screening of

this capacitive coupling by adjacent edges.
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Figure A.9: Plunger gate periodicity /A Vpg as a function of Vqpc for various edge configurations (I/B, LVQPCJ ) The hor-
izontal axis spans from |Vgpc| < Vape < |Vapc] + 1) for each configuration, e.g. for (v, [Vaec|) = (3, 1) the
middle edge mode of g = 3 is partitioned and 1 < vgpc < 2, where both QPCs on average (i.e. aside from QPC
resonances) move in coordination. The slow decrease as 1/qpc increases arises from an overall increase in Cg as the PG
scans to more negative voltage to maintain 1o = 0, slightly sharpening the electrostatic boundary between the PG
region and bulk and moving the interfering edge closer to the PG.

To make sense of the value for Ckg, focusing on the configuration (v, |vqpc|) = (2,1), we
compute the Fourier transform of the R(Vpg) to obtain the edge-gate capacitance Cfg as a function
of Vpg, as Vpg scans towards the boundary of the plateau for vpg = 1. In Fig. A.10 we show on top
the same scan as in Fig. ??a but zoomed in on the region where the visibility collapses as the PG gated

area exits the vpg = 1 plateau and becomes compressible. On the bottom we plot Cgg extracted
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from the local oscillation period. As expected from the electrostatic consideration, Cg increases as
VG approaches to the critical voltage to push the interfering state and the electrostatic boundary to be
directly beneath the edge of the gate. We found that Cfg we obtained is consistent with the expected

electrostatic consideration given our device geometry.
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Figure A.10: Plunger gate to edge channel capacitance Cgg as a function of Vpg. Top: zoom in of Fig. 4.5a near the
collapse in visibility. Bottom: the extracted edge-plunger capacitance as a function of the plunger gate voltage as Vpg
approaches the edge of the plateau for filling factor 1 around —0.4 V.

The value reached around Vpg = —0.4 V, when the interfering mode propagates directly beneath
the edge of the gate, matches the expected value Cgg ~ 0.8 - 1071¢ F. This value comes from a
calculation of the capacitance between a wire (here the edge channel) of radius r = 9 nm, length
[ = 1.7 um separated through hBN of thickness & = 50 nm, dielectric constant €; = 4, to the gate,

. . - . ~ Tleger
assumed to be an infinite half-plane, using Cgg ~ ﬁcos( Gk
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A.4 VISIBILITY DECAY WITH TEMPERATURE

Thermal blurring in the FP cavity predicts an exponential decay of the oscillation visibility:

kg P

V(T) ~ e_ hvedge

where P is the total length of the cavity (perimeter) and vqg is the velocity of the interfering edge
mode'®®. Assuming a perimeter P = 6.8 pm, as defined in the lithography and similarly assumed in
the bias dependence extraction, we fit the visibility to an exponential decay with temperature below
and extract a velocity vegee = 3.2 10° m/s for the inner edge of the vg = 2 QH state. Thisis ~ 33%
larger than the value vegge = 2.4 - 10° m/s extracted from the DC bias dependence, but we note that

there is a significant error in the temperature dependence due to unknown electron temperature.
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Figure A.11: Fitting the decay of visibility with temperature for the inner edge for /5 = 2. (a) Visibility plotted versus
temperature. (b) Logarithm of the visibility versus temperature (blue circles) along with a line of best fit (red, R? = 0.95)
which has a slope —0.0087 mK~1.
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A.S INTERFERENCE OF ADDITIONAL INTEGER EDGE IN FRACTIONAL BULK FILLING

In addition to the interference in bulk fractional filling vg = % in Chapter 4, we also observe Aharonov-

Bohm interference of the nearest integer edge mode when the bulk is in vg = %0, summarized in Fig.

A.12.
o VoK) b c
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Figure A.12: Integer interference with fractional bulk filling. (a) Map of QPC operating points in bulk filling factor 15 = %
as a function of s and Vqpc. Black dashed line demonstrates QPC operation where the split gates are at filling factor
vs = 2. (b) Ry of the left and right QPC along the black dashed line in (a), showing the measured values of the integer
and fractional edge portioning. (c) Aharonov-Bohm dominated resistance oscillations in the third integer LL in bulk filling
factor vg = %. The working point of the QPCs is depicted by the red star in (b).

125



126



Additional information for chapter s

B.1 DEVICE CHARACTERIZATION AND QPC OPERATION

Similarly to in Chapter 4, the 8 top graphite gates in the device are separately controlled to set filling

factors in each region at perpendicular magnetic field B, since Landau level filling factor v = g—;,

where ngy = % and n is the areal electron density. At the region in the middle of the top-gate split-

gates, where the graphite is etched away for a separation of 150 nm, the electrostatics are tuned to
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create a saddle-point potential at the QPC. Once an approximate saddle-point is formed at the QPCs
using the graphite top-gates and bottom-gate, the suspended metal bridges over the QPCs are tuned
to precisely set transmissions Tqpc, and Tgpc,. The neighboring top-gates screen out stray fields
generated by the suspended bridges such that Vpc, and Vpc, are primarily coupled to the graphene
at the saddle-point of the QPCs. We interpret non-integer values 0 < Tgpc < 1 as a transmission
probability for electrons in the outer EC, which is partially transmitted, while for 1 < Tpc < 2, the
quantity Topc — 1 gives the transmission probability for the inner EC.

Fig. B.1 shows our device after fabrication, highlighting the locations of the conducting layers and
the details of the patterned top graphite gate. Fig. B.2 shows the general Hall characterization of the
device, measured using the contact configuration shown in Fig. B.1c, with all top gates grounded.
Fig. B.2c shows two linecuts at fixed field B = 6 T with Vi grounded (0 V) or set to 1 V, with a
dashed line connecting approximate constant filling near the center of the plateaus. This provides the
required compensating top-gate voltages that must be set to keep v = 2 in the relevant interferometer
regions (e.g. V1. = MG = VrRG = 2and v = 0 around theboundary (i.e. s, = vpg = vsG, = 0)
for any given bottom gate voltage. For example, we extract the following lines of constant filling factor
(tuned near the center of the corresponding plateau) from such data, where Vi is any of the graphite

top gate voltages, and V3 is the graphite bottom gate voltage:

v=0:| Vig(V)=—-1.974 - V3c(V) + 0.037

v=1: | Vrg(V) = —1.978 - Vag(V) + 0.444

v=2:| Vrg(V) = -1.970 - Vag(V) + 1.000

v=4: | Vig(V) = —1.914 - Vg (V) + 1.922
v="5: | Vig(V) = —1.949 - Vig(V) + 2.340

(V) = )

(V) = Va6(V)

(V) = Va6(V)
v=3:| Vig(V) =—1.949 - Vac(V) + 1.541

(V) = VaG(V)

(V) = VaG(V)

(V) = V)

v==6:| VgV —1.989 - Vag(V) + 2.914
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— graphene

Figure B.1: Device image and gating structure. (a) Optical micrograph of the completed device, after all graphene contacts
and bridge contacts/gates are connected. The graphene and bottom graphite contacts are made in the same step to the
etched stack as outlined in Chapter 3. At the graphene contacts, the top graphite boundary extends beyond the bottom
graphite, followed by a region with neither top nor bottom graphite gates immediately adjacent to the graphene contacts.
This ungated region is doped through the oxide dielectric on the Si substrate by applying +25 V to the underlying con-
ducting Si during all measurements. (b) Scanning electron microscope image of the central interferometer region (pointed
to in (a)) on a similar device. Pink dashed lines outline the boundaries of the top graphite lines that were etched away.
QPC bridge gates are shaded yellow. (c) Schematic of a Hall measurement under the region gated by the ‘left gate’ (LG).
‘Split gate’ (SG), ‘plunger gate’ (PG), ‘middle gate’ (MG), and ‘right gate’ (RG) regions are indicated. All top gate regions are
contacted by metal bridges as indicated for LG, though the rest are omitted for clarity. The outer boundary of the top
gates are indicated by the dashed pink lines. (d) Schematic of a typical QPC or interferometer measurement, where the

‘diagonal’ conductance is extracted as Gp = ‘I/.—:)
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Figure B.2: Device quantum Hall characterization. (a) Hall conductance measured in the configuration shown in Fig. B.1c
with density tuned via the graphite back gate. (b) Derivative of Hall conductance in (a) to emphasize the flat plateaus,
including well-developed broken symmetry integer and fractional QHE states. (c) Two transverse Hall resistance measure-
ments at different top gate voltages at B = 6 T. Lines corresponding to the center of plateaus superimposed, indicating

the required back gate and top gate voltages extrapolated to keep constant filling.



Fig. B.3 shows how we then tune the individual QPC1 (QPC2) transmissions given that the QPCz
(QPCr) s deactivated (i.e. vsG, (VsG:) = 2. In panel (a), Vi and Viyg are swept along with the back
gate on the x-axis to maintain 1 = Mg = 2 to the sides of the QPC. The y-axis shows the sweep of
the split gate voltages, which primarily tunes the filling vsg, but also couples to the QPC transmission
(filling vqpc, ). Together, these two axes effectively tune the QPC and split gate filling factors related
by a linear transformation. The new axes that correspond to these more physically relevant variables
are indicated by the dashed lines which separate regions of different integer filling, with the x’-axis
corresponding to the QPC filling (green lines) and the y’-axis that of the split gates (grey lines).

Critical to the measurements in Chapter 5, we have added metallic QPC bridge gates to our previ-
ous device design**7 discussed in Chapter 4. This allows for the precise tuning of the exposed QPC
regions without tying the back or split gates to specific values. This gives the device an increased degree
of freedom for additional tunability across a broader range of gate voltages. For all data shown in the
Chapter s, the back gate and split top-gates are set to the values indicated by the blue dots in Fig. B.3,
and the QPC filling (transmission) is then tuned separately by sweeping the bridge gate voltages Vqpc,
and Vigpc,. Importantly this corresponds to a regime where the split gate fillings 56, = vsG, = 0
to disallow any additional modes transmitting or tunneling through the barriers. Practically, we find
that the QPCs also function for vsG, = vsg, < 0 though additional resonance features (clear in Fig.

B.3a) may appear, hence we choose to operate within vsg, = v5g, = 0.

B.2 WEAK AND STRONG BACKSCATTERING LIMITS

Fig. B.4 shows diagonal interference data for weak (a) and strong (b) backscattering limits. Interferom-
eter devices are typically measured in the weak backscattering limit where the interference signal can
be interpreted as single-particle interference from a sum of particle trajectories transmitting/reflecting

through the cavity. Fig. B.4a shows the AB interference signal within the intermediate inter-edge cou-
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Figure B.3: QPC tuning via back and split gates. Individual transmissions of the left (a) and right (b) QPCs. For the graphite
back gate sweep on the x-axis, the (left, middle)/(right, middle) graphite top gates are swept to compensate to keep the
filling = 2 underneath according to constant filling lines fit from scans like Fig. B.2c. The dashed lines indicate steps in
integer filling along the transformed axes corresponding to the QPC regions (green lines) and split gate regions (grey lines).
Blue dots on each plot indicate the operational point of the interferometer for all interference data shown in the Chapter
5, effectively sett'ir21g the split gate filling to 0 while the QPC bridge gates are swept to choose the QPC transmissions
between 0 and 25-.

pling regime showing the phase jumps discussed in the main text (Tqpc, = Tgpc. = 0.9). However,
when the QPCs are pinched oft (Tgpc, = Tgpc, = 0.01), such as in Fig. B.4b, the center cavity be-
comes analogous to a quantum dot where charge tunneling dominates transmission. While the signal
is heavily suppressed, the same phase-jump periodic pattern of the weak backscattering AB data is still
evident. In this strong backscattering regime, a capacitively-coupled double quantum dot model may
be used to explain the charge configurations localized on the inner and outer annular EC compress-
ible regions, which due to the charge-phase relation is related to the interference pattern observed at

weak-backscattering.
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Figure B.4: Weak and strong backscattering limits of intermediate-coupling regime. Diagonal conductance of outer EC
through the FP cavity with the QPCs tuned to the weak (Tqpc1 = Tapco = 0.9) backscattering (a) and strong (Tqpcs =
TQPCZ = 0.01) backscattering (b) limits. The typical AB interference signal as shown in the main text is seen in (a) along
with phase jumps corresponding to inter-edge coupling, while a similar periodic pattern is seen in (b) where each QPC is
functioning as a tunnel barrier..

B.3 TEMPERATURE AND FINITE SOURCE-DRAIN BIAS DEPENDENCE

Fig. B.s compares the diagonal conductance oscillations in the main text’s typical operating regime
(v = 2, interfering the outer EC) at two different temperatures. The phase jumps corresponding
to inter-edge coupling maintain the same qualitative behavior with an identical periodicity between
60 mK and 440 mK. The visibility is drastically reduced by 440 mK, yet phase jump magnitude
remains relatively unchanged, reflecting the fact that the inter-edge Coulomb coupling and ground-
state charge configurations are zero temperature properties.

We also measure finite-bias dependence of the outer EC interference, which is not fully under-
stood. We observe a typical bias dependence in the uncoupled case (Fig. B.6a), consistent with a
highly asymmetrical voltage drop across the FP cavity 7. The bias voltage spacing of visibility nodes
AVp = 142 pV and designed perimeter of the FP cavity P = 4.24 pum suggest an edge mode ve-

locity vegee = 2L = 1.46 - 10° m/s, consistent with previous observations in graphene 7197 and
Y Vedg h P grap
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Figure B.5: Temperature dependence of intermediate-coupling regime. Conductance oscillations on the outer EC shown
at identical sweeping parameters at estimated 60 mK (a) and 440 mK (b) electron temperatures.

GaAs'®>'% based FP interferometers. The intermediate coupling regimes Fig. B.6b-c show compli-
cated behavior which we cannot understand without a detailed theoretical model. However, in the
strongly coupled limit, Fig. B.6d, we again observe a relatively simple pattern corresponding to the
fo+i frequency. The outer node spacing is similar to the uncoupled case, but there is a reduced-width
central node, a signature which may indicate chiral Luttinger liquid physics 165 Interpreting such data

requires further experimental and theoretical work.

B.4 ADDITIONAL INTERFERENCE DATA ACROSS COUPLING TRANSITION

In Fig. B.7 we plot the interference signal and FFT analysis for a different set of parameters: fixed Vpg
but varying both Viig. We find that the relationship between the lattice of Fourier peaks on the inner
EC compared to the outer EC still holds.

Furthermore, we plot a sampling of the entire range of B — Vpg interference data collected across
the density-tuned coupling transition for the in Fig. B.8 and Fig. B.9. Fig. B.8 shows data from inter-

fering the outer EC and their 2D FFTs, while Fig. B.9 shows the corresponding data and analysis at the
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Figure B.6: Finite-bias dependence of outer EC interference. (a) (¢ oscillations with Vpg and V}, in the uncoupled limit.
V4 is the measured DC voltage drop on the same probes measuring the AC conductance (35, to get the accurate voltage
drop across the FP cavity on the sample for each DC bias applied to the source. Bottom: extracted 1D FFT amplitude at
the frequency of the oscillations, f,, as a function of Vj showing the visibility nodes of the interference at finite bias. (b-c)
Gp oscillations with Vg and Vp, in two intermediate coupling regime tunings. (d) (G oscillations with Vpg and Vj in the
strongly coupled limit. Bottom: extracted 1D FFT amplitude at the new dominant frequency of the oscillations, fo+;, as a
function of V showing the visibility nodes of the interference at finite bias.

same densities for interfering the inner EC. These data are a subset of the data analyzed to construct
Fig. 5.4.

As an additional check that interactions with the copropagating edge channel that exist outside of
the interferometer cavity are contributing to the observed phase jumps and periodicity transition, we
set the external filling factor to v = 1 while the cavity itself is tuned through the same range of density
corresponding to v > 2 as before. Monitoring the interference signal on the outer EC in the cavity,

we observe a qualitatively similar transition with phase jumps in Fig. B.10
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Figure B.7: Comparison of the outer and inner EC interference for different parameters. (a) Conductance Gip oscillations
on the outer EC with V;G and B, for the indicated Vpg value. Dashed black lines indicate the visible phase jumps in
the data. (b) Conductance GG, oscillations on the inner EC with V},g and B. Dashed black lines indicate the oscillation
maxima, which match the same slope as in (a). (c) 2D FFT of the (G oscillations from panel a showing the peaks fo, fo,,i,
foi» and their harmonics. (d) 2D FFT of the G oscillations from panel (b) showing the peak fi and its harmonics. The
lattice of peaks in (c) consists of sums and differences of the fundamental frequencies of the outer EC fo and the inner
EC f;. Note that though the relative couplings to the parameters shown here are different than in Fig. 5.4, the same logic

applies to understanding the peaks.
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Figure B.8: Magnetic field dependence of outer EC interference through the periodicity transition. (a-h)Top: conductance
(p oscillations on the outer EC with Vg and B, for the indicated Vjyg values through the periodicity transition. Bottom:
2D FFT of the GG oscillations from the top panels showing the peaks fo, fo+iy fo_i continuously evolving through the
transition. Horizontal dashed lines indicate A;VLG = 19.2v~1and 2 x 19.2 V™1, corresponding to the frequencies

fo and 2 f, before the transition. Similarly, vertical dashed lines indicate {% = 1.13 um? and 2 x 1.13 pum?. The
designed FP area A = 1.16 pum?2.
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Figure B.9: Magnetic field dependence of inner EC interference through the periodicity transition. (a-h)Top: conductance
G oscillations on the inner EC with Vpg and B, for the indicated Vjyg values through the periodicity transition. Bottom:
2D FFT of the Gip oscillations from the top panels showing the peak f; and its harmonics continuously evolving through
same range where the interference on the outer EC undergoes the transition. . Horizontal dashed lines indicate A;Vpc =

19.2 Vv~ and 2 x 19.2 V™1, corresponding to the frequencies fo and 2 f, before the transition. Similarly, vertical
dashed lines indicate K—?B = 1.13 um? and 2 x 1.13 um?. The designed FP area A = 1.16 um?. The area of the
inner EC evidently starts from near zero and increases monotonically, approaching the same area of the outer EC, which

is roughly bound by the lithographic area. Note also that phase jumps are not observed on the inner edge.
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Figure B.10: Interference of a single edge into a dual-edge cavity. (a) Schematic of device where left/right regions are
tuned to ¥ = 1 to allow the single edge mode to partially transmit into a cavity at Z = 2. (b-d) Diagonal conductance of
the outer EC through device at increasing middle gate V}yg voltages with corresponding 2D FFTs below.

B.s ESTIMATION OF THE COUPLING STRENGTH

Although we have not attempted a detailed calculation of the coupling constants important for our
analysis, we can at least advance some qualitative arguments for the trend that emerges from our anal-
ysis. The edge of the sample consists of alternating compressible and incompressible stripes whose
width is set by electrostatics''. ECs are located in compressible stripes. It may be expected that the
outermost EC is located along an electron density contour where the local Landau-level filling factor
is ~ 0.5, while the second EC is located along a contour with filling ~ 1.5. Due to residual disorder
and electron-electron interactions, the Hall plateau at v = 2 will set in when the bulk filling is smaller
than 2, though larger than 1.5. The density profile produced by charges on confining gates should
be relatively smooth, so that the spatial separation between the outer most EC and the second EC
should be relatively large at this point, and the Coulomb coupling between the channels, screened by
the gates, should be relatively weak. As the electron density is increased, the inner EC should move
closer to the outer edge, and the coupling should become stronger, and it is plausible that by the time

the device enters the v = 3 plateau, the value of % is close to 1.
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Further increases in the density should produce additional ECs, which are totally reflected at the
QPCs and do not contribute directly to the transport. The number of electrons on any additional
closed ECs, as on other localized states, will be restricted to integer values, and in principle, due to
Coulomb interactions, there should be a jump in the interference phase of outer edge states each time
this integer changes by one. However, Coulomb interactions in our system are strongly screened by
the nearby gates, so if the additional channels are not close to the outer two ECs, the jumps would
be too small to be observable. In monolayer graphene, the energy gap at v = 2, which is due to the
cyclotron energy, is much larger than the gapsat v = 1, 3, 4,and 5, which arise from electron-electron
interactions. Consequently, we expect that the spatial separation between the outermost EC and the
second EC will tend to be small compared to the separation between the second EC and any additional
ECs.

Another issue is the stability criterion embodied in the requirement | K 12| < K1Ks. This re-
quirement is automatically satisfied if we assume that when the two outer ECs are close together, the
energy for adding an electron to either one of them is dominated by an electrostatic energy that de-
pends primarily on the total charge on the edges, and only weakly on the difference between them, so
that E = adQ? + bdQ3 + 2K12 (6Q1 + 5@2)2, with @ and b small compared to K12. Then, K
and K> will be approximately equal to each other and slightly larger than K.

This analysis is compatible with experiments in GaAs interferometers where the ECs occur at the
boundary between two QHE states of different integer filling fractions**". There it was found that the
Q—he periodicity occurred only if the outer EC and second EC belong to the same orbital Landau level,
and not if they belong to different levels. In the first case, the energy gap for the QHE state between
the two ECs will arise from electron-electron interactions, while the energy gap in the second case will
be dominated by the generally larger cyclotron energy. Therefore, in the first case, when the density is
increased enough to populate a third QHE state in the bulk of the sample, the two outer ECs might

be pushed so close to each other that they are strongly coupled, while this might not be expected to
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happen in the second case.

B.6 Puysics or AB FREQUENCY DOUBLING AT STRONG COUPLING

The meaning of the charge fluctuations 601 and d(Q)2 can be made more precise as follows. As stated in
the main text, we define (1 as the number of electrons in the lowest spin-split Landau level enclosed
by the outer edge mode and ()2 as the number of electrons in the higher spin state enclosed by the
inner mode. These charges are related to the enclosed areas A1 and As by Q; = %, wherei = 1 or
2. These areas are allowed to deviate slightly from the ideal areas A;, which are assumed to be smooth
functions of Vp¢ and, at most weakly varying functions of B and Visg. Then 0Q; = Q; — %,
and the energy E may be expanded to quadratic order in (); as stated above.

When the inner mode is completely reflected at the QPC, the charge Q2 is constrained to be an
integer, while the charge ()1 can change continuously, assuming that the outer edge is mostly trans-
mitted through the QPCs. Atlow temperatures the charges will be determined so as to minimize ),
subject to the integer constraint.

If Q)2 is held fixed while the magnetic field is increased by a small amount d B, the inner edge charge
0Q2 will change by an amount —%dB . This happens because, as the area shrinks, charge is trans-
ferred from the edge region to the interior, where it is eftectively screened by the gates, leaving a charge
deficit at the edge. In the strong coupling limit, this will cause Q1 to increase by an equal amount.
Thus, the total charge ()1 in the lowest spin-split Landau level will increase by dQ)1 = f%dB ,
and the interferometer phase 6 will increase by 27d Q1.

If B is increased by a large amount, the value of ()2 will not be fixed but will undergo periodic
integer jumps. In the strong coupling limit, the jump in Q)1 caused by a jump in Q2 will also be an
integer. This will cause 6 to jump by a multiple of 27, which will be invisible in an interferometer

experiment. Thus, the observed rate of change of the phase will be % = ZW%, which is equal
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to 4%%, if we neglect the difference between Aq and As. This rate of change is twice as fast as would
have been observed in the absence of coupling between the inner and outer edge modes.

We remark that in the course of adding one flux quantum to the area A one would expect on
average to have a jump by one electron in each spin state. So, in general, one will have one positive
jump in )2 and one negative jump in Q1. Thus, while the observed interference phase will change by

an amount equivalent to a change of two electrons, the actual change in ()1 will only be one electron.

B.7 INFLUENCE OF BULK-EDGE COUPLING AND SCREENING BY NEARBY GATES

Screening of long-range Coulomb interactions by nearby gates in our device is essential to consider
when determining the influence of edge-edge and bulk-edge coupling on the interference signal. In
the data analysis and preceding discussion, we have neglected bulk-edge coupling since the radius of
the interference loop extracted from the outer EC interference ( 600 nm) is always much larger than
the average distance to the graphite screening gates ( 38 nm), as shown in Fig. B.11. Therefore, bulk-
edge interaction should be well screened by the gates. In contrast, the distance between the inner and
outer EC approaches 85 nm in the strong-coupling limit, which enables strong Coulomb interaction
that will not be screened out by the gates. We also observe that the contribution of edge-edge coupling,
as evidenced by the presence of the f,.i component in the signal, becomes significant only when the
edge-edge separation becomes about 200 nm or less, within about a factor of 5 of the gate distance.
The behavior of the inner EC interference over the range of density we explored is also consistent with
these rough estimates, as the interference signal continues to show Aharonov-Bohm interference (Fig.
B.9) through a shrinking area down to an enclosed radius of 200 nm. Hence, we find that bulk-edge
coupling is negligible in all experimental regimes that we explored.

According to the model by Frigeri et al. (ref.*'*), for negligible bulk-edge coupling, the transition to

frequency doubling occurs when the inter-channel interaction drops to roughly half of the charging
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Figure B.11: Extracted radii and EC separation through the periodicity transition. (a) Approximate radii 7, and 7; of the
outer and inner EC, respectively, as well as the edge channel separation d = 1, — 7 assuming the ECs enclose a circular
area, as illustrated in the inset. (b), Evolution with Vjyg of the FFT peaks fo, foH, and fo,i normalized amplitudes I, I,.;,
and 1, respectively, from the outer EC interference. This is the same data that is shown in Fig. 5.4d, replotted to match
the range of (a). Vertical line indicates the approximate transition where the component f0+i becomes dominant over
fo in the interference pattern. In this regime, the average edge channel separation d saturates at around 85 nm. Note
that coupling between the ECs does not contribute significantly to the interference signal until the separation d becomes
approximately 200 nm or less.
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energy for a bare outer EC. This would correspond to the point where the inter-channel distance is
comparable to the distance to the screening gates. We find that indeed this agrees with our data, since
the system enters the strongly coupled limit when the average inter-channel separation approaches

85 nm, approximately twice the average distance to the top and bottom gates (Fig. B.11).

B.8 ROBUSTNESS OF THE THEORETICAL PREDICTIONS

As discussed in ref.'7*, when a single EC passes through the two constrictions, with weak backscatter-
ing at the constrictions, the interference phase seen at low temperatures and low source-drain voltage
is given by 0 = 2mQ + 6, mod 27, where Q is the total electron charge (in units e) in the region
between the two scattering points (the expectation value of the charge on the interferometer in its
ground state) and 6 is a constant for small variations in B3, Vpg, and Vjg. The argument is essen-
tially the same if the backscattering is not weak. The principal effect of stronger backscattering at the
QPCs is to add a term to the energy F that favors integer values of the charge ()1 and hence integer
values of the total charge on the interferometer. This means that as the control parameters are varied
continuously, the phase difference § — 6y will undergo an additional modulation pulling it towards
the nearest integer multiple of 27. If we define 0, as the value of the interferometer phase that would
occur in the limit of weak backscattering, for the given value of the control parameters, then the actual
value of 6 should have the form 6 = 6}, + 66, where 6 is a periodic function of 6}, — 0. In addition,
in the presence of finite back scattering, interference contribution to the measured resistivity may no
longer be a simple sinusoidal function of & but can contain higher harmonics. The combination of
these effects means that the interference current will remain a periodic function of 6}, with period
27, but the relative amplitudes of various harmonics may be modified. In the main text, it was argued
that cos(6},) should be a two-dimensional periodic function of B and the gate voltages, with frequen-

cies expressed in terms of two non-collinear fundamental vectors in reciprocal parameter space. The
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effect of finite backscattering at the QPCs will be to modify the amplitudes of the various Fourier
components, but not to change their positions.

Using similar arguments, we may argue that measurement at finite temperature should not change
the locations of the fundamental frequency vectors, but thermal fluctuations will reduce the Fourier
amplitudes. In general, at high temperatures 7', the amplitude of a given Fourier component will
fall oft, proportional to e~ T, where £ will be different for each Fourier component. At sufficiently
high temperatures, therefore, only the one or two components with the largest values of € will remain
visible. The values of € will depend on details of the system, but typically the Fourier components
that are most prominent at 7' = 0 will be the ones that persist to highest temperatures.

For our system, in the case where there is only a single EC, as we find for bulk filling less than 2,
the value of ¢ for the lowest Fourier mode is predicted to be ¢ = 27}:75’13, where v is the EC velocity
and P is the perimeter of the interferometer path. For the case of two strongly coupled edge channels,
the prediction is e = 47}:7;’;,, where v is now the velocity of the fast charge mode. In both cases, the
dominant effects come from thermal fluctuations ed( of the charge on the edge, whose energy cost

is given by (625,%)2 , where 7y is the capacitance per unit length of the edge. The velocity v is given by

v = @, where 5ny is the change in Hall conductance across the edge. Using our lithographically

defined perimeter P = 4.24 pm and the velocity vegge = emh/DP = 1.46 - 10° m/s extracted
from finite-bias dependence in the uncoupled case (Fig. B.4), we find € = 83.7 mK, well above our

estimated electron temperature.
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Additional information for chapter 6

C.1 DEVICE TUNING DETAILS

We show an optical image of our device and schematics of the gating and measurement schemes in Fig.
C.1. The 8 separated top graphite regions (Fig. C.1b) are separately tuned to electrostatically define
each QPC as described later. We additionally employ a global bottom graphite gate, which can set an

overall density offset at the QPC saddle points, where the top graphite has been etched away at a width
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of ~ 150 nm. The density offset is necessary to allow full transmission of edge channels at the QPCs
while the side split-gates deplete electrons to maintain v = 0. Finally, we typically apply +40 V to
the doped Si substrate to dope the graphene channel contacts through the ~ 300 nm surface oxide
and bottom hBN layers. This contact doping is necessary since we contact the channel at regions that
extend outward from both the top and bottom graphite gates. In Fig. C.1c we show the arrangement
of the gates from a top-down view and which contacts are used for a typical Hall measurement. We
perform these calibration measurements within a single region of the device (tuned by Vi ) to get the
most accurate measurements. Lastly, we show the typical configuration for all measurements of QPC
and interferometer conductance reported in this work in Fig. C.1d.

Our process to tune the QPC transmissions for both v = % andv = % is shown in Fig. C.2.
We begin (Fig. C.2a) by taking a large range parameter sweep of the left QPC split gate Visg vs. the
global bottom-gate Vg with the filling factor in the other regions of the device fixed to v = % (this
required sweeping Vrsg, Vi, VMma, Vp, and Ve simultaneously to maintain constant density as
ViG sweeps). We show a parameter sweep for the right QPC in Fig. C.2b. These scans enable us to
distinguish the regions in which the split-gates are in ¥ = 0 or below, hence reducing conductance to
zero along a line controlled predominantly by Vi s/ Vrsg, from regions in which QPC saddle point
transitions from zero to full conductance, controlled predominantly by V. Informed by these scans,
we then set Vg close to the saddle point transition from v = 1tov = % (and set Vrsg, Vi,
VMa, Vg, and Vi accordingly to v = %) and perform another parameter sweep now of Visg and
Visg in Fig. C.2c. We show similar data for the right QPC in Fig. C.2d. QPC tunings shown in
Fig. 1D were chosen from this data set such that the fractional edge mode could be directly tuned
from full reflection to full transmission using only Vigg/rBc While holding all other gates fixed. We
similarly show QPC parameter scans for v = % in Fig. C.2¢/f and the resulting tunings chosen for
the interference measurements performed in v = % in Fig. C.2g.

The particular voltages (Vag, Visa, Vrsc) are chosen so thata simple scan of Vi gg/rBG can tune the
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Figure C.1: Device contacts, gates, and measurement schemes. (a) Optical micrograph of the device measured in this
paper. Scale bar: 10 pm. (b) Schematic of the gating structure at the center of the interferometer i.e. zoomed in section
outline by the dashed white line in (a). The bridge gates tune QPC transmissions by gating through the etched QPC gaps
in the graphite top-gate. (c) Measurement schematic for quantum Hall transport measurements as reported in Fig. 6.1b-
c and Fig. 6.4b. Here the signal source, drain, and chirality are such that the transport is confined to the left top-gate
region. Hence, we tune density using only V| and perform a standard Hall measurement to calibrate the expected filling
factors for a given top-gate voltage. Blue lines indicate edges of the top-graphite gate and highlight the boundaries of
the 8 separated regions. The purple region indicated the location of the graphite bottom-gate, while gray indicates the
extent of the graphene layer. An ohmic contact to an extended graphite bottom-gate region allows an additional degree
of freedom in tuning the QPCs by applying V. Leads contact to the graphene channel in regions without a graphite top
or bottom gate, necessitating the use of the silicon substrate to highly dope the region between the metal contact and
channel. (d) Measurement schematic for QPC or interferometer conductance. Here the signal source and drain are on
opposite sides of the QPCs, such that measurement of the ‘diagonal’ voltage drop V}, yields the conductance of the QPC
or interferometer as G = ‘I,—‘; where I is the measured drain current.
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Figure C.2: QPC tuningdetailsinr = % andv = % (a) Conductance of the left QPC as a function of left split-gate voltage
Visg and back-gate voltage Vg with the bulk of the device fixed at the center of the v = % plateau. (b) Conductance
of the right QPC as a function of right split-gate voltage Vs and back-gate voltage Vg at the same filling in v = %A (c)
Conductance of the left QPC with an appropriate back-gate voltage chosen as indicated to bias the QPC near an optimal
operating point, which requires a larger density at the saddle-point to allow full transmission of both v = % edge channels
in this case. With this back-gate voltage, we can now tune the transmission of the inner fractional edge channel using only
the left split-gate and the left bridge-gate V| gg, as shown, which simplifies further tuning. The outer integer channel is fully
transmitted over this parameter space while Vrsg = Vrg = Viug = Vg = Vig = —61.2mVand Vggg = 0 Vare held
fixed. (d) Same type of plot as (c) but for the right QPC, where now Visg = Vig = Vg = Vg = Vog = —61.2 mVv
and Vg = 0V are held fixed. (e) Conductance of the left QPC with the bulk of the device fixed within the v = %
plateau with Vesg = Vg = Viug = Vee = Vig = —81.6 mV and Vpgg = 0V at the indicated back-gate voltage. (f)
Same type of plot as (e) for the right QPC, where Visc = Vic = Vg = Vg = Vog = —81.6 mVand Viggg = O V.
(g) Conductance through each QPC (left/right QPC tuned by V[ gg/Vksg respectively) with v = 1/3 set in the bulk and
(Vag, Vise, Vrsc) fixed as indicated. Black and purple dots indicate the left and right QPC tunings, Vigc = 0.50 V
and Vigg = 0.42V, respectively, used to measure the data reported in the Chapter 6, corresponding to roughly 85%
transmission (roughly 15% backscattering) of the v = % edge channel at each QPC.



left/right QPC from full reflection to full transmission with a minimum of transmission resonances
(i.e. sharp, reproducible conductance oscillations) in between. Resonances are believed to be caused
by random quantum dot sites near the QPC saddle point, which can be pinned by disorder and which
strongly affect the conductance as they tune through a resonant condition *?5. By tuning to a sharper
confining potential, the effect of these resonances and edge state reconstruction can be reduced***.
Hence, we generally attempt to increase the sharpness of the local confining potential at the QPCs
by choosing gate voltages that increase the local electric field, practically meaning we tune to more

negative split-gate voltages if possible.
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Figure C.3: Interwoven conductance branches extracted from static measurements in v = % Equivalent measurement
inv = % to that shown in Chapter 6 for the fractional edge of v = % (Fig. 6.1e). Again, three phase-shifted branches
are revealed weighted according to their total counts recorded at a sampling rate of 20 samples/s over an ~ 8 minute
time window for each Vpg voltage.
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Figure C.4: Magnetic field dependence in v = %. Equivalent measurement in v = % to that shown in Chapter 6 for
v = % (Fig. 6.2). Here, however, there is also an outer integer edge channel (i.e. ¥ = 1) in addition to the inner
fractional channel. Hence, we can tune to interfere either the outer integer or the inner fractional channel while holding
the bulk filling v = % fixed. (a) Magnetic field dependence of conductance oscillations with Vpg while the outer integer
edge channel is partitioned at both QPCs. We observe a typical AB interference pattern with a magnetic field period
yielding an enclosed area 1.1 },Lm2 which matches the lithographic design. Notably, we do not observe telegraph noise,
which enforces that interference of fractional quasiparticles is required to observe the phase shift due to anyon braiding.
(b) Schematic showing interference of the outer integer edge channel, which flows at the boundary of the v = 0 and
v = 1 incompressible regions. (c) Schematic showing interference of the inner fractional edge channel, which flows at
the boundary of the v = land v = % incompressible regions. (d) Magnetic field dependent panels extracted using the
method in Fig. 6.1e/f, where we plot the three mean conductance values for each Vpg without a weighting, for clarity.
The interwoven sinusoidal oscillations trend in the same AB direction with decreasing magnetic field (downward in this
plot) and exhibit a periodicity consistent with a 3¢ flux super-period. The flux period is consistent with the fractional
edge enclosing an area of (.41 um2, which is plausible since the area enclosed by the inner channel should be smaller

than the area enclosed by the outer channel due to the width of the incompressible/compressible regions.



Since the interferometer cavity is defined using gates, the precise area depends on details of the
confinement potential around the cavity and channel density. We attempted to keep the confining
potential fixed between the tunings for v = 1l and v = %, which is possible since the main difference
between the two is a small offset in density. At both tunings though, with V3 = 0.2 Vand Vpg =
Visc = Visg = —0.9 V, we expect the confining potential (determined by the electric field between
the top and bottom graphite gates) to be relatively less steep than at the v = 3 tuning (Vg = 0.6 V
and Vpg = Visg = Vasg = —1.4 V). Indeed, the area =~ 0.8 um? extracted for both v = 1 and

is consistent with a uniform shrinkage by 100 nm inside of the 1.1 im? area middle gate.

Wl

UV =

C.2 ALGORITHM USED FOR DETERMINING RTN SWITCHING EVENTS

To determine when a RTN switching event between conductance plateaus occurs, we use the follow-
ing algorithm: The derivative of the raw diagonal conductance data is taken and then smoothed with
a Gaussian-weighted average over a window of 30 data points. The smoothing is performed in order
to reduce the background noise to allow for fitting of faster switching events to ensure accurate and
consistent sampling across scans. Then, all peaks above a threshold magnitude are found and recorded.
The threshold value is set to be v/2 times the peak-to-peak noise floor of the raw conductance signal’s
derivative, which is an arbitrary yet consistent decision across all data. The background noise appears
to be sensitive to temperature and not the value of Vi (i.e. location within the filling factor plateau).
Consequently, the threshold value is identical for the data presented in Fig. 6.4¢ and is scaled for that
shown in Fig. 6.5c. The final output of the algorithm is cross-checked with the raw conductance data
as shown in Fig. C.s ensuring accuracy and consistency in picking out switching events and disregard-

ing noise spikes.
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Figure C.5: Branch switching detection algorithm. (a) Raw conductance data and derivative of the RTN signal taken within
the middle of the v = % plateau at 7' = 100 mK, B = 12 T. The output of the switch detection algorithm is

indicated by the red dots. The red dashed line on the derivative signal shows the peak finding threshold value (\/5 times
the derivative’s peak-to-peak noise floor). (b) RTN signal taken at the same device configuration but at 180 mK. Grey box
indicates zoom window shown in (c).

C.3 PHASE FITTING AND UNCERTAINTY

To find the magnitude of the phase jumps between branches, we employ the following procedure.
Starting with the repeated plunger gate sweep measurements shown in Fig. 6.2¢, for a given magnetic
field we combine the data points of all 100 sweeps into a single data set as shown in the scatter plot of
Fig. 6.3a. To find the three closest sinusoids that describe each branch, we minimize a function that
is the sum of the shortest distance squared of every data point to three candidate sinusoidal functions,
min(y; — sin(fg1 2,317 + ¢ {1’2’3}))2. The optimization of the parameters of each of the sinusoids
is performed via MatLab’s Optimization toolbox, which we provide with a large array of initial condi-
tions that are iterated through the optimization procedure. An example of the final output is shown
as the dashed colored lines in Fig. 6.3a, and the phases of the branches of each of the seven data sets
are shown in Fig. 6.3b. From the slope of how any one of these three branch phases evolve with field,
we can extract the area associated with the Aharonov-Bohm phase. All three give the same value of

0.83 4 0.04 um?2,

154



The differences between any two of the three branch phases for a given data set fully defines the
possible braiding phases from one branch to another, as the third phase difterence is constrained to be
21 — A¢1.2 — A¢a 3. These phase differences are plotted for the seven data sets shown in Fig. 6.2¢
in Fig. 6.3¢. The average and standard deviation is 27(0.3336 & 0.0051), or 120.1° £ 1.8°.

To determine the quality of this fitting procedure, we sort each data point by the closest fitted sinu-
soid (the same as determined by the previous least-squares fit) by calculating the new least-squares
distance (y; — sin(f{1,231%i + ¢{1,2,33))% The results of this sorting for the 12 T data set are
shown in the bottom plot of Fig. 6.3a. By writing y; = Asin(fz; + ¢) = Acos(¢)sin(fz;) +
Asin(¢) cos(fx;), we then perform a bilinear least-squares regression on each of these three pairs of
data and sinusoidal fits to find the standard deviation of each function’s phase, which are smaller than
the data points shown in Fig. 6.3b. The error bars shown in Fig. 6.3¢ are then the sum of the standard
deviations of the two compared individual phases, and are close to the value of the standard deviation
of the phase differences (shown as the grey bar), supporting the accuracy of the fitting method.

We attribute the accuracy of the extracted anyon braiding phase to the fact that this set of 100
plunger gate sweeps is comprised of many hundreds of individual phase jump events, giving a large
statistical ensemble. While the dwell-type of measurement exhibited in Figs. 6.1f, C.3, and C.4 ofter
an advantage in analyzing characteristics of the RT N itself, they contain significantly fewer phase jump
events compared to the sweep-type of measurement in Figs. 6.2 and 6.3. Also, since each “slice” of
the sinusoids in the plunger gate x-axis is extracted sequentially for the dwell-type measurement over
nearly 10 minutes each, detunings and drifts of the interference signal (caused by a temperature drift,
field drift, or QPC detuning from gate drifts for example) will distort the shape of the sinusoids. This
explains why the traces in Figs. 6.1f, C.3, and C.4 look significantly less uniform than Figs. 6.2 and
6.3, since for these sweep-type measurements each sweep takes just half a minute, and the entire set of

100 sweeps takes less time than it takes to acquire a few points of the dwell-type measurement.
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Figure C.6: Plateau analysis of RTN for v = %. Top: Average branch switching rate along the v = % plateau, analogous
to Fig. 6.4c which shows v = % Bottom: Standard deviation o of conductance, analogous to Fig. 6.4d.
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FigureC.7: v = % RTN temperature scaling. (a) Oscillation visibility extracted from Vpg sweep measurements for v = %
(same data shown in Fig. 6.5b) and v = %, both taken with Vg set to be in the middle of each filling factor’s respective
plateau. (b) Average switching rate for each filling factor (v = % data copied from Fig. 6.5). Thev = % data is only taken
up to 100 mK due to the noise floor overwhelming the separation between two of the three conductance plateaus.
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